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Abstract In this paper, we study linear control systems over Ore algebras. Within
this mathematical framework, we can simultaneously deal with different classes
of linear control systems such as time-varying systems of ordinary differential
equations (ODEs), differential time-delay systems, underdetermined systems of
partial differential equations (PDEs), multidimensional discrete systems, multi-
dimensional convolutional codes, etc. We give effective algorithms which check
whether or not a linear control system over some Ore algebra is controllable, para-
metrizable, flat or 7 -free.
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1 Introduction

Over the last thirty years, for practical and theoretical reasons, different new classes
of linear control systems have been introduced such as differential time-delay
systems, multidimensional systems, partial differential equations, convolutional
codes, hybrid systems ... All these classes of systems are governed by new types
of mathematical equations and have needed new techniques in order to analyze
their structural properties and to synthesize new control laws. This growth of new
types of control systems has led to generalize some previously known results and
techniques so that they could be used for more general classes of systems. The
main interest is to get similar concepts, techniques and algorithms for studying
different classes of systems.

In this paper, we study linear control systems over Ore algebras. An Ore algebra
is an algebra of non-commutative polynomials. They represent functional opera-
tors which satisfy certain commutation rules. For instance, differential/shift/differ-
ence/divided difference ... operators can be represented as elements of some Ore
algebras. Within this mathematical framework, we can simultaneously deal with
different classes of linear control systems such as time-varying ordinary differen-
tial systems (ODEgs), differential time-delay systems, partial differential equations
(PDEs), multidimensional discrete systems, convolutional codes ... Moreover,
the recent extension of Grobner bases to some non-commutative polynomial rings
allows us to work effectively in Ore algebras [6,7].

The purpose of this paper is to give effective algorithms which check whether or
not a linear control system over some Ore algebra is controllable, parametrizable,
flat or w-free. These problems have been intensively studied in [12,20,21] for lin-
ear differential time-delay systems and, in [22,24-27,29-31,35,39,40], for linear
multidimensional systems. The main novelty of this paper is to present algorithms
which work for both classes of systems as well as for new ones. In particular, our
approach allows us to effectively obtain parametrizations of a controllable plant
and flat outputs of a flat system. Let us notice that such algorithms were still miss-
ing for linear differential time-delay systems (see [12,20,21] for more details).
The results developed in this paper give a new effective machinery for the study of
the structural properties of linear systems. We hope that they could play important
roles in the study of motion planning or tracking problems [12,20,21].

Ore algebras are rings of non-commutative polynomials that represent linear
functional operators in a natural way. A recent extension of the theory of Grobner
bases to this setting [5,7] makes manipulations of (one-sided) modules over Ore
algebras effective. We recall the basics of this theory in Section 2. As is the case
for linear differential systems in algebraic analysis, a fundamental remark is that
a module over an Ore algebra is canonically associated with any linear control
system. Before we provide the readers in Section 5 with a dictionary between
structural properties of control systems and algebraic properties of modules, we
recall in Section 3 the definitions and results of module theory to be used in the
rest of the article. Next, the question is to algorithmically decide the algebraic
properties of modules. This is done by means of homological algebra in Sections
4 and 6.2. The good point is that the central homological objects as syzygy mod-
ules, free resolutions, and extension modules can all be computed by algorithms
which we recall and exemplify on cases of application. In passing, the classical
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notion of involution, which exchanges left and right module structures, is recalled
in Section 6.1, where explicit examples of involutions of Ore algebras that appear
in control theory are also given.

Beside realizing the applicability of non-commutative Grobner bases to make
the theory algorithmic, the main contribution of the paper lies in the new approach
for the proofs of the algorithms in Sections 7 and 8. These sections extend earlier
results, previously obtained in special situations only, to the broad setting of linear
control systems over Ore algebras. After collecting further results of homologi-
cal algebra that could prove difficult to find in the literature, Section 7 gives an
algorithm to determine whether a control system is parametrizable and, if so, to
compute a parametrization, while, if not, to compute a generating set of autonomous
elements. Section 8 restricts to control systems over commutative Ore algebras in
order to provide algorithms for deciding flatness, studying w-freeness and com-
puting minimal parametrizations. An essential ingredient is an algorithm which
computes left and right-inverses of matrices over an Ore algebra, when they exist.

In the appendix in Section 10, we have illustrated the main results and algo-
rithms of the paper with explicit examples. All the computations have been done
using the Maple package OreModules [8,10] written by the authors based on the
library Mgfun [6]. These libraries as well as all the example worksheets of the
appendix are freely available on the web page given in [8]. Some results are new
(e.g., the parametrization of the electric transmission line [20,37]) and we believe
that these examples have some educational interest.

Finally, some of the results developed here firstly appeared in [9, 10,31].

2 Ore algebras
2.1 Definition and examples

In order to deal with different classes of linear systems (ODEs, PDEs, differential
time-delay systems, discrete systems ... ) in a unified framework, we represent
them by means of matrices with entries in an Ore algebra of functional operators.
In what follows, we shall denote by k a field.

Definition 1 1. [17] Let A be a domain (i.e., the product of non-zero elements is
non-zero) with a unit 1 which is also a k-algebra. The skew polynomial ring
A[0; o0, 8] is the non-commutative ring consisting of all polynomials in 0 with
coefficients in A obeying the commutation rule

Yae A, da=oac(a)d+déa), @))
where o is a k-algebra endomorphism of A, namely, o : A — A satisfies
o(l) =1,

Ya,be A, o(a+b) =o0(a) + o(b),
o(ab) =o(a)o(b),

and § is a o -derivation of A, namely, § : A — A satisfies:

8(a+b) =é(a) +45(b),

Ya,be A, S(ab) = o(a)d(b) +8(a)b.
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2. [5,7] Let A = k[xy, ..., x,] be a commutative polynomial ring over a field
k (if n = 0 then A = k). Then, the iterated skew polynomial ring D =
A[01; 01, 81]...[0m; Om, 0] 1s called Ore algebra if the 0;’s and §;’s commute
for 1 < i, j < m and satisfy:

Vj<i, 0;;)=29; 6&(©;)=0.

Remark 1 [5,7,17] Let D = A[0; o, §] be a skew polynomial ring. Every element
P of D has a unique normal form which is given by P = Y7 a; 8" for suitable
a; € Aandn € Zy = {0, 1,...}. If a, # 0O, then the degree of P is n. For every
Ore algebra, we get a similar normal form of its elements by moving all products
of 9y, ..., 0,, on the right in each summand.

Example 1 Our first example is the Weyl algebra A, (k) = k[t][9; o, §], where
_d
T dt’

Rule (1) expresses the commutation of the operator which acts as differentiation
with respect to ¢, namely,

o = idk[,], 8

da
Vaek[t], da=ad+ —,
dt
which must be compared with 0 (ay) =ady + (da/dt) y.

For instance, the time-varying Kalman system x(t) = A(t) x(¢) + B(t) u(t),
where A € k[t]"*" and B € k[t]"*"™", is defined by the matrix of operators R =
@1, — A@®) : —B(@)) € A (k)™ ™™ aswe have R (x ()T : u(®)")T = 0.

Similar to polynomial rings in 2 n indeterminates, we can define the so-called
Weyl algebra A, (k) = k[xy, ..., x,1[01; 01, 81]...[0n; 04, 8, ], where o; and §; on
kl[xi, ..., x,] are the maps

0

=— i=1,...,n,
8x,~

0; = dgpxy,.. x» Oi

and every other commutation rule is prescribed by Definition 1. In particular, we
have the relations

ix; =x;0+8;, 1=<1i,j<mn,
where the Kronecker symbol §;; is defined by §;; = 1 if i = j and O else.

Example 2 The algebra of shift operators with polynomial coefficients is another
case of an Ore algebra. For 1 € R, we define S, = k[t][5,; ou, 6] by:

Ya e klt], opla)t)=a(t—h), &) =0.

Hence, the commutation rule §, t = (¢ — h) §,, actually represents the action of the
shift operator on polynomials. We note that §;, is a time-delay operator if h > 0
and &, is an advance operator if h < 0.

For instance, the time-delay system x(¢) = x(z — h) + u(t — 2 h) is defined by
the matrix R = (1 — 8, : —87) € S}*%,i.e., we have R (x(¢) : u(t))” =0.



Parametrizing linear control systems over Ore algebras 323

Example 3 In order to treat differential time-delay systems, we mix the
constructions of the two preceding examples. We define the Ore algebra D) =
k[t1[0; o1, 81] [8n; 02, 82], where:

d
o] = idk[t], 8 = E’ Ya € klt], ox(a)@t)=alt—h), 6 =0, helR

For instance, the matrix of operators R = (3] — A(t) : —B(t)§;) € DZX('”'"),
where A and B are two polynomial matrices in ¢, defines the following linear
system R (x()7 : u(®)D)T =%(t) — A(t) x(t) — B(t) u(t — h) = 0.

If the considered system also involves an advance operator o3 of amplitude
[ € R such that & and / are non-commensurate, i.e., the QQ-vector space generated
by A and [/ is supposed to be 2-dimensional, then we can work with the Ore algebra
defined by Hyy 1) = k[1[9; 01, 811[8x; 02, 8:21[15 03, 831, where 07, 8, i = 1,2, are
as above and:

Yaekl[t], o3(a)@)=al+1), =0, [>0.

Now, if we want to consider the case where 4 = [, we can then define the k-algebra
Hj, formed by H;, ;, modulo the relations §, 7; — 1 and 7; 6, — 1. We note that H,
is not an Ore algebra but a quotient of the Ore algebra H, ;) by the two-sided ideal
generated by 7; 65 — 1.

Example 4 In order to study multidimensional discrete linear systems, we define
the Ore algebra D = k[xy, ..., x,1[01; 01, 61]...[04; On, 8,1, where o; and §; on
kl[xi, ..., x,] are the maps:

oi(@)(xy,...,x,) =axy, ..., xi—1, % + L Xip1,..., %), 6 =0, 1 <i <n.

Similarly, we can define an Ore algebra formed by the backward shift operators t;
defined by:

Ti(@)(xy, ..., xp) =alxy, ..., xi—1, X — 1, Xiq1,...,%,), § =0, 1 <i <n.

Ore algebras based on other functional operators can also be defined (e.g.,
Eulerian operators, divided differences). We refer to [7,17] for more details.

2.2 Properties of Ore algebras & Grobner bases

We summarize the most important properties of Ore algebras that will enable us to
computationally deal with modules over Ore algebras. In order to do that, we first
recall some definitions. See [17,36] for more details.

Definition 2 1. Aring A is called a left (resp., right) noetherian ring if every left
(resp., right) ideal of A is finitely generated as a left (resp., right) A-module.

2. A domain A is said to have the left (resp., right) Ore property if, for each
pair (aj, a;) € A x A, there is a non-trivial pair (b, by) € A x A such that
by a; = by a; (resp., a; by = ay by). In that case, A is called a left (resp., right)
Ore ring.
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Proposition 1 [17] If D is a left (resp., right) noetherian ring, then D has the left
(resp., right) Ore property.

Proposition 2 [17] If A is a domain and o is injective, then the skew polynomial
ring A[0; o, 8] is a domain.

Proposition 3 [17] If A is a left (resp., right) noetherian ring and o is an auto-
morphism (e.g., An, Sp, Dy, Hu.1y), then the skew polynomial ring Al[9; o, 8] is a
left (resp., right) noetherian ring.

Proposition 4 [7] If A has the left (resp., right) Ore property, then A[9; o, 8] also
has the left (resp., right) Ore property.

In order to study systems over (non-commutative) polynomial rings effectively,
we need to introduce some algorithmic methods based on Grobner bases. We first
need monomial orders to compare (non-commutative) polynomials.

Definition 3 1. Let D be an Ore algebra. A monomial order < on Mon (D) is
defined as a total order on the set of monomials Mon(D) satisfying 1 < m for
all monomials 1 # m € Mon(D) and, if m| < m, holds for two monomials
my, mp € Mon(D), thenn -m; < n - m, for all n € Mon(D).

2. Given a polynomial 0 # P € D and a monomial order < on Mon (D), we
can compare the monomials with a non-zero coefficient in P with respect to
<. The greatest of these monomials is the leading monomial Im(P) of P.

Definition 4 [1] Let A be a polynomial ring and [ an ideal of A. A set of non-
zero polynomials G = {g1, ..., g} C [ is called a Gréobner basis for [ if for all
0 # f € I, there exists 1 <i < ¢ such that Im(g;) divides Im( f).

Grobner bases for left ideals in Ore algebras are defined analogously for mono-
mial orders on 01, ..., 9, and x, ..., x, [7].

Remark 2 A consequence of the condition that defines Grobner bases is that every
polynomial f in [ is reduced to 0 modulo G, i.e., by subtracting suitable left
multiples of the g; € G from f, we obtain the zero polynomial.

For the case of commutative polynomial rings, Buchberger’s algorithm ([1,2])
computes Grobner bases of polynomial ideals. The next theorem states that this
algorithm can be extended to certain Ore algebras. Every Ore algebra within our
scope is of this kind.

Theorem 1 [5,7,13] Let k be a computable field [2] (e.g., k = Q, F)), A =
klxi, ..., x,]the polynomial ring with n indeterminates overk and A[0y; o1, 8] . . .
[0.; Om,» 6] an Ore algebra with

O’i(Xj)Za[ij+bij, 8i(xj)=Cijv 1<i<m, IS_]S}’!, 2)

for certain a;j € k\ {0}, b;; € k, ¢;; € A. If the ¢;; are of total degree at most 1 in
the x;’s, then a non-commutative version of Buchberger’s algorithm terminates for
any monomial order on x1, ... ,Xp, 01, ... , O, and its result is a Grobner basis
with respect to the given monomial order.
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In what follows, we shall use differential elimination techniques based on
Grobner bases.

Definition 5 [1] Let D be the polynomial ring over (Q with indeterminates x, . .. ,
Xn, Y1, - -+ » Ym- Assume that monomial orders <, and <, on the monomials that
only contain respectively the x;’s and the y;’s are given. An elimination order is
then defined by

mp-ng <mp-hy &< m| <,mpy or mp=my and n; <, ny,
where m, m; (resp., ny, np) are monomials containing only the x;’s (resp., y;’s).

Intuitively, an elimination order serves to eliminate the x;’s.

The elimination order which we shall use in this paper is the one induced by
the degree reverse lexicographical orders on xy, ... ,x, and yq, ..., V. Thisis a
very common order called lexdeg in the Maple package Groebner.

Example 5 Given a left ideal I of D, we obtain a Grobner basis of the left ideal
INk[y, ..., yn]by computing the Grobner basis G of I with respect to an elimi-
nation order and intersecting G with k[yi, ... , y,] (which merely amounts to omit
all polynomials in G that involve any x;).

3 Module theory over Ore algebras

Let us give a motivation for the use of modules. Let D be a domain and let us
consider a system of equations

D Ryy =0, 1<i=<gq, 3)
j=1

where R;; € D, p,g € N = {1,2,...}. By collecting the coefficients R;;, we
obtain a matrix R € D?*? which, multiplied by the vector y = (y; : ... : yp)T,
yields system (3) again.

We shall use the convention that elements of D!'*? are row vectors whereas
those of D? are column vectors. Let us consider the following left D-morphism
(i.e., D-linear map):

pixa _B, pixp
(Pr:...:P)+— (P1:...: P)R.

Then, im(.R) = D'*? R is the left D-module generated by the left D-linear com-
binations of the rows of R (namely, the ring D acts on the elements of im(.R) =
D'™4 R from the left). Let us show how system (3) is associated with the left
D-module M = D'*P /(D4 R).

We denote by {e;}i1<i<p (resp., {fj}i<j<q) the standard basis of D'%P (resp.,
D'*4), namely ¢; is the row vector with 1 in i position and 0O elsewhere. Let
us define by k : D'*? — M the left D-morphism which maps any element of
D'*? onto its residue class in M, i.e., modulo D'*9 R. In particular, we have
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k(A1) = k() iff there exists 4 € D' such that A, = A, + u R. Then, for
j=1,...,q,wehave:

p
ijZ(le Lt ij)=ZRj,-e,- € DIXqR.
i=1

Therefore, we obtain:

P p
K(fi R) =« (Z R e,.) =D Ryuk(e) =0.
i=1 i=1

Hence, if we denote by y; = «(e;) the residue class of ¢; in M, then the left
D-module M is defined by

ZRﬁyi:o, l1<j<gq < Ry=0, y:(yl:...:yp)T,

as well as by the left D-linear combinations of its equations.
The left D-module M = D'*?/(D'*4 R) is said to be finitely generated as any
element m € M can be written as m = Zle P; y; where P; € D.

