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Sur le probleme d’extention de Baer pour
les systemes linéaires multidimensionnels

Résumé : A l'aide de ’analyse algébrique, le but de ce papier est de résoudre de maniere constructive
le probléme suivant: étant donnés deux systeémes linéaires multidimensionnels S7 et S, paramétrer les
systémes linéaires multidimensionnels S qui contiennent S; comme sous-systéme et tels que S/.S; soient
isomorphes a Sy. Pour étudier ce probleme, nous utilisons l'interprétation de Baer du foncteur exten-
sion et nous donnons une caractérisation et une paramétrisation explicite des classes d’équivalence des
systemes linéaires multidimensionnels S satisfaisant & ce probleme. Nous utilisons alors ces résultats
pour paramétrer les classes d’équivalence des systeémes linéaires multidimensionnels S qui admettent
un sous-systéme paramétrisable donné S; et sont tels que S/S; soient isomorphes & un systéme au-
tonome donné S5. Nous illustrons les résultats importants par des exemples explicites de systéemes
d’équations différentielles a retard.

Mots-clés : Systemes linéaires multidimensionnels, interprétation de Baer du foncteur extension,
algebre constructive, théorie des modules, algebre homologique, approche comportementale, systemes
différentiels a retard, paramétrisations, éléments autonomes, controlabilité.
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1 Introduction

A well-known result due to R. E. Kalman states that every time-invariant 1-D linear system defined by
a state-space representation decomposes into the direct sum of its controllable (i.e., parametrizable)
and autonomous subsystems ([13]). See [2I] for a behavioural generalization of this result to time-
invariant polynomial linear systems. Within a module-theoretic approach, R. E. Kalman’s result has
been extended in [I1] to the case of linear systems of ordinary differential equations with varying
coefficients belonging to a differential field (e.g., Q(¢)). The same result also holds, for instance, when
the coefficients of the system belong to the polynomial ring k[t] (k is a field of characteristic 0), the
ring C[[t] of formal power series or the ring C{t} of locally convergent power series. However, it
is well-known that this result does not generally admit a generalization for multidimensional linear
systems and, in particular, for differential time-delay systems.

In the recent works [25] 26], we have constructively characterized when a multidimensional lin-
ear system decomposed into a direct sum of its parametrizable subsystem and the system formed
by its autonomous elements. The corresponding algorithms have been implemented in the library
OREMODULES ([Bl [6]) and illustrated on many explicit examples. Finally, we have applied this result
to the so-called Monge problem which questions the existence of parametrizations of the solutions of
multidimensional linear systems, to optimal control and variational problems ([25] 26]).

Discussing about [25] in a private communication with the first author, S. Shankar (Chennai
Mathematical Institute) proposed the challenging problem of classifying all the multidimensional linear
systems S whose parametrizable subsystems are exactly isomorphic to a given parametrizable system
S, and such that S/S, are isomorphic to a given autonomous system S, i.e., S/S, = S,. In particular,
Sq and S, can be chosen as the parametrizable subsystem and the system formed by the autonomous
elements of a given multidimensional linear system Y. Solving this last problem would allow us
to parametrize all multidimensional linear systems which have the same parametrizable subsystem
and autonomous system as Y. Moreover, S. Shankar pointed out that this parametrization could be
obtained if we could compute the abelian group ext}, (P, N), where P and N are two finitely presented
left D-modules defining respectively the systems S, and S, and interpret the elements of this abelian
group in terms of multidimensional linear systems using Baer’s classical interpretation ([IL 15, 27]).

The purpose of the paper is to constructively answer the problem proposed by S. Shankar. We
focus here on the algorithmic issues of this problem and we refer to [3, 29] and future publications for
further development and applications of this problem to multidimensional systems theory.

In this paper, we study the computation of the abelian group exth(M,N), where M and N
are two finitely presented left D-modules. If D is a commutative polynomial ring, we then give an
explicit algorithm which computes the D-module exth (M, N). This algorithm is implemented in the
library homalg ([2]). If D is a non-commutative polynomial ring over which Grébner bases can be
constructed, then we show how to compute elements of this abelian group and the corresponding
algorithm is implemented in the OREMODULES package MORPHISMS ([7]).

We recall Baer’s interpretation of the elements of the abelian group exth(M,N) in terms of
equivalence classes of extensions of N by M, namely, in terms of equivalence classes of exact sequences
of the form:

0—N-%Eg Lm0

From the previous exact sequence, it is clear that the left D-module N = «(N) is contained in
E and E/a(N) = M. Using the duality existing between the system-theroretic and behavioural-
theoretic approaches (see [18] 20, 24} [30] and the references therein), whenever the signal space F in
which we seek the system solutions is an injective left D-module ([I4] 27]), we then obtain that the
multidimensional linear system S defined by E admits as a subsystem the system S; defined by the
left D-module M and satisfies that 5/S; is isomorphic to the system Sy defined by the left D-module
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4 Alban Quadrat € Daniel Robertz

N. Contrary to the homological algebra literature, we make constructive Baer’s interpretation giving,
for instance, an explicit formula for the family of left D-modules defining the equivalence classes of
extensions of N by M in terms of matrices characterizing the elements of the abelian group exth (M, N)
and the matrices defining the finitely presented left D-modules M and N.

We illustrate the previous results in the particular situation where N = ¢(P) is the torsion left D-
submodule of a given finitely presented left D-module P and M = P/t(P). Up to a certain equivalence
relation that we shall define in Section [2] this result allows us to classify all the possible presentations
of the left D-modules E satisfying that t(E) = t(P) and E/t(E) = P/t(P). If we denote by ¥ the
system corresponding to the finitely presented left D-module P, then the previous result shows that,
up to this equivalence relation, we have a parametrization of all the multidimensional linear systems
which have the same parametrizable subsystem and autonomous system as 3.

Finally, we illustrate the main results on explicit differential time-delay systems considered in the
classical literature and particularly in [I0, 17, 19]. The different results have been implemented in the
library homalg ([2]) and in the package MORPHISMS of the library OREMODULES ([8], [7]).

2 A module-theoretic approach to linear systems theory

Let D be a non-commutative ring, R € D?*P a ¢ X p matrix with entries in D and F a left D-module,
namely, an abelian group F satisfying:

Vai,a €D,V fi,foeF:a1fitaxfoelF.
Then, a linear system or behaviour is the abelian group defined by:
kerz(R.) = {n=(m ...n,)" € F*| R =0}.
In what follows, we shall denote by D'*P the left D-module of row vectors of length p with entries
in D. Let us consider the following D-morphism, namely, the D-linear map defined by:

Dlxa R D1xp

A=A ... ) — AR

The image imp(.R) = D'*? R of the D-morphism .R is formed by the left D-linear combinations
of the rows of R. The cokernel of the D-morphism .R is then defined by:

cokerp (.R) = D**? /(D'*1 R).

Let us denote by M = D'¥? /(D' R) and {e;}1<i<, (resp., {fj}1<j<q) the canonical basis of
the left D-module D'*P (resp., D'*%), namely, e; is the row vector formed by 1 at the i*" position
and 0 elsewhere. Let us denote by 7 : D' — M the canonical D-morphism sending any element
A € DYXP onto its residue class 7(A\) € M and, for i = 1,...,p, y; = 7(e;). Then, we have:

P
Vi=1,...,q, fjR=(Rj,....,Rjp) =) Rjie; € (DR).
=1

Therefore, we get:

p

ijl,...,q, W(ij):ZRjiﬂ'(ei):ZRjiinO. (1)
1=1

i=1
Hence, the left D-module M = D*?/(D'¥4 R), finitely presented by R, is defined by the generators
{yi}1<i<p which satisfy the relations (1) and their left D-linear combinations.

