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Smith forms and reduction problem

e When is a polynomial matrix equivalent to its Smith form
diag(vl, s 776[)7
where 7 = «j/aj_1, aj = ged of the i x j-minors of R (ap = 1)?

e Theorem: (Boudellioua, 05) Let D = R[xq,...,xp], R € DP*P be
a full row rank matrix. Then, the assertions are equivalent

@ There exist U € GLy(D) and V € GL,(D) satisfying:

I, 0
URV = P! .
0 detR

@ There exists A € DP admitting a left-inverse over D such that
P=(R —A)e DP*(Pt1) admits a right-inverse over D.
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Outline of the lecture

e The purpose of this lecture is to:

© Explain the relations between the previous result and a Serre's
theorem (Séminaire Dubreuil-Pisot 60-61) based on the
concept of Baer extensions.

@ Simplify and generalize this result to a general full row rank
matrix R € D9*P over an Ore algebra D.

© Constructively solve the problem for important cases.

e Implementation in the forthcoming package SERRE.

e For the reduction problem, the next results are more efficient
than the general ones obtained in Cluzeau-Q., LAA 08, based on
idempotents of the endomorphism ring endp(M), where:

M = DY*P /(D9 R) (OREMORPHISMS).
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Generalization of a Serre's result

e Theorem: Let R € D9%P be a full row rank matrix, A € D9,
P= (R —A) and the two left D-modules M = D**P /(DX R)
and E = DY (Pt1) /(D1X4 P) defining an extension of D by M:

0—D-E S m—o.

We have the equivalent assertions:
@ E is stably free of rank p+ 1 — q: E @ D'*9 = ptx(p+1),
@ P=(R —A) admits a right-inverse over D.
@ exth(E,D) = D9/(PDP*) =0.
Q@ exth(M,D) = D9/(R DP) is the cyclic right D-module
generated by p(A), where p denotes the projection:

p: D9 — exth(M, D) = D9/(R DP).
The previous equivalences only depend on the residue class p(A).
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Main result

e Theorem: Let R € D9%P be a full row rank matrix and A € D9
satisfying that there exists U € GL,,1(D) such that:

(R —NU=(ly 0).

U= ( @ > € GL,11(D),

Let us denote by

S @
where:
S €DPXY S, € Dlxq7 Q € DP><(P+1—CI)’ Q<€ plx(p+1-aq)
Then, we have:

M = DY*P/(D¥™9R) = L = DY*(PH1=9) /(D @,)

The converse result also holds. These results only depend on:
p(N) € exth(M, D) = D9/(R DP).



Corollaries

e Corollary: We have the following isomorphism:

¢:M=DYP/(D9R) — L=D¥P+1=a)/(D Q)
(A — k(A Q).

Its inverse ¢~ : L — M is defined by ¢~ (k(p)) = (1 T1):

U—1:< R A) I, c DPH-0%, T, & plri-o)
n T ) ’

e Corollary: Let F be a left D-module and the linear systems:

kerp(R.)={n€ FP|Rn=0},
kerr(Q2.) = {¢ € FPT1=9 | Q2 ¢ = 0}.

Then, we have the isomorphism kerz(R.) = kerz(Q>.) and:
ker]:( ) Ql ker}-(Qz) ker}-(Qg.) = T1 ker;(R.).



e Proposition: Let R € D9*P be a full row rank matrix and
A € D9 such that P = (R — A) € D9(P+1) admits a
right-inverse over D. Moreover, if D is either a
@ principal left ideal domain,
@ commutative polynomial ring with coefficients in a field,
© Weyl algebra A,(k) or B,(k), where k is a field of
characteristic 0, and p— g > 1,

then there exists U € GL,1(D) satisfying that P U = (I, 0).

e The matrix U can be obtained by means of:
@ a Jacobson form (JACOBSON),
@ the Quillen-Suslin theorem (QUILLENSUSLIN),
@ Stafford’s theorem (STAFFORD).
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Example: Wind tunnel model

e The wind tunnel model (Manitius, IEEE TAC 84):

x1(t) +axi(t) — kax(t—h) =0,
)'(2(1') — X3(1.') =0,
x3(t) + w? xo(t) + 2 Cwxs(t) — w? u(t) = 0.
e Let us consider D = Q(a, k,w, ¢)[0, d], the system matrix