Definition 6 The left D-module M = D'?/(D'*4 R) is said to be associated
with (3).

If D is acommutative ring, then we recall that a left D-module M is also a right
D-module and conversely. In this case, we shall only say that M is a D-module.

Example 6 Let us consider the Ore algebra defined by
Dy =R(a, k, ¢, ®)[9; 01, 811[8; 02, 82]
of the type of Example 3 and revisit the wind tunnel model defined in [19]
x1(t) = —ax((t) +kaxy(t —h),
x(t) = x3(1), “4)
X3(1) = —0? x(t) — 2¢ 0 x3(t) + @* u(?),
where a, k, ¢ and w are real constants. System (4) gives rise to the matrix

0+a—kaé, 0 0
R = 0 B] -1 0 |ebD™, )
0 ® 3+2¢w —w?

and thus, system (4) corresponds to the Dj-module M = D;lx“/(D,]lX3 R).

In Section 5, we shall develop a dictionary between the properties of the left
D-module M = D'*? /(D'*? R) and the properties of the system R y = 0. But, at
first, let us introduce some definitions of module theory and homological algebra
[4,36].
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Definition 7 1. A family (M;);cz of (left/right) D-modules together with a family
(dy)iez of (left/right) D-module morphisms d; : M; — M;_; is called a com-
plex if we have d; o d;+1 = 0 for all i € Z. We write:

d,' 2 d; 1 d,' di—]
...—+)Mi+11—+>M,'—>M,'_1—>... (6)

2. The defect of exactness of (6) at M; is defined by:
H(M,) = kerdi/im di+1.
The complex (6) is said to be exact at M; if the defect of exactness H (M;) is
reduced to O or, equivalently, if ker d; = im d; ;. More generally, the complex
(6) is called exact if it is exact at every position.
3. We call short exact sequence an exact sequence of the form
0— M LM M —o0, %

i.e., where f is injective, g is surjective and ker g = im f.

We recall some properties of modules that will play important roles in what
follows.

Definition 8 [4,36] Let D be a domain which is a left Ore ring and M a finitely
generated left D-module. Then, we have:

1. M is free if it is isomorphic to D'*" for a certain r € Z, = {0, 1,...}.
2. M is stably free if there exist r, s € Z, such that we have:

M@ D" = D",
3. M is projective if there exist a left D-module N and r € Z such that:
M@N = D",
4. M is reflexive if the canonical map defined by
ém : M —> homp(homp(M, D), D), en(m)(f) = f(m),

forallm € M, f € homp(M, D), is an isomorphism, where homp (M, D)
denotes the right D-module of all D-morphisms from M to D.
5. M is torsion-free if the left submodule of M defined by

t(M)={meM|30#PecD: Pm=0)

is reduced to 0. t (M) is called the torsion submodule of M and the elements of
t (M) are the torsion elements of M.
6. M is torsionif t (M) = M, i.e., every element of M is a torsion element.

Similar definitions hold for right modules over a right Ore domain D.

We note that the fact that (M) is a (left/right) D-submodule of M implies that
we have the following short exact sequence

0 — t(M) —> M 25 M/t(M) — 0,

where i (resp., p) denotes the canonical injection (resp., projection).
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Proposition 5 [4,36] Let D be a domain which is a (left/right) Ore ring and M be
afinitely generated (left/right) D-module. Then, we have the following implications
among these concepts:

free = stably free = projective = reflexive = torsion-free.

Theorem 2 [. [17,36] If D is a left hereditary ring — namely, every left ideal
of D is a left projective D-module — (e.g., a commutative Dedekind domain,
A1(k)), then every finitely generated torsion-free left D-module is projective.
Moreover, if D is a left principal ideal domain — namely, every left ideal of D
is principal — (e.g., k[x] or k(¢)[9; id ), %], where k is a field of constants),
then every finitely generated torsion-free left D-module is free.

2. [17]If D = A[0y; 01,61]...[0m; Om, 6] is an Ore algebra where o; is an
automorphism, i = 1,...,m, then, every finitely generated projective left
D-module is stably free.

3. [17,36] Every projective module over a commutative polynomial ring with
coefficients in a field is free (Quillen-Suslin theorem).

4. [17] If k is a field of characteristic O, then every stably free left A, (k)-module
M withrank 4,y M > 2 is free.

Definition 9 [4,36] A short exact sequence of (left/right) D-modules

0— M - M- M —0 (8)

is called a split exact sequence if one of the following equivalent conditions is
satisfied:

— There exists a D-morphism & : M” —> M such that g o h = id .

— There exists a D-morphism k : M —> M’ such that k o f = id,.

— The (left/right) D-module M is isomorphic to the direct sum of M’ and M”,
which is denoted by M = M’ & M", or equivalently, there exist two
D-morphisms

¢:(§):M—>M/69M”,
v=(f:h:MeM — M,

satisfying ¢ o ¥ = idyp g and ¢ o ¢ = idy,.

Proposition 6 [4,36] If M" is a (left/right) projective D-module and M’ and M
are (left/right) D-modules, then the short exact sequence (8) splits.

In the following sections, we shall develop effective algorithms based on
Grobner bases in order to check whether or not a finitely generated left D-module
M associated with a linear system (e.g., the differential time-delay system (4)) is
torsion-free, reflexive, projective, stably free or free.
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4 Syzygy modules and free resolutions

If R € D9*? and M is the left D-module M = D'*? /(D'*4 R), then we have the
following exact sequence:

0 —> ker(.R) —> D4 & pbxr £, a1 0. )

In this section, we show how to extend this exact sequence on the left in order to
obtain a long exact sequence involving only M and free left D-modules.

Let M be a finitely generated left module over a left noetherian ring D. We can
reformulate the fact that M is finitely generated by saying that there exists a surjec-
tive D-morphism f : D'*? — M which maps the i vector of the standard basis
{ei}1<i<p of D'*P to some m; € M. Then, we have the following exact sequence:

pr Loy s,
e > m;.

This map can fail to be injective since there can be linear relations among the
{mi}1§i§p3

p
ker f={P=(P:...: P,) e D7 | f(P):ZPif(ei)
i—1
p
P;m; = 0}. (10)
i—1

Definition 10 [4,36] The D-linear relations among the my, ... , m, form the left
D-module S(M) defined by (10) which is called the syzygy module of M (this mod-
ule is uniquely defined up to projective equivalence [4,36]). A similar definition
exists for right D-modules.

Since D is a left noetherian ring, S(M) is a finitely generated left D-module.
Therefore, we can again find a suitable free D-module D'*? and a D-morphism g
sending the standard basis vectors of D'*¢ to a family of generators of S(M) and
we have the following exact sequence:

pxa &, piv Loy .

This exact sequence is called a finite presentation of the left D-module M and M is
said to be finitely presented. Let us notice that, with respect to the standard bases of
D'™4 and D'*?, g is defined by multiplication on the right with the matrix whose
i row corresponds to the i™ generator of S(M). Finally, iterating the preceding
construction, we get the definition of a free resolution of the left D-module M.

Definition 11 1. [4,36] An exact sequence of the form

e p By — 0 (11)
is called a (left/right) projective resolution of the (left/right) D-module M if the
D-modules P; are projective (left/right) D-modules. The (left/right) D-module
S; (M) = ker d; is called the i syzygy (left/right) D-module of M.
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2. [4,36] If the P; in (11) are free, then (11) is called a free resolution of M.

d,_
3. [4.36] Let0 —> P, 25 P, 8 p M b M 5 Obea

projective resolution of M. Then, the length of this resolution is .

4. [4,36] The minimal length of the (left/right) projective resolutions of the
(left/right) D-module M is called the (left/right) projective dimension pd ;,(p M)
(resp., pd, (Mp)) of M. If no such integer exists, then we set pd, (p M) = oo
(resp., pd,(Mp) = 00).

5. [4,36] We set Igld D = sup {pd,,(pM) | M aleft D-module} € Z, U {oc},
which is called the left global dimension of D. Similarly for the right global
dimension rgld D. If D is commutative, then we write:

gld D = 1gld D = rgld D.

We now describe the computational tools for the construction of free resolu-
tions. The methods to compute syzygy modules use Grobner bases and elimination
techniques (see Section 6.1 of [2]). Let D be an Ore algebra which satisfies (2) and
L a finitely generated left D-module which is a submodule of a free D-module
D'™?_ p e N. Thus, a set of generators of L consists of row vectors in D'*?,

Algorithm 1
Input: Set of generators {Ry, ..., R;} C D*P of the left D-module L,
where R, = (Ri1: ... : Rjp),i=1,...,q.
Output: S € D" such that the left D-module D" S is the syzygy
module S(L) of L.
SYZYGIES (Ry, ... , Ry)
Introduce the indeterminates Aq, ... , Ap, i1, ... , g OVer D.

P« {ij:l R,])\.] — MU |l= 1, ,q}

Compute the Grobner basis G of P in the free left D-module generated
DY Ay ooy Apy i1y s g, Namely @D7_ D A; & DY, D w;, with respect
to an order which eliminates the A;’s.

S=(S;) e D> eGﬁ@?lemz{Z?:lSijuj |i=1,... ,r}.

Remark 3 Let us suppose that we have R € D?*? and the left D-module M =
D7 /(D4 R). Then, we can apply the preceding algorithm to the set formed by

Ri=(Ri:...:Rp,)eL=D"IRC D™, i=1,...,q,

in order to obtain a matrix § = (S;;) € D"*? such that
q

S(D'™™ R) = ker(.R) = {(Pl t...:1P)eD™ | ZP,' R; = 0} =D™'s
i=1

and we obtain the following exact sequence:

prr 25, pixa B pbor Ko ),
Iterating the process, we obtain a free resolution of the left D-module M.

For further developments and optimization of the technique, see [14].
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Example 7 Let D;, be the differential time-delay Ore algebra introduced in
Example 6, R € D;** defined by (5) and the D,-module L = D;** RT gen-
erated by the rows of the matrix:

d+a O 0
—kad, 0 w?
RT — h D43
0 —19+42¢w |
0 0 —w?

We shall see later that the transposed matrix R” plays an important role in the

characterization of the properties of the D,-module M = D,llX4 / (D,iX3 R). Let us
compute the syzygy module of L. The Grobner basis of

P={0+a)r — 1, —kadyr+9dr +w’r;— uo,
—d+ @+2¢w) A5 — 3, —© Ay — pal
with respect to the elimination order induced by the degree reverse lexicographical

orderson A; > Ay > Az and pu; > wy > M3 > pg > 8, > 0 respectively is (see
Appendix 10.3):

G:{wzkz+8u4+wzu3+2§wu4, a)zkaSh)»l—f—a)z/Lz—i-wQBm—i-
@*+2¢wd+ ) s, o kadyu + (@0 +w’a) s +
(@ +?ad) s+ @ +Qrw+a)d*+ (@ +2ai w)d +aw) s,
@+a)r —p1, @ A3+ pal.

Intersecting G with @?:1 Dy, i we get

S = {a)zkaéhm +(a)28+w2a)uz+(w282+w2a8)u3+
@+ Qrw+a)d’+ (@ +2al w)d +aw?) us).
If we denote by Q7 the following row vector with entries in D,
07 = (@*kad,: 0*d+w?a: 0?3 +w?ad:

P+QRtw+a)d®+ (@ +2alw)d+aw?),

then we obtain the free resolution of the Dj,-module N = D,;*/(D;** RT):

T T
0— D, L p* K phd £ N o, (12)

We conclude this section by giving examples of left (right) global dimensions
and by stating that free resolutions of finite length exist for every finitely gener-
ated module over Ore algebras D = A[0; 01, 81] ... [0m; Om, 8], where all o; are
automorphisms. Note that every Ore algebra that we consider is of this kind (see
e.g., Examples 1, 2, and 3).

Proposition 7 [17] Let A be a domain with a finite left (resp., right) global dimen-
sion 1gld A (resp., rgld A) and o an automorphism of A.
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1. The left (vesp., right) global dimension of A[0; o, 8] satisfies:

Igld A < Igld A[9;0,8] <IgldA + 1
(rgld A <rgld A[0; 0,8] <rgld A+ 1).

If § =0, then we have:
lgld A[9; 0,0l =1gld A+ 1 (rgld A[9; 0,0] =rgld A 4 1).

2. Ifk is a field, then we have 1gld k[x, ..., x,] = rgldk[x{, ... ,x,] =n.

3. The Weyl algebra A, (k) satisfies 1gld A, (k) = rgld A, (k) = n if k is a field of
characteristic 0 and 1gld A, (k) = rgld A,,(k) = 2n if k is a field of character-
istic p > 0.

Example 8 By Proposition 7, the Ore algebra S, of Example 2 has left (resp.,
right) global dimension 2 because 1gld k[¢] = rgld k[t] = 1. For the Ore alge-
bra D; of Example 3, where Q C k, we have Igld D, = rgld D;, = 2 since
k[t][0; o1, 61] = A (k) has left (resp., right) global dimension 1 and §, = 0.

Proposition 8 [17,36] Let D = A[0;; 01, 81]...[0n; Om, 6m] be an Ore algebra,
where o; is an automorphism, i = 1, ... ,m, and M a finitely generated (left/right)
D-module. Then, there is a free resolution of M of length less than or equal to
Igld D + 1 (resp., rgld D 4 1).

Proof Tteratively applying Corollary 12.3.3 of [17] according to the construction
of D from the field %, it follows that every finitely generated projective (left/right)
D-module is stably free. Since D has finite (left/right) global dimension according
to Proposition 7, M has a projective resolution (11) of length less than or equal
to 1gld D (resp., rgld D), where all P; are finitely generated projective, i.e., stably
free (left/right) D-modules. Now, Lemma 9.40 of [36] states that, if M has a stably
free resolution of length n, namely a resolution of the form (11) where every P; is
a stably free (left/right) D-module, then M has a free resolution of length less than
or equal to n 4 1. Hence, we conclude that M has a free resolution of length less
than or equal to 1gld D + 1 (resp., rgld D + 1). O

Let us notice that the previous result is a reminiscence of the concept of a Janet
sequence developed in the theory of differential operators [25].

5 System interpretations of module properties

In this section, we give system interpretations of some module properties.

5.1 A functorial approach to behaviours of linear systems

We firstly need to introduce the concept of extension modules [4,35].
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Definition 12 [4,36] Let D be a left noetherian ring, M a finitely generated left
D-module, F a left D-module and

L e Py M 0

a projective resolution of M. Then, the defects of exactness of the complex

d; d:

<«— homp(P,, F) <— homp(P;, F) <— homp(Py, F) <— 0
where d is defined by d*(f) = f od; for f € homp(P;,_, F),i > 1, are defined
by the abelian groups:

{ext%(M F) = kerd; = homp(M, F)

ext,(M, F) =kerd}, /imd}, i>1.

The next proposition shows that ext’, (M, F) is well-defined.

Proposition 9 [4,36] The abelian group ext PM,F), i € Z,, only depends on
M and F up to group isomorphism, i.e., we can choose any projective resolution
of M to compute it.

If we consider a free resolution of M computed as indicated in Section 4

Dlxlz . Dlxlz DlX[] Ry Dlxlo K M 0’

then, by Definition 12, we obtain the following complex

=l &gt Koo B, (13)
where R;. : Fi-' — Fli is defined by (R;.)(n) = R; n for all n € F'-'. Then
using Proposition 9, we obtain that:

{ext%(M, F) =kergs(Ry.) ={neF°|Rin

=0},
exthy (M, F) = kerg(Rit1.)/(R; Fi1),

i>1.
Hence, the abelian group of all F-solutions of the linear system R;n = 0

is intrinsically defined by ext? p(M,F) = homp(M, F). In particular, the corre-
sponding isomorphism is deﬁned by

homp(M, F) =

kerz(R;.)
pr— =@, ....e0)", (14)
@ {o) =nitiet o <— =01y, )7,

where y; = Kk (e;) denotes the residue class of the i

vector ¢; of the standard basis
of D in M = Db /(D™ Ry).