The left D-module M = D*P/(D'*4 R) plays a central role as it was first shown by B. Malgrange.
Let us state an important result ([I6]).

INRIA
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Theorem 1. Let R € DY*P be a matriz with entries in D, M = DY*?/(D'*9 R) the left D-module
finitely presented by R and F a left D-module. Then, the morphism v of abelian groups

¢ :kerg(R.) — homp(M,F),
n=0m...m)" — vmn)

where ¥(n) is defined by
Vi= 1;"'ap7 1/)(77)(”(61)) = i,

is an isomorphism.

Theorem [1] states that we have the following isomorphism of abelian groups

kerz(R.) = homp (M, F),

a fact showing that a linear system kerz(R.) only depends on the two left D-modules:

1. The finitely presented left D-module M = D'*P/(D1*4 R).

2. The functional space or the signal space F.

If D is a commutative ring, then we note that homp (M, F) and kerz(R.) are D-modules.
Example 1. Let us consider the model of the move of a fluid in a one-dimensional tank ([10])

{ yi(t —2h) + ya(t) — 243(t — h) = 0,

y1(t) + ya(t — 2h) — 293(t — h) =0, (2)

where h is a strictly positive real number.

Let D = Q|[0, d] be the commutative polynomial ring of differential time-delay operators, namely,

of(t)=f), df(t)=f(t—h),
and consider the system matrix of (2), namely,

2 1 —2086
R: D2><3 3
( 1 &2 —205 ) <P ®)

and the finitely presented D-module defined by M = D1*3/(D'*2 R).

If we consider the D-module F = C*°(R) of smooth real-valued functions, Theorem [I| then shows
that the differential time-delay linear system corresponds to:

kerr(R.) ={y = (y1 y2 y3)" € F* | Ry = 0} = homp (M, F).

Example 2. Let us denote by 9; = 9/0x; the partial derivative with respect to the independent
variable z; and let us consider the commutative polynomial ring D = Q[dy, 02, 05] of differential
operators with rational constant coefficients, the matrix R = (9; 02 93) € D3 and the finitely
presented D-module M = D*3/(D R).

If F = C*(R) is the D-module of smooth real-valued functions on R, then we obtain that
kerz(R.) = {y = (y1y243)" € F* | Ry = 0191 + D2 y2 + D393 = 0}

is the linear system defining the divergence operator in R?. By Theorem we obtain that the
D-module kerz(R.) is isomorphic to the D-module homp (M, F).
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We introduce a few concepts of homological algebra. See [15] 27] for more details.
Definition 1. 1. A complex is a sequence of left D-modules P; and D-morphisms
di : P, — P;,_1, i€Z,
satisfying d;_1 od; =0, i.e., imd; C kerd;_1, for all i € Z. We denote the complex by:

dit1 i di—1 di—2
P:...— i+1_1>Pi—)Pi71—’---

2. The defects of exactness of the complex P are defined by:

ViGZ, HZ(P):kerdl,l/lmdl

3. The complex P is said to be ezact at P; if H;(P) =0, i.e., if kerd,_; = imd;. By extension, P
is said to be ezxact if H;(P) =0 for all i € Z.

Example 3. The complex of left D-modules
0— M -2 M — 0
is exact iff f is injective, namely, ker f = 0, g is surjective, namely, im g = M", and ker g = im f.
A finite free resolution of a left D-module M is an exact sequence of the form
(M, prxpe Mz, plxpy M0, plxpe T, (4)
where R; € DPi*Pi-1 § > 1, and the D-morphism .R; is defined by
Ve DY P (R)(N\) = AR; € DY*Pi-1,

and 7 denotes the canonical projection onto the left D-module M = D*Po /(D1*P1 Ry).

Over the commutative polynomial ring D = k[z1,...,z,], where k is a computable field (e.g.,
k = Q, F,), every D-module admits a finite free resolution which can be explicitly computed by
means of Grobner or Janet bases. Extensions of this result exist for some classes of non-commutative
polynomial rings such as the ring of differential operators with polynomial or rational coefficients, the
so-called Weyl algebras, or some classes of Ore algebras. For more details, we refer the reader to [5l [0]
and the references therein.

Let F be a left D-module. A classical result of homological algebra proves that the defect of
exactness at position i > 1 of the following complex

oL e B oppn B oppo (5)
— where R;.: FPi-t — FPi ig defined by (R;.)({) = R; { € FPi, for all ¢ € FPi-* — namely,
exthy (M, F) = kerg(Riy1.)/(R; FPi=t), i > 1,

only depends on M and F and not on the choice of the finite free resolution (and, more generally,
on a projective resolutions of M), i.e., on the choice of the matrices R;, i > 1. See [I5] 27] for more
details. Moreover, we can prove that we have:

ext), (M, F) = kerr(R;.) = homp (M, F).

INRIA
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Example 4. Let us consider the commutative polynomial ring D = Q [, §] of differential time-delay
operators, the matrix Ry = (1 — 0 3)T and the D-module finitely presented by the matrix R;:

M =D/(D"*?R))=D/(D(1-0)+ D).

Using the fact that the greatest common divisor of 1 —§ and 9 is 1 and denoting by Ry = (0§ — 1),
we can easily check that we have the finite free resolution of M:

0— DL px2 i p ™ oar Lo

Let us consider the D-module F = C*(R). Then, we have exth(M,F) = kerg(Rs.)/(R1 F). The
D-module extb(M , F) is non-trivial because, if we denote by ¢; and ¢y two different real constants,
then ¢ = (c; c2)T € F? satisfies:

Ry(=0c +<(5—1)02 =0.
However, ¢ does not belong to the D-module R; F as from the second equation of the following system
§(t) —&(t—1) =,

f(t) = C2,

we obtain £(t) = cat 4 ¢35, where ¢3 € R is a constant, and substituting this result into the first
equation of @, we then get £(t) —&(t —1) — ¢1 = ¢ — ¢; = 0, which contradicts the fact that ¢; # co.
Therefore, we obtain that ext}, (M, F) # 0.

(6)

We say that the complex (5 is obtained by applying the contravariant left exact functorhomp( -, F)
to the truncated finite free resolution of M, namely, the complex defined by:

M. B pixee B2 plxpn (B pispe )

See [27] for more details.

Example 5. Let us consider again Example [2] namely, the ring D = Q[d;, 2, 03] of differential
operators with rational constant coefficients, the matrix R = (01 02 03) defining the divergence
operator in R? and the D-module M = D'*3/(D R).

Applying the contravariant left exact functor homp( -, D) to the truncated free resolution of M

0— D D3,

we obtain the complex 0 «— D <% D3 «— 0. Hence, we get extl(M,D) = D/(RD?). We

note that 1 € D but 1 ¢ (RD3) = 91D + 92 D + 03 D. Therefore, the residue class 1 of 1 in
extL(M, D) = D/(D d, + D 82 + D 83) is non-zero, a fact showing that extl, (M, D) # 0.

To finish, let us introduce the concepts of injective and cogenerator left D-modules ([14], 27]).

Definition 2. 1. A left D-module F is said to be injective if, for every left D-module M and for
all i > 1, we have ext’s (M, F) = 0.

2. A left D-module F is said to be cogenerator if homp (M, F) = 0 implies that M = 0.

If F is a cogenerator left D-module and M = D'*P/(D1*4 R) is a non-zero finitely presented left
D-module, then we have homp (M, F) # 0, which, by Theorem [1} shows that kerz(R.) # 0, i.e., the
linear system kerz(R.) admits a non-trivial solution in F.