0+a —kaé 0 0
R = 0 0 -1 0 |eD¥*
0 W 04+2¢w —w?
and the finitely presented D-module M = D4 /(D3 R).
e The D-module exth(M, D) = D3/(R D*) is a Q(a, k,w, ¢)-

vector space of dimension 1 and p((1 0 0)7) is a basis.
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Example: Wind tunnel model

e Let us consider A=(1 0 0)Tand P=(R —A).

e The matrix P admits the following right-inverse S:

0 0 0
0 0 0
s=| o 1 0o |ep¥e
R
-1 0 0

e According to Quillen-Suslin theorem, E = D*%/(D*3 P) is free
D-module of rank 2.
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Example: Wind tunnel model

e Computing a basis of E, we obtain that U € GLs(D),

0 0 0 -1 0
0 0 2
U= 0 -1 0 0 w20 ,
0 —‘%j# —é 0 0% +2¢wd+w?
-1 0 0 —(0+a) —w?kaé

satisfies that P U = (/3 0) (OREMODULES, (QUILLENSUSLIN).

e The wind tunnel model is equivalent to the sole equation:

(8—|—a)C1 +w2k35C2 =0
& Gt)+ad(t) +wkaG(t—h)=0.
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Algorithmic issue

© Consider an ansatz A € D9 of a given order.

@ Compute a Grobner basis of ext}h (M, D) = D9/(R DP).
© Compute the normal form A € D9 of p(A).
o

Compute the obstructions to freeness of the left D-module
E = DY) /(D9 (R — A)) (m-polynomials).

@ Solve the systems in the arbitrary coefficients obtained by
making the obstructions vanish.

@ If a solution A, exists, then compute U € GL,11(D) satisfying
that (R —A)U = (l; 0)and return Q, € D**(P+1=4a),

e Remark: If exth (M, D) = D9/(R DP) is 0-dimensional, then we
take A to be a generic combination of a basis of ext} (M, D).
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Example: Transmission line

e Let us consider a general transmission line:

v al
AL~
ox ot T 0,

oV ol
LGV =0
Cop tGV+ o =0

e Let D=Q(L, R, C,G)[0,0x] and M = D*2/(D'*2 R), where:
= ( CO?:— G Lataj ) ) € b
e We consider A= D[, 3], A= (a B)T, P=(R —NA)e A>3,
o If we denote by N = A2 /(A3 PT), then we have:
extia(N,A) =0, exta(N,A)=A/(L1, L),
{ L1 =(Ca?—LB%) 0+ Ga?— R 2,
Ly=(Ca?—-L3)0x+(LG—-R C)ap.



Example: Transmission line

e We consider 3=C #0,a’?=LC#0and R"C — LG #0.

e Over B = D[a]/(a® — L C), we have ext3(B®p N,B) =0, ie.,
E = B3 /(B2 P) is a projective B-module, and thus, is free.

e Then, we have:

—Q L

_ 1 _
S=rcre ¢ o )
_ (a0x+CLOHLG) (adx+LCO:+R' C)
C

[0}

Q=0ad—LCO-RC CO—-aCd—aG,
Q=02-LC#—(LC+R C)d:— R G.

e The transmission line is equivalent to the sole equation:

02 —LCI?—(LCH+R C)d:— R G)Z(t,x) =0.
t
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Torsion-free degree

e Theorem: ext} (M, D) is O-dimensional iff the torsion-free degree
of M is n — 1 (the last but one step before projectiveness).

Q@ n=2, M is torsion-free,
@ n =23, M is reflexive, ...

