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Introduction




Unicursal curves

e Definition : A curve f(xz,y) = 0 admits a rational
parametrization if there exist rational functions o
and ( such that:

fla(t), (1)) =0,

. . x = «aft),
.e. f(:I;,y)—O@{ y = 3(t),

Such a curve f(x,y) = 0 is called unicursal .

e Example : The circle 2 4+ y2 — 1 = 0 admits the
rational parametrization:

1 —¢2 2t
a’;:—) :—,
1420 YT 1R

t =tan(0/2).

e Example : The cuspidal cubic y2 — 23 = 0 admits
the rational parametrization:

:1:=t2, y=t3.

e Example: The nodal cubic y3 4+ 23 — 2y = 0
admits the rational parametrization:

[ 2
r=——7, e .
1+3 YT 1443

e Example: The curve ™ + y™ — 1 = 0O Is not
unicursal for n > 3 (otherwise the Fermat-Wiles
would be wrong!).




Diophantine equations

e Definition : A diophantine equation is a polyno-
mial equation with integral coefficients and unknowns.

e Example : Find the integral solutions of:

22 442 = 22

e If the curve f(x,y) = O is unicursal , we have to
find ¢ such that (z = a(t), y = 3(t)) € Z2.

e Example : Find the integral solutions of

2\ 2 2
P = e (5 (2 = Lan e
z z
2 2 z_ 1-t2
(E) "‘(g) — 1! P yieR,
Z Z y_— 2t
z 14¢2°

((z/2), (z/y)) € Q® & t=y/(1+2) € Q.

Lett = a/b (a, b € Z), then the integral solutions of
2 4 y2 = 22 are:

(& = a? — b2,
T y=2ab, Va, b e Z.
\ z=a2—|—b2.

e Problem: Parametrize the solutions of f(z,y) = O
which satisfy some constraints.




Integral computation

e Integration of rational function g(x,y) on a curve
f(z,y) =0:
{ / 9z, y) de,
f(z,y) = 0.

e Example: The integration of y/(1 + x) on the
circle 2 4 y2 = 1 is equal to:

I=/1 y dx :/1\/1—3326133.
0 ( 0

14 z) (1+=z)

e If the curve f(z,y) = O admits a rational param-
etrization = = o(t) and y = 3(t), then:

{ [ 9(z, y) de, - { [ g(a(t), B(¢)) a(t) dt,

=0, “\a=a® y=60.

= g(a(t),B(t)) a(t) € R(t) = integration of (x).

e Example : Using the parametrization of the circle:

ydx _ 412 dt N
(1+x)  (1+12)2

7
I =-1+ —.
+2

e Example : The computation of the length of an el-
lipticarc y2 =z (z—1)(z —)\)

= elliptic (abelian) integrals



First problem

e An underdetermined linear system is defined by

aillg --- alp Y1
: : : 5 =0,

where a;; € D (integral domain, field), and:

p > I’anKD(an‘j).

e Can we parametrize all the solutions of the lin-
ear system of partial differential equations (PDE):

0% y1(z) + 95 yo(z) — 201 92 y3(x) = 07 (%)
x = (x1, v2), 0; = c’%,
Yes, we have:
y1(x) = 02 ¢(x),
(x) & ¢ y2(z) = 01¢(=), Y ¢, P € C®(Q).
y3(z) = 5 (81 ¢(x) + 029 (),

Problem I:

1. Recognize if an undertermined linear system of
PDE can be parametrized by means of free
functions.

2. If yes, compute such parametrizations.




Underdetermined systems

e Mathematical physics

( — —
9B + VAE =0,
X V'B_,: 67?13 _ Maxwell equations .
| V.D =p,

w'? (8@-]- Qs + Ors Qij — Orj Qsj - asj Qm’)

_(A)Z] (C(JTS wuv 87~3 Q’U/U — wru wsv 8r3 qu) — O,
w = diag(1,1,1, —1) Linearized Einstein equations

8% €oo + 8% €11 — 201 O €12 = 0, Linear elasticity .

e Differential geometry : “We deal in this book with a
class of partial differential equations which arise in differential
geometry rather than in physics. Our equations are, for the
most part, undertermined and their solutions are rather dense
in spaces of functions”, Gromov “Partial Differential Relations”.

Oz Oy 4 Oz Oy \ — . s
Z?;1<@—%3—%+3—%3—% = gij;1 <1 <j<n,

n(n+1)
2

m > , Isometric embedding problem

e Nonholonomic mechanics

%:Sinu%’ Integrating wheel
dy . Integrating wheel .
b}

du — COSu du



Examples

e Example:
WHVANE=0, | E=-VvV -5}
V.B =0, B =V AA.

e Example:

di¢1+doCo+x2¢1 =0

N GG=dim+didom +zodom + 21,
(o= —didamo —d3m — 2x2d1m — z2dome — x3m1 + 12,

d3m +didoni +z2dom +2n1 =0,
—didomp —dim —2zodim — zodomp — x5 + 12 = 0,

nlz_d2§7
(:){772=d1§+$2§-

e Example:

0=m, dom —diny +2m1 422 —2dins = 0
di € = mo, — 2M 1M m 2 13 =Y,
> domi + domo — didonz = 0.

£ =13, . .

Rn=0
n = x2,
n2 = —(z2 + 3), is asolution of Rn = 0 but

n3 =0,
is not of the form (0 : dy £ : £)? for a certain €.



Multidimensional control systems

e 1-D systems :

* Kalman system:

z(t) = A(t) z(t) + B(t) u(?),
y(t) = C(t) z(¢) + D (%) u(t).

* Polynomial system:

P (t, %) () — Q (t, %) u(t) = 0.

e N-D systems :

x Time-delay system (6, f(t) = f(t —t;)):

r(t) = Z?:l Ajx(t —t;) + 2?’21 B;u(t —t;),
y(t) = Z?=1 Cix(t —t;) + Zznzl D;u(t —t;).

d

d
P (5751, "'?575717 £> y(t)—Q (5751, ...,5tn, %) u(t) — O.

*x n-D filters (zq u(k,....,kn) = ulk1+1,...,kn)):

P(z1,...,2n) y(k17_“,kn)—Q (21, .-, 2n) Uy . ) = O-



Examples

e Example : Let us consider the system

y(t) +a(t) y(&) +y(@) = ut) + at) u(?),

where « is a function of time .

A parametrization of this system is defined by:

{ y(t) = (@) + a(t) £(1),
u(t) = £(t) + a(t) £(t) + (1 4+ a(t)) £(b).

The parameter £ is an element of the system:

(1) = —y(t) + u(t).

e Example : We have the following parametrization

21(t) —x1(t — 1) + 221(¢) + 222(t) —2u(t — 1) =0,
{ i1(8) + d2(t) — u(t — 1) = 0,

xo(t) = —E(t —2) —&(t — 1) +2£( - 1),
u(t) = &) — (- 1),

The parameter ¢ satisfies the equation:

{ r1(t) =280 —1) —2¢&( - 1),
=

5(1-8)€6(8) = S a1 (D+aa(t), S6(1) = (1),



Differential time-delay systems

e Example : Study of a wave equation

(92 2
%(t,fﬁ) T %(t,f) — 07 (*)

52(t,0) =0,
92 (¢,1) = u(t),
L y(t) = %(1,1).

e The solution of (x) has the form (D’Alembert):
2(t,x) =+ ) +¢(E—x), Vo, e CR),

[ 92(t,0) = $(t) —¥(t) =0,
= 2(4,1) = ¢(t + 1) —p(t — 1) = u(t),
| %2(,1) = d(t+ 1) + 4t — 1) = y(1).
N { p(t+ 1) — d(t — 1) = u(t),
ot 4+ 1)+ ot — 1) = y(¢).

= y(t) —y(t —2) = u(®) +u(t —2). ()

e The parametrization of the system (xx) is given by:

{ y(t) = &@) + &0 —2),
u(t) = ¢£@) — &t —2).



Differential time-delay systems

e Study of a flexible rod (H. Mounier):

(1) { y1(t) —y2(t — 1) —u(t) =0,
2y1(t — 1) —y2(t) —92(t —2) =0,
{ yi1(t) =€) +£(t— 2),
<~

y2(t) = 2¢6(t — 1), (2)
u(t) = &(t) — &t —2).

(1) is not parametrizable because the solution

yl(t) — _6/27 yQ(t) — —C, ’U,(t) — Oa 0 7'_é C & Ra
IS not parametrized by (2) because:

E(t—1) = (1) /2 = —¢/2 = y1 () = —c # —¢/2.

e In fact, we must integrate the element

{ 0(t) =2y1(t — 1) —y2(t) — y2(t — 2),
0(t) = 0,

which shows that (1) is not controllable .

e We have the following parametrization of (1):

{ y1(t) —92(t — 1) —u(t) =0,
2y1(t — 1) —y2(t) —92(t —2) =0,
y1(t) = &) +&(t—-2) -3,

= { yo(t) = 26(t — 1) —c,
u(t) = £(t) — £(t — 2).