We note that ker #(R;.) = {n € F* | R, n = 0} is called the behaviour of the
left D-module M in the behavioural approach developed in control theory [18,22
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23,29,39,40]. In this approach, the left D-module F is called the signal space.
Hence, a behaviour is intrinsically defined by homp (M, F).

The duality between module theory and behaviour theory was firstly developed
by U. Oberst in [18] based on B. Malgrange’s ideas. It has been largely studied
since in the literature (e.g., see [22,29,39] and the references therein). See also
[30] for the introduction of homological algebra in the behavioural approach (e.g.,
extension and torsion functors, homotopic and projective equivalences).

Let us explain why ext} (M, F) corresponds to the obstruction of the solvabil-
ity of the inhomogeneous linear system R; n = ¢.As (13) is a complex, a necessary
condition for the existence of n € F% satisfying the linear system R;n = ¢ for
afixedc € Fl'is Ry = Ry (Rin) = 0, ie, ¢ € kerz(R,.). Moreover, if
there exists n € F% such that R; n = ¢, then we have ¢ € R; F". Hence, the
inhomogeneous linear system R} n = ¢ is solvable iff the residue class of ¢ in
exth (M, F) = kerz(Ry.) /(R FP) is 0.

Definition 13 1. [4,36] A left D-module F is said to be injective if, for every left
D-module M, then we have ext’b(M, F)=0fori > 1.

2. [4,36] A left D-module F is cogenerator if, for every left D-module M and
0 # m € M, then there exists ¢ € homp (M, F) such that p(m) # 0.

Intuitively, an injective cogenerator left D-module F corresponds to a suffi-
ciently rich space of solutions for which a good duality between algebra and func-
tional analysis holds. More precisely, an equivalent definition of an injective left
D-module F is that, for every short exact sequence (7), we have the following
exact sequence:

0 «— homp(M', F) <= homp(M, F) €= homp(M”, F) < 0.  (15)

Moreover, if F is a cogenerator left D-module, then homp (M, F) = 0 implies
M = 0. Finally, we can prove that F is an injective cogenerator left D-module
if the exactness of any complex of the form (15) is equivalent to the exactness

of the complex (7) [18]. Hence, if F is an injective cogenerator left D-module,
Ry

then the exactness of F2 <> Fii £ £l i5 equivalent to the one of D' <2 -3
pixi By pixds 1 particular, if R, generates the syzygy module of D'*!' Ry, i.e.,
ker(.R;) = D' R,, then a necessary and sufficient condition for the existence
of n € Fh satisfying the system R; n = ¢ for { € F" fixed is given by Ry ¢ =0
(fundamental principle [18]). Such a condition can be computed using Algorithm 1.

Proposition 10 [36] For every ring D, there exists an injective cogenerator left
D-module F.

Let us give a few examples of injective cogenerator modules.

Example 9 1. [18,22,39] If Q is an open convex subset of R”, then the space
C>®(2) (resp., D'(2)) of smooth functions (resp., distributions) on € is an
injective cogenerator over the ring D = k[0;; 01, 81]...[0s; 04, 8,] of the
differential operators with coefficients in k = R, C (i.e.,0; = id, §; = 9/9x;).

2. [41]If F denotes the set of all functions that are smooth on R except for a finite
number of points, then F is an injective cogenerator left D = R(¢)[0; o, §]-
module where § =id and § = d/dt.
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3. [18,39] If D = k[d;; 01, 81]...[0n; 04, 8,] denotes the ring of forward shift
operators defined with coefficients in k = R, C (see Example 4), then F = kN
is an injective cogenerator D-module.

In what follows, we shall only consider solutions of linear systems over an Ore
algebra D in an injective cogenerator left D-module F.

5.2 System properties — Module properties

We now introduce properties of linear systems over Ore algebras obtained by gener-
alizing some definitions commonly used in the literature for some particular classes
of systems (e.g., ODEs, PDEs, differential time-delay equations). In the following
definition and the next theorem, the references point to the particular classes of
systems for which these concepts have been firstly introduced.

Definition 14 Let D be a left noetherian Ore algebra, R € D?*P, F an injective
cogenerator left D-module and B = {n € F? | R n = 0} the behaviour defined by
R and F. Then, we have the following definitions:

— [24,25,39] An observable of B is a left D-linear combination of the system
variables 5; (i.e., of the system variables including inputs, states, outputs). An
observable v (n) is called autonomous if it satisfies some D-linear equation by
itself, namely, P ¥ (n) = O for some O # P € D. An observable is said to be
free if it is not autonomous.

- [12,24,25,39] A behaviour B is said to be controllable if every observable of
B is free.

— [24,25] A behaviour B is parametrizable if there exists a matrix Q € DP*™
such that B = Q F™, i.e., for every n € B, there exists ¢ € F™ such that
n = Q ¢. Then, Q is called a parametrization of B and ¢ a potential.

- [12,20,31] Let D be a commutative polynomial ring and # € D \ {0}. A
parametrizable behaviour B is then called m-free if there exist Q € DP*™,
T €e D"*? and o € Z, suchthat B= QF" and T Q = =n“ I,,, where I,
denotes the m x m identity matrix.

— [12,20] A behaviour B is said to be flat if there exists a parametrization Q €
DP*™ which admits a left-inverse T € D"*?,i.e., T Q = I,,. In other words,
B is flat if it is parametrizable and every component ¢; of the corresponding
potential ¢ is an observable of the system. The potential ¢ is then called a flat
output of B.

The following theorem gives system interpretations of the module properties
introduced in Definition 8.

Theorem 3 Let D be a noetherian Ore algebra, R € D?*P, F an injective cogen-
erator left D-module, the behaviour B = {n € F? | Rn = 0} defined by R and F
and the left D-module M = D'*? /(D'*9 R). Then, we have:

1. [24-26,39] The observables of B are in a one-to-one correspondence with the
elements of the left D-module M.

2. [12,22,24-26,39] The autonomous elements of B are in a one-to-one corre-
spondence with the torsion elements of M.
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3. [12,20,22,24-26] B is controllable iff M is torsion-free.

4. [24-27] The behaviour B is parametrizable iff there exists Q € DP*™ such
that M = D7 /(D4 R) = D'*» Q.

5. [12,20,31] Let D be a commutative polynomial ring and w € D \ {0}. Then,
a parametrizable behaviour B is 1 -free iff the module

Dﬂ®DM={m/a|meM,a=7T”,n€Z+}

is free over the ring D, = {b/a |be D, a=na",n € Z,}.
6. [12,20,26] B is flat iff M is a free left D-module. Then, the bases of M are in
a one-to-one correspondence with the flat outputs of B.

Proof 1.Letm € M and let us define f € homp(D, M) by f(1) = m. Applying

the functor homp (-, F) to D i> M, we obtain the following morphism:

homp (D, F) L homp (M, F)
pof «—o.

If we denote by y; the residue class of the i th yector ¢; of the standard basis of D'*?
in M, then there exista; € D,i = 1, ..., p, such that we have m = Zle a; y;.
Then, the isomorphism homp (M, F) = kerx(R.) defined by (14) holds. More-
over, we have the trivial isomorphism homp (D, F) = F defined by evaluating an
element of homp (D, F) at 1 € D. Hence, we obtain

p 14

(o ) =gm) =) ae) =) an,

i=1 i=1

where n; = ¢(y;),i = 1,..., p (see (14)). Therefore, we obtain an observable
¥ : B = kerg(R.) — F defined by ¥ (n) = > _i_, a; n;. Let us check that the
observable ¥ does not depend on the choice of the a; but only on m € M. Let us
considerm = Y_¥_, b; y;,b; € D,i = 1...p. Then, we have

v=(a;—bi,...,a,—b,) €D R=>3ILeD™: v=LR,

P P
and thus, we obtain ) " a;n; — >_b;n; = L (Rn) = 0.
i=1 i=1
Conversely, let us consider an observable v : B = kerr(R.) — F defined
by v(n) = .0 a;n; fora; € D,i = 1,..., p. Then, we can associate with
¥ the elementm = Y/ a; y; € M. Let us prove that this map is well-defined.
Let us suppose that we have Y 7, a;n; = >, b;n; for all n € B. Then, we have

37 (a; — b;) n; = 0 on B. Hence, if we define
B'={reD™P|VneB: rn=0)},

then we obtain (a;—by, ... ,a,—b,) € B*.Weeasily check that we have D' R C
B°. Using the fact that B* € D'*? and D is a left noetherian domain, then we obtain
that 3 is a finitely generated left D-module, and thus, there exists R’ € D?*? such
that B = D'*¢' R’. Let us define the left D-module M’ = D'*? /(D'*¢" R") and
B = kerz(R’.) = homp(M’, F). Then, by definition of B, we have the trivial
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inclusion B € B'. Now, applying the functor hom(:, F) to the standard short exact
sequence [4,36]

0— B*/(D™R)y — M — M — 0,

and using the fact that F is an injective left D-module, we then obtain the following
short exact sequence:

0 <— homp(B*/(D'™4 R), F) <— homp(M, F) <— homp(M', F) «<— 0.

In particular, we have 3/ C B, and thus, we obtain B = B. Hence, we have
homp(B*/(D'9 R), F) = 0 and, using the fact that F is a cogenerator left
D-module, we obtain that B%/(D'*4 R) = 0, i.e., B® = D'*? R. Hence, we
have (a; — by,...,a, —b,) € B* = D' R, and thus, the residue class of
(ay — by,...,a, —b,) in M = D"™P /(D" R) vanishes, which proves that
m = Zf=1 a; y; = 25;1 bi yi.

2 follows from 1 and the definitions of a torsion element of M and an autono-
mous observable of B. Then, 3 directly follows from 2.

4. B is parametrizable iff there exists Q € D?*" such that B = Q F", i.e.,

. . R. . .
iff we have the following exact sequence F¢ <— F7* £ F™. Using the fact
that F is an injective cogenerator left D-module, we know that the previous se-

. . .R -0 . . .
quence is exact iff the sequence D'*¢ — D' = DM jg exact, i.e., iff

M = Dlxp/(Dlxq R) o~ D1><p Q

5. If the parametrizable behaviour B is w-free, then, using 4, there exist Q €
DP*m T e D" P anda € Z, suchthat M = D"? Q and T Q = n®1,,. Let
us define the ring D, = {b/a | b € D, a =", n € Z,}. Using the fact that D,,
is a flat D-module [4,36], we obtain D, ®p M = D" Q. Moreover, (1/7%) T
is a left-inverse of Q over the ring D, which easily implies that D, ®p M =
D}[XP Q — D}![xm'

Conversely, let us suppose that there exists 0 #% 7 € D such that we have
D, ®p M = D}*™ Using the fact that B is parametrizable, by 4, we obtain that
there exists Q € DP*™ such that M = D'*? Q. Since D, is a flat D-module
[4,36], we obtain D, ®p M = DY*” 0, and thus, Dy*” Q = D™ Therefore,
there exists S € Dy " such that § Q = I,,. Finally, writing § = (1/7%) T, where
T € D"*P,weobtainT Q = n* I,,.

6. A behaviour B is flat iff there exist Q € DP>*™ and T € D™*? such that
B=QF"and T Q = I,, i.e., iff we have the split exact sequence:

0« RFr & pr & pm o (16)

Now, the injective cogenerator property of F implies that (16) is a split exact
sequence iff we have the split exact sequence

0—> D4R — pix» & pxm 0,
and thus, iff M = D'*» 0= D™ je. iff M is a free left D-module. O

We refer to [33] for a new characterization of controllability in the time-varying
case: An analytic time-varying controllable linear system is a projection of a flat
system.
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We recall the following well-known concepts of primeness developed in the
literature of multidimensional systems [40]. These concepts allow us to classify
the multidimensional linear systems with constant coefficients.

Definition 15 [12,18,27,40] Let D = R[x, ..., x,] be a commutative polyno-
mial ring, R a full row rank matrix (namely, its rows are D-linearly independent)
in D7*P J the ideal generated by the ¢ x g minors of R and

V)= eC"|VPeJ: P§)=0}
the algebraic variety defined by J. Then, we have the following definitions:

— R is called minor left-prime if dimcV (J) < n — 1, i.e., the greatest common
divisor of all the ¢ x g minors of R is 1.

— R is called weakly zero left-prime if dimcV (J) < 0, i.e., all the ¢ X ¢ minors
of R may only vanish simultaneously in a finite number of points of C”.

— R is called zero left-prime if dimcV (J) = —1, i.e., all the ¢ x ¢ minors of R
do not vanish simultaneously in C".

Theorem 4 [12,18,27] Let D = R[xy,...,x,] be a commutative polynomial
ring, R € D9*? q full row rank matrix and M = D'*? /(D4 R). Then,

1. R is minor left-prime iff the D-module M is torsion-free.

2. If n = 3, then R is weakly zero left-prime iff the D-module M is reflexive.

3. R is zero left-prime iff the D-module M is projective, i.e., free by the Quillen-
Suslin theorem (see 3 of Theorem 2).

Hence, some of the concepts defined in Definition 8 generalize to
non-commutative polynomial rings and non-full row rank matrices the well-known
concepts of primeness developed for multidimensional systems [27]. Moreover,
Theorem 3 shows that they play fundamental roles in control theory. Therefore, the
next sections are dedicated to giving effective algorithms which check the module
properties and compute parametrizations and flat outputs.

6 Constructive computation of ext;,(M , D)

In the previous section, we have shown how some structural properties of linear
systems (behaviours) are translated into module properties via a dictionary devel-
oped in Theorem 3. In Section 7, we shall prove that these module properties can
be checked by computing certain extension modules of the form ext"D (N,D),i>1.
Hence, we focus in this section on the constructive computation of such extension
modules.

6.1 Involutions

Definition 16 Let k be afield and D a (non-commutative) k-algebra. An involution
6 of D is a k-linear map 6 : D — D satisfying
Vaj,ay € D, 0(a;-a) = 0(ay) - 0(a1), (17)
6 o6 =idp,

i.e., 0 is an anti-automorphism of order two of the k-algebra D.
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Proposition 11 By means of an involution 0 of D, left D-modules can be turned
into right D-modules and vice versa: Let D be a k-algebra, M a right D-module
and 0 an involution of D, then we can define the left D-module M, which is equal
to M as a set and which is endowed with the same addition as M, but with the
following left action of D:

am =méb(a), mEc M, aeD.
Property (17) of 6 ensures that Misa well-defined left D-module.

Example 10 1. Let D be a commutative ring (e.g., D = k[xy, ..., x,]). Then,
6 = idp is a trivial involution of D.

2. Let A, (k) = k[x1, ... ,x,][01; 01,811 ..[0n; on, 8,] be the Weyl algebra (see
Example 1). An involution 6 of A, (k) can be defined by:

Xi — xj, O0jr— —0;, 1<i<n.

3. Let S, = k[t][éy; on, 8] be the shift Ore algebra (see Example 2). An involution
0 of Sy, can be defined by t — —t, 8, —> §j.

4. Let H, = k[t][9; o1, 611[6n; 02, 82][Th; 03, 63] be the k-algebra of differen-
tial time-delay and advance operators (see Example 3 for more details). An
involution 6 of Hj can be defined by

t—>t, 0+ —0, & +——> T, Tp+H—> 6.

5. We can prove that there is no non-trivial involution for the Ore algebra Dy, of
differential time-delay operators (see Example 3). Therefore, we need to embed
Dy, into the k-algebra H;, of differential time-delay and advance operators and
use the involution defined in 4.

Definition 17 Let D be an Ore algebra with an involution 6, R € D%*P and
M = D' /(D' 4 R) aleft D-module.

— The dual M* of M is the right D-module defined by homp (M, D).
— The transposed module of M is the right D-module defined by:

N = D?/(R D").