Then, we can constructively check whether or not M (kerz(R.))
can be generated by 1 relation (1 equation)!

o If M = D*P/(D'%9 R) is free of rank p — g, i.e., there exists
V € GL,(D) satisfying that RV = (I; 0), then we have:

G o>(g ‘1)>=</q 0),

= M= DX(P+1=9) /(D (0 ... 1)) = D™(P=9) (0 equation!).
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Example: String with an interior mass

e Model of a string with an interior mass (Fliess et al, COCV 98):

$1(t) + 1(t) — ¢2(t) — 2(t) =0

G1(t) + () +m d1(t) — m1 ¥1(t) — m2 d2(t) + m2vba(t) = 0,
¢1(t—2h1)—|—1j)1( )—u(t—hl)zo

B2(t) + Yot — 2 hy) — v(t — ho) = 0.

e Let us consider D = Q(n1,72)[0, 01, 02], the system matrix

1 1 -1 -1 0 0
0 0 — — 0 0
R_ +2771 n m2 12 c D4X6,
o1 1 0 0 -0 0
0 0 1 0'% 0 —09

and the finitely presented D-module M = D**%/(D*** R).



Example: String with an interior mass

e We can prove that M is a reflexive D-module (OREMODULES)

= the D-module exth(M, D) = D*/(R D®) is a Q(n1, 12)-vector
space of dimension 1 and p((0 1 0 0)7)is a basis.

eletusconsider A=(0 1 0 0)Tand P=(R —A).

e The matrix P admits the following right-inverse S:

0 0 -1 0

0 0 1 0
0 0 0 1
S= -1 0 0 -1 e D™,
0 0 -0 0
—op O 0 —0p

- =1 =2m —2mn

= the D-module E = DY*7/(D¥** P) is free of rank 3.



Example: String with an interior mass

e Computing a basis of N, we obtain that U € GL7(D),

0 0 -1 0 -1 01 0
0 0 1 0 0 —01 0
0 0 0 1 0 0 —03
U= -1 0 0 -1 -1 0 1) ,
0 0 —01 0 —01 Uf -1 0
—op O 0 —0> —09 0 a% -1

—m2 —1 =2m 2m —(@+m+m) 2mor 2m02
satisfies that P U = (I»  0) (OREMODULES, QUILLENSUSLIN).
e The string model is then equivalent to the sole equation:
(O+m+m)G—2mo1Q—2m023=0
& él(t) + (m +m2) G(t) —2m1 Gt — h1) —2m2(3(t — hp) = 0.
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Example: Stress tensor (elasticity)

e Let D = Q[0x,dy] and M = D1*3/(D'*2 R), where:

R=[ % % O )cprs
0 d« 0y
e The D-module exth(M, D) = D?/(R D3) is a Q-vector space of
dimension 3 with basis {p((1 0)7), p((0 1)7), p((0 x)7)}.

e Let us consider A =(a b+cd)", P=(R —N).
e If we denote by A = D[a, b,c] and N = A?/(P A%), then we get:
exth(N,A) =0, exti(N,A) = A/(Dx,dy).
e Hence, E = A4 /(A2 P) is never a projective A-module and
{ kot +9, 0 =0,
Oy o1 + Oy 0?2 =0,

cannot be defined by a sole equation! (u(M) = 3).



Equivalence

e Theorem: If A € D9 admits a left-inverse I € D1X9 je., TA =1,
then Qq admits the left-inverse Ty + To T R € D(Pt1=4)%XP and the
left D-module kerp(.Q1) is stably free of rank g — 1.

If the left D-module kerp(.Q1) is free, then 3 Q3 € prx(a=1) gt -
V=(Qs Q)eGLy(D).
Then, we have W = (R Q3 A) € GL4(D),

Wl Y35
~S+Q@vS )]

with V=1 = (YJT YT, Y3 € D-1)xP vy € D(P=a+1)XP and;

w-igy — [ 1 0
0 @
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Example: Wind tunnel model

e The vector A= (1 0 0)7 admits the left-inverse [ = AT,
e We compute Q3 € D?*? such that V = (Q3T QlT) € GL4(D):

0 0 -1 0
o 0 0 0 2
B 0 ~1 0 w?d
L 2Ee g 924 2¢wd+w?
0 0 1
e Wehave W=(RQ@ A)=1| 0 1 0 | e GL3(D) and:
1 00
10 0
WlRvV=]0 1 0 0
0 0 —(0+a) —w?kaé
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Example: String with an interior mass

e Thevector A=(0 1 0 0)7 admits the left-inverse I = AT.
e We compute Q3 € D3 such that V = (@ Q) € GLg(D):