Flat linear systems

e Definition : (Fliess-Mounier 94) A linear system
d (1)
RS 0hs0n,) | 5() | =0 ()
u(t)

is flat (g y(t) = 9(8), Spy() = y(t — b)) if

1. The system (%) is parametrizable :

x ()
(%) o ( ygt% ) —p (%,%,...,5%) 20}
u(t

2. The parameter £ is an element of the system i.e.

x(t)

£(1) :S(%,éhl...,5hn> (ygt% )
u(t

< the matrix P admits a left inverse :

d d
s(Ls .. .6 P(—, s ):1.
() P (i

e Example : The following system is flat

| B y(t) = &(t — h),
y(t—h)+y(t) = u(t—h) < { u(t) = &(t — h) + £(b),

because £(t) = —y(t) + u(t) (called flat output ).




m-free linear systems

e Definition : (Fliess-Mounier 94) The system

x ()
d
R (a,éhl, - "6hn> ( zgg ) =0 (*)

is w(0p, - - -, Op,)-free if:

1. The system (%) is parametrizable :

x(t)
(*) <~ ( ygt% ) =P (%7(5h17"'75hn> f(t)
u(t

2. The parameter ¢ satisfies an equation of the form

(1)
(8, .10 )E(E) = S (%,% 5 .,%) ( ygt% ) |
u(t

& there exists a matrix P such that:

d d
S<—,5 s )P<—,5 s ): I.
dr’ " fon dr’ M hn | =7

e Example : The following system is 4-free

) . y(t) :€(t_h')7
() =ult =h) < { u(t) = (1),

because we have §;, £(t) = y(t).




Motion planning problem

e Let us consider the following neutral system

y(&) +yt —2) +y@) -y —2) =v(t - 1)
which corresponds to a flexible rod .

e The system (%) is parametrizable :

{ y(t) = &(t—1),
v(t) = () + £t —2) + &) — £(t — 2).

e The system is not flat but §-free because:

6&(t) = y(2).

e If y, IS a desired trajectory
= 6&r(t) = yr(t) = & (t) = yr(t+ 1),

thus, we obtain the following open-loop control law
vr(t) = &) + & —-2) +& (@) - &(t—2)

— yr(t + 1) + ?J"r’(t — 1) + yr(t + 1)
—yr(t —1).

e \We need to stabilize the system around the de-
sired trajectory

= closed-loop control law  (difficult problem).



Autonomous elements

e Integration: Letus consider y1(x), yo>(x), yz(x),
functions of x = (x1, z, x3) satisfying:

{ 03 y2(z) — d2y3(x) = 0,
03 y1(z) — 01 y3(x) = 0.

The scalar element z(z) = 01 y>(x) — 9> y1(x)
satisfies the scalar equation

032(x) =0 = 01 y2(x) — Oay1(x) = ¢(z1,72).

e Controllability: Let us consider the system:

{ 21(t) = zo(t) —u(t), z1(0) =2¥,
io(t) = 21(t) +u(t), z2(0) = 3.
The scalar element

2(t) = z1(t) + z2(¢)
satisfies the scalar equation
z(t) — z(t) = 0.
= The system is not controllable:
3 (y1, y2) ER2, VT € Ry, Vu € C®[0, ool
(z1(T), z2(T)) # (y1, y2)-
For example, take (y1, yo) € R? suchthatV T > 0:

y1 + o # el (@ + 29) = 21(T) + z2(T).




Second problem

e Decoupling: Linearized Euler equations for an in-
compressible fluid:

([ 01v1 + Orvo + O3v3 = 0,
at’U]_ +81p: O)
Otvo + 0op =0,

| Otvz +03p =0,

(7= (vy : vo: v3)! speed, p pressure)

2\

(Ap= (07 +054+03)p=0,
— atA’Ul =O,
6tA’U2:O,
L (9tAU3:O.

Every dependent variable of a determined system
(degree of generality < n — 1) satisfies a scalar
equation .

e Example: We cannot decouple y and u from the
following system ¢(t) — u(t) = O.

Problem II:

1. Recognize if there exist scalar elements of the
system (combination of the dependent variables
and their derivatives) satisfying scalar equations.

2. If yes, compute a basis of such elements.




Linear systems over Ore algebras




Methodology

1. A linear system 3 is defined by a matrix with
entries Rinaring D (i.e. > : Ry = 0).

1. Using the matrix R, we define a D-module M.

2. We develop a dictionary between the proper-
ties of the system 2 and the module M.

3. We use module theory in order to classify the
properties of the module M.

4. We use homological algebra in order to check
the properties of the module M.

5. Using effective algebra, we develop some effec-
tive algorithms which check the properties of the
module M, and thus, of the system 2_.

6. Implementation in Maple, Cocoa, Singular. ..



An Introduction to Differential Modules
(D-modules)
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Rings of differential operators

e Definition : A differential field K is a field with n
derivations 91, ..., 9, which satisfies (Q C K):

— 0;0; = 9, 9,
— 8Z(a-|—b) :87;@+8,L»b,
- 8Z(ab) — (c%a)b—l—a@ib,

— 9;(a/b) = ((8;a) b— a (9;b))/b°.

e Example : We have the following examples:
(R(t),d/dt), (R(z1,...,2n),{01,...,0n}).

elet D = K|[dq,...,dy] be the ring of differential
operators with coefficients in K.

P: Z a/'ud'uED,
0<|p|<o0
(ap € K, p=(u1:...:pn) €27,

with § d, =djt... dy",
\ dz(ad]) =adzd]—|—(8za)d, a € K.

e Remark: We can also use a differential ring A
Instead of a differential field K

(e.g. K = kl[zq1,...,zn] = D = A, Weyl algebra).



Ore algebras

e Definition : The non-commutative polynomial ring
D = A[0; 0,6] in J is called skew if

da=o0(a)d+6(a), acA,
where o : A — A satisfiesVa,b € A:

o(l) =1,

{ o(a+b) =o(a) + o(b),
o(ab) = o(a)o(b),

and: A— AissuchthatVa,b € A:

{ 5(a+b) =d(a) + 6(b),
5(ab) = o(a)5(b) + 6(a)b.

e Definition : (Chyzak-Salvy): The skew ring
Is called an Ore algebra if :
{ 0;0;j =050 1<14,57 <m,
O'Z'(aj) = 0;, 52(((9]) =0, j5<u.

e Theorem : (Kredel): Let D be an Ore algebra s.t.

o(x;) = a;jx; + by, 6;(xj) = ¢,

0 # a;j, bjj € k, ¢;5 € klxq,...,zn], deg(c;;) < 1,

then, for every termorderonxq,...,xn, 01,...,0m,
there exist some non-commutative Gr Obner bases .



Examples of Ore algebras

e Ordinary differential operators
D=A[$:1, 4], A=Ek[t], k),
P=Y",a;(t)% €D, $at)=a(t).

e Time-delay (time-advance) operators
D = Albp; 0p,0], A= klt], k(2),

P=3m", ai(t)5fl e D, opa(t) =a(t—h).

e Shift operators
D = Al61;0,0], A =k[n],k(n),

P=3m", ai(n)éi €D, di1a(n) =a(n+1).
e differential time-delay operators
_ d* <J

e Partial differential operators

P = Yo<|u<map(x) d, dt = dit .. dhr, 0; = 8%.



Properties

e Proposition : If A has the left Ore property , namely
V (a1, ap) € A2,3 (0, 0) # (by, by) € A? sit.

b1 a1 = boao,

then A[9; o, §] has the left Ore property .

e Proposition : If Ais anintegraldomain (ab = O,
a 7= 0 = b = 0), the skew polynomial ring A[0O; o, d]
IS an integral domain .

e Proposition : If A is a left noetherian ring and o
IS an automorphism, then the skew polynomial ring
Al9; o, 6] is a left noetherian ring




Systems and modules

eletD = Kldqy,...,dpn]and R € D9I%P,
The vectors of DP and DY are row vectors .

Let . R be the D-morphism defined by:

pe &, pp

R11 ... Rlp
P — PR=(P1:P:...:P)| ... ... ...
Ry ... Ry

e In algebraic analysis, we use the left D-module:

M = coker.R = DP/im.R = DP/DYR.

eletw: DP — M = DP/D1? R be the D-morphism:
7(P)=7n(Q)<3INeD!1:P—Q=MNRe DP.

oelet{ey,...,eprand {f1,..., fq} bethe canonical
bases of DP and DY, y; = w(e;),5 =1,...,p.

fiR=(Ri1 ... Ryp) =35_1 Rije; € DIR

= n(fiR) = X\_1 Rij m(ej) = X5_1 Rij y; = 0.

M is defined by the D-linear
combinations of the equations Ry =20




Example

e Let D = k[dq,d>,d3] and R be the curl matrix :

0 —d3 do
R=| d3 0 —d;
—d>» di O

e Let us consider the D-morphism . R:

D3 ~B ps

(Pli P> P3) — (P2d3—P3d21
Pydy + P3dy @ Prdy — Prdy).

e Letus define y; = n(e;), 1=1,2,3.