If D is a commutative ring, then we have N = D'*7/(D'*? RT), which ex-
plains the terminology.
— The adjoint module of M is the left D-module defined by

N = D™ /(D" 0(R)),

where 0 (R) is the transpose of the matrix obtained by applying 6 to each of its
entries, i.e.:

O(R) = ORi))i<i<q1<jp:

Hence, the left D-module N = D'*7/(D'*? §(R)) corresponds to the linear
system 0(R)z = 0, where z = (z : ... : zq)T is the set of generators of N
obtained by taking the residue classes of the standard basis vectors of D'*7 in N.
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Example 11 1. If D is a commutative ring, then 6(R) is just the transposed
matrix, namely 6(R) = RT, and the transposed D-module is defined by
N = D"™4/(D'"P Ry = D1/(R D) = N.

2. Letusconsiderthe k-algebra H;, = k[t][0; o1, 811[64; 02, 821[Th; 03, 83] defined
in Example 3and R = (9 : —t2§8),) € H,sz. Then, using 4 of Example 10,

we obtain:
o =0ty —td—1 %1
O(R) = <—rht2> = (—(t+h)2rh) € H"

Finally, it is proved in [28] that N is uniquely defined by M up to a projective
equivalence [4,36]. In particular, this result shows thatext', (N, F),i > 1, only de-
pends on M and on the right D-module F and not on a particular presentation of M.

6.2 Computation of extension modules

We only consider here extension modules of the form ext’b(M ,D),i € Z,.1tis
important to notice that ext), (M, D), i € Z, inherit a right module structure from
the right action of D.

—_—

The next algorithm gives a description of the left D-module ext}, (M, D), which
corresponds to the right D-module ext} (M, D) (see Proposition 11).

Algorithm 2
Input: Ore algebra D satisfying (2) with an involution 6 and
R=(R{ :...: R])" e D

Output: Alist L = (L, L) of two matrices such that:

Ly € D™ is such that ext), (M, D) = (D" Ly)/(D"™? 6(R)),
where M = D'*?/(D'*4 R),
L, € D?*" is such that L; = SYZYGIES (L,).
ADJEXT1(R)

R, < SYZYGIES (R),

Ly < 0(Ry),

Ly < SYZYGIES (L,),

L <« (L], Lz).

Proof The module M is given as the cokernel D'*? /(D'*4 R) of the D-morphism

pixa K pixp, Computing the second syzygy left D-module of M, we obtain a
matrix R, € D> such that the sequence

D1><r ﬁ) Dlxq _R> Dlxp
is exact. Upon dualization, we get the complex
Ry. R.
D" <~ D% <~ D?

with defect of exactness extg(M, D) = ker(R;.)/(R DP) at D4. Taking adjoints
and writing L, = 0(Ry) € D?*", we obtain the complex
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Der (_Lz_ Dqu H(R) Dl)(p

with defect of exactness ext})(M , D). Computing the syzygy left D-module of
D4 L, yields the exact sequence

D1><r Lo Dlxq <£1_ D1><m

such that extl (M, D) = ker(.Ly)/(D"*? §(R)) = (D™ L,)/(D'*?P 6(R)). O

Example 12 We compute the extension Dj-modules ext’bh (N,Dp),i = 1,2, of

the Dj,-module N = D;}**/(D,** RT) defined in Example 7. In Example 7, we
have already computed the free resolution (12) of N. Thus, we have ker(.RT) =
Dy, QT, where QT is defined in Example 7. Then, using the fact that D), =
R(a, k, ¢, w)[0; o1, 61][8n; 02, 82] is a commutative polynomial ring, we obtain
that 8(Q7) = Q (see 1 of Example 11). Hence, we have the following complex

0 «— Dy L D £ D} «<— 0 and its defects of exactness are defined by:
extp, (N, Dy) = ker(.Q)/ (D" R), (18)
extp, (N, Dy) = Dy/(Dy* Q). (19)

Following Algorithm 2, we need to compute the syzygy module of D,llX4 Q. The
Grobner basis of

P={@kas)r—p, (@3I+0’)h—p (@8 +0’ad)r—pus,
@ +2Cwd*+ad*+0?0+2alwd+aw’) h — 4}

with respect to the elimination order induced by the degree reverse lexicographical
orders on A and | > wy > U3 > (g > 8, > 0 respectively is:

G={@+a)ui—kadp, o p+@+2¢0w)us—w’ s, dus— s,
0@ Fa)h—pa, o kadi— ).

See Appendix 10.3. Therefore, we obtain that the syzygy module of D,ll><4 Qis
defined by the matrix

d+a—kad, 0O 0
L= 0 0 d+2¢w—a? | € DY, (20)
0 ) -1 0

and thus, we have ext}, (N, D) = (D,”* L)/(D,* R). Finally, using (19), the

Dj,-module ext%h (N, Dy,) corresponds to the linear system defined by Q z = 0,
namely:

(@?kady)z=0,

(0?3 +w?a)z =0,

(0?3 +0*ad)z=0,

@ +Qto+a)d®+ (*+2alw)d+aw?)z=0.

21

We note that ext%)h (N, D) # 0 because, otherwise, in G, we would have had
A — Z?:l P; w;, for some P; € Dy,
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The quotient module ext),(M, D) = (D™ L;)/(D'*? §(R)) can be com-
puted using elimination techniques similar to Algorithm 1.

Algorithm 3
Input: TeD, S=(ST:...:SHT e Db st. DT C D*¢§
Output: A set C of generating equations satisfied by the residue class
zi of S; = (Sj1: ... :S;p) in the left module (D'*¢ S) /(D¢ T).
QUOTIENT(S, T)
Introduce the indeterminates Aq, ... , Ap and iy, ..., 4. over D.
fori =1,...,cdo

b b
Le{ZSijAj—/Li}U{ZTkjkj|k=1,...,a}
=1 =1

Compute the Grobner basis G; of L in @1;:1 DX;®Dpu,;
with respect to an order which eliminates the A ;’s.

endfor

C <~ Ui_(G; N D wy).

Remark 4 1In the result of the preceding algorithm, each G; N D u; is a generating
set of the relations fulfilled by z;. Let us notice that every polynomial in G; N D w;
has the form P u;, for a certain P € D.

Example 13 In Example 12, we proved that
exty, (N, Dy) = (D L)/(D} R),

where R (resp., L) is defined by (5) (resp., (20)), N = D,11X3/(D,llX4 R™yand D, =
R(a, k, ¢, w)[0; o1, 611[64; 02, 62]. In order to check whether or not extbh (N, Dy)
is equal to 0, we apply QUOTIENT(L, R) described in Algorithm 3. If we denote
R= R} : Rl : RDT,L = (] : 1] : 117, then we easily check that we
have G; N Dy u; = {u;}, fori = 1,...,3, because we have [; = Ry, [, = R3,
I3 = R,. Hence, we have D,** L = D}** R, which shows that exty, (N, Dy) =
(D, L)/(D} R) = 0.

The next algorithm gives a description of extlD(M , D) in which the quotient is
explicitly computed.

Algorithm 4
Input: An Ore algebra D satisfying (2) with an involution 6 and
R = (RlT et R;)T € DI*P M = Dlxp/(Dlxq R).

Output: A tuple L = (Lo, Ly, L) such that

extp (M, D) = (D™ L1)/(D"? 6(R)),
Ly e D", Ly = (T :...: 11T = SYzYGIES(L,) € D™ and
Ly is a generating set for the relations satisfied by the residue
class z; of ; in the left D-module (D' L)/(D'*? 8(R)).
EXT1(R)

(Li, Ly) < ADJEXT(R),

Ly < QUOTIENT(L, 0(R)),

L « (L(), Ll’ Lz)
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Remark 5 In our implementation of EXT1 in OREMODULES [8], the first matrix L
is actually a matrix in block diagonal form, where each block consists of only one
column and possibly several rows. The entries of the i block form a Grobner basis

—_—~—

of the annihilator of the i™ row of L, in the left D-module extb(M , D). Hence,
Ly is an identity matrix iff ext} (M, D) = 0.
Finally, let us notice that while using EXT1, we start to compute a free resolu-

tion of the left D-module M (see Algorithm 2). If we denote this free resolution
by

.R .R .R K
.. phxe X plxpe 2L plxpe Dy s,
.

po = p, p1 = q and R; = R, then EXT1(R;) computes extiD(M, D),i > 1.

7 Characterization of module properties

The main motivation for introducing the concept of extension functor is explained
in the next theorems which give an effective way to check the module properties
defined in Section 3, and thus, the structural properties of the corresponding linear
system (see Section 5).

Definition 18 Let A and B be two rings and M an abelian group. Then, M is said to
be an A-B-bimodule, denoted 4 Mg, if M is a left A-module and a right B-module
and the two actions satisfy the following associative law:

Yae A, VbeB, YmeM, a(mb)= (am)b.

In this section, D is supposed to be a left and a right noetherian domain. Then,
by Proposition 1, we know that D satisfies the left and right Ore properties. We
recall a classical result in homological algebra saying that a short exact sequence
of bimodules gives rise to a long exact sequence of the cohomology right modules.

Lemmal [4,36] Let 0 — A — B —> C — 0 be an exact sequence
of D-D-bimodules and N a left D-module. Then, we have the following exact
sequence of right D-modules:

0 — homp(N, A) — homp(N, B) — homp (N, C)
—> exth(N,A) — exth(N,B) — exth(N,C)
— eXt%(N, A) —>

Let us state the first main result of this section.

Theorem S [29] Let M be a left D-module defined by the finite presentation
F-2S F S M — o0, 22)
and N the transposed right D-module of M (see Definition 17) defined by:
&
0<«— N «— F} < F} «— M* < 0. (23)

Then, we havet (M) = extb (N, D). Inparticular, M is a torsion-free left D-module
iffext),(N, D) = 0.
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Proof Let X be a D-D-bimodule. Then, applying the right exact functor X ®p -
[4,36] to the exact sequence (22) gives the exact sequence

X @p F 2% ¥ @, Fy 225 X @p M —> 0,

whereas applying the left exact functor hom(:, X) to the exact sequence (23) yields
the exact sequence:

0 — homp (N, X) —> homp(F}, X) —> homp(Fy, X).
Using that the F; are finitely generated free left D-modules, we have [4,36]
homp(F', X) £ X ®p Fi, i=1,2,
and thus, we finally obtain the following exact sequence:
0 — homp(N,X) — XQp FI— XQp Fp— XQp M — 0. (24)

Now, let K = Q(D) be the left and right quotient field of D [17] with its
bimodule structure and consider the exact sequence of D-D-bimodules:

00— D—K—K/D— 0. (25)

Using Lemma 1 with A = D, B = K, C = K/D, we get the exact sequence
of right D-modules

0 — homp(N, D) — homp(N, K) —> homp(N, K /D)
— ext, (N, D) — 0, (26)

because ext})(N , K) = 0 since K is a left injective D-module [4,36].
Moreover, by applying the right exact functor -® p M to the short exact sequence
(25), we obtain the exact sequence of left D-modules

M5 K@p M —s (K/D)®p M —> 0,

which extends to the following exact sequence

0—t(M) — M5 K@p M — (K/D)@p M — 0,  (27)
where the kernel of the D-morphism ig, defined by
kerix ={me M|ig(m) =1 m = 0},

is the left submodule of M formed by all elements m € M for which there exists
0 #d € D such that d m = 0, i.e., the torsion submodule 7 (M) of M.

Using the fact that the F; are finitely generated free left D-modules, and thus,
flat left D-modules [4,36], by applying - ®p F; to the exact sequence (25), we
obtain the exact sequence:

00— F,— K®pF, — (K/D)Q®p F; —> 0. (28)
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Finally, combining the exact sequences (24) for X = D, K and K /D, (26),
(27) and (28) yields the commutative exact diagram:

0
{
0 0 0 t(M)
{ { {
0 — homp(N,D) —> F — Fy — M — 0

S { { {
0 — homp(N,K) — K®QpF — KQpFy — K®pM — 0

1 \ { |
0 — homp(N,K/D) — (K/D)®p Fi1 — (K/D)®p Fp — (K/D)®p M —> 0.
| | { {

exth (N, D) 0 0 0

{
0

Then, an easy chase in the previous commutative exact diagram proves that:
t(M) = exth (N, D).
O

Lemma 2 /4] If M, N M, N M; N My is a complex of (left/right)
D-modules, then we have an exact sequence

0 — H(M;) —> cokera; —> keraz —> H(M3) —> 0,

where H(M;) denotes the defect of exactness of the complex at M;, namely,
H(M;) =kero;/ima;_1, i = 2,3, and coker o = M /im «;.

We are now in position to state the second main result.

Theorem 6 Let M be a finitely presented left D-module, i.e., defined by the finite
presentation (22), and N the transposed module of M defined by the finite presen-
tation (23). Then, we have the following exact sequence:

0 — exth(N, D) — M 2% M*™ — ext] (N, D) — 0. (29)
Hence, M is a reflexive left D-module iﬁ‘extiD (N,D)=0fori =1, 2.
Proof Let (22) be a finite presentation of M. Then, its transposed module is defined
by N = coker d}. We extend this finite presentation to an exact sequence by com-

puting the second and the third syzygy module of N. We obtain the following exact
sequence:

* d * dy * 4z *
0<«— N <«— F < Fj < F%, < F%,. (30)

Dualizing the exact sequence (30) and using the fact that F; is canonically isomor-
phic to F** because the F; are finitely generated free left D-modules, we obtain
the following complex:

J RN NN BN 31)
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Now, by applying Lemma 2 to the complex (31) and using the definitions of
exth (N, D) and ext, (N, D), we get the exact sequence:

00— ext}:)(N, D) — cokerd; — kerd_; — ext%)(N, D) — 0.

According to the presentation of M, we have M = coker d,. Now, using the
exact sequences (23) and (30), we obtain the following exact sequence:

d*
0 «— M* =kerd; <— F*, <— F*,. (32)

Applying the left exact functor homp (-, D) to (32) [4,36] yields the following
exact sequence

0— M™ — F_, S5 F .

proving that M** = kerd_;. Finally, we have the exact sequence (29), which
proves that M = M** iff ext),(N, D) =0 fori =1, 2. O

Corollary 1 Let M be a finitely generated left D-module. Then M is a torsion left
D-module iff homp (M, D) = 0.

Proof = If M is a torsion left D-module, then, for every m € M, there exists
0 # P € D such that Pm = 0. Therefore, for every f € homp(M, D), we
have P f(m) = f(P m) = 0. Hence, using the fact that f(m) € D, we obtain
f(@m) =0,ie., f =0, and thus, homp(M, D) = 0.

< If M* = homp(M, D) = 0, then M** = homp(M*, D) = 0. Then, using
the exact sequence (29), we obtain that ext})(N , D) = ker )y = M. Finally, using
Theorem 5, we conclude that 1 (M) = ext‘D(N, D) = M, i.e., M is a torsion left
D-module. O

Finally, we give the last important result of this section.

Theorem 7 Let us suppose that 1gld D = n < oo and let M be a left D-module
defined by the finite presentation (22) and N its transposed module defined by the
finite presentation (23). Then, M is a projective left D-module iff ext}, (N, D) = 0,
i=1,...,rgld D.

Proof = Let us suppose that M is a projective left D-module. In particular, M is
reflexive, and thus, by Theorem 6, we have ext),(N, D) =0,i =1, 2.
From the exact sequence (23), we deduce [4,36]:

ext'73(N, D) = ext),(M*, D), i> 1.

Now, using the fact that M is a projective left D-module, we obtain that M* is a
projective right D-module [4,36]. Therefore, we have ext’b(M *D)y=0,i >1
[4,36] which implies that ext‘b(N ,D) = 0,i > 3, and finally proves the first
implication.