RR n° 6307
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Example 6. Let D = R[04, ...,0,] be the commutative polynomial ring of differential operators
in 9; = 0/0x; with real constant coefficients. If  is a convex open subset of R™, then it was
shown by B. Malgrange that the D-module C*°(2) (resp. D’(f2), §'(Q2)) of smooth functions (resp.,
distributions, temperate distributions) is an injective cogenerator ([I8] 20 [30]).

Example [4] shows that the D = Q[09, §]-module F = C*°(R) is not injective. Moreover, if we
consider the non-trivial D-module M = D /(D §), then the D-module homp (M, F) is isomorphic to

kerg(0.)={ne F|VteR, n(t—1)=0} =0,
which shows that F is not a cogenerator D-module. However, we have the important proposition.

Proposition 1. ([27]) For every non-commutative ring D, there exists an injective cogenerator left
D-module F.

To finish this section, we recall the following fundamental result.

Proposition 2. ([27]) Let 0 — M’ LM L M — 0 be a short ezact sequence of left D-
modules and N a left D-module. Then, there are natural connecting morphisms 6° such that we have
the following exact sequence of abelian groups

0 — homp (M”, N) 2= homp(M, N) 25 homp(M’, N) 25 extl (M”, N) — extl (M, N)
s exth (M, N) 5 extd (M7, N) — ...,
where, for all h € homp(M",N), g*(h) = hog, and similarly for f*.

We refer the reader to [I5] [27] for information concerning module theory and homological algebra.

3 Baer extensions

Let us introduce the concept of extension. For more details, see [I5] [27].

Definition 3. 1. Let M and N be two left D-modules. An extension of N by M is an exact
sequence of left D-modules of the form:

0N E Lm0
2. Two extensions of N by M,
E:OHNLELMHO, {’:OHNLE’LM—»(),

are said to be equivalent, denoted by & ~ &', if there exists a D-morphism ¢ : E — E’ such
that we have the commutative exact diagram

0— N L B 2 M —o

I e
o— N L B oM o,

i.e., such that the identities /' = ¢ o f and g = ¢’ o ¢ hold.

3. We denote by [¢] the equivalence class of the extension £ for the equivalence relation defined by
~. The set of all equivalence classes of extensions of N by M is denoted by ep (M, N).

INRIA
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4. A short exact sequence 0 — M’ ToM S M 0s said to split if we have M = M'@ M",
where @ denotes the direct sum.

Using the snake lemma ([21]), we can check that ¢ defined in 2 of Definition [3|is an isomorphism.

The condition (4) of Definition [3|is equivalent to the existence of a D-morphism h : M" — M
such that g o h = idy~ or, equivalently, to the existence of a D-morphism k : M — M’ satisfying
ko f =idpy. See [27] for more details.

Example 7. Let us consider the following split exact sequence:

c:0—M Loom L Mo
L S

We can easily check that we have the following commutative exact diagram

0— M L M M 0

I L k) ||

0— M X MaoM' 2 M —0,

with the following notations:
¢:0— M N MaeM BoMT —o.
m' —  (m,0)
(m/7 m//) — m//

We obtain that the extension £ is equivalent to the extension &', i.e., we have [£] = [¢'] in ep(M', M").

Let us introduce the classical concepts of pushout and pullback ([15], 27]).

Definition 4. 1. Let us consider two morphisms of left D-modules f: A — Band g: A — C.
If we denote by E the cokernel of the D-morphism defined by

(f,—9):A — Ba&C(,
a — (f(a),—g(a))

0 : B&C — E the canonical projection onto F, v : B — E and a : C' — E the D-morphisms
defined by v(b) = o((b,0)) and a(c) = o((0, ¢)), then we get the following commutative diagram:

!

A — B
lg L~
c % E.

This commutative diagram is a pushout square and this construction is the pushout of f and g.

2. Let f: B — Aand g : C — A be two morphisms of left D-modules. If we denote by
E={(b,c) e BaC| f(b) = g(c)} and define the following D-morphisms

a:F — (| 6:F — B,

(o) — ¢ (be) — b
then we get the following commutative diagram:
E 5 C
] lg
B L a

This commutative diagram is a pullback square and this construction is the pullback of f and g.

RR n° 6307
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The following lemma is standard in homological algebra (see, e.g., [I5, 27]).

Lemma 1. 1 Let0 — A Lo B Lo A 0 be an exact sequence of left D-modules and
g: A — C a D-morphism. Then, we have the following commutative exact diagram

0— A 7, B f—/> A —0
lg L |

0— ¢ % E L4 o

in which the first square is the pushout of f and g and, with the notations of 1 of Definition [],
B:FE — A’ is defined by:

V (b,c) e B&C, B(a((b,c)) = f'(b).

If € denotes the first horizontal exact sequence of the previous commutative exact diagram, then
we shall denote by g,(§) the second one.

2. Let0 — A" 25 B Lo A 0 be an exact sequence of left D-modules and g : C — A a
D-morphism. Then, we have the following commutative exact diagram

0— A L E & ¢ —0
” s lg
1 f

0— A — B — A —0,

in which the last square is the pullback of f and g and, with the notations of 2 of Definition [,
the D-morphism o : A’ — E is defined by:

Va e A, d(d)=(f'(d),0).

If £ denotes the second horizontal exact sequence of the previous commutative exact diagram,
then we shall denote by g* (&) the first horizontal one.

If we consider two extensions of N by M,
£:0-—-NIE S Mm—o0 ¢:0—NI B Lo, (7)
then we shall denote by & & &’ the following exact sequence

0—NaoN 2L par % vmoM —o,

where, for all (n,n') e N& N, (f® f)((n,n")) = (f(n), f'(n’)) and similarly for g & ¢'.
Let us introduce the following D-morphisms:

V:NN — N, A:M — MoM,
(n1,n2) +—— ny+ng, m —  (m,m).

(®)

Using the notations of Lemma [1} the Baer sum of the two extensions £ and £ is the extension
defined as follows:

E+E =A%V, (D)) = V. (A" (D). 9)

For instance, using Lemma V(€@ ¢') is an exact sequence of the form

0—N—>F—Me&M—0,

INRIA
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and A*(V, (£ @ ¢)) is then an exact sequence of the form:
0— N—G—M—0.

The set ep(M, N) equipped with this sum forms an abelian group: the equivalence class of the
split exact sequence
0—N-—N&é&M-—M-—0

defines the zero element of ep (M, N) and the inverse of [¢] is defined by the equivalence class of the
following equivalent two extensions (see, e.g., [27]):

0o—NLE 2 Mm—0 0—NLESM o

A more tractable characterization of the sum of two extensions of N by M can be found in the
classical book of Cartan and Eilenberg ([4]): let be two extensions of N by M and let us define
the following two D-morphisms:

—f®f:N — E®F (9,—-¢): E®@E — M
n — (=f(n),f'(n)) (e,e') +— gle) —g'(€).
Then, the sum & + ¢’ is defined by the left D-module E” = ker(g, —¢')/im (—f & /).

If we denote by v : ker(g, —¢g’) — E” the canonical projection onto E”, then we have the following
short exact sequence of left D-modules:

0 N f_”> )0l g_”> M — 0.
no— A(f(1),0) = (0, f'(n))
y((e,e) — g(e)=¢'(¢)

4 An important isomorphism

The following result due to R. Baer explains the etymology of the extension functor ([I]).