Then, M = D3/D3 R is defined by the equations
(7(fiR)=7((0: —d3: dp)) =—dzyp+doys =0,
m(foR) =n((d3: 0: —d1)) =d3zy1 —d1y3 =0,

| T(f3R) =7((—d2: d1: 0)) =—doy1 +d1y2 =0,

7\

and their D-linear combinations.



Example

e Let us consider the wind tunnel model (Manitius 84):

(i1(t) = —az1(t) + kaza(t — h),
z2(t) = x3(%), (%)
\ i3(t) = —w? 2o(t) — 2¢Cwz3(t) + w2 u(t).

7\

e Let us consider the following Ore algebra :

d d d
D=R|—;1,—|[6p;0,, 0] =R |—, ;| .
[dt dt][h 7h> O] [dt h]

e The system (x) is equivalent to:

diq —kad, 0 0 z1(%)
d B zo(t)
\ O w2 7 T2C0w —w? ; u(t)

e The D-module M = D*/D3 R is defined by the
D-linear combinations of the equations  of (x).



Classification of modules

e Definition: Let M be afinitely generated D-module.

a) MisfreeifdrecZy : M= D",

b) M is projective if 3r € Z; and a D-module P:

MeoP=D".
c) M is reflexive if € is an isomorphism:

e. M — M =homp(homp(M, D), D),
m — e(m), e(m)(f) = f(m).

d) M is torsion-free if:

t(M)={me M|30#PeD:Pm=0}=0.
m € t(M) is called a torsion element of M.

e) M is torsion if M = t(M).

e Theorem:

1. free = projective = .. = reflexive =- torsion-free .

2.1f D is a principal domain (e.g. K[%]), then:

torsion-free = free .

3.1f D = k[zq,...,xn], where k is a field:

projective = free (Th. Quillen-Suslin).



Free resolution of a D-module

e Definition : A sequence of D-morphisms

M L M2

IS a complex at M if:

im f C kerg.
The defect of exactness at M Is defined by:
H(M) = kerg/im f.
A complex is exact at M if:
H(M)=0<im f = kerg.
e Example : The exact sequence

0— M Lom

means that f is injective and the exact sequence
M- M —0
means that g is surjective .

e Definition : A free resolution of a left D-module
M is an exact sequence of the form

oA pe 2 ph BLplo A g
where R; € Dlixli-1 gnd:

R; : Dl — Dli-1
(Py:...: B) — (P! ...: P)R;



Example

o Let Ry = (d1dp : d%)! and the D = k[d;, d5)-
module M = D/D? R; defined by the equations:

dydyy =0,
d%yZO.

e We have the following exact sequence

O—>K€I’.R1—>D2ﬁ>D—>M—>O.

e \We have the following equality (D is a GCDD):
ker. Ry ={(Py: P;) € D? | Pydidy = —P>d%}

={(P1: P;) € D? | Pydy = —P>d1}
={(Pd12 —Pd»>) | P € D}

= DRQ, where RQ = (dl : _d2)7

= we have the following free resolution of  M:

o_-pl2p2lfipy o




Syzygy D-modules

e Let us consider the D-morphism (R € D'1%!o):
0 — ker.Rq — ph ﬁplo —s M — O.
ker.Ry ={P=(Py:...: P,) € D" | PRy =0}

is a D-submodule of D/t.

e D is aleft noetherianring = ker.R is afinitely
generated D-module, i.e. 3 a finite family of vec-
tors {v1, ..., v;,} of D't which generates ker .Rj:

= Vv € ker.Rq, 3@1,...,Ql2€DZ

V=2 Qv =(Q1 ... Q) (v ...t )T,

= ker.Ry =im.Rp, Ro = (v1:...1 y,) € Dlaxl1,

R R
= D2 22 pli 2 plo A — 0 exact.

e Proposition : Any finitely generated D-module M
has a finite free resolution

e Algorithm : Find a basis of the compatibility
conditions of R;y = wu (elimination of g using a
Grobner basis, formal theory of PDE .. .):

V P € ker.R;, P(Riy):PuZO:>RZ'_|_1u:O.




Example

e Consider D = R[dt, ,dt][éh,ah,O] and:

24+a O 0
~kad, < w? 4x3
= D™=,
¢ 0 -1 442¢w <
0 0 —w?
e Consider the D-linear map:
D4 ~f, D3

A:(All Ao A3 )\4) — AQ.

e The D-module ker.Q = {P € D*|PQ = 0} is
the 1st syzygy module of N = D3/D#Q.

e Let us define:
= {(F+a) M —pr—kad i+ G2+ w3 — p2,
—>\2‘|‘(%‘1'2(00))\3—,&3,—002)\3—#4},

e The intersection of a Grobner base for an elimi-
nation order of = with 3, D y; is:

{w?kadppr + (W2 —w G)M2+(w2§;+w ad)us
+ dt3—|-2Cw@—|—adt2—l—w -I—Qandt—I—an)/M}

= Q1= ( w’kady: Qd—l—wza'ij;—l—w ac‘ft:
dt3—|—2§w dtQ—I—w +2a§wa—|—aw2),
Q1 Q

= 0—2D D4 =, D3, N — 0 exact.




Extension functor

e Definition : Let M be a left D-module and

M8 pla 2 ph L plo v 0 (1)
a free resolution of M.

e We call the truncated complex associated with
(1) the following complex:

B4 pis s pio 2 pin 1 plo g9y

e Let S be a left D-module. The dual sequence of
(2) is the complex defined by

4 gls B3 gly [20 gl i1 glo g (3)

with: R;.:Sli-1 — Gl

(Pr:...: P, DT — Ry(P:...: B_DT.

1—1

The complex (3) is generally not exact at S.

We denote the defects of exactness of (3) by:

ext®, (M, S) = kerg R1. = homp(M, S),

extly(M,S) = kerg R4 1./img R;., i > 1.

e Theorem: The abelian group ext%(M, S) only
depends on M and S and not on resolution (1).




Example

o Let Ry = (d1dp : d%)! and the D = k[d;, d5)-

module M = D/D? R; defined by the equations:
didoy =0, d y = 0.

e \We have the following free resolution of M:

Ry .2 R

O— D D — D — M — 0 (x).

e Let S = D/(R?) the space of distributions on R2
(S = E£(R?) ...), then the dual sequence of (%) is:

0 gliz g2l ¢ o

[ ext® (M, S) = kergRy. = homp(M, S),
=K extD(M, S) = kergR>./Rq1 S,

| ext% (M, S) = S/Rp S2.

e homp (M, S) is the solution in S of Ry y = 0.

e A necessary condition so that there exists a so-
lution in S to the inhomogeneous system

R1y = u,
with w € S2 fixed , isu € R1 S < Rou = 0.

o ext})(M, S) gives the functional obstructions

JyeS: Ry =ux n(u) =0in exth(M,S).




Properties of Ext’, (M, S)

e Proposition : If0 — M’ — M — M" — 0
IS an exact sequence of left D-modules and S is a
left D-module, then we have the exact sequence

0— homp(M",S) — homp(M,S) — homp(M”",S)

—  extL(M",S) —  extL(M,S) —  exti(M’,S)

— ext3(M”,S) —  ext?(M,S) —

e Proposition : If M is a projective D-module , then,
for every D-module S, we have:

ext, (M, S) =0, i > 1.

e Definition : A D-module S is called injective if, for
every finitely generated ideal I = (Pq,..., Py) of
D, there exists y € S which satisfies

Piy = wuzg,
Pmy — Um,
where u1,...,um € S satisfy the relations of I, i.e.:
m m

e Proposition : If S'is aninjective D-module , then,

for every D-module M, we have:

ext, (M, S) =0, i > 1.




Results of B. Malgrange (59-63)

e Theorem (Malgrange): If €2 is an open convex
subset of R”, then D/(2), £(2) and S'(2) are
three injective D = C|dq, ..., dn]-modules .

e If S'isaninjective D-module , then the solvability
in y € S'0 of an underdetermined system Ry = w,
w € S fixed, is just an algebraic problem

“Computing the second syzygy = D-module of M
(i.e. the compatibility conditions )"

pl2 22 pli 4 plo | ppr g

e Example : Let us reconsider Ry = (dydp : d%)T
and the D = C[dq, d>]-module M = D/D? Ry:
didyy=0, dfy=0.
e \We have the free resolution of M:
0 >D°R2D2ﬂ>D—>M—>O.

o If S =D'(Q2), £(N) or §'(2), then we have the
following exact sequence

0582 28 g homp(M,S) — oO.
d1doy = uy,

= dy e SsS: & diur = do uo.

J {d%y_u% 1U1 2 UD

=VzeS dJujur eSS z=dyu; —doun.



Flat D-modules

e Proposition : If0 — M’ — M — M" — 0
IS an exact sequence of left D-modules and S a
right D-module, then we have the exact sequence

—  tor?(S,M) — torP(s,M") —
torP(S,M") — torP(s,M) — torP(S,M") —

S(X)DM/ — S®p M — S®DM” — 0.

e Definition : A D-module S is called flat if, for every
relation of the form

m
i=1
there exist z1,...,2zp € Sand (Q;;) € D™ P s.t..