1 0 0 -1 o1 0

0 -1 0 0 —01 0

0 0 1 0 0 —02

V =

o -1 -1 -1 0 fop)

0 0 0 -o01 02-1 0

0 —op —0n —o02 0 (7% -1
1 0 0 0

0+ —0+mn — -2 1
W=(RQs A)= 2771 nm —n 2 € GL4(D).

o7 -1 0 O
0 0 1 0

= W 1RV =diag(1,1,1,(—=(0+m +m) 2ma1 2ma)).



Conclusion

e The previous results can be extended to the cases
M~ = [)1X(p—m)/(DIX(q—m) ), @€ D(a—m)x(p—m)
W1 RV = diag(Im, *),
using the homological algebraic classical result:
extp(M, DV*(07m) = ext],(M, D) @p DM@,

e We then consider A € DI~™ P = (R — A\)c DI*(pta—m),

e The results only depend on the residue classes of the columns of
A in the right D-module ext} (M, D) = D9/(R DP).

o If exth (M, D) is O-dimensional, then a minimal presentation of
M, i.e., a minimal representation of kerz(R.), can be computed

(constellations (Levandovskyy-Zerz 07)).
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More examples
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A model of a two reflector antenna

Mounier, Rouchon, Rudolph, European Journal of Automation, 97.

0 —-K 0 0 0 0 0 0 0

K2 Kp Kc KC
—= - ——=§ —=9

0 O+ T 0 0 0 0 T, T T

0 0 0 —-K; 0 0 0 0 0

R = K> K. Ko K.
0 0 0 o0+ T 0 0 —?eé —?eé _fé

0 0 0 0 a0 —-Kp 0 0 0

K> K. K Ko
0 0 0 0 0 8+Te —Teé —Teé —Te(S
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A model of a two reflector antenna

R=VRW=
10 0 0
0 1 0 0
0 0 1 0
0 0 0 (Ted+Ka)d (Kp+2Ke) (Ke—Kp)d
0 0 0O 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
(Ted+K2) 0 (Kp+2Ke) (Ke — Kp) & 0 0
0 0 (Ted+ K2) & (Kp+2Ke) (Ke — Kp) §
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A model of a two reflector antenna

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
Ted+ K
vo | =212 0 0 0 0
Ky Te
Te d+ K
0 g7 0 0
KiTe
Ted + K
0 0 0 e
K1 Te
W=
0 0 0 Ki Te 0 0 0 0 0
—Kt 0 0 Ted 0 0 0 0 0
0 0 0 0 0 Ki Te 0 0 0
0 —K! 0 0 0 Te d 0 0 0
0 0 0 0 0 0 0 Ki Te 0
0 0 N 0 0 0 0 T d 0
0 0 0 0 Te (Kp + Kc) 0 —Kc Te 0 —Kc Te
0 0 0 0 —Kc Te 0 Te (Kp + Ke) 0 —Kc Te
0 0 0 0 —Kc Te 0 —Kc Te 0 Te (Ko + Ke)
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0+ ag
—(a58+a1)5

a

R:

az as 0

R=VRU =

d+ a1
—asas o

o O o QO

— (240 + ao) ¢

0
1
0
0

Electric line (Mounier, PhD thesis 95)

—dag 0 —boa
0 al 0
8 0 —a» b()
0 0 0

00

0 0

10|’

01

B =(as 0%+ a1 0+ ayazas) (0% + ag a2).

{ a:3032(355282+31(528+3133a552—82—318—3183),
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Electric line (Mounier, PhD thesis 95)

0 1 0 0 0
0 0 1 0 0
U= —ag a agazd 62+ao ar 0 0 ,
ar —an 84(5 0 0 —an bo
(358+81)5 —(8+31) 0 —ai 0
—ap (35 8% +a10+ a1 a3 35) 52 —agad (a5 8% +a10+a; a3 a5) 60 apa ax
V= —az 0 9 0
0 0 1 0
0 —1 0 0
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