Theorem 2 ([15, 27]). Let M and F be two left D-modules. Then, the abelian groups exth (M, F)
and ep (M, F) are isomorphic.

The purpose of this section is to prove Theorem [2|in the case of a finitely generated left D-module
M over a left noetherian domain D ([I4], 27]). We do not claim any novelty in this proof apart from
the fact that the classical proofs are turned as constructive as possible, a fact which will play an
important role in Section

Let us consider a finite free resolution of the left D-module M:
Ay prxr Ly pixe B pla T g, (10)

Applying the contravariant left exact functor homp( -, F) to the corresponding truncated free resolu-
tion of M, namely,

Mo e prr By pixa Bopixp (11)
we then get the complex homp(M*®, F):
LB B B, (12)

We obtain:
exth (M, F) = kerg(Ry.) /(R FP).

RR n° 6307
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Hence, ¢ € ext}, (M, F) is represented by ¢ € kerz(Ry.), i.e., ( € F satisfies Ry ¢ = 0.

Let us denote by My = D'X4/(D**" Ry) and k : D'*% — M, the canonical projection onto Ma.
For all u € (D'*" Ry), there exists v € D'X" such that u = v Ry and we then get y R =v Ry R =0
as we have Ry R = 0. Hence, the restriction of the D-morphism .R to the left D-submodule D'*" R,
of D'¥4 is the zero morphism. Therefore, we get the following exact sequence

€:0 — My &8 DY T Np 0, (13)

where, for all 4 € DY*9 dg(k(n)) = uR.

By Theorem (1} we have an isomorphism 9 : kerz(Rs.) — homp (M, F) and if {f;}1<i<q denotes
the standard basis of D'*4, then 1({) : My — F is defined by:

Vi:lv"w‘]a d)(C)(K’(fl)):C’L

Pushing out the D-morphisms dg and ¥(¢)

0—s M, e, pixe T, ),
L)
]:

we then obtain the commutative exact diagram (see 1 of Lemma |1

0— M, % pvv I, M —0
Lw© Ly |
0— F I A | —

where E denotes the cokernel of the D-morphism ¢ : My — D'*P @ F defined by:
Ve D9 p(n(n) = (da(n(n), —6(C) (k(1) = (u R, —pC).
If we denote by o : D*P @ F — E the canonical projection onto E, then «, 8 and v are defined by:

VfeF, a(f) = a((0, 1)),
vV A€ DI*p, v(A) = a((A,0)), (14)
VAeDYP V feF, Bla((A ) =7m(A).

The last horizontal exact sequence of the previous commutative exact diagram is ¥(¢)«(€).

Using the fact that dg is injective, we obtain that ¢ is injective and we get the exact sequence:
0— My - DY>P o F 75 E— 0.
Combining the previous short exact sequence with the following long exact sequence
LA plxr B2y plxa S,

we then obtain the following long exact sequence:

Ay prr ey prxe B9 phag po 2, oo, (15)
[ —  p(R Q)

INRIA
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To sum up, for all ¢ € kerz(Rs.), we obtain that the left D-module E defined by yields the
following extension of F by M

GO (€ 0—F 5L Mo, (16)
where a and 3 are defined by (14).

Let us prove that the previous construction only depends on the residue class ¢ of the element
¢ € kerg(Rg.) in exth (M, F). If ¢’ € kerz(R3.) is another pre-image of ¢ € exth (M, F), then there
exists £ € FP such that ¢/ = ( + R&. Applying the previous construction to ¢/, we get the following
extension

B 0— F B D —o, (17)
where o/, 3 and v/ are similarly defined as in and E' = (DY>*P @ F)/(D*9 (R —(— R¢)).
Now, we can check that we have
I, ¢ o B
v —c-ro (§ g )=® -0

which induces an isomorphism ¢ : B/ — FE defined by:

vaeDn vier o= (0§ 5 ))=as a0,

idg
where ¢’ : D'XP @ F — E’ denotes the canonical projection. For all f € F and A € D'*P_ we have
(o a’)(f) = o(a'((0,f))) =a((0, f)) = alf),
(Bo¢) (0’ (A, £)) = Bla((A, f+A8))) =7m(A) = B'(" (A ),

which proves that @ = ¢ oo’ and 8’ = o ¢ and the extensions and of F by M are then
equivalent, i.e., [1/(¢)«(§)] = [(¢")«(€)], where £ is the exact sequence defined by (I3).

Hence, with the previous notations, we obtain the following result.

Proposition 3. For all { € exth (M, F), the left D-module E defined by satisfies (@, where o
and B are defined by , and defines an equivalence class [¥(C)«(§)] of extensions of F by M, i.e.,
an element of ep (M, F), where & is the exact sequence defined by .

By Proposition (3] we obtain the following well-defined map:
I:exth(M,F) — ep(M,F),
¢ — [0«

It is not totally straightforward to prove that IT is a morphism of abelian groups ([I5 27]). In
Theorem[4 we shall detail the proof of this result for a particular but important class of left D-modules
F in mathematical systems theory. As the lines of the two proofs are quite similar, we let the reader
adapt the proof of Theorem [ to show that II is a morphism of abelian groups.

Remark 1. We note that if we apply the contravariant left exact functor homp(-,F) to the exact
sequence (15), we obtain the exact sequence

(R =9
o T

Fi ~ FP @ endp(F) <2 homp(E, F) — 0,

where endp(F) denotes the non-commutative ring of D-endomorphisms of F, which shows that:

homp(E,F) 2 {(n,w) € FP @ endp(F) | Rn = (w(1),- .- ,w(Cq))T}.
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Taking w = 0, we get homp(M,F) C homp(E, F) by Theorem

This last result can also be proved by applying the contravariant left exact functor homp( -, F) to
the exact sequence to get the exact sequence:

endp (F) <~ homp (E, F) < homp (M, F) « 0.

Example 8. We consider again Example |4, There, we proved that, for ¢; # ¢, the residue class ¢ of
¢ = (c1, c2)T € R? in ext} (M, F) is non-zero. By Proposition a non-trivial extension of F by N is

then defined by:
_ x2 ((1=0 —a
E(DEB}")/(D ( 9 e >)

Using Remark [T} we obtain that:
homp (B, F) = {(§, ) € F @ endp(F) | §(t) - £(t = 1) = w(er), &) =w(ea) |-
Using the fact that ¢; € R and w € endp(F), we get:
0c;=0 = w(d¢)=0 = Jdw(c;) =0 = w(¢) eR.
Hence, by integration, we obtain that the system

{ () — £(t — 1) = w(ca),
f(t) =w 02)7

admits a solution iff we have w(c1) = w(cz), ie., w(c; — ¢z) = 0 (see Example [d]). For instance, if we
take w = 0, then we get that (a,d) € homp(E, F), where a denotes any real constant. Similarly, for
any real constant a, we have (a,1—9) € homp(E, F). However, we note that we cannot take w = idz
as we have shown that @ does not admit any solution in F.

Example 9. We consider again Example There, we proved that the residue class 1 of 1 in
extL, (M, D) is non-zero. Therefore, by Proposition [3] a non-trivial extension is defined by:

(81 03 95 —1)
_

0— D DYt 2 B — 0. (18)

We can easily check that E is a free D-module of rank 3, i.e., E =2 D'*3, In particular, if we denote
by {e;}1<i<4 the standard basis of D'**, then {o(e1),0(e2),0(e3)} forms a basis of E.