1. yi:Z§:1Qijzj, 1 << m,
2. 3021 FQ;; =0, 1<:<p.

e Proposition : If S is a right flat D-module , then,
for every left D-module M, we have:

D _ .
torP (S, M) =0, i > 1.

e Proposition : If M is a left flat D-module , then,
for every right S-module M, we have:

D _ .
tor”(S,M) =0, ¢ > 1.




Results of B. Malgrange (59-63)

e Theorem (Malgrange): If €2 is an open convex
subset of R™, then D(2), £'(2) and S(2) are three
flat D = Cl[dq,...,dn]-modules .

o If Sis aleft flat D-module , then the determination
of a parametrization of an underdetermined system
of R{ w = 0, u € S, isjustan algebraic problem :

“Computing the second syzygy D-module of the
right N = D!1/Rq D' (D' column vectors)”:

O<—N<—Dl1£Dl0&Dl—1

Indeed, the tensor product - ® p S of the free resolu-
tion of IV gives the exact sequence

0 N®p S «— sl 2l plo Lo gl s

:>R1u=0<:>EIyESl0: u = Rpvy.
e Example : Let us consider Ry = (dq d» : d%)T,

R> = (dq1 : —d»). We have the exact sequence :

o<_M<—D51— DQ}EQ— D+«—0.

= If S = D(R), £'() or S(), then:

u

dldzul—l—d%uQ:O@(ul ) — ( —déz )y, y € S.



Ext’,(M, D)

Definition : Let M be a left D-module and

CH8 pla 2 ph A plo v 0 (1)
a free resolution of M.

We call the truncated complex associated with (1)

the following complex:
CHa pis 8 ply 2 ph L plo g9y

The transposed sequence of (2) is the complex
defined by

LB iz Bs gy f2 iy Faeoplg g (3)
where:

R,.: Dli-1 — Dl

(Pr:.... )T — R(P:.... P_)T

1—1
Complex (3) is generally not exact at D'i.
We denote the defects of exactness of (3) by:

ext®, (M, D) = kerp Ry. = homp(M, D),

exty(M,D) = kerp Rjy1./impR;., i> 1.

e Theorem : Theright D-module ext%(M, D) only
depends on M and noton the free resolution (1).




Example

oelet Ry = (d1d>: dQ)T and the D = R[d1, d»>]-
module M = D/D2 R1 defined by the equations:

didyy=0, dfy=0.

e \We have the following free resolution for M

O D'RQ/DQﬁD—>M—>O,(*).
e The transposed of the truncated complex (%) is:

RL RT
O« D2 D2 D 0.

e We have the following defects of exactness

{ exth(M, D) = ker .RY / DRT

ext?(M,D) = D/D? R}.
o ker.RY = {(Py: Py) € D?| Pyd; = P>ds}

={(Pd22 Pd1)|PED}
=D(d21 d]_).

= ext}h,(M,D) = D (do : d1)/D(d1do : d3) # O :

z=m7((dp: d1)) =doz1 + dj 22,
d1z =0,
d1dpz1 +d3 20 = 0.

o1¢ 1= (dy,dp) = ext?(M,D)= D/I # 0.



Formal adjoint

e Definition : The formal adjoint of R € DI*P is
obtained by integrating by parts

<z, Ry>=<Rz y>-+d(),
where d(-) corresponds to the boundary terms .

p1 &, pp

D1 £ opp

e We can also use the involution of D = K|[d1,...,dy]
defined by the following three rules :

1. Ifa € K,thena = a,

3. Po@ =QoP.

e Example : The adjoint of R = (zod> : dq) is:
R = (—da(x2) : —d1)! = (—zpdy—1: —dy)".

<z, Ry>=z(x2doyi +diy2) = (x22)doy1 + zd1y2
= —do(x22)y1 — (d12)y2+ ...

= (y1: y2)(—zodo—1: —di)T 24 ... =<y, Rz > +d().

—_—
o~

eV Rec DI*P, we have: R = R.



Involution

e Definition : An involution of an Ore algebra D is
a k-linear map 6 : D — D satisfying:

1. 0(a1 ap) = 60(a2)6b(a1), ai1,a2 € D,
2. 62 = idp.

e Exemple: 1. If D = k[xz1,...,zn], then 8 = idp.

2. It D = k[ml, ce ,:Cn] [d]_; 1,61] e [dn; 1,8n],
then an involution of D is defined by:

3. If D = A[%: 1, 41(8y; o1, 01[6_p,; o_p,, 0], then
an involution of D is defined by:

d d
t t — — ) S_p, O_ 5.

Let R=[t % : —t24;,] € D1*2, then we have:

o =4\ —t4d 1
o = ( —6_dZt2 ) B ( —(t +d2>25_h ) |

e Proposition : Let D be an Ore algebra with an
involution 6. Then, any right D-module N corre-
sponds to the left D-module N defined by:

VPe D, Vne N: Pon=n0(P).




Adjoint and transposed D-modules

e Definition: Let D be an Ore algebra and 6 an in-
volution of D. We call adjoint of R € DZ%P the
matrix defined by R = 6(R) € DP*4.

e Definition: Let R € DY%P and R € DP*4 the
adjoint matrix of R and M = DP/D9R the left
D-module defined by the exact sequence:

pr L, DP — M — 0.
(Pr:...:.F) — (P1:...:P)R

1. The right D-module N = DY/R DP is the trans-
posed D-module. We have the exact sequence:

0 N D1 LN DP

R@Q1:v i Q)" —— (Qri...: Q)7

2. The left D-module N = D7/DP R is the adjoint
D-module. We have the exact sequence:

0 N D1 A Dp.

(Qi:...:Qp)R +— (Q1:...:Qp)




Projective equivalence

e Proposition: The D-module N only depends on
M up to a projective equivalence |, i.e. if we have

M = Dpl/DCh Ry = DPQ/DQQ Ro,
then 4 Py, P> two projective D-modules such that:

Pi® N1y =DN/R1 DP1 = P, ® Ny = D9 /Ry DP2

= exty, (N1, S) £ ext’,(No, S), i > 1.

e Proposition:  ext’y (N, D) £ extl, (N, D), i > 1.




Main results

e Theorem 1: If M = Dlo/Dl1 Ry, N = Dl1/Dlo Ry
are the D-modules defined by

pi L plo o0

0«— N« Du ﬁ Dlo,
where N is the adjoint of M, then:
1. torsion submodule (M) = extD(N D).
2. M is torsion-free < exth (N, D) = 0,
3. M is reflexive < ext® (N D)=0,i=1,2,

4. M is projective < ext} (N D) =0,i=1...gld(D).

e Theorem 2. There exists an exact sequence

R_ R_ R
0— M — Dl-1 2=t plo 222 "2 pl,

«— ext? (N D)=0, i=1,...,r

e Theorem 3: IfD = K]|[dq,...,dn], M # 0O, then:
J(M) = min;>g {7 | ext,(M, D) # 0}
= n — d(D/\/ann(gr(M))),

d(-) = Krull dimension




Full row rank matrix & D = K|[dq,...,dn]
elet R e D7*P (1 < g < p) be a full row rank matrix ,
M =DP/D'R, N = D/DPR.
Module M ext® (N D) d(N) Primeness *
ext® (N, D) # 0 n ]
with torsion | extL(N,D) = t(M) | n—1 0

torsion-free| extL(N,D)=0 |n—2

minor left prime

reflexive ext? (N D) = n—3
1=1,2
ext’, (N, D) = 0, 0 weakly zero
1<:<n-1 left prime
projective ext! (N D) =0, -1 zero left prime
1 <i1<n

e d( V) is the degree of generality of the solutions of Rz=0.

*x If D = Cldy,...,d,], then d(N) is the dimension of the
algebraic variety defined by the g x ¢ minors of R.




Algorithms




Algorithm: torsion-free  D-module

1. Start with R € DI*P,

2. Compute its adjoint R € DP*4.

3. Compute ker.R= 3IR_1 € D™XP :
ker R=D™R_;.

P
—_ —

4. Compute its adjoint R_1 = R_q € DPx™,

5. Compute ker.R_1 = 3R/ € DI*P .
ker.R_; = DY R

_ t(M) = ker.R_1/D4R = DY R'/DIR,
M/t(M) = DP/DY R'.

5. pd -, pp =1 pm
1. p1 B pp Bl opmog
R R_1

2. D9 &— DP — DM 3,

et(M)=0<«< DI R = DIR = R_q is a formal
parametrization of R:

M =DP/DIR=DPR_;.



Algorithm: reflexive D-module

e R DI*P, M = DP/DIR.

/
6. p¥ =} pm fz2 p

5. pd -, pp =1 pm

R_ R_
1. pe £, pp =2 pm =2 plog
R R_4 R_>

2. D4 <~ pp = pm =% pl 3

e M is areflexive D-module

& DIR =DIR & DP R | =DPR_;.

e If the D-module M = DP/DY9 R is reflexive , then
we have the exact sequence

0 — M — D™ 122 p

and M** = ker.R_>,=DPR_1.

e )M Is a projective D-module

@Dq/R/:DqR & Dp;lR,_i:DpiR_i,
1<:<n—-1.