< Let us suppose that extiD(N, D) =0,i =1,...,rgld D. We consider a
projective resolution of length rgld D of the right D-module N:

O<—N<—P0<LP1&PZ&...ﬂPrgldD%O. (33)
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Dualizing (33) and using the fact that extiD(N, D)=0,i =1,...,rgld D, we
obtain that the following complex

rt ry r3 Tield D
0— N*— Pf— Pf =5 P —> ... — Php— 0 (34

is an exact sequence. The dual of a projective D-module is also a projective
D-module [4,36], and thus, P is a projective left D-module fori =0, ... , Frga p.
Moreover, the exact sequence (34) ends with a projective left D-module P, p,
and thus, (34) is a split exact sequence (see Proposition 6). Therefore, by induction,
we deduce thatim r* is a projective left D-module fori =1, ... ,rgld D, and thus,
we obtain the split exact sequence

0 — N*"— Pf — imr{ — 0,

which shows that Pj = N* @ imr{,i.e., N*is a projective left D-module. Hence,
the right D-module N** is also projective. Dualizing again the split exact sequence
(34) and using the fact that the P; are projective D-modules, and thus, reflexive,

~

namely P** = P;, we obtain the split exact sequence

r T T Trgld D
0«— N* «— Py«— Py <— Py <— ... <— Pap < 0,

from which we deduce that N = N**, and thus, N is a projective right D-module.
The exact sequence (23) ends with the projective right D-module N, and thus, (23)
is a split exact sequence. Thus, we deduce that M* is a projective right D-module,
which implies that M** is a projective left D-module. Finally, using the fact that
extiD (N,D) =0,i =1,2, by Theorem 6, we obtain that M = M™**, and thus, M
is a projective left D-module. O

If D satisfies the properties stated in 2 of Theorem 2, then Theorem 7 gives a
constructive way to check stably freeness.

Corollary 2 Let M = D'*?/(D'*4 R) be a finitely presented left D-module, F
an injective cogenerator left D-module and B = ker z(R.). Then, B is parametriz-
able ifft (M) = 0, i.e., iff B is controllable. In this case, the matrix L, in EXT1(R)
is a parametrization of B.

Proof = Let us suppose that 3 is parametrizable. By 4 of Theorem 3, there exists
Q € DP*™ such that M = D'*?/(D'*1 R) = D' Q C D™ Therefore, the
left D-module M is isomorphic to a left submodule ¢ (M) of D'*™, where ¢ is the
isomorphism from M to D'*? Q. Let us suppose that there exists a non-zero torsion
element z € M satisfying d z = 0, where 0 # d € D. Then, we have ¢(d z) =0,
and thus, using the fact that ¢ is a D-morphism, then we obtain d ¢(z) = 0, i.e.,
¢ (2) is a torsion element of D*m_ But, D™ ig a free left D-module, and thus,
t(D'™) = 0, which proves that (M) = 0. By 3 of Theorem 3, we conclude that
B is controllable.

< If B is controllable, then, by 3 of Theorem 3, we obtain that t (M) = 0. Let
us consider the following finite free resolution of N = D9/(RD?):

0« N« D1 & pr & pr
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Using Theorem 5 and 1 (M) = 0, we obtaint (M) = ext})(N, D) = 0, and thus, we
have the following exact sequence D'*¢ R, prxr & plxm, Therefore, we have
M = D"™? /(D4 R) = D7 Q, i.e., by 4 of Theorem 3, B is parametrizable. O

Example 14 Letus check whether or not the differential time-delay system defined
by (4) is controllable and parametrizable. By 3 of Theorem 3, we know that (4)
is controllable iff the D,-module M = D,**/(D}** R) is torsion-free, where R

is defined by (5). By Theorem 5, this is equivalent to ext})h (N, D) = 0, where

N = D,11X3/(D,11X4 RT) (see 1 of Example 11). Using Example 13, we find that (4)
is controllable and, by Corollary 2, we deduce that a parametrization of (4) is given
by QO defined in Example 7:

x1(t) = (w*kady) z(1),

xX(t) = (0?3 + w?a) z(1),

x3() = (0* 3* + w?a d) z(1),

ut) =+ Q¢w+a)d*>+ (@*+2atw)d+aw?) z(t).

(35)

Finally, the fact that ext%h (N, Dy) # 0 implies that M = D, **/(D,** R) is not a
projective, and thus, is not a free Dj,-module (see 3 of Theorem 2). The obstruction
for M to be free is given by (21): the fact that system (21) is not equivalent to z = 0
means that it is not possible to express z in terms of a Dj,-linear combination of x;,
X7, x3 and u. Therefore, by 6 of Theorem 3, (4) is not a flat differential time-delay
system.

A more general concept of parametrizability can be defined if we allow the
integration of autonomous observables. For more details, we refer to [32].

8 m-freeness, minimal parametrizations and flatness
8.1 Left-inverses & m-freeness

Projectiveness is a necessary condition for flatness. Therefore, by Theorem 7, we
need to compute exti[,(N ,D) fori = 1,...,rgld D. However, if the system is
defined by a full row rank matrix R, then it is easy to see that the left D-module
M = D'*?/(D'*4 R) is projective iff M is stably free. Then, the next proposition
gives a more economic way to check stably freeness.

Proposition 12 If R has full row rank, namely, S(D'*4 R) = 0, then the following
assertions are equivalent:

1. M is a stably free left D-module,
2.385eDP: RS=1,
3. N =extp,(M, D) = 0.

Proof Using the fact that M is defined by a full row rank matrix, we have the exact
sequence:

0— D1 & pbr oy 0. (36)
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Dualizing this exact sequence, we obtain the following exact sequence

0«—N«—DI & DP e M* 0, (37)

where we easily check that N = ext})(M , D).

1 = 2. Let us suppose that M is a stably free left D-module. Therefore, (36)
is a split exact sequence because it ends with a projective left D-module (see
Proposition 6), i.e., there exists S € D”*? such that R § = I,,.

2 = 3. Let us suppose that there exists S € DP*? such that R § = I,. Hence,
forallh € D9,wehave A = R yuwhere u = S A € D?.Therefore, the D-morphism
R.: D? — D1 is surjective, and thus, N = coker(R.) = 0.

3 = 1. Let us suppose that N = 0. Then, (37) ends with a free D-module, and
thus, (37) splits (see Proposition 6), i.e., there exists S € DP*? suchthat R § = I,,.
Therefore, (36) is also a split exact sequence, and thus, we have Dxr = plxag M,
which proves that M is a stably free left D-module. O

Hence, an effective test of stably freeness checks whether or not there exists a
right-inverse of R. If Grobner bases for left modules are available, then the com-
putation of left-inverses is more convenient.

Algorithm 5
Input: An Ore algebra D satisfying (2) and a matrix R € D?*P.
Output: A matrix § € D7*? satisfying SR = I, if it exists and [ ] else.
LEFT-INVERSE(R)
Introduce indeterminates A;, j =1,...,pand u;, i =1,...,g,0over D.
P (_{ZleRij)"j — M | I = 1, ,q}
Compute the Grébner basis G of P in @_, DA; & D7_, D w;
with respect to an order which eliminates the A;’s.
Remove from G the elements which do not contain any A;
and call G’ this new set.
Write G’ in the form Q1 - (A1 = ... 1 A,)7 — Q2+ (g .o )T
If Q, is invertible over D, return § = Q1_1 0, € DP*1 elsereturn [ ].

Now, using an involution 6 of D, we can compute a right-inverse S € DP*? of
R € D9*? (R § = 1), when such an inverse exists, by defining

RIGHT-INVERSE(R) = O (LEFT-INVERSE(6(R))).

Therefore, if R € D?*7? has full row rank, by 2 of Proposition 12, the left D-module
M = D7 /(D4 R) is stably free iff RIGHT-INVERSE(R) # [ ].

Example 15 Let us consider again the differential time-delay system defined by
(4). Applying Algorithm 5 to §(R) = R”, where R is defined by (5), we are led to
the Grobner basis G given in Example 7. We easily check that G does not contain
any relation of the form A; — ijl Sij ij, where S;; € Dy, fori =1, 2, 3. There-
fore, M = D,1X4/(D,llX3 R) is not a projective Dj,-module, and thus, (4) is not a
flat system [20] (see also Example 14).
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If D = k[xy, ..., x,]is acommutative polynomial ring over a field &, then we
can study the obstructions for a system to be free (i.e., projective by the Quillen-Sus-
lin theorem stated in 3 of Theorem 2). In this case, they are given by polynomials
containing a certain number of variables x; which depends on the properties of the
corresponding D-module M.

Definition 19 Let D = k[x;,...,x,], R € D?*P be a full row rank matrix,
M = D™ /(D4 R)and N = D'*°/(D"*?RT). Then, we define:

i(M) = m>if1{i — 1 | ext) (N, D) # 0}.

If no such integer exists, then we set i (M) = oo. The index i (M) is called the
torsion-free degree of M.

We note that the torsion-free degree of the module M = D'*? /(D'*9 R) over

D = k[xy, ..., x,] measures how far M is from being projective. In particular,
i(M) = 0 means that M has some torsion elements, whereas i (M) = 1 means that
M is a torsion-free but not reflexive D-module, ..., and i (M) = oo means that

forall i > 1, we have extiD(N, D) =0, i.e., M is a projective, i.e., free D-module
(see Theorem 7).
In the next proposition, we shall need the following lemma.

Lemma 3 [4,36] Let D be a commutative noetherian ring, M a finitely generated
D-module and S a multiplicatively closed subset of D (namely, 1 € S and for all
S1, S2 € S, we have s| sy € S). Let us introduce the commutative noetherian ring
S™'D ={a/s|a e D, s € S} and the S~' D-module

ST'DRpM={m/s|\meM, seS}
Then, we have:
ST D ®p ext)(M, D) Zext), ,(ST'D®pM,S'D), j=0.

Proposition 13 [31] Let D = k[xy, ... , x,], R € D?*? be a full row rank matrix
and the D-modules, M = D'*? /(D'4 R) and N = D'*9/(D"? RT). For every
partitionof X = {x1, ... , x,} into two disjoint subsets X | and X, with respectively
n —i(M) elements and i (M) elements, there exists

iy € k[X1], it 0<i(M)=<n-1,
TTn—iM) € k, if Z(M) = 00,

such that the module over Dy, _,

w=1{d/aldeD, a= rr,{_i(M), jezy}
Dy, iy ®p M = {m/a |meM, a= niflfl.(M), j € Z+}

is free. Hence, there exist Q € DP*p=0 § e pP*4 T € DP=D*P gpd v € Zy
such that:

S: 0 (1;) =7 om Ips <§> (S: Q) =1 - (38)
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Proof 1f i (M) = oo, then, using 2 of Proposition 7, we have:
ext (N,D)=0, i=1,...,gldD =n.

So, by Proposition 7, M is a projective D-module, and thus, by 3 of Theorem 2,
M is a free D-module. Hence, we can choose 7,_o, = 1 € k \ {0} and we have
D, . = D. Using the fact that R has full row rank, then we have the following
exact sequence:

0— D4 =& pr — p— 0. (39)

We apply the functor K ®) - to the exact sequence (39), where K = Q(D) denotes
the quotient field of D. Using the fact that K is a flat D-module [4,36], then we
obtain the exact sequence

0—> K'xa '—R>K1X”—>K®DM—>O,
which shows that:
rankp (M) = dimg (K ®p M) = dimg K*? — dimg K9 = p — q.

Hence, since M is free, it is then isomorphic to DP~9. We obtain the following
split exact sequence

0 — D4 & pixr & pixe-a o,

.S .T

which gives identities (38).
Now, let us suppose that we have 0 < i(M) < n — 1. Then, we have:

exth(N,D) =0, 0<j<i(M).

Let us consider the multiplicatively closed subset S = k[X;] \ {0} of D and
S~!'D = k(X)[X,]. By 2 of Proposition 7, we have gld S~! D = i(M), and thus,
for the S~! D-module S~' D ® p N, we have [35]:

VjiziM)+1, extl, ,(ST'D®pN,s'D)=0.
Then, by Lemma 3, we conclude that, for all j > i(M) + 1, we have:
ST'D ®p ext)(N, D) Zextl , ,(S"'D®p N,S™' D) =0,

Letus consideri(M)+1 < j < n.One can prove that a non-zero ext’,;, (N, D)is

atorsion D-module for j > 1 (see [25,29] for more details). So, if ext},(N , D) #0,
then:

ann(ext) (N, D)) = {P € D | Vm € ext))(N, D), Pm =0} #0.

Ifig-1p : ext{) (N,D) —» S~! D®ext£(N, D) denotes the canonical D-morphism
(see (27)), then, for 0 # z € ext’D(N, D), we have:

isip(z)=0&{PeD|Pz=0}NS # 0.
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Therefore, using the fact that we have S -I1p® extf)(N , D) = 0, we obtain:
ann(ext{)(N, D)) N (k[X11\ {0}) # 9.

ForiiM) +1 < j < n,if ext{)(N, D) # 0, then we can take any element
pj € ann(extf)(N, D)) N (k[X1]\ {0}), else, we take p; = 1. Let us denote by
7a—iu the product of the p; for i(M) + 1 < j < n. By construction, we have
Tn—imy € k[X1] and:

Tn—i(M) ext’b(N, D)=0, 0<j<n.

If we denote by Sy, .., = {1, Tu_im), J'rnz_i(M), ...} the multiplicatively closed
subset of D defined by 7, ;) and

D 25" D={d/a|deD, a=m,_io)", me7l},

Tn—i(M) Tn—i(M)
then, using Lemma 3, from Dy, o ®D ext{)(N, D) =0, 0 <j <n,weconclude
that:

ext)  (Dg o ®0 N, Dy, ) =0, 0<j<n.

D”n—i(M)
Since the transposed module of M’ £ D, .. ®p M is Dy, ,,, ®p N (see [31]
for more details), by Theorem 7, it follows that M’ is a projective Dy, i) -module,
and thus, by 3 of Theorem 2, M’ is a free D, _,,,-module.
Finally, using the fact that M is a free Dy, _, ,, -module of rank p — g, there exist
0 e DY 5 e pL¥ and T € DY 47 such that we have the following
split exact sequence

1xq -R Ixp .0 1x(p—q)
0 ? Dﬂn—i(M) ? Dﬂn—i(M) ? Dﬂn—i(M) O’
.S T
< <—

or, equivalently, the following Bézout identities:

S: 0 (%) =1, (;) S: 0 =1,

Letus write O = 7 o Q.S = n,l_j(M) S'andT = 7, iany T'> where the entries
of O, 8" and T’ belong to D and «, B, y € Z,. Let us define v = max(x + y, B),
0=v—(e+y)eZs,0=v— B e Z,y,and the following matrices:

Q=n) 4y Q eDP0  T=TeDP? S=g7, . 8eD™,

Then, using the previous Bézout identities, we finally obtain (38). O

In order to compute such a polynomial m,_;, we can follow the next algo-
rithm.
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Algorithm 6

Input: A commutative polynomial ring D = k[xy, ... , x,], where k is
a field, a left D-module M = D'*? /(D'*? R), i (M) the torsion-
free degree of M, a partition of X = {x, ..., x,,} into disjoint

subsets X; and X, with resp. n — i (M) and i (M) elements.
Output: Anideal J of k[ X] such that any element 7 € J satisfies
that D, ® p M is a free D, -module.
7T-POLYNOMIAL(R, X )
Rl < RT.
fori =i(M)+1,... ,ndo
L; = [Lio, Li1, Lin] < EXTI (R;).
Introduce the indeterminates (1, j =1, ..., rowdim(L;;) over D.
Pij (—{dED|d',bLj€L,'0}, j=1,...,I‘OWdim(L,'1).
R; | < SYZYGIES (R;).

endfor
1 <~ mi,j(Pij>'
J <~ I Nk[X].

In w-POLYNOMIAL, the set {d € D | d - u; € Lo} is obtained in the step
QUOTIENT of EXT1(R;). See Remark 4 for more details. Moreover, in the last step
of w-POLYNOMIAL, the intersection of a left ideal with k[ X ] can be computed by
means of elimination techniques (see [2] and Example 5).

Example 16 In Examples 14 and 15, we proved that the system defined by (4)
is not flat, i.e., the associated D,-module M = D;**/(D;”* R) is not free. Let
us find a polynomial 7 € R(a, k, ¢, w)[8;; 02, 82] such that the (D;,),-module
(Dp)x ®p, M is free. In Examples 12 and 13, we saw that ext, (N, D;) = 0 and

ext%h (N, Dy) # 0. Therefore, the torsion-free degree i (M) of M is 1. Applying
Algorithm 6 and using (21), we find that:

I = (a)zkaSh, 0’0+ wla, 0¥ +w’ad, 33+(2§a)+a)82
+(a)2+2a§a))+aa}2).

Thus, we have INR(a, k, ¢, w)[dy; 02, 62] = (8;,), which shows that (4) is §,-free.
See [20] for applications to the motion planning problem.