Moreover, we have the short exact sequence
et B
0—D—F—M—0,

where the D-morphism « is defined by a(1) = o(eq) = 91 o(e1) + d2 o(e2) + 05 o(e3). We obtain that
the extension of D by M is nothing else than the following finite free resolution of M:

0— D -2 D3 T 0. (19)

This is a particular example of a result due to J.-P. Serre (Proposition 2 of [28]). We refer to [3] for
results in multidimensional systems theory using Serre’s theorem. Moreover, we can check that the
matrix R does not admit a right-inverse over D as 1 does not belong to the ideal of D defined by 0y,
0> and 5. Hence, the previous extension does not split, a fact which is coherent with the fact that 1
is not equal to 0 in exth (M, D) = D/(D 81+ D da+ D 83). Therefore, there exist only two equivalence
classes of extensions of D by M, namely, the split one defined by 0 — D — M & D — D — 0
and the one defined by .

INRIA



On the Baer extension problem for multidimensional linear systems 15

Now, let us prove that any extension of F by M, namely, any exact sequence of the form
€:0—F%E o, (20)

defines an element ( € extl, (M, F) = kerz(Rz.)/(RFP). We point out that a and 3 are not defined
by anymore but are general D-morphisms of left D-modules.

We use the same notations as in Section [2| Let us consider a finite free resolution of M and
the following diagram:

D1><r Ra D1><q i} D1><p L) M —0
| (21)
0 — F 2, E L M —0.
Let us consider the canonical projection 7 : D'*P — M and define 7(e;) = y;, for i = 1,...,p.

Using the fact that 3 is a surjective D-morphism, for ¢ = 1,...,p, there exists a; € E such that
y; = B(a;). If we define the D-morphism v : D'*? — E by v(e;) = a;, i = 1,...,p, we then get that
m=[on.

We now have fovyo (.R) =mwo (.R) =0. Hence, for j =1,...,q, we get v(f; R) € ker§ = ima
and using the fact that o is an injective D-morphism, there exists a unique element (; € F satisfying
v(f; R) = «(;). If we define the D-morphism of left D-modules

Y : D™ —  F

then we get yo (\R) = ao .

We have cvo ¢ o ((R2) = vo (\R) o (.\Rz) = 0 and if we denote by {gr}1<k<, the canonical basis
of D'", then, for k = 1,...,r, we have a(y(gx R2)) = 0. The fact that o is injective implies that
¥(gr R2) = 0, for k = 1,...,r. Expanding gi Ro with respect to the standard basis {f;}1<j<q of
D'*4, we obtain g; Ry = Zg—:l(Rg)k]‘ f;, which implies that

q q
Vk:].,...,T, gkRQ ZRQk] ZRQK‘]
j=1 j=1

i.e., if we denote by ¢ = (C1,...,¢)T € F4, we then get Ry( = 0. Hence, ¢ defines an element
¢ € exth (M, F) = kerr(Rz.)/(RFP) and we have the following commutative exact diagram:

.R2 R
—

pixr Dixa 2, plxp T, M 50
! v L | (22)
0o — F = B L uM —o
Let us prove that ¢ only depends on the extension and not on the choice of the pre-images
a; of y;. For i = 1,...,p, let us consider different pre-images a, € E of y;. Then, for i = 1,...,p,
we have 3(a}) = B(a;), ie., f(a; — a;) = 0, and thus, there exists & € F such that a} — a; = «(&;).
Let us define s : DY*P — F by s(e;) = &, for i = 1,...,p, and v : DY*P — E defined by
' (e;) = a; = v(e;) + (o s)(e;), for i = 1,...,p. Therefore, we get v = v + a o s and, using the fact
that v(f; R) = a(¢;), we get:
Vi=1....¢. Y(f;R) =7(fjR)+(acs)(f;R)
() + (@0 s) (S0, Rises)
(G + 220 Ryi &) -

Il
o o =
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Hence, the D-morphism defined by
' D> — F
fi — G+ Ru&, j=1,....4q,
satisfies ¢y’ =9 4+ so (\R) and 7' o (.R) = a0 4’. Then, we get

=@ (f), W (f))T =+ RE,

which shows ¢’ = ¢ € exth, (M, F) = kerz(Rz.)/(RFP), and thus, the previous construction does not
depend on the choice of the pre-images a; of y;, for i =1,...,p.

Finally, let us consider an extension & : 0 — F = FE LM —0of F by M which belongs
to the same equivalence class as the extension £ defined by . Combining the commutative exact
diagram with the commutative exact diagram

0o— F % B L M —o
I Lo I
B/

0o— F 4 o 2om o

expressing the equivalence between £ and £, we obtain the commutative exact diagram

pixr f2. pixg R, Dlxp I, M —0
! Lw Lgon I
o —  F 2 E oM —0,

which proves that ¢ € ext}, (M, F) only depends on the equivalence class of the extension ¢ of F by
M defined by (20), i.e., [¢] € ep(M,F).

Hence, with the previous notations, we obtain the following result.
Proposition 4. An equivalence class of extensions [£] of F by M defines an element € exth (M, F).
By Proposition 4] we obtain the following well-defined map:
T:ep(M,F) — exth(M,F)
g — ¢
It is not totally obvious to prove that I' is a morphism of abelian groups ([I5] 27]).

Example 10. Let us consider the commutative polynomial ring D = Q [0, ¢] of differential time-delay
operators and the following matrix of functional operators

P _05 -1
R= D?**3 23
(235 —9(146%) 0 )e (23)

which describes the torsion of a flexible rod with a force applied on one end:

yi(t) — g2t — h) —ys(t) =0, (24)
291(t — h) — 92(t) — 92(t —2h) = 0.
See [I7] for more details. Moreover, let us consider the following matrix
—26 1+46% 0
R=| -0 095 1 |eD¥¥ (25)
96 -0 6
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On the Baer extension problem for multidimensional linear systems 17

which corresponds to the parametrizable (controllable) subsystem of . We can easily check that:
D1><2R C D1><3 R/.

Hence, if we denote by M’ = (D3 R')/(D'*2 R) and M" = D'*3/(DY3 R'), we then have the

following exact sequence
(e}

£:O—>M’—>MLM”—>O,
where « is the canonical injection and (3 a projection satisfying the relation 7’ = (3 o w, where
7 : DY% — M and ©’' : D3 — M’ are respectively the canonical projections onto M and M’.
Let us show that the extension & of M’ by M” defines an element ¢ € exth (M", M’). M" admits the
following finite free resolution

0 — D 2, Ry pix3 -, R DlXSLM//_)O’

where Ry = (0 —4 1) € DY*3. Proceeding similarly as in the proof of Proposition |4l we obtain
the following commutative exact diagram
0— D pixs B pixs 7 o4

l L L= |

o — M > M Zomr o,

/
'R},
—

where 1) : D3 — M’ is defined by

Y(f1) = =20y + (14 0%) y2,
P(f2) =0,
Y(fs) =0,

and {f;}1<j<3 denotes the standard basis of D'*3 and {y; = (f;)}1<i<3 is a set of generators of M.
Finally, we obtain

(Yo (RH))(1) = Y(Ry) = dP(f1) — 69 (f2) + ¢(fs) = O (=281 + (1 +6%) y2) = 0,
which shows that the element of M’ defined by

¢ = (D(f1), ¥(f2), o (f3))" = (=20y1 + (1 +6%) 2, 0, 0)"
satisfies RS ¢ = 0, and thus, defines a non-zero element ¢ € exth(M", M') = kery (Rb.) /(R M'3).
Let us prove that we have the following identities:

Poll =ideyt (ar,7), ol =ide,ar,7).-

Let us first prove that I' o IT = ideyt (s, 7)- Let us consider the equivalence class ¢ € exth (M, F)

and T1(¢) = [¥(¢)«(€)] of the extension , where «, 3 and v are defined by . Let us compute
T'([1(¢)«(&)]). Considering and proceeding similarly as it was done after Diagram , we obtain
that v can be chosen as follows:

~y:DXP — F
e, — o((e;,0)), i=1,...,p.