Algorithm: projective  D-module

e Theorem: If R € DY%P is a full row rank matrix
— the rows of R are D-linearly independent —, then
the D-module M = DP /D9 R is projective iff:

N=DI/DPR=0« “RA=0=A=0".

e Algorithm :

1. Compute the second syzygy ker.R of M.

= if ker .R # 0O, then stop, otherwise, continue.

2. Check whetherornot f; € DPR, i=1,...,q
(check whether or not RA = 0 = \ = 0).

= if it is not true, then M is not a projective D-
module, else M is a projective D-module.

=Vi=1,...,q: HSVZ-EDP: sz-fizfi
:>§=(SN1T:...:§QT)T€D‘1XP: §ﬁ=Iq

= S=5 €DPXq: RS =1,



Examples




Example

e Let us consider the underdetermined system

domy —dim +2n1+2n2—2dyn3 =0,
don1 +domnpy —dydynz = 0.

e Does this system admit a parametrization 2.

1. Let D = k[d1, d>] and let us define the matrix

_(do—di+2 2 -—2d; 23
R_< do do —d1d2>€D

and the D-module M = D3/D?R.

2. The formal adjoint R of R is defined by:
~ —dp+di1+2 —dp
R= 2 —dy | € D3*2.
2d1 —dq do

Then, the D-module N = D?/D3 R is defined by
the overdetermined system

—dp A1 T di1 A1 —do A2 +2A; =0,
—dp A +2X1 =0,
2di A —dydo)o = 0.

Computing the second syzygy of N corresponds
to find a basis of the compatibility conditions of:

RAX=pu= R_1pu=0.



Example

3. The computation of the second syzygy module
of N gives (gr6bner basis, formal theory of PDE  ):

R 1=(0: —dy: 1) e D>

= we have the following exact sequence

~

—_

0«— N« D? &% D3<—D<—O(*)

4. The dual sequence of (x) is the complex
O—>D2i>D3.R—_}D—>O,
with R_1 = (0: di: 1)1 € D3*1 We have:

exth(N,D) = t(M) = ker.R_1/D?R

5. The D-module ext? (N, D) = D/D3 R_ is de-
fined by the equations

{lejo’ — £ =0= extd(N,D) = 0.



Example

e Let us compute t(M) = ker.R_1/D?R.

Finding a family of generators  of ker .R_1 corre-
sponds to find the compatibility conditions of:
R 16=n=Rn=0.

1 0 O

. ,
We obtain R _<O 1 dy

) c D?2%3 and:
t(M) = D?R'/D?R

_ 2 1 0] 0 2 dz—d1—|-2 2 —2d1
=D (O —1 d1>/D ( d> d> —dido>

e 1 = m1 € M satisfies the system:

01 = n1,
domy —dim +2n1+2n2—2dyn3 =0,
do>mn1 + dono —dy donz = 0.

= (d5 —d1dp) 07 =0 =0 # 01 € t(M).
e 0> = —no + di m3 € M satisfies the system:

0o = —no + d1 13,
domi —din+2n1+2n2—2dyn3 =0,
do>mn1 + dono —dy donz = 0.

= (d5 —d1dp) 0> =0 =0 # 65 € t(M).



Example

e M = D3/D? R has torsion elements
= Rn = 0 is not formally parametrizable.

e By construction , we know that we have:

0=
d gll, — dom —dim +2n1 +2n2—2dinz =0,
= dam + dz2mp — di dz2ms = 0.
£_n37 R .
Rn=0
n — X2,
° U2=—($2+%), Is a solution of Rn = O
n3 =0,

butis not ofthe form (0 : dq & : €)1 for a certain &.

A) Integration of the torsion elements  of M

(
01 =,
(d3 — d1dz) 61 = 0,

| o= —no+din3=(dp61 —d101+261)/2,

_ m = f(x1) + g(z1 + x2)
—mo + dim3 = —3 f(z1) + f(z1) + g(z1 + 22),

where nq1 and 7, satisfy :
{ dony —dini +2n1+2n2 —2din3 =0,

7\

domny +domnpy —dydonz = 0.



B) Integration of the inhomogeneous system

(m = f(z1) + g(z1 + x2)
—mo +dimz = —3 f(z1) + f(z1) + g(z1 + 22),
domi —dim +2n1+2n2 —2din3 =0,

| dom +damne —didanz = 0.

I. Particular solution (M /t(M) is projective):

m = f(z1) + g(z1 + z2),
2 = %f(xl) — f(331) — 9(331 + 332),
n3 = 0.

li. General solution of the homogeneous system

( 771:0
— d = 0,
< n2 + din3 & M/tH(M)
domi —dim+2n1+2n2—2din3 =0,
| dom +dame —didanz =0,

n1 = 0,
& QM2 =dié,
n3 = &.

e \We have the following parametrization
{ dom —dimi+2n1+ 22 —2dinz3 =0,
dom1 + damz —didanz = 0,

m = f(z1) + g(z1 + z2),
& ¢ m=3f(x1) — f(@1) — g(zr + x2) + di £(w),
m = &(z).



Example

e Let us consider the underdetermined system

domy —dim —2din3+2n1 +2n =0,
domn1 + dono —dyinz =0.

e Does this system admit a parametrization?

1. Let D = k[dq, d>] and let us define the matrix

_ [ do—d1+2 2 -2d; 23
R‘( ds dy —dy >€D

and the D-module M = D3/D?R.

2. The formal adjoint R of R is defined by:

~ —dp+d1 +2 —dp
R = 2 —do | € D3%2,
2 dy dy

Then, the D-module N = D2?/D3 R is defined by
the overdetermined system

—dp A1 +d1 A1 —do A2+ 2XA1 =0,
—dp Ao +2 X1 =0,
2dy A\ 4+ di Ao = 0.

Computing the second syzygy of N corresponds
to find a basis of the compatibility conditions of:

§A=M:>]§_1H=O.



Example

3. The computation of the second syzygy module
of ﬁgives (grobner basis, formal theory of PDE  ):

R_1 = (2d1do42dy : —dydo—d3—2dq : d5—dq do).

= we have the following exact sequence

~

—_—

2 R
0—N—D2AE P32 p 0 )

4. The dual sequence of (x) is the complex
0—p2-B p3tip_ o
with:
__ : 2 . T
R_1=(2d1dy—2dy: —dyidp—d{+2dy : d5—d1dp)".

t(M) = exth(N,D) = ker.R_1/D?R,
We have
ext?(N,D) = D/D3R_;.

5. The D-module ext% (N, D) = D/D3 R_1 is de-
fined by the equations
2dy1dp§—2d1§ =0,

—d1dpoé —d7¢6+2d1£=0, = ext3(N,D) # 0.
d5€ —dyda€ =0,



Example

e Letus compute exth(N, D) = ker.R_1/D?R.

Finding a family of generators  of ker .R_1 corre-
sponds to find the compatibility conditions of:

R 1¢6=n=Rn=0.
We obtain :

j_ [ do—d1+2 2 —-2d —
R‘( do do —dp | =1

= t(M) £ ext},(N,D) = D3 R/D3R = 0.

¢ Finally, we have the exact sequence :

R_
3723 D — ext3(N,D) — 0.

o If S = D'(Q), £(N) or S'(2), then we have the
exact sequence :

O—>D2i>D

0 g2 B g3l-1 ¢

«—— homp(ext% (N, D),S) «— 0.

domy —ding —2din3+2n1+2n, =0,
domny +domnpy —dynz =0,

M =2dy1dy§ —2dq§,
S np=—didpé—di€+2dq €,
n3 =ds¢& —didaé.



Example

e Let us consider the differential time-delay system:

G(t) —tu(t —1) = 0.

e We define D = k(t)[%, 9, o], where:

Gw)(t) = wlt —1), (cw)(t) = w(t+1).

oletR = (% - ¢ 5) c D1%X2 and let us define the

left D-module M = D?/D R.
e We have the finite free presentation of M

o—D-p2_,m—o

e Using the involution 6 on D, we obtain:

SV ( -
o(R) = ( —att ) — ( —(t —I—tl)a >

and we define N = D/D?0(R).

e \We have the exact sequence :

0 N p M p2 ker .0(R) «— O.



Example

e The left D-module N = D/D?6(R) is defined by:

A =0,
{ t+1)oA=(0(+1) XMit+1)=0.
e The compatibility condition  of the system
A= p1,
(t+1)o A= o,

e If we define the matrix

(.. 1 d 1 1%2
O(R-1) = (T TaxDa G+ 1)2> €D

then we have the following exact sequence

_ O(R_
0 < N « DG(R>D2 ( 1)

D «—— 0 (%).

e Dualizing (%), we obtain the following complex

where:




Example

e The left D-module ext? (N, D) = D/D?R_1is
defined by the following system:

0& =0, @{A(t—l)zo,#g_o
@né=0 " lé=o N

= M is not a reflexive left D-module.

e The compatibility condition  of the system

{ §& =y,
1 -
GrDs =W

Is defined by the first system vy —tdu = 0.