See [31] for an extension of Proposition 13 to non-full row rank matrices.

8.2 Minimal parametrizations and flatness

The next theorem generalizes a result of [26] obtained for systems of partial differ-
ential equations. We assume that D is a left/right noetherian domain.

Theorem 8 [30] Let M be a torsion-free left D-module defined by the finite pre-
sentation (22). Then, there exists a left D-morphism d, : Fy — F' |, where F'
is a finitely generated free left D-module, such that we have the exact sequence

d d; .. .
Fi = Fy - F', and M’ | = cokerd) is either 0 or a torsion left D-module.
Such a morphism dj, is then called a minimal parametrization.
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Proof Let us consider the beginning of a free resolution of the transposed right
D-module N of M, i.e., we have the following exact sequence

O0<«— N <«—F «—Fj «<— F| «<— L <0,

where F*, is a finitely generated free right D-module and L = ker djj.

If we have L = 0, dualizing the previous exact sequence and using the fact that
M is a torsion-free left D-module, and thus, ext}j (N, D) = 0 by Theorem 5, then
the following complex

d d
F1—1>F0—0>F_1—)0

is exactin Fp. Then, we have ext?, (N, D) = coker dy. Hence, ext?, (N, D) is either
0 if M is a reflexive left D-module (and thus, M = imd, = F_; is a free left
D-module) or, by Corollary 1, ext% (N, D) is a non-zero torsion left D-module
because we have homD(extzD(N, D), D) = 0. Hence, d), = dy and F; = Fj
satisfy the assertions and d is a minimal parametrization of M.

Now, let us suppose that L # 0. Then, we have the following exact sequence
0 «— imdj «<— F*, <— L <— 0, from which we deduce that:

I' & rankp imd;f = rankp F*, —rankp L > 1. (40)

Indeed, if rankp imd; = dimg (K ®p imd) = 0, then K ®p imd; = 0, i.e.,
imdg is a torsion right D-module. But, imd; C F; and Fj is a free, and thus,
torsion-free right D-module. Hence, imd; = 0, and thus, kerd] = imdy = 0,
i.e., F*, = 0 which contradicts the hypothesis that L # 0.

From the matrix Ry which represents d;; in the standard bases of F*, and F{,
let us extract a ((rank p F{¥) x I)-submatrix R, composed by D-linear independent
columns of Ry, which, in turn, defines a right D-morphism d* : F**, — F in
the standard bases, where FL*I is a free right D-module of rank /. Using the fact
that R, has full column rank, then d;* is injective. Thus, we have the following
commutative exact diagram

0
T
0 coker ¢
0 ) T
0Ny« F; & pr L0 A1)
l . 1o
0<«— N «— Ff < F* <«—0,
) T
0 0

where dj* = d o ¢, Ni = cokerd*, and N = coker d”*,. Using the snake lemma
[4,36], we obtain the following exact sequence:

0<—N1<¢—N{<—coker¢><—L<—0.
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Using (40), we have:

rankp N; — rankp Nl/ = rankp L — rankp coker ¢
= rankp L — rankp F*, + rankp F"
= —rankp imdj + rankp F™ = 0.

Therefore, we obtain rank, N; = rankp Nj, and thus, rankp ker v = 0 because

0«— N B N{ <— ker ¢ <— 0 is an exact sequence. Hence, ker v is a tor-
sion right D-module. This fact implies that homp (ker ¥, D) = 0 (see Corollary 1)
and, dualizing the previous exact sequence, we obtain

Yr(NT) = Ny,

with the notations Ni* = homp(N;, D) and N{* = homp(N{, D). Dualizing the
commutative exact diagram (41), we obtain the commutative exact diagram:

0 0
\ \

0— Nl* L) FO ﬂ) F_]
by l b ¢*

T dy

0— N — F— F .
N N
0 0

Therefore, we have 0 = 7 o ¢*, kerdy = o (N}) = t(Y*(N})) = t(N{*) and
ker d) = t(N*). Hence, we obtain ker dy = ker d,,. Finally, the defect of exactness
of the following complex

d; dy /
Ff— Fp— F_, 42)

at Fp is defined by H(Fy) = kerdy/imd, = kerd;/kerdy, because we have
extlD (N, D) = 0, i.e., kerdy = im d;. Therefore, we obtain that H (Fy,) = 0, and
thus, (42) is an exact sequence and d, is a parametrization of M. Finally, we have
homp (coker d, D) = kerd;* = 0, and thus, by Corollary 1, coker d;, is a torsion
left D-module. m]

Algorithm 7
Input: An Ore algebra D satisfying (2) with an involution 6,
a torsion-free left D-module M = D'*? /(D'*4 R).

Output: A minimal parametrization Q' € D"*™ of M.
MINIMAL-PARAMETRIZATION(R)

L < SYZYGIES(6(R)).

m < rankp(L).

Select m D-linearly independent rows of L and

form a (m x p)-matrix L’ with them.
Q' <~ o(L).
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Example 17 Let us consider the first set of Maxwell equations [15], namely,

B vAE=0
ot T 43)

V.B=0,

where B (resp., E) denotes the magnetic (resp., electric) field. We shall only con-
sider smooth fields on an open convex subset of R* (see 1 of Example 9). In
electromagnetism, it is well-known that (43) is parametrized by

V AA =B,
9A (44)
—vv -2 —E,
at
where (A, V) is called quadri-potential [15]. In terms of module theory, this
result means that the D-module M = D'*%/(D'**R) is torsion-free, where

D = R[0;;id, 8;1] --[04;1d,84], 6 = pi x4 = t the time variable, and R

X b
is the matrix of differential operators defining (43), namely:

9,00 0 =05 0y
0040 035 0 —0y
0004—0, 97 O
9100 0 0 O

R = e D6,

We easily check that a free resolution of the D-module M is defined by

0—> D - px4 2K pixe <y Lo, (45)

where R, = (8, : 8, : 03 : —d4) € D' Hence, we obtain rank,(M) =
6 —4 4+ 1 = 3 or, in other words, system (43) is defined by 4 — 1 = 3 D-linearly
independent equations in 6 unknowns (B, E), and thus, its solutions depend on 3
arbitrary functions of x|, x», x3, x4. But, the parametrization (44) of the torsion-
free D-module M depends on 4 arbitrary potentials, namely (A, V). Hence, by
Theorem 8, we know that system (43) admits some parametrizations with only 3
arbitrary potentials. Let us compute such parametrizations following Algorithm 7.
Using Algorithm 1, the D-module N = D'**/(D'*® R”) admits the following
free resolution

T RT .RT,
0« N« pi#+ & pixe 2L pd 72 ) (46)

0 —03 dp 94 0 O
7 _| 8 0 =9 0 o4 O T _ (a9 .49 .9 .
R_1 =1 -5 5 o 0 0 a s R_z =(01: 0r: 03: 04).

0 0 0 —0; -0, —0s

Let us point out that

H J van-2P_
a(5)=0) = T
V.D = p,
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is exactly the second set of Maxwell equations, where j denotes the density of cur-
rent, p the density of electric charge, H the magnetic induction and D the electric
induction [15]. Then, the conservation of current is given by:

ap
R,(7)=0 o v, ,+ZL-o.
-2 (p) I+ ot

If we denote by S(RT) the syzygy module of R”, from the free resolution (46) of N,
we obtain thatrank, S(RT) = rankp D'* RT| = 4—1 = 3. Hence, if we select 3
distinctrows of R”, and transpose the corresponding matrix, we obtain a parametri-

zation of (43) with only 3 potentials. In particular, we have the following 4 minimal
parametrizations of (43) with only 3 arbitrary potentials £ = (£, : & : &)7:

036, = By, —0,& = By, 0361 — 026 = By,
—0361 = By, —03&1 + 016 = B, 016 = B,
02&1 — 01 & = Bs, 0 & = Bs, —01&1 = B3,
0461 — 015 =Ey, & —d & =E, —01& = Ey,
048 — 0283 = Ey, —02& = Ey, 0481 — 0283 = Ey,
—03& = Ej, 0486 — 383 = E3, 046 — 0383 = k3,
-V AE =B,
0
9% _ ¢
at

Equivalently, these minimal parametrizations can be obtained by setting one
component of the quadri-potential (A, V) to 0.

To finish, let us state a result which will allow us to compute some bases of a
m-free linear system with constant coefficients.

Proposition 14 Let D = k[xy, ..., x,] be a commutative polynomial ring over
a field k and M = D' P /(D'%% R) a torsion-free D-module. By Theorem 8,
there exists a minimal parametrization Q € DP*™ of M, i.e., a parametrization
Q of M such that L = D™ /(D"*P Q) is a torsion D-module. Then, for all
O#mweann(L)={Pe D |VleL: Pl=0} the Dy-module D, @p M is
free. In particular; there exists S € Dy " such that S Q = I,, and {k(Si)}i<i<m is
a basis of the Dy-module D, ®p M, where S; denotes the i" row of S and k the
canonical projection D'P — M.

Proof By hypothesis, we have the following exact sequence:

p'xa B, ptx» & pixm 1. (47)

Moreover, the fact that the D-module L is torsion implies that ann(L) # 0. If
0 # 7 € ann(L), then the following sequence obtained by applying the right exact
functor D,; ®p - to the exact sequence (47) is exact because D, is a flat D-module
[36]:

pixa & plr B pbm . p @, L — 0. (48)
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But, by definition of &, we have D, ® p L = 0, and thus, we obtain
Dz ®p M = D;*"/(D;*! R) = DX Q = D",

i.e., the D;-module D, ®p M is free of rank m. Moreover, by Proposition 6, the
exact sequence (48) splits, and thus, there exists S € Dy " such that § Q = I,,.
Finally, if we denote by { f;}1<;<m the standard basis of D},X”’, then we obtain that
{k(fiS)}1<i<m is abasis of D, @p M. m]

From Proposition 14, we obtain the following algorithm: using Algorithm 7, we
compute a minimal parametrization Q of the torsion-free D-module M and then
find ann(DlX’”/(Dlxl’ Q)). After choosing a non-zero polynomial = € ann(L),
using Algorithm 5 over D, we obtain a left-inverse S = (ST : --- : ST)T of Q,
which gives the basis {« (S;)}1<i<m of the D,-module D, ®p M.

Example 18 In Example 14, we proved that (35) is a parametrization of system
(4). We easily check that (35) is also a minimal parametrization of system (4) as
the Dj-module L = D;,/(D,ix4 0) = ethDh (N, Dy,) is torsion. From the defini-

tion (21) of ext%)h (N, Dy), we obtain ann(L) = (5§, 0 + a). Hence, if we choose
m = §;, then we easily check that

S=@"/(@ka):0:0:0)e D

is a left-inverse of the parametrization Q defined in Example 7. Hence, we obtain
that z = 7w ~! x1, and thus, x; are bases of the (Dj),-module (D), ®p M.

If the characteristic of the field k£ is O, then we refer to [34] and the refer-
ences therein for constructive algorithms which compute bases of a stably free left
A, (k)-module M with rank s, qyM > 2.

9 Conclusion

We hope that we have convinced the reader that the simultaneous use of module
theory, homological algebra, effective algebra and computational methods allows
us to study effectively the structural properties of linear multidimensional systems
(systems of ODEs, systems of PDEgs, (differential) time-delay systems, discrete sys-
tems, convolutional codes . .. with constant or variable coefficients). In particular,
in this unified mathematical framework, we presented effective algorithms which
check controllability/parametrizability/flatness/m -freeness. . and computed (min-
imal) parametrizations/autonomous elements/flat outputs/w -polynomials. Certain
of these problems were still open for some classes of linear multidimensional sys-
tems [12,20,39,40].

The Maple package OreModules, based on Mgfun [6], as well as Maple work-
sheets containing the explicit examples of the appendix are available at

http://wwwb.math.rwth-aachen.de/OreModules.

We hope that OREMODULES will become in the future a platform for the imple-
mentation of different algorithms obtained in the literature of multidimensional
linear systems (see e.g., [11,23,25-27,30,35,39,40] and the references therein).



Parametrizing linear control systems over Ore algebras 359

10 Appendix: Examples

In this appendix, we give some Maple worksheets which decide controllability,
parametrizability, flatness and m-freeness of some linear time-invariant/
time-varying OD systems, differential time-delay systems and systems of PDE
with constant or variable coefficients. These results have been obtained using the
Maple package OreModules [8] which is based on the library Mgfun [6] (e.g. Ore
algebras and non-commutative Grobner bases are developed in Mgfun). In these
examples, the most time-consuming computation is that of the exti[,(N , D). We
give some timings for these operations. All examples were run on a Pentium II,
450 MHz with 512 MB RAM using Maple 8 (OreModules is available for Maple V
release 5, Maple 6, Maple 8, and Maple 9). Finally, we refer the reader to [8, 10] for
a description of OreModules and a library of examples illustrating other functions.

10.1 Two pendula mounted on a cart

The first example that we consider is a time-invariant OD system describing the
linearization around the vertical of a system formed by two pendula mounted on a
cart. See for more details Examples 5.2.1 and 5.2.12 in [23].

> with(OreModules) :
After loading the Maple package OREMODULES, the first step is to define the Ore
algebra

D =Q@my,my, M, Ly, Ly, )[t][0; 0, 8],

where 0 = idr(u, my, M. L1, L,, o)1) aNd 8 = %. This algebra is also denoted by Alg.

> Alg:=DefineOreAlgebra(diff=[Dt,t], polynom=[t],

> comm=[ml,m2,M, L1, L2,g]):
In Alg, we need to declare the constants m, my, M, L, L, and g which occur in
the system. Then, we define the matrix R € D*** corresponding to the system.

> R:=evalm([[ml*L1*Dt"2, m2*L2*Dt"2, -1, (M+ml+m2)*Dt" 2],
> [ml*L17°2*Dt"2-ml*Ll*g, 0, 0, ml*L1*Dt"2],
[0, m2*L2"2*Dt"2-m2*L2*g, 0, m2*L2*Dt"211);

ml L1 Dt? m2 L2 Dt* -1
R:=| mILI*>Dt*—mi1Llg 0
0 m2L22Dt* —m2L2g 0
(M + m1 + m2) Dt?
ml1 L1 Dt?
0
m2 L2 Dt?

Then, we define Rygj = 0(R) € D* using the involution 6 given in 2 of Exam-
ple 10.
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> R_adj:=Involution(R, Alg);

ml1 L1 Dt? m1 L1*>Dt>* —m1Llg
R_adj := m2 L2 De :
Dt*> M + Dt* m1 + Dt* m2 ml1 L1 Dt?
0
m2 L2> Dt> —m2 L2 g
m2 L02 Dt?

Let us compute ext),(N, D), where N = D'**/(D'*3 R,y;), using the procedure
EXT](Radj).
> st:=time(): Extl:=Exti(R_adj, Alg, 1): time()-st;
1.220
The computation of ext}, (N, D) only takes 1.220 s. Let us notice that all the com-

putations are done generically. In other words, the results are valid for almost all
values of the parameters (e.g., outside an algebraic hypersurface).

> Extl[1l];

1 0
0 0
0 01

Ext1[1] gives the matrix L returned by EXT1(R) and defined in Algorithm 4. In our
case, L is the identity matrix which shows that ext}) (N, D) = 0 (see Remark 5).
Therefore, the system is controllable, and thus, parametrizable (see Theorems 3
and 5). A parametrization of the system is given by the matrix L, =ExtI[3] of
EXTI(R) (see Algorithm 4).

> map(collect, Extl[3], Dt);

[—L2 Dt* + Dt* g]

[—Dt* L1 + Dt* g]

[L2Dt° L1 M+ (—L2gml —L2gM —gL1M— L1gm2)Dt*

+ (g2 M + g2 m1 + m2 g?) Dt

[L2Dt* L1 + (—L2g — g L1) Dt + g°]
Therefore, we obtain the parametrization (x| : xp : x3 : u)T = L, z of the system
R(x; : xo : x3 : u)T = 0. Since the system is time-invariant, then, by 1 of
Theorem 2, we know that the D-module M = D'**/(D"*3 R) is free, and thus,
the system defined by R is flat.