Then, for

j=1,...,q, we have v(f; R) = o((f; R 0)) € imca. Using the fact that, for j =1,...,¢,
fi (R )6(

Dixa (R —()), we obtain that:
o((fi(R =) =0 = o((f; R, 0)) =o((0, £;O)) = a((0, §;))-
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Therefore, for j = 1,...,q, we get v(f; R) = 0((0,¢;)) = a((;), i.e., we can take ¢ : D'X? — F
defined by ¢(f;) = ¢;, for j =1,...,¢, which proves that:

(CoID)(¢) =T([¥(0)«(§)]) = ¢

Conversely, let us consider a class of equivalence [¢] of extensions of the form (20). Repeat-
ing the same procedure as the one explained after Example [0 we obtain the commutative ex-
act diagram and T'([¢]) = ¢ € exth(M,F), where ( denotes the residue class of the element
C=W(f1),...,(fy))" € F4 satisfying Ry ¢ = 0. Defining the left D-module My = D*9/(D**" Ry)
and denoting by & : D'*? — M, the standard projection, we get the commutative exact diagram

0— M, 2 pbx» T, A

1% b~ |

0o— F B LM —o,

where ¢ : My — F is defined by:

Ve DY P(k(p) = () = p.
Let us prove E is the pushout of the D-morphisms dp : My — D' P and ¢ : My — F.

Let us consider e € E and using the fact that 8(e) € M, there exists A € D*P such that
B(e) = w(A). If we denote by e’ = v(A\) € E, using the fact that 8 o~y = 7, we obtain that:

Ble) = B(e') = Ble) — (Bo7)(N) = Ble) —m(A) = 0.

Hence, we get S(e —€e’) = 0, i.e,, e — €’ € ker§ = ima. Using the fact that « is an injective D-
morphism, there exists a unique f € F such that e = ¢’ + a(f) = v(\) + a(f). Therefore, we obtain
the surjective D-morphism ¢ defined by:

e:DP9F — E
A S) = AN +alf).
Let us compute kere = {(\, f) € DY & F | v(A) = —a(f)}. If (A, f) € kere, then we have

Bla(f)) = 0= B(y(N) =7(A) =0,

and thus, there exists z € M, such that A\ = dr(z). Using the relation v o dgr = a0 1, we obtain:

Y(A) = 7(dr(2)) = a(P(2)).

Using the fact that v(\) = —a(f), we then obtain a(¥(z) + f) = 0 and, using the fact that o is
injective D-morphism, we get f = —1(z), which shows that:

kere = {(dr(2), —(2)) € DY*P @& F | z € Ms}.

Hence, E is the pushout of the D-morphisms dg : My — D' P and ) : My — F, which finally
proves that (IToT)([¢]) = TI(¢) = [¢] and Theorem

For more details on Baer’s extensions, we refer the reader to [I5] 27].

The following result will play an important role in what follows ([I5] 27]).
Proposition 5. Every extension of F by M splits iff extL,(M,F) =0, i.e., iff ep(M,F) = 0.

INRIA
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Proof. Applying the contravariant left exact functor homp (-, F) to the short exact sequence and
using exth (M, F) = 0, we obtain the following long exact sequence:

0 endp(F) <= homp (B, F) <= homp (M, F) — 0. (26)
Using the fact that o* is surjective, there exists x € homp(FE,F) such that idg = a*(x) = x o a,
which shows that splits (see the comment after Definition [3)).

Conversely, a standard result of homological algebra states that the functor homp( -, F) transforms
split exact sequences of left D-modules into split exact sequences of abelian groups (see, e.g., [27]).
Hence, if is a split exact sequence, applying the functor homp(-,F) to (15, we obtain the split
exact sequence , and thus, ext}j(M ,F) = 0, which proves the result.

Finally, the result follows from Theorem [2] O

If F is an injective left D-module, by 1 of Definition [2, we then have extl, (M, F) = 0 which, by
Proposition [5 shows that every extension of F by M splits.

5 Computing extensions of finitely presented left D-modules

The purpose of this section is to use the results of Section [4] in order to constructively characterize
the first extension module of a finitely presented left D-module M = D'*?/(D1*¢ R) with value in a
finitely presented left D-module N = D*5/(D1xt S).

In order to do that, we shall first use a finite free resolution of M to compute exth(M, N) and
then use Theorem [2| and the morphism IT to construct elements of ep (M, N).

We shall need the following results to compute elements of ext}, (M, N). For more details, see [3].
Lemma 2. Let M and M’ be two left D-modules respectively defined by the finite presentations:
Dixa &, plxp T, ar o,
pixd A pra’ Ty,

Let f : M — M’ be a D-morphism defined by the matrices P € DP*P" gnd Q € Daxd satisfying
RP=QR, ie., [ is defined by the following commutative ezxact diagram

D1xa i Dlxp SN M —0
l.Q L.p Ls
Dlxq’ i’) Dl xp’ 7T_I> M . 0’

where, for all X € DYP, f(w()\)) = 7' (A P).
Then, the kernel, image and cokernel of the D-morphism f are defined by:

1. If we denote by S € D"*P a matrixz satisfying
P .
kerp (( R )) =D (S - T),

ker f = {x(A\) | A e D*P:3 e D' AP =pR'} = (D" S)/(D'™R).

then we have:
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Moreover, if we denote by Sy € D**" (resp., L € DI*") a matriz satisfying kerp(.S) = D'** S,
(resp., R =LS), we then have:

ker f = (D'*" §)/(D'*4 R) & D'*"/ (D1x<q+s> ( é ))

2. im f = (D1X<P+q/> ( g, )) /(DY R,

3. coker f = Dlxpl/ <D1><(p+q’) ( ]f:;, ))

Let us show how we can compute elements of the abelian group exth (M, N). We first consider
a finite free resolution of the left D-module M. Applying the contravariant left exact functor
homp (-, N) to the truncated free resolution , we get the following complex of abelian groups:

LB N L e B N,
Applying the covariant right exact functor D™ ®p - to the following finite free resolution of the left

D-module N
Dt 5, pixs 2, N, (27)

and using the fact that D™ is a free, and thus, a flat right D-module, we obtain the exact sequence:
Dmxt iDme id,n, ®0 Nm _)0

See, e.g., [4, 15, 27] for more details. Then, we can easily check that we have the commutative diagram:

0 0 0

T T T

NT L N4 £ NP

Tid, @6 Tid, ®6 Tid, ®6
D’I‘XS (R_2 DqXS i DpXS

T.s T.s T.s
Dr><t (R_Z qut i Dpxt.

Using Lemma [2} we obtain the following lemma which characterizes the abelian group extl (M, N).

Lemma 3. With the previous notations, we have the following abelian groups:

kery(Ra.) £ {( € N7 | Ry =0} = {(id, ® 6)(A) | A€ DI*: 3B e D™ RyA=BS}. (28)

imy(R.) £ RN? = (RDP** 4+ D?*' 8) /(D7*" §). (29)
If we define the abelian group Q= {A € DI%¢ |3 B € D™, Ry A = B S}, then the abelian group

exth (M, N) = kery(Ry.)/imy(R.)

satisfies:
exth (M, N) = Q/(RDP** + D7t S). (30)
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If kerp(.R) =0, i.e., Ry = 0, then we note that Q@ = D9*5.