Therefore, we have the exact sequence

5> R_1

0o—pD-Ep2lp_ o

and the solutions of y(t) — tu(t — 1) = 0 are for-
mally parametrized by:

y(t) =&t —1),
u(t) = gy €(0)-



Example

eletR; =(dy: do: d3)and M = D3/D Rj.
We have the following exact sequence:
O— D ﬂ D3 — M —0.
e The D-module N = D/D3 R is defined by:
diy=0, doy=0, dgy = 0.
We have the following free resolution for NNV

0« Ne—p9dpsguipsdvy,. o
with grad = RY, div = R; and:
0 —ds do
curl = d3 0O —dj
—d> d; O

e The dual of the truncated free resolution IS:

0 pdY p3culp3grad n o

{ ext,(N,D) =0, 0<i<2,
ext3,(N,D) = D/D3RI' = N # 0.
= M is a reflexive but not a free D-module

= M** = D3 grad. We have the exact sequence :

O—>M%D3curl—>D3'gﬁ9D.

¢ j(N)=3<3—-d(N)=3<d(N)=0.



Example

o If S = D/'(Q), £(Q) and S'(£2), then, from the
exact sequence

0—p I p3cudp3gad N o,

we obtain the exact sequence

g dv. g3l g3 9rad- o om (N, S) — 0.

e \We have the following consequences

oVuES,EIyZ(ylinIy:g)TES?’:

z=d1y1 +doyo + dzys.

® diyy +doyo+d3zyz3 =0

s 5 | 1= daz2Tdazs
S 3d(z1:20:23)" €85°:¢ yo =dzz1 — dq 23,
y3 = —dp z1 + dg 22.

dp zo + dp 23 = 0, z1 =d1 [,
[ d3zl—dlz3=O, <=>E|f€SI 22=d2f,
—do z1 +dq zo0 = 0. z3 = d3 f.



Example

e Let us consider the underdetermined equation:

d1¢1+doCo+x22¢1 = 0.

e Does this system admit a parametrization?

1. Let D = R(x1,z2)[d1, d>] and let us define

R=(dy +zo: dp) € D'*?
and the D-module M = D?/D R.

2. The formal adjoint R of R is defined by:

B = ( —d1+$2>€D2x1.

Then, the D-module N = D/D? Ris defined by the
overdetermined system:

—di A+ xo) =0,
—d> )\ = 0.

The computation of the second syzygy module of N
leadstOo RA=pu=>A=dopu1 —dy u> + xo o

= N = 0 = M is a projective D-module .



Example

3. The computation of the second syzygy module of
N gives (Grobner basis, formal theory of PDE ):

5o [ dida—a2do+1 —d? + 2wx5dy — 3
-1 d3 —dydo +x0ds+2 |

The computation of the third syzygy module of N
gives (Grobner basis, formal theory of PDE ):

~

R >=1(dy —x>: dp) € D1x2
= we have the following exact sequence

~

R_
0 N D& p2 21 D2<—D<—O(*)

4. M is a projective D-module = the dual se-
guence of (%)

2 B1 o Bo
O—>D—>D ' D —>D—>O
IS exact, with:
fR _( dido+xado+2 d3
-1 —d2 —2x0dy — a3 —dido —axodo+1 )’

| Rop = (—dp 1 d1 +ax2)!.

M= D?R_ 1,
1€D’R_5= (dy+xp: dy) R_o = 1.



Example

e \We have the following split exact sequence

R_ R_
0— D =% p2 =t p2 =2 p__,o
.S S_1 .52
— — —

(S = (do: —dy +z2)!,

¢ _ [ dido—w2dp—2 d3
LT\ d2—2apdy + 23 dido—aodo+1 )7

7\

| S_o = (d1 —z2: —dp),
l.e. we have:
RS=1 RS 1{R.1=R_q1, S oR—2=1.

e If S is any D-module, then we have the following
exact sequence :

R R_ R_

O « Sl g2 g2 729, 0

di¢1+doCo+x2¢1 =0

PN ¢1=d3n2+didom + z2dom + 21,
(o= —didomo —d3m — 2x2d1m — z2dome — 23 m + 12,

d3m +didon +x2dom +2n1 =0,
—didoma —dim —2xpdim — xodome — x3m + 12 = 0,

n — _d2€7
(:){ n2 =di1§ +x28.



Applications to mathematical physics




Electromagnetism

e First set of Maxwell equations

—

= = DA
O, o E——V‘/_)_ Ot
B=VAA,

95 + VAE
V.B =0,
where (A, V) is called the quadri-potential .

The quadri-potential (A, V) determines (E, B) up
to a gauge transformation

B . 9

v (A,V)—>(A+Vf,V+8—{
OA __ _ of
because VV—I:W#_ 0, @{ ‘i— ot’
VAA=0. A=V *

e Second set of Maxwell equations  (duality):

ot p=V.D
P +vnrd=0, | H=Ve +52
V.D =0, D =V A ¢o.
Ve + 22 =0 {ﬁ=9—
1T =Y & 1 ot
VAgpor =0, oo =V



e J. Wheeler’s challenge (1970):

Linearized Einstein equations

Do Einstein equations in vaccum admit a

generic potential?

e The answer is no (J.F. Pommaret 1995).

e The linearized Ricci equations in vacuum

are

defined by R € D19%10(D = C[dy, do, d3, da]):

ds+d3 —dz d? d?
/ dg d? + d% — d3 d%
d3 d§ ds + d§ —dz
dg dg n
R — 0] 0] dq do
d d3 0 0
d3 da d3 da 0
0 d1 d3 0
do da 0 d> da
\ 0 di dg di dg
—2di d> 0 0 —2dy d3 0
—2didy —2dad3 0 0 2dods
0 —2dods 2dzdsa —2dids 0
0 0 —2dzda 0 —2dpda
d3 —dz —di d3 0 —do d3 d1 da
—di d3 d? — d3 do da —di d> d3 da
0 —dods d34+d5 —dida —do d3
—do d3 —dy dp dy da ds — d3 0
—dy da —d3z dy —do d3 0 d? + d3
—do ds 0 —di d3 —d3 ds —di d3

—d?
.
—dg
d% + d% + dg
—d1 do
—do d3
0]
—di1 d3
0]
0]

0
0
—2di1ds
dp dg
0
—dy d3
d3 dg

—di d3
d3 +d3 )

2dqds \

e The torsion submodule of M = D0/D10 Ris de-
fined by 20 torsion elements and M /t(M) admits
a parametrization with 4 potentials



Decoupling problem

e Let us consider the linearized system of Euler
equations for an incompressible fluid

[ 01v1 + Oovp + 9303 =0,
Otv1 +01p=0,
Otvp + 0op = 0,

| Orv3 + 03p =0,

(7= (vy : vy : v3)! speed, p pressure).

e By differential eliminations, we can decouple the
variables wvq, vo, v3 and p:

(Ap=(0f+05+4+03)p=0,
8,5Av1 :O,
8tAv2 :O,
| Ot A vz = 0.




Lie-Poisson structure

e Let us consider the following system (algebra E>):

’

r1d3y1 + rod3yx =0,
—x1doy; +220d1y1 —y2 +2x2d3zy3 =0, (%)
| —y1 —zodiy2 t+r1doys +71d3ys = 0.

7\

e The system (%) is not parametrizable because
(%) has the following torsion elements (Seiler 03):

2

21 = x1Y1 + T2 Yo,

N\

d3z z1 = 0,
| (—z1d2+22d1) 21 =0,

,
20 = —x3doys + w1 20d1 Yo — T2 Y2 — 5 d3 Y3,
{ d3zo =0,
| (—x1do+22d1) 20 =0.

e The torsion-free submodule is defined by

{ r1y1 +22y2 = 0O,
—w$dyyo + z120d1 Y2 — w2yp — 23 d3yz =0,
and is parametrized by

(Y1 = zpd3é,
§ Y2 = —x1d3&,
| y3 = —x2d1 {+ 21 d2&.



Applications to linear control theory




Module theory in control theory

1. A linear control system is defined by a matrix
with entries inaring A:

-A=R[4] C K[4], K=R, R(t), C®(Q).
SA=R[E 0y, 0] ZRIx1, - Xnt1)-
-K[4] C Kl[dy,...,dn] 2 Rlx1,...,xnl.
-A = Hs(Cy), RHso, A, A, E...

2. Study of the structural properties of the system

= linear algebra over thering A.
3. Linear algebra over aring A = module theory .
4. Module theory for linear control theory  (Kalman,

Oberst, Fliess, Pommaret ...)

e Philosophy:

a) From the equations of the system, we define an A-module .

b) We develop a dictionary “properties of systems/properties
of modules” .

c) Use of module theory (properties, classifications ...).

d) Use of homological algebra to develop effective algo-
rithms (A.Q.).



Dictionary “Modules-Systems”

Modules Structural properties Optimal control
Torsion Poles/zeros classifications
With torsion Existence of autonomous elements

Torsion-free

No autonomous elements,
Controllability,
Minor left primeness

Variational problem
without constraints
(Euler-Lagrange

equations)
Reflexive Filter identification
Projective Internal stabilization, Computations
Computations of the of the Lagrange
stabilizing controllers, parameters without
Zero left primeness integrations
Bézout identities
Free Brunovsky canonical form Optimal controller

Flatness, Poles placement,
Doubly coprime factorization
Youla parametrization of the

stabilizing controllers,




1D linear control systems




Controllability of a Kalman system

i = Az + Bu. (1)

e Let us consider the D = k[%]-module defined by:

d
M =D"t™/D"R, R= (aln—A: —B).