> LeftInverse(Extl1[3], Alg);
[ L1? L2? L2 — L1 ]

g* (L1 —-L2) g* (L1 —-L2) g* (L1 —L2)
LEFT-INVERSE(Ex?1[3], Alg) computes a left-inverse of L, = Ext1[3]. We de-
duce that z = (L3 x; — L3 xp + (L1 — La) u) /(g% (L1 — L»)) is a flat output of the
system.
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Let us notice that the difference of the pendula lengths L| — L, appears in the
denominator of the flat output of the system. Thus, we need to study the non-generic
case where L = L,.

> Rmod:=subs (L2=L1, evalm(R)) ;

ml L1 Dt? m2 L1 Dt? —1
Rmod := | m1L1*Dt* —mi1Llg 0
0 m2L1°Dt> —m2L1g 0O
(M + m1 + m2) Dt?
ml L1 Dt?
0
m2 L1 Dt?

> st:=time(): Extlmod:=Exti(Involution(Rmod, Alg),
Alg, 1): time()-st;

0.959
> Extlmod;
L1Dt* —g 0 0
0 L1Dt*—g 0 ,
i 0 0 L1D# —g
1 —1 0 0
0 mlg+m2g -1 DM |,
| 0 MLID*—gM—-mig—m2g 1 0
i —D¢t?
-Dt?
LIDt*M —Dt*mlg—gMDt> — D> m2g
i L1D# —g

The first matrix of Ext/mod is not an identity matrix, and thus, we know that
exth (Nmod, D) # 0, where Niog = D3 /(D** 0(Rinoa)) and Ryoa corresponds
to R where L, = L; (see Remark 5). Thus, the system is not controllable (see
Theorems 3 and 5). The second matrix of Ext/mod gives a family of generators of
the torsion elements of Myq = D4 /(D3 Ryeq), i.e., of the non-controllable
elements (autonomous observables) of the system. The initial rows in the first
two matrices of ExtImod show that d = x| — x, satisfies (L; 3*> — g)d = 0
(non-controllable element). The third matrix of Ext/mod gives a parametrization
of the torsion-free left D-module M oq/1(Mmoa), 1.€., of the controllable part of
the system [32]. We note that it has only taken 0.959 s to obtain all this information.

Finally, using the integration of the autonomous observables, we can express
all solutions of the system defined by Ry,q in terms of these integrals and one
arbitrary function. See [8,32] for more details.
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10.2 Linear differential algebraic equations

Let us consider the following example of a time-varying linear OD system which
corresponds to a linear system of differential algebraic equations (DAEs) studied
in [16]. Therefore, we introduce the Weyl algebra D = A{(Q) (see Example 1).
> Alg:=DefineOreAlgebra(diff=[Dt,t], polynom=[t]):
The time-varying linear system is defined by means of the following matrix.
> R:=evalm([[-t*Dt+1, t"2*Dt, -1, 0],
> [-Dt, t*Dt+1, 0, -111);

—Dt tDt+1 0 -1
Then, the system is described by R (x; : x5 : u; : us)” = 0 and we introduce the
finitely presented left D-module M = D'**/(D'*? R).
> R_adj:=Involution(R, Alg);

tDt+2 Dt
—2Dt—2t —tDt

-1 0

0 -1

_ 2 _
R::[ tDt+1 2Dt 1 0]

R_adj :=

Using the procedure EXTI, we compute ext}, (N, D), where N = D2 /(D"* R,4)
is the finitely presented left D-module associated with Rygj = 6(R) € D2

> st:=time(): Extl:=Exti(R_adj, Alg, 1): time()-st;
> Extl[1];
0.301

o 1]

This shows that the left D-module M = D'**/(D'? R) is torsion-free (see
Remark 5), and thus, a projective left D-module (see 1 of Theorem 2). Then, a
parametrization L, of the system is given by the following matrix of operators.

> Extl[3];
t 1
1 0
0 —tDt+1
0 —Dt

Therefore, (x : x5 : x3 : u)? = L, zis a (minimal) parametrization of the system
R(xi:x:x3:u)T =0.

Now, if the parametrization L, admits a left-inverse, then the left D-module
M = D'™*/(D'*? R) is free, i.e., the system defined by R is flat. Let us check
whether or not L, admits a left-inverse.

> LeftInverse(Extl[3], Alg);

_f[o10 0
P'_|:001—t}
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Hence, we obtain that the system defined by R is flat and a flat output (i.e., a basis
of the left D-module M) is defined by (z; : z2)" = P (x1: x2: x3: u)’.

10.3 Wind tunnel model

In this example, we consider the linear differential time-delay system (4) defined
in Example 6. We first define the algebra D, = Q(a, k, ¢, w)[t, s][9; o1, &1]
[81; 02, 65] of differential time-delay operators.

> Alg:=DefineOreAlgebra(diff=[Dt,t],

> dual_shift=[delta,s], polynom=[t,s],

> comm=[a,omega, zeta,k]) :

The linear differential time-delay system is defined by matrix (5).

> R:=evalm([[Dt+a, -k*a*delta, 0, 0],

> [0, Dt, -1, 01,
> [0, omega”2, Dt+2*zeta*omega, -omega”2]11]);
Dt4+a —kaé 0 0
R := 0 Dt —1 0
0 o Dt+2¢w —o?
> R_adj:=linalg[transpose] (R) ;
Dt4+a O 0
- —kas Dt ?
Radi=1""0 " -1 Dt+2cw
0 0 —w?

The Grobner basis G defined in Example 7 can be computed as follows.
> Integrability(R_adj, Alg);

[wrkad uy + & Dt s + @ a us + o* D* us + w? a Dt us + Dt g
+2Dt*c wps +a Dt* s + Dt w* s +2a Dt & w pg + a 0* s,
M@ + pa, @0 Ao+ Dt pu + 0 u3 +2¢ @ pa, Ay Dt +Aya — py,
?Akad+ Dt* s+ @ Dt pus +2 Dt o pa + 02 po + @ 4l

The syzygy module of D}IX“ RT is obtained by SYZYGIES(R,qj) (see Example 7).
> Q_ transp:=SyzygyModule (R_adj, Alg);
Q_transp = [a)2 kas, Dtw? +aw®, ®® Dt* + w*a Dt
Dt * + a w* + D¢ +2Dt2§w+aDt2+2aDt§'a)]
The Grobner basis G defined in Example 12 can be computed as follows.
> Integrability(linalg[transpose] (Q_transp), Alg);

[—w? g + @* po + Dt ps +2¢ w puz, —ps + Dt o, —kad py
+Dtp +ap, Mwrkad — i, M Dtw? + A aw? — usl
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The syzygy module D,llX4 L is given by SYZYGIES(Q) (see Example 12).

> L:=SyzygyModule (linalg[transpose] (Q_transp), Alg);

Dt4+a —kaé 0 0
L:= 0 w? Dt+2¢tw —?
0 Dt —1 0

Finally, we compute QUOTIENT (L, R) (see Example 13) as follows.

> Quotient (L, R, Alg);

SO
O = O

0
0
1

We deduce that extth (N, D) =0, where N = D,iX3/(D,iX4 RT) (see Remark 5),
and thus, system (4) is controllable and parametrizable (see Theorems 3 and 5).
We can directly compute ext })h (N, Dy,) using EXT1(R,q4j) defined in Algorithm 4.

> st:=time(): Extl:=Exti(Involution(R, Alg), Alg, 1);
> time()-st;

1 00 Dt4+a —kal 0 0
Extl = o1 0|, 0 w? Dit+2¢w —w? |,
0 0 1 0 Dt -1 0
—w*kal

—Dt ? — a »?
—* Dt* — w?a Dt
_Dt3_2Dt2§a)—aDt2—thz—ZaDté,'w—aa)z
0.819

The first two matrices in Ext/ are the identity matrix and L. Moreover, Extl[3]
gives (up to the sign) the parametrization (35) of system (4), i.e., we have

(x1: x2: x3: u) = Ext1[3] z,

where z is an arbitrary function of ¢.
We compute ext%h (N, Dy) in order to check whether or not system (4) is flat.

> Ext2:=Exti(Involution(R, Alg), Alg, 2);

1)

Ext2 .= [|: Dt +a

}, [ 1], SURI(1), INJ(1)]
Since Ext2[1] is not an identity matrix, we know that ext%h (N, Dy) # 0 (see

Remark 5). Hence, the Dj,-module M = D, **/(D}** R) is a torsion-free but not
a free Dj,-module, and thus, (4) is not a flat system. Finally, let us notice that (21)
is equivalent to the reduced system:

@+a)y=0, 6,y=0.
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The formal obstructions of flatness are defined by 7w -POLYNOMIAL(Rg;, {0, 81}).

> PiPolynomial (R, Alg);
[6, Dt + a]

The 7 -polynomial, such that (D), ®p, M is a free (Dj),-module, is defined by
the generator of the principal ideal 7 -POLYNOMIAL(R,qj, {8;}) of R(a, k, ¢, w)
[8r; 02, 82].

> PiPolynomial (R, Alg, [deltal);

[8]

Therefore, we find that m = §;, and system (4) is w-free (see Example 16) [20].

> PiPolynomial (R, Alg, [Dt]);

[Dt + a]

The fact that (4) is not a flat system is coherent with the fact that the full row-rank
matrix R, defined by (5), does not admit a right-inverse (R admits a right-inverse
iff the Dj-module M is projective, and thus, free by 3 of Theorem 2).

> RightInverse(R, Alg);
[l

The fact that (4) is not a flat system is also coherent with the fact that its parametri-
zation (35) does not admit a left-inverse (if a linear system is parametrizable and
its parametrization admits a left-inverse, then the system is flat).

> LeftInverse(Extl[3], Alg);
(1

However, we have shown that system (4) is §,-flat, and thus, the (Dj),-module
(Dn)x ®p, M is free. Let us compute a basis of the free (Dj,),-module. In order
to do that, we compute a left-inverse S of the parametrization ExtI/3] in the com-
mutative polynomial ring (Dp,).

> S:=LocalLeftInverse (Extl1[3], [delta], Alg);

1
SZZ[— 000:|
Sw’ka

By construction, we have S Ext1[3] = 1.

> Mult(s, Extl[3], Alg);
[1]

Hence, we obtain that z = S (x1 : x> : x3: u)T = —(Sh_l x1/(@? k a) is a basis of
the (Dj)-module (Dy), ® p, M because we have (x; : x2 : x3: u)T = Ext1[3]z
and z = =8, ' x1/(@* ka) € (D) ®p, M.
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Let us finally point out that we can also substitute z = —§, ' x1/(@? k a) into
the parametrization (x; : x : x3 : u)? = Ext1[3]z of system (4) in order to
express the system variables in terms of x;.

> T:=Mult(Extl[3], S, Alg);

r 1 0 0 07
Dt
+a 000
kad
= Dt (D
T = t (Dt + a) 00 0
kad
Dto*+aw?*+ D +2Dt*cw+aDt* +2a Dt w 00 0
L o?*kad .

We obtain (x; : x» : x3 : u)T = T, x;, where T; denotes the first column of T,
and thus, x; is also a basis of the module (D), ® p, M over (D), and thus, a flat
output of system (4) over (Dy,),. To finish, let us notice that, by imposing x; to be
a desired trajectory x14(t), we obtain the corresponding open-loop input (motion
planning problem) [8,20]:

H=— dar 20l o) (4 t+h
ua®) =5 \\ar T26eg T ) \g te)) nut+h.

10.4 An electric transmission line

To finish with linear differential time-delay systems, we study the example of an
electric transmission line [37]. We exhibit an explict parametrization of this system.
It seems that no parametrization for such a system was previously known [20].

We first introduce Dy, = Q(ag, ai, az, as, as, as, by)[t, s1[0; o1, 811[81; 02, 821,
the Ore algebra of differential time-delay operators.

> Alg:=DefineOreAlgebra(diff=[Dt,t],
> dual_shift=[delta,s], polynom=[t,s],
> comm=[a[0],a[l],al2],al3],al4],al5],b[0]]):

The electric transmission line is defined by means of the following matrix:

> R:=evalm([[Dt+a[0], -(a[4]*Dt+a[0])*delta, -al0],
> 0, -b[0]*Dt],
> [-delta*(a[5]*Dt+a[l]), Dt+all]l, 0, all], 01,
> [al2], -al2]*al4]*delta, Dt, 0, -al2]1*b[0]11,
> [a[3]*a[5]*delta, -al3], 0, Dt, 01]);
Dt+a0 —(a4Dt+a0)8 —ap 0 —b()Dt
R- =6 (as Dt 4+ ay) Dt + a; 0 a 0
T ay —daj) da ) Dt 0 —day bo
a3a58 —das 0 Dt 0

\

R_adj:=Involution (R, Alg):
st:=time(): Extl:=Exti(R_adj, Alg, 1): time()-st;
Extl([1];

\%

%
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10.351

1 00
010
0 01
000

—OoOo0O

Therefore, by Remark 5 and Theorems 3 and 5, we find that the electric transmission
line is controllable and parametrizable and a parametrization is given by:
> Extl[3];

[—b() Dt4 — th bo aypas —dpay bo th — aydpay bo az —adpd) ay b() Dt]
[~ a1 b0 DI — as by 6 Di* — a5 8 DI by ay as — ay by 8 DE?
—a0a2a5b08Dt2—a0a1a2a5a36b0—aoalagbo(SDt]
[a0a2a1b0a3a582—aoazbthz—a1a0a2b0a3+aoa1a2b082Dt
—dapd) ay b() Dt + apasds 82 b() th]
[aoalaza5a38bo—8Dt2b0a1a3+a58Dt2boa1a3—a0a1a2a38b0]
[— Dt* — aj Dt? — ap ap Dt* — ap Dt? + as Dt* §2 as + ap as Dt? as dy 82
+ a; Dt? ay 82 “+ ag ar as Dt? ag 82 + ag Dt? 82 as —ajy as agay—agay a; Dt
—a0a1a3Dt+aoa1Dt282+a0a1a2a5a3a482+aoa1a2Dta482
“+aga; as 52 Dtas — ay Dt2a3 —dgay th]
> st:=time(): Ext2:=Exti(R_adj, Alg, 2): time()-st;
> Ext2[1];
6.990

[—8a12a5a32 +2apayarasazd — DtSara, ap + 8 Dt a;? as
+8asarag Dta; —8ai>asas Dt + 83 a1? ayap — 2 as? ay apay az 8°
+asta?ag? 8 +a1lastaz? 8 —asa? agts — a1’ S ay ao]

[Dt82a1 — D? 4 ajazas8* — Dta, — a) as —a582a2a0]

[8a2a0 +5th]

[al Dt + Dt2a12 + agay as D¢? —as Dt2a1 as + 8% a,? az ag

— 26152 axapa) as 52 + 052 a22 aoz 52 + alz 052 a32 52 + Dt 6112 as
+asarag Dta; — a12a5 az Dt + ay asaz ay ag — a12a5 032]

Since we have ext?, (N, Dj) # 0, where N = D;**/(D;>® R”), the transmission
line is not a flat system. Thus, we have i (M) = 1, and we can find a polynomial
7 that contains only Dt or § such that (Dy), ®p, M is a free (Dj,),-module. The
third argument for 7 -POLYNOMIAL selects the variable for the -polynomial:



368 F. Chyzak et al.

> pi:=PiPolynomial (R, Alg, [delta]): factor(pi);

284 — 242 as a22 (1()2 + (122 (102 — 2(152 ap apa) as 54

[8(as® ax? ag
+482a1 as as ap aop +a12a2ao — 252(112612610 —2aiazaga; + 34012(12610
+ Cl12 a52 a32 84— 282 6112 as Cl32 + a12 a32)]
We conclude that the system is w-free, where 7 is the previous polynomial in &,
and thus, the (Dy),-module (D), ®p, M is free. Let us compute a basis of the
(Dy)x-module (Dy)x ®p, M.
> S:=LocalleftInverse (Extl[3], pi, Alg):
> T:=map(collect, S, delta);

T :=
8 (8% agas* + (—as ag — apas® + a; — ay as) 8* — ay + ay as + as ap)
[_ %2(10 bo (—1 +(15) ’
(asao — ay as as + ay as) 8* + (—as ap + ay as ay — ar as — ag) §* + ag
%2 ag by (—1 + as) ’
8 ((—ay as as + as az ap) 8* — ap ar + ay az)
- %2006121)0
(apas’ar —as’ayaz +a;?) 8* + Qayasaz —2asa ay — 2a;>) 82
92 ay a3 by (—1 + as)
a’ +aga, — ay az 8a; (82 =1)
%2aiasby (—1 +as)  %2a }
%1 :=a’axa
%2 := (ay*> ar? as> + %1 — 2as*> ay a3 ar ag + as” a;> az*) 8°
+(—2asa?a® +4apayarasas —2a,%axag — 2 ay* as ax?) 83
+ (%l —2ayazaz ap + ax? ap® + a2 az?) &

s

We check that T € (Dy,)} is a left-inverse of Ext1[3],i.e., T Ext1[3] = 1.
> Mult (T, Extl[3], Alg);

[1]

Hence,z = T (x; : ... : x4 : u)7 is a basis of the (Dy,),-module (D), ®p, M
which satisfies (x; :...: x4 : u)T = Ext1[3]z.