From Lemma [3| we obtain that extl, (M, N) = 0 iff, for every matrix A € D?** satisfying the
relation Ry A = B S for a certain B € D™, there exist U € DP*® and V € D%t such that:

A=RU+VS.

Remark 2. If D is a commutative polynomial ring with coefficients in a computable field &k (e.g.,
k=Q,F,) and U € D**b Ve DV*¢ and W € D*? are three matrices, using the standard relation

UVW =row(V) (UL @ W),

where row(V) denotes the row vector formed by stacking the rows of V the ones after the others and ®
the Kronecker product, namely, A® B = (a;; B), we obtain that the relation Ry A = B S is equivalent

to:
- RT @I,
row(A) (Ry ® I;) =row(B) (I, ® S) < (row(A) —row(B)) Iy =
Moreover, an element R X +Y S € (R DP** + D7% §) is equivalently defined by:

ow(x) row)) (B 28,

Hence, using Grobner bases computation, we can explicitly describe the D-module defined by

RT® I, RT® I,
kerp | . 2 ® / Dix(pstat) ©
L®S I,®S

by means of generators and relations. Hence, we can compute the D-module ext}, (M, N). See [2, §]
for more details. We refer to the package homalg ([2]) for an implementation of the previous algorithm.

If D is a non-commutative ring, then extl, (M, N) is an abelian group and not a left D-module.
It is generally a k-vector space, where k denotes the field of constants of D. If M and N are two
finite-dimensional k-vector spaces or two holonomic left modules over the Weyl algebras, then we
can compute a basis of the finite-dimensional k-vector space exth (M, N). However, exth (M, N) is
generally an infinite-dimensional k-vector space. If D is a non-commutative polynomial ring over
which Grobner bases exist (e.g., the Weyl algebras, some classes of Ore algebras [0]), then we can
compute the matrices A € D% with a fixed order in the functional operators and a fixed degree
(resp., fixed degrees) in the polynomial (resp., rational) coefficients which satisfy Ry A € D™**S. See
[8, 25] for more details.

Example 11. Let us consider the commutative polynomial ring D = Q [0, §] of differential time-delay
operators and the following two matrices:

2
1 -1 0 0= 1
R“(o 1+ 8 —235)’ S“( . 1)' (31)
Let us consider the two D-modules defined by M = D**3/(D'*2 R) and N = D'*2/(D'*25). We
can check that kerp(.R) = 0, i.e., Ry = 0, a fact implying that Q = D?*? and we get:
extp(M,N) & D*?/(RD¥?* + D> 5).

Using the Kronecker product, we obtain that:

T
exth (M, N) = D4/ (DMO ( R&gf ))
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We can check that the last matrix admits a left-inverse over D, a fact showing that extl (M, N) = 0.
In particular, the matrices defined by

satisfy the relation RX +Y S = I,.

Example 12. Let us consider the commutative polynomial ring D = Q(«) [9, d] of differential time-
delay operators, where a € R, and the following two matrices of functional operators:

11 0 9 -0
R_<O 14 62 —a@d)’ S_<852 a) (32)

Let us consider the D-modules defined by M = D'*3/(D*2 R) and N = D'*2/(D'*2 S). As in the
previous example, we can easily check that Ry = 0, a fact implying that Q = D?*?2 and:

extp(M,N) & D>?/(RD¥? + D>? 5).

Using the Kronecker product, we obtain that:

T
exth (M, N) = D4/ (Dmo ( Izgf ))

Let us denote by L the matrix appearing in the right-hand side of the previous isomorphism, P =
DY*4/(DY*10 L) the D-module finitely presented by L and e : D'** — P the canonical projection
onto P. Denoting by v; = €(g;) the residue class of the i*! vector of the standard basis {g;}1<i<a of
D4 in P, we obtain that the generators {vi}1<i<a satisty the relations:

vy =0,
Vo = 0,
(1+6%)v; =0, i=3,4,
ov; =0, i=3,4.
Hence, the D-module P = DY4/(D*10 L) is generated by the elements vs = €((0,0,1,0)) and

vy = €((0,0,0,1)). Transforming back the row vectors g3 and g4 into 2 x 2 matrices, we obtain that
the D-module ext}, (M, N) is generated by the residue classes A; and Ay of the two matrices

s (40) - (80), ®

in the D-module D?*2/(R D3%2 + D?*2 S). They satisfy the following relations:
(146%)A; =0, 0A; =0, i=1,2.

By Proposition 3] we know that an extension of N by M can be defined by , where the left
D-module FE is defined by (15]). Using the fact that N is a left D-module presented by the matrix S,
we can precisely characterize the left D-module E.

Using 7 we obtain the exact sequence

D1><t (0, 5) Dlxp@Dlxs id,®3§ DlXpEBN—>O,
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and thus, we get the following commutative exact diagram

0 0
7 7
D1lxa RGN D>XP @ N . E—0,
| Tid, @06
Dl><q (R —4) Dlxp @Dlxs
7 1.0, 5)
0 D1><t

where ¢ = (id, ® 6)(A) € N satisfies Ry ( = 0 and A € D7*5 is any matrix satisfying Ry A € D"™** S.
By 3 of Lemma [2] we then obtain:

E = cokero = (DY*? @ DY) /(D1 (R — A)+ D" (0 S)).
We can now state our first main result.

Theorem 3. Let R € DI*P and S € D*** be two matrices with entries in D and M = D**P /(D'*9 R)
and N = D'*¢ /(D> 8) two finitely presented left D-modules. Moreover, let us denote by Ry € D"*4
a matriz satisfying kerp(.R) = D'*" Ry. Then, any extension of N by M

0—N-%EL Mo (34)
is defined by the left D-module E finitely presented by

DI+t &, pix+s) 2, g
where the matriz Q € DWHDX®+s) s defined by
R -T
and T is an element of the abelian group Q = {A € D?¢ |3 B e D™*': Ry A= BS}.

Finally, the equivalence classes of extensions of N by M only depend on the residue class of A € §)
in the abelian group:

exth (M, N) = Q/(R DP*$ 4 D%t §).

Remark 3. Using Theorem [3] we easily obtain the following commutative exact diagram:

0—» DIxt (0 I) Dix(a+t) Iy 07 Dixe

l.s l.Q | .r

0— Dlxs (0 Is) D1><(p+s) (I, 07 Dixp — 0
l é J, o ,L s

0— N e, E R Y —)
! ! !
0 0 0

In particular, for all Ay € D'** we obtain that the D-morphism « is defined by
N % FE
6(A2) > 0(A2 (0 L)) = 0((0, A2)),
and, for all A\; € D'*P, Xy € DX the D-morphism 3 is defined by:
E L M
o((A1,22)) V= w(A,A2) (I, 0)T) =7().
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Remark 4. Using and , we obtain that a matrix T' € D?*® of the form
T=RU+VS,

where U € DP** and V € D9%!, satisfies that the residue class of (id, ® §)(T) in kery(Rz.)/(R NP)
is zero, i.e., defines the zero element in exth (M, N). By Proposition the corresponding extension
is then equivalent to the split one. This result can also be easily checked as the matrix defined by

R —-RU-VS
e=(0 )

satisfies the relation

with the notations:
(1, V (I, =U
w=(§ %) 2=(% 7 )

Using the fact that the matrices Z and W are invertible over D, we obtain that the D-morphism
¢: M PN — FE defined by

VAL e DVP WA € DV g((m(M),6(X2))) = o((Ar, A2) Z) = o((A1, =M1 U + A2)),
is an isomorphism, which shows that £ = M ¢ N.