We have the following exact sequence

0— pn & prntm a0

e The D-module N = D"/D"+t™ R is defined by:

{—)\—ATA:O, :>{>\:—AT)\,

2
—BT'Ax =0, BT X =o0. (2)

e (1) is controllable iff M istorsion-free ,i.e. N = O.

e The formal integrability of (2) gives:
B'A=0=-Bl'ATX=0=BTATA=0

= Bl (A \=0=...= B HT x=0.

e System (1) is controllable iff:

rk(B: AB: A°B:...: A" 1B)=n.



Controllability of a Kalman system

x = A(t) z + B(t) u. (3)
e Letus considerthe D = K[%]-module defined by:
d
M=D"t"/DR R= (% I — A(t) - —B(t)) |
We have the following exact sequence :

0— pn & pntm a0

e The D-module N = D"/D"+t™ R is defined by:

—(A4+ AL N =0, A= —A@)T A,
_B()Tx=o0, 1 BT A=o0.
(4)

e (3) is controllable iff M is torsion-free ,i.e. N = 0.

e The formal integrability of (4) gives:
B! A+BW)'Ax=0= (—B'AT4+BHXx=0

= (BT (AT — BT AT —2BTAT 4+ BIYX=0...

e System (3) is controllable iff:

rk (B| AB—B | A°B+...| A" 1B+...|..) =n.



Two pendula mounted on a car

e Let us consider the system:

m1 L1 w1 + ma2 Lo w2 — w3 + (M + m1 + m2) wa = 0,
mlL%fu'J'l—mlngw1+m1L1w'4=O, (*)
mgL%fu}'Q — mo Lo gwy + mo Ly wgq = 0,

o If L1 # Lo, then:
(%) is controllable < parametrizable <« flat.

e A parametrization of (x) is given by:

wy = —LpéM™ + g¢,

wp = —Lq 63 + g¢,

) wy= Ly LoyM¢®

—(Lymo+ Lomy + g (L1 + Ly) M) @)
+g2 (m1 + mp + M) (2

| wg = L1L&® —g(L1+ Lo) &+ g2¢.

2

e A flat output of system (%) is defined by:

1
£ — 92 (Ll — L2) (L% wl—L% ’U)2-|—(L1—L2) w4).

e If the output y of the system (%) is the function &

= tracking problem .



Genericity of the controllability

e Let us consider the following system

yta)y+a)y=i—pBu, (5)

where o, § are two parameters of the system.

e We are searching the conditions on the param-
eters «, 3, so that System (5) is controllable .

e Let us considerthe D = K[%]-module defined by:

=0 (L 4aw L taw: —L 40
- a2 N T T |

e The D-module N = D/D?R is defined by:
A—a(t) =0,
~A+38X=0.

e (5) is controllable iff M is torsion-free ,i.e. N = 0

= we need to study the formal integrability  of:

X—wazo,@ A—BA=0,
—A+68A=0. a(t)h — A = 0.



1. If a(t) = O, then we have:

A—BA=0,
{5220 ®

(@ If3=0,then (6) ©A=0= N #0
= system not controllable

(b) f 3#0,then(6) A=0=N=0
= system controllable

2. If a(t) # 0, then we have:
A—BA=0,
B(a(®) + a(t)?—B)A=0.

(@ If3=0,then (7)) ©A=0= N#*0
= system not controllable

(b) If 3 % O, then:

i. If &(t) + a(t)?2 — 3 = 0, then (7) <
a(AN—BA=0= N %0
= system not controllable

i. If a(t) + a(t)?2 — 3 # 0, then (7) &
A= 0= N = 0 = system control-
lable .



/N
AA

B = B#0pB=0
A=0 A=0A=0
NC C
& + o? & + a2 —B+0
a(tHh)A—BA =0 A=0
NC C

Tree of integrability conditions

C=controllable NC=not controllable



Polynomial/rational/exponential solutions of
underdetermined linear systems of ODE

oletD = K[%] and R € D?*P pe full row rank.

e Theorem: There exist R € DI*P R ¢ DI%4,
R—l c Dpx(p—q)’ S € DP*X4 and S—l e D(p_Q)xP:

(R=R'R

(:’fl)(s R—1>:<g} Ipo_q>’ (%).
\(S R_1 ) (si)zlp’

Moreover, we have:

t(M) = D/D4 R",
{ M/t(M) = DP/DY R/,

N\

where M = DP/DYR.

e Algorithm: solutions of Ry = 0 ina D-module X
(e.9. X = k[x], k(x)...):

1. Compute the Hermite (Smith) form of R = (%).

2. Find a basis of solutionsin X of R z = 0 using
the algorithms of Abramov, Barkatou, Bronstein ...

3. All the solutions of Ry = 0 in X are given by:
y=Sz+R_1u, Vue XP71



Example

e Let us consider the following system

y(t) + a(t) y(t) + a(t) y(t) + u(t) — u(t) =0,
where « Is a nowhere zero function satisfying the
Riccati equation &(t) + a(t)2 — 1 = 0.

e There exists an autonomous (torsion) element

[ 2(1) = 9(t) — alt) y(t) — X8 (y(1) + (D))
+a(t) — u(t),
o) 2(t) + 2(t) = 0.

N\

t ds
o () i(t) 4+ 2(t) = 0 = 2(t) = Ce Joa®,
where C € R is a constant.

~ (O —a®) y@)_% () Fu(t)) = Ce S0t

e The controllable part of the system

. . B a(t)
y(t) — a(t) y(t) NO)

admits the parametrization
1 ¢ a(t)
{ y(t) = mf(t) - aQ—(t)g(t)’
u(t) = — ;560 + 55 6@,
with £(2) = y(¢) + u(?).

(y(t) +u(t)) =0



Example

e The differential operator

( Z%’g ) — y(t)—a(t) y(t)—% (y()Fu(t)) = 2(t)

admits the following right-inverse :

y(t) = — (t) z2(t)
0 ( u(t) = 5y (1) )

e A particular solution of the system

§(8) —at) y@)_% (W) +u()) = Ce 0ae

Is defined by:
( t ds
y(t) = —Gye foalo,

t ds
fO a(s) |

\

e All the solutions ina K[%]-module S(3y, u)of

y(t) + at) y(t) + a(t) y(t) + u(t) —u(t) =0,
have the following form with £ is any element in S

( t ds
y(t) — _—) fo als) + a(t) f(t) az((tt)) g(t)7
t ds

u®) = Gye f0a<s>_a(t)g(t)+ 2 (.




First integrals of the motion

e Let us consider the differential ring D = K[4].

e If R € D?%P, the adjoint R € DP*4 is defined by
Integrations by part:

~ d
<z, Ry >=< Rz, y> —I—£() (%).

e The D-module M = DP/DY R is torsion-free iff:
N = DY/DP R = 0.

e Let us suppose that M is not torsion-free , then:

N#0< (Rz=0=»2z=0).

— Rz = 0 admits a non-zero solution z.

e Let y be a solution of Ry = 0O, I.e. an element of
the system , then, using (%), we have:

+4(f(z%... 2 y,59,...,y)) =0,

= %(f(?,?, . -E(T),y,y, ce 7y(8))> e O,

:> f(z7 57 ° 'E(T)7 y? y.ﬁ ¢t 7y(8))) — CSte7
IS a first integral of the motion



Example

e Let us consider the differential ring D = k[4].

e Let us consider the following system:

{3'71=332+u,

o = T1 — U.

e The system is not controllable because we have
the torsion element (non controllable element ):

z =x1 + o,
z—2z=0.
e \We have:
d
J —4 7
a 1 — ~ dt
R:( dt J 1)) R = —1 _%
—1 T 1 1 {
= N = D?2/D3 R is defined by:
_>:\1_>‘2:Oa
— A=A =0, =X1(t) =X(t) =ce .
—A1 + Ao =0,

d d
= %O\l 1+ Aox2) = a(ce_t (z1+22)) =0

= Z(t) = ce ' (x1(t) + zo(t)) is a first integral
of the motion .



Applications to optimal control

e Problem : Let us minimize the cost function

1 T 2 2
S | @®2 +u®?)dt
where z(t) + x(t) — u(t) = 0, z(0) = xp.

o 2(t) + x(t) — u(t) = O is parametrized by:
£(t) = z(t),
{ §() + £(t) = u(®). (8)

e By substitution of (8) in the cost, we are led to the
following variational problem without constraints

minimize 5 f3 (£(t)2 4 (£(t) + £(1))?) dt with:
{ () = x(t),
E(t) 4 &() = u(t).
We obtain the following system
[ £(t) = 2(b),
§(t) 4 &(t) = u(?),
E(t) —2&(t) = 0,
E(T) +&£(T) =0,
 €(0) = =g,
which, by integrations, gives the controller
—eV20t-T) 4 o—V2(t-T)

(1—v2)eV2(-1) (14 y2) e V21

N\

().

u(t) =



nD linear control systems




Wind tunnel model

e Let us consider the wind tunnel model (Manitius 84):
[ 21(t) = —ax1(t) +kaxo(t —h),

z2(t) = z3(1), (%)
| 23(t) = —w2zo(t) — 2Cwaz(t) + w2 u(t).