10.5 Einstein equations

Let us show that the results exposed in this paper can also be interesting for the
study of underdetermined systems of PDEs coming from mathematical physics.
We shall study the parametrizability of the Einstein equations using the linearized
Ricci equations in the vacuum [24] (see also [40]).

Let us introduce the Weyl algebra D = A4(Q) (x;, x2, and x3 stand for the
three space components and x4 = ct for the time component ¢ up to the speed of
light factor c).
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> Alg:=DefineOreAlgebra(diff=[D1,x1], diff=[D2,x2],
> diff=[D3,x3], diff=[D4,x4], polynom=[xl,x2,x3,x4]):

The linearized Ricci equations in the vacuum are defined by the following 10 x 10
matrix of partial differential operators.

> R:=evalm(
> [[D2"2+D3"2-D4"2,D1"2,D1"2,-D1"2,-2*D1*D2,0,0,-2*D1*D3,0,2*D1*D4],
> [D272,D1"2+D3"2-D4"2,D2"2,-D2"2,-2*D1*D2,-2*D2*D3,0,0,2*D2*D4,0],
> [D372,D372,D1"2+D2"2-D4"2,-D372,0,-2*D2*D3,2*D3*D4,-2*D1*D3,0,0],
> [D4"2,D472,D472,D1"2+D2"2+D372,0,0,-2*D3*D4,0,-2*D2*D4,-2*D1*D4],
> [0,0,D1*D2,-D1*D2,D3"2-D4"2,-D1*D3,0,-D2*D3,D1*D4,D2*D4],
> [D2*D3,0,0,-D2*D3,-D1*D3,D1"2-D4"2,D2*D4,-D1*D2,D3*D4,0],
> [D3*D4,D3*D4,0,0,0,-D2*D4,D172+D2"°2,-D1*D4,-D2*D3,-D1*D3],
> [0,D1*D3,0,-D1*D3,-D2*D3,-D1*D2,D1*D4,D2"2-D4"2,0,D3*D4],
> [D2*D4,0,D2*D4,0,-D1*D4,-D3*D4,-D2*D3,0,D1"2+4D3"2,-D1*D2],
> [0,D1*D4,D1*D4,0,-D2*D4,0,-D1*D3,-D3*D4,-D1*D2,D2"2+D3"°2]1]) ;
D2% +D3? —D4%, D1?, D1?, —D1?, —2D1D2, 0, 0, —2D1D3, 0, 2D1 D4
D2%, D1?> + D32 — D4?, D22, —D2?, —2D1D2, —2D2D3, 0, 0, 2D2D4, 0
D3?, D3%, D12+ D2> — D4%?, —D3?, 0, —2D2D3, 2D3D4, —2DI1D3, 0, 0
D4%, D4*, D4?>, D12 +D2%> +D3%, 0, 0, —2D3D4, 0, —2D2D4, —2D1 D4
R o= 0,0,DID2, -DI1D2, D32 — D42, —D1D3, 0, —D2D3, D1 D4, D2D4

D2D3, 0, 0, —D2D3, —D1D3, D1> —D4?, D2D4, —D1D2, D3D4, 0
D3D4, D3D4, 0, 0, 0, —D2D4, D12+ D2?, —D1D4, —D2D3, —D1D3
0, D1D3, 0, —D1D3, —D2D3, —D1D2, D1 D4, D2> — D42, 0, D3 D4
D2D4, 0, D2D4, 0, —D1D4, —D3D4, —D2D3, 0, D1? + D3?, —D1D2

L 0,D1D4,DID4,0, -D2D4, 0, —D1D3, —D3D4, —D1D2, D22 + D3? |

> R_adj:=Involution (R, Alg):

Let us study whether or not the linearized Ricci equations are parametrizable. Let
us notice that this problem is related to a question posed by J. Wheeler on the
existence of potentials for the Einstein equations [24].

> st:=time(): Extl:=Exti(R_adj, Alg, 1): time()-st;
> Extl[1l];

86.810
r%1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,07
0,%1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,%1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,%1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,0,%1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,%1,0,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,%1,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,%1,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,%1,0,0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,%1,0,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0,%1,0,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0,0,%1,0,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0,0,0,%1,0,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0,0,0,0,%1,0,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0,0,0,0,0,%1,0,0,0,0,0
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,%1,0,0,0,0
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,%1,0,0,0
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,%1,0,0
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, %1,0
010,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, %1 |

%1 := D3? + D2? — D4*> + D1?
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Therefore, we see that the linearized Ricci equations are not parametrizable because
the system, defined by R € D'°*1°, admits a family of 20 torsion elements which
generate the torsion submodule of the D-module M = D'™!9/(D'>10 R). Let us
notice that every torsion element of the system satisfies the Dalembertian equation,

52

namely (A — c2—> y = 0 (travelling wave in space-time).

or?
The list of 20 torsion elements of the system is given by the following matrix.

>

Extl([2];

- D2D4,0,0,0, —-D1D4, 0,0, 0, DI>, —DID2
D3D4,0,0,0,0,0, DI>, —-D1D4, 0, —D1D3
D2D3, 0,0, 0, —DI1D3, DI?, 0, —-DID2, 0, 0
D42, 0,0, DI1%,0,0,0,0,0, —2D1D4
D3%,0, D1%?,0,0,0,0, —2D1D3, 0, 0
D2%, D1%,0,0, —2D1D2, 0,0, 0,0, 0
0,D3D4,0,0,0, —D2D4, D2*, 0, —D2D3, 0
0, D4%>,0, D2>,0,0,0,0, —2D2D4, 0
0, D3?, D2*,0,0, —2D2D3, 0,0, 0, 0
—-D1D4,0,0,D2D4, 0,0, 0, DID2, —D2?
-D1D3, 0,0, D2D3, DID2, 0, —=D2%, 0, 0
0,0, D4*, D3?,0,0, —2D3D4, 0, 0, 0
0,0, —=D2D4, 0, 0, D3D4, D2D3, 0, —D3?, 0
0,0, -D1D4, 0,0, 0, DID3, D3D4, 0, —D3?
0,0,DID2,0, D3>, —-D1D3, 0, —D2D3, 0, 0
0,0,0,D2D3, 0, D4>, —D2D4, 0, —D3D4, 0
0,0,0,DID3,0,0, —DI1D4, D4>, 0, —D3D4
0,0,0,DID2, D4%>,0,0, 0, —DID4, —D2D4
0,0,0,0,D3D4, —DID4, DID2, 0, 0, —D2D3
| 0,0,0,0,0, -DID4, 0, D2D4, D1 D3, —D2D3 |

07
07

In fact, we can prove that (M) can be generated by 10 torsion elements. See [32]
for more details.
A parametrization of M/t(M) = D'*10/(D'?0 Ext1[2]) is defined by:

> Extl[3];
r—2D1 O 0 0 7
0O -2D2 O 0
0 0 -2D3 0
0 0 0 -2D4
-D2 -DI1 0 0
0 —-D3 -—-D2 0
0 0 —D4 —-D3
—D3 0 —D1 0
0 —D4 0 —-D2
| —D4 0 0 —D1 |

Therefore, the underdetermined linear system of PDEs Exz1[2] y = 0, which is
associated with the D-module M/t (M) = D'*1°/(D'*?° Ext1[2]),is parametrized
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by Ext1[3],1.e., we have y = Ext1[3]z, where z = (21 : 22 : 23 : z4)T are four
potentials. Let us check whether or not M/t (M) is a reflexive left D-module.

> st:=time(): Ext2:=Exti(R_adj, Alg, 2): time()-st;
> Ext2[1];
5.529
- DI 0 0 0 1
D42 0 0 0
D3D4 0 0 0
D2D4 0 0 0
D32 0 0 0
D2D3 0 0 0
D22 0 0 0
0 D2 0 0
0 D4 0 0
0 D3D4 0 0
0 DID4 0 0
0 D3> 0 0
0 DID3 0 0
0 DI 0 0
0 0 D3 0
0 0 D4 0
0 0 D2D4 0
0 0 DID4 0
0 0 D22 0
0 0 DID2 0
0 0 DI*> 0
0 0 0 D4
0 0 0 D3?
0 0 0 D2D3
0 0 0 DID3
0 0 0 D2?
0 0 0 DID2
) 0 0 DI |

Therefore, we obtain that M /t (M) is atorsion-free but not a reflexive left D-module.
Now, let us compute a free resolution of the linearized Ricci equations.

> st:=time(): Resolution(R, Alg, 4); time()-st;

table([1 = R,

-D4-D4-D4-D4 0 O 2D3 0 2D2 2DI1
—D3-D3 D3 D3 0 2D2-2D42D1 O 0

2=| _p2 D2 -D2 D2 2DI2D3 0 0 -2D4 0 |
DI -D1-D1 DI 2D2 0 0 2D3 0 -2D4

3 =INJ(4),

4 = ZERO

D
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7.540

Hence, we obtain that rankp, M = 10 — 10 + 4 = 4. Then, using the fact that
rankp M = rankp(M/t(M)), we obtain that Ext1[3] is a minimal parametriza-
tion of M/t (M). N

We now compute a free resolution of the left D-module N = D'*10/(D!>10 R ;).

> st:=time(): Resolution(R_adj, Alg, 4); time()-st;

2D1 0 0 O D20 0 D3 0 D4
0 2D2 0 O DID3 0 0 D4 0
0 O 2D3 0 0D2D4D1 O 0O |~
0 O 0 2D4 0 0 D3 0 D2DI1

table([1 = R_adj, 2 =

3 = INJ(4),
4 = ZERO
)]

3.360

From the previous free resolution of the D-module N = D'*10/(D'*10 R4, we
deduce thatext?, (N, D) = D4 /(D% Ext1[3]) and ext’, (N, D) = Ofori > 3.

10.6 Lie-Poisson structures

Finally, we apply OREMODULES to another underdetermined linear system of PDEs
with variable coefficients that appears in mathematical physics. Let us give an
example coming from the study of Lie-Poisson structures [3,38].

> Alg:=DefineOreAlgebra(diff=[D1l,x1], diff=[D2,x2],
> diff=[D3,x3], polynom=[xl,x2,x3]):

The following example appears in the study of the E, algebra [3]. The authors
of [3] investigated the possibility to parametrize all the solutions of the system of
PDEs defined by the following matrix.

> R:=evalm([[x1*D3, x2*D3, 0],
> [-x1*D2+x2*D1, -1, x2*D3],
> [-1, -x2*D1+x1*D2, x1*D311]);

z1 D3 2 D3 0
R:=| —21D2+ 22Dl —1 2 D3
—1 —22D1 +21D2 21D3

Let D = A3(Q) be the Weyl algebra (see Example 1) and M = D3 /(D'** R)
be the left D-module associated with R. The previous problem can be solved by

computing extl (N, D), where N = D3 /(D3 6(R)) is a left D-module and 6
is the involution defined in 2 of Example 10.
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> Extl:=Exti(Involution(R, Alg), Alg, 1);

D3 0 0
—z2D1 4+ 21 D2 0 0
. 0 22 D3 0
Eatl := 0 21 D3 0|
0 —z2Dl1+21D2 0
0 0 1
zl 2 0 —z2 D3
D1 D2 D3 , x1 D3
—1 —22D1+21D2 21D3 —x1 D2 + 22 D1

We find that the system R (F : G : H)T = 0 is not parametrizable because there
exist two torsion elements in the left D-module M

q)lleF—l-XQG,
D=0 F+0G+0:H,

which satisfy the following equations:

X2 83 (Dz = 0,
X1 83 q)z = 0,

{ 0 @ =0,
(—xp 01 + x1 0p) D, = 0.

(=x2 01 +x;0) ; =0,

However, the system of PDEs Ext1[2] y = Oisparametrizedby y = Ext1[3] z.
Up to the mistake underlined in [38] concerning the existence of the torsion ele-
ments, we recover the parametrization exhibited in [3].

The previous computation shows that M is not a torsion left D-module even if R
is a square matrix. Hence, R does not have full row rank. This result can be checked
by computing a free resolution of the left D-module M = D'*3/(D"3 R).

> Free:=FreeResolution (R, Alg);

z1 D3 x2 D3 0
Free :=table([1 = | —z1 D2+ 22Dl -1 z2D3 |,
—1 —22D1 + 21 D2 21 D3
2:[ —z2Dl + 21 D2 21 D3 —22D3 ],
3=1INJ(1)
D

In particular, the left D-module L = D'*3/(D Free[2]) is torsion-free as we have
L= D3 R c D3 and D" is a torsion-free left D-module.

> ext:=Exti(Involution (Free[2], Alg), Alg, 1);
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ext:=[1],[ —22D1+21D2 z1D3 —z2D3 |,

D3 x1 D3 0
—D2 —z1D2422D1 z2 |]
-D1 -1 xl

Therefore, the matrices R € D3** and ext[3] are two parametrizations of the left
D-module L = D'*3/(D Free[2]). Let us compute rank p L.

> OreRank (Free[2], Alg);
2
Hence, we conclude that y = Rz and y = ext[3]z are not minimal parametri-
zations of Free[2] (F : G : H)T = 0 because they depend on three arbitrary

functions of x|, x,, x3. Let us compute minimal parametrizations of the system
Free[2](F: G: H)T =0.

> P:=MinimalParametrizations (Free[2], Alg);

D3 x1 D3 D3 0 x1 D3 0
P:= -D2 —z1D2+22D1 |, | —=D2 z2|,| —z1 D24+ z2D1 z2
—Dl1 -1 —-D1 zI -1 zl

Then, we can check that y = P[1]z,y = P[2]zand y = P[3] z are three minimal
parametrizations of the system Free[2] (F : G : H)T =0,wherez = (z; : z2)7,
and z; and z, are two arbitrary functions of x;, x; and x3.

> seq(SyzygyModule (P[i], Alg), 1i=1..3);

%1, %1, %1
%1 :=[ —22D1+2z1D2 z1D3 —z2D3 |

To finish, we consider B3(Q) = Q(xy, x2, x3)[01; o1, 811[02; 02, 621[93; 03, 831,
where o; and §; are defined as in the last part of Example 1 and we define the left
B3(Q)-module M’ = B31 3(Q) / (B31 *3(Q) R) associated with R. Since the domain
of coefficients of B3(Q) is the quotient field of Q[x1, x,, x3], we are going to use the
Weyl algebra D = A3(Q) (see Example 1) and allow our algorithms to divide by
non-zero polynomials in x1, x», x3. This is taken into account by EXTIRAT below.

> st:=time(): ExtiRat(Involution(R, Alg), Alg, 1);
> time()-st;

_ D3 0

—x1 D2+ 22 DI 0
0 D3 ’
| 0 —21 D2+ 22Dl
[ z1 z2 0 i| foDI;?a
— 2 - - 2 ’ -
| 0 —z1’D2+4 212Dl —22 —z1>D3 —22 D1 + 21 D2

0.670
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We find that the system R (F : G : H)T = 0 is not parametrizable because there
exist two torsion elements

D =x1F+x0G,
Oy = (—x}h +x1x28 —x2) G —x3 03 H,

which both satisfy the system:

03 P; =0, .
i=1,2.

(—x1 02 +x20;) ®; =0,

We recover the torsion element ®; exhibited in [38] as well as the parametrization
of the torsion-free left B3(Q)-module M’/t(M’) given in [3].
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