7\

e System (%) is controllable < parametrizable :

(21() = —w?ka&(t—h),
zo(t) = —w?E(t) + aw? £(1),

{ z3(t) = w?&(t) —w?al(t), ()
ut) = €0 + (2¢w+a)é®)

\ —(w?+2aw () £(t) + awé(t).

e System (%) is not flat but /-free because:

R S | _ 1
S(t)_ wzka(S ZI]]_(t)— wzkaxl(t+h)'

o If y(t) = x1 () is the output of System (%), then
we can solve the tracking problem

yr(®) = 21.(8) = & (1) = — 5yt + 1)

= u(t) = —— (—u(t+h)P + (2¢w + a) §j-(t + h)

w?ka

—(w?+2awl)y.(t+h) +Fawy.(t+ h)).



Differential time-delay system

e Flexible rod (Mounier, Fliess & co.):

2 2
[ OZ(x,t) = $2(w, 1),

0z —

JonZ (501w =0

O X727 291(t — 1) —92(¢) —y2(t — 2) =0,
y1(t) = 2(0,1), ().

([ y2() = 2(1,1),

e Let D = R[x1, x>] be the commutative polyno-

mial ring with 21 = &, xp = § (0f(t) = f(t —1)):

T1 —x1 T —1 1 — 0
(%) & ’ 2x1 X0 —:Ula:%—:vl 0 ’ yu2 -
R

1. M = D3/D? R is not a torsion-free D-module
= the system is not controllable

0(t) =2y1(t — 1) —y2(¥) —y2(t — 1),
6(t) = 0.
2. We have M/t(M) = D3/D? R’ where:
[ 1 —xixo —1 2%3
R_<2332 —x5 — 1 O)eD '
3. M/t(M) is a free D-module (= flatness ):

{ 91(t) — 92(t — 1) — u(t) = 0, { y1(t) = €(t) + £t - 2),
<~

2y1(t) —y2(t) —y2(t —2) =0, Zz(g?:: g’%tg)(t—_g‘(lt)’— 2),

with £(t) = y1(t) — 2 y2(t — 1).



Poles placement

e Let us consider the system:

D(%@)mw=w(%@)mw<n.

e Let us consider the following feedback law:
d d
A <£,§> u(t) = B (@,é) y(t) (2)

e If System (1) is parametrizable , then:
y(t) ) N (£,5)
1 = _ 4).
OO (D%@ €1 (@)
e The closed-loop dynamic is given by:
(BN — AD)&(t) = 0.

e Proposition : Let us consider a dynamic S. Then,
there exists a feedback law (2) satisfying

(B:-A)(%):s (5)

~

N 51
iff S; € k[2,8]™t ( X ), where s = : .
dt D S
m—+n

= (2) can be computed by means of Grobner bases .

o If (1) is a flat system , then (5) is always feasible:
(B: —A)=5(-Y: X)+Q(D: —N), V@,
with €(t) = —Y y(t) + X u(t).



OreModules

e OreModules is a tool-box developed in Maple.

e OreModules uses Mgfun developed by F. Chyzak
(INRIA Rocguencourt, ALGO):

http://algo.inria.fr/chyzak/mgfun.html.
e OreModules is developed by Chyzak-Q.-Robertz.

e Oremodules can handle linear systems of ODEs,
PDEs, differential time-delay systems, multidimen-
sional discrete systems. ..

e OreModules computes:

1. autonomous elements, non-controllable elements,
2. parametrizations of under-determined systems,
3. left-right-generalized inverses,

4. flat outputs of a flat system,

5. polynomial, rational or exponential first integrals
of the motion. ..

e A first release is available on the web page:

http://wwwb.math.rwth-aachen.de/OreModules



Extended B ézout Identities

e A multidimensional system is defined by means
of a matrix R inthe ring D = k[x1, ..., Xxn] of poly-
nomials in x; with coefficients in k = R, C.

e It is known since the works of Youla (1979) that the
primeness of a multidimensional system, defined
by a full row rank matrix R, is linked with extended
Bézout identities , namely the existence of a matrix
S and m € D such that:

RS =n«lI.

e Example : If R is zero left prime , i.e. there exists
no common zero in all the minors of R, then = = 1.

e Example : If R is minor left prime , i.e. there ex-
Ists no common factor in all the minors of R, then =«
contains n — 1 variables ;.

e Recently, the introduction of algebraic analysis
(Oberst, Pommaret...) has allowed to develop new
powerful results on multidimensional systems.

The aim of this talk is to study the extended B ézout
identities in the algebraic analysis framework.

= We introduce the new concept of torsion-free
degree and we show how to pass from one torsion-
free degree to another by inverting a polynomial = € D.



Torsion-free degree

e Definition : Let M be afinitely generated D-module
and N = T (M) its transposed. The torsion-free
degree of M is the number defined by:

i(M) _?;?{k—ﬂ extD(N D) #0}.

(t(M) #0 < i(M) =0,
M is torsion-free < i(M) =1,

M is reflexive < i(M) = 2,

M is projective < i(M) = +oo.

\

Let S), be the group of permutations of n elements.

e Theorem : Let M be a finitely generated D-module,
o € Sy and:

DY oy = FIXo 1)+ Xo(n—i(u)

0<i(M)<n-—1,

D? =k, i(M)=4o0.
Then, V k > O 377 —i(M) - D" i(M) such that:
’L(D o ®DM) > Z(M)—l—k

with S T D) { M i(M)’(ﬂ-n—i(M)) ’

— | P€eD, GS o

..} and:



Algorithm

1. Start with the D-module M = D' /D1 R;.

2. Define its tranposed  D-module N = D'1/Dlo RY.
3. Compute a free resolution of V.

4. Compute ext® 5(N, D) fori > 1.

5. Compute the torsion-free degree (M) of M.

5.For«(M)+1<j<i(M)—+ k, compute :

IZJ—Z(M) = ann(ext (N, D))ﬂk[xo(l)a Cee XJ(n—i(M))]'

6. For i«(M)+1 <45 <i(M)+ k, choose

7r0‘7 &

n—i(M) In (M)

and define:

207

Wg_i(M) {Z(M)+1<]<Z(M)—|-k o '(M);tO} n—i(M)"



Example

e The D = k[Xl, X2, X3]-module M = D3/D3 Rq
defined by the curl operator has the free resolution

0—p2p3tLp3_ o
where R> = (x1 : X2 : Xx3) is the divergence.

e The D-module N = T'(M) is defined by:

.RT R
O— N«— D32 D32 po.

( extg(N D) =0,
o exts(N,D) = D/D3RT,
extg(N D)=0, Vj> 3.

=i(M)=2-1=1=3—i(M) =2.
o ext? 5 (N, D) is defined by the equations
x12=0, x22=0, x32=0.
= 1(272 — ann(ext%(N, D)) M k[xa(l)7xa(2)]
= (Xo (1)) Xo(2)): VO € S3.
= the Dﬂg-module Drg®@pM Is a free Dwg-module,
where 73 = X, (1), Srg = {1,795, (x3)?, ...} and:

P
Dﬁg:{§|PED7QES7Tg}°

— ([ Xo(d) :
= Yo (i) = (Xa(1)> Yo(1), * — 2,3.




More precise results

e Theorem : Let M be a finitely generated D-module,
N=T(M), o €S, and:

h(M) =14i(M)+i(N) € {0,...,n—1,400}.

Then, Vk > 0, ng_h(M) € Dg_h(M) such that
i(Dgo_ ®p M) = (M) +k,
i — o o 2 :
with Sﬁg—h(M) = {1, T (M) (ﬂ-n—h(M)) ,...yand:

P
DWZ—h(M) = {é | Pe D, Q€ Sﬁg—h(M)}‘

e Example : Let M = D3/D3 R; be the D-module
defined by the curl operatorand N = D3/D3 RY = M.

i(M) =1,
= h(M)=2=3—h(M) =1,
i(N) = 1,

= Vo € 53, d 7] such that D7T<17 ®p M is free.

e Theorem: Let R € D'1*lo (1 < 11 < ) be afull
rank matrix and M = D'o/D!1 R. Then, we have:

h(M) =i(M) =j(N)—1=n—-d(N) -1,

d(N)+1, N#0,

:m_h(M):{—oo, N =0.



Extended B ézout identities

e Theorem: Let R € DI*P (1 < ¢q < p) be a full
rank matrix, M = DP/D?R and N =T(M).

Then, for all o € S, there exist
( TaN)+1 € Pacny+1-
R_q € DP*x(p—a)

§ S € DP*4,

S 1€ DP—a)xp,

VEZ_|_,

\

such that we have the extended B ézout identities :

R (o2 14
* (S R1) (S_l ) = T3y +1)" I

R I, O
‘ <S_1> (S Ro1) :(“3(N>+1)V<g >

Ip—q
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