Let us consider the following split exact sequence:

0— N = MaoN 2 M —o.
6(A2) > (0,6(A2))
(m(A1),0(X2)) +— m(A1)

Using the commutative exact diagram shown in Remark [3] we obtain that 0§ = po (.(0 I)), and
thus, for all Ay € D'*%, we have

(poia)(6(X2)) = ¢((0,5(A2))) = 0((0,A2)) = a(d(A2)),

which proves that ¢ ois = . Finally, using the relation 309 = 7o (.(I, 0)7) obtained from the
commutative exact diagram given in Remark [3| for all \; € D'*P, and Ay € D'**, we get

(Bod)((m(M),6(A2))) = Ble((A1, =AU + A2))) = m(A1) = p1((7(A1),6(X2))),

which proves § o ¢ = p; and is equivalent to the previous split exact sequence, i.e., belongs to
the trivial equivalence class of extensions of N by M.

Example 13. If we apply Theorem [3] to the D-modules M and N defined in Example and use
Remark [4] we obtain that the only equivalence class of extensions of N by M is the trivial one (split

one) defined by the D-module E
E:DIXS/ <D1><4 < 'g g’)>’ (35)

where R and S are given by .
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Example 14. Let us consider again Example By Theorem (3, we obtain that there exist two
non-trivial equivalence classes of extensions of N by M respectively defined by the D-modules

E, = D5/ (D1x4 ( ]g _?1 )) (36)

E, = DY%/ <D1X4 < Ig _;42 >) (37)

where the matrices R and S are given by and the matrices A; and A by . Finally, the trivial
extension of N by M (split extension) is defined by the D-module:

Ey = D%/ (D1x4 < ? 2, >> (38)

Applying the contravariant left exact functor homp (-, F) to the commutative exact diagram de-
fined in Remark [3] we obtain the following commutative exact diagram of abelian groups:

0 «— Ft M Fatt LO)T‘ Fa —0
Ts. T e TR
0 — Fs Lo L) Fpts ((If’—O)T' FP —0
Ter T o* T r*
kerz(S.) & ker=(@Q.) £ kerr(R.) «— 0.
T T T
0 0 0

Using the previous commutative exact diagram, we obtain the following corollary of Theorem
Corollary 1. Using the notations of Theorem[3 and denoting by F a left D-module, we obtain:

1. We have the following exact sequence
kerz(S.) & kerz(Q.) & kerz(R.) «— 0,

where the D-morphism (* is defined by

Vn€kery(R.), 8(n) = ( I(f > n= ( g)

and the D-morphism o* is defined by:

2

V(= < 21 ) ckerr(Q.), G eFP, GeF o (()=(0 I)(=C.

2. If F is an injective left D-module, then we have the following exact sequence:
0 kerz(S.) <= kerr(Q.) < kerz(R.) — 0. (39)

3. If F is an injective cogenerator left D-module, then @ is exact iff is ezact.
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Remark 5. Using the fact that T' € Q, i.e., there exists L € D™ satisfying Ry T = L S, we have:

RG—-T¢=0, N RyR( — Ry T (=0, N LS =0,
SCQZOa SCQZOa 54-2:07

Hence, eliminating ¢; from the system Q (¢{ ¢Z)T = 0, we exactly obtain that (, € F* satisfies S (o.
This last result explains why 7" must belong to €2 as, otherwise, (, satisfies a subsystem of S (s = 0.

In what follows, we shall need the following technical result proved in [§].

Lemma 4. Let R € D9%? and R' € DY be two matrices satisfying (D**9 R) C (D4 R'). If we
denote by R" € D9 (resp., Ry € D" %7 ) satisfying R = R" R’ (resp., kerp(.R') = D**" R}), then
we have the following isomorphism:

1"
(D1><q R/)/(Dlqu) ngxq / <D1><(q+r) ( -glz >)

Finally, the next theorem gives an explicit description of the finitely presented left D-module
defining the sum of two extensions. Let us state the second main result of this paper.

Theorem 4. Let R € DY*P and S € D'** be two matrices with entries in D and M = D> /(D1*4 R)
and N = DY*3/(DY*t S) two finitely presented left D-modules. Let us denote by Ry € D"™*9 a matriz
satisfying kerp(.R) = D'*" Ry and let us consider two extensions &1 and & of N by M,

&:0—NLE Mo, i=1,2,
where the left D-module E; is finitely presented by
Dix(att) Qi, plix(pts) Ci, E; — 0, (40)

and the matriz Q; € DWUTYXW+) s given by

Qi<]g“ _ST> (41)

where T; is an element of Q = {A € D7 |3 B e D' : Ry A= BS}.

Then, the extension &3 = &1+ &2 of N by M is defined by (@) with © = 3, where the left D-module
FEs5 is finitely presented by
E3 = DYX+s) /(D> (a+t) ),

and the matriz Qs is defined by with:
Ts =T, +Ts.

Proof. To prove the result, we can use the definition of {3 = &; + & in terms of &3 = V,(A* (& @ &),
where V and A are defined by . However, its leads to lengthly involved computations. In order
to avoid that, we use the more tractable characterization of the sum of extensions £; and & due to
Cartan and Eilenberg ([4]) and presented at the end of Section [2} the extension {3 can be defined by
the left D-module E3 = ker(f1, —f2)/im (—a; @ a2). Using Lemma [2] we shall explicitly compute Ej.

The left D-module E; & Es is clearly defined by the following finite presentation:

D1x(a+t) o pix(a+i) (Q:19Q2) DIX(+s) gy plx(p+s) 01902 E,®Ey — 0.
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We can easily check that the D-morphism (51, —02) : E1 ® E2 — M induces the following morphism
of complexes ([2T]), i.e., the following commutative exact diagram

Dix(a+t) g pix(a+t) (@QOQ)  Hix(pis) o pixp+s) a®e, E, @ Ey —0
v v L (B, -82)
D1><q _R) D1><p L) M . 07
with the notations:
1, 1,
0
U= c D(p+s+p+8)><17’ V= e Dlatttatt)xq
—Ip —1q
0 0

Let us determine the left D-module ker(81, —032). By 1 of Lemma [2| we first need to compute
kerp(.(UT RT)T). Let us consider pu = (u1,...,us) € kerp(.(UT RT)T), ie., uy — pus + ps R = 0.
Hence, we get

p=p2(0 I, 0 0 0)+pus(l, 0 I, 0 0)4+u(0 0 0 I, 0)—ps(R 0 0 0 —1,),

which shows that

o

P =

o O O

kerp ( ( g >) = pixGtptsta(p _phy p= (42)

N oo o
o o o
o S~ o o
i

By 1 of Lemma[2] we then obtain:
ker(y, —fz) = (DX Pt p) /(DVUHFD (Q) & Qy)).

Let us characterize the left D-module im (—ay @ «2). The D-morphism —a; @ as : N — E; ® Es
induces the following morphism of complexes, i.e., the following commutative exact diagram

Dixt N D1xs i) N —0
|y l.x | —a1 @ an
Dx(a+t) g pix(a+t) (@QOL) - Hix(pis) o pixp+s) 1®e2, E @ E, —0,

with the notations:
X=0 —-I, 0 I), Y=(0 -1 0 I).

Using 2 of Lemma [2] we obtain:
im (—an @ ag) = (DXEFHFED (XT(Q @ Q2)T)T /(DD (Q) © Q).
Using the classical third isomorphism theorem (see, e.g., [21]), we then get:
By = ker(B, ~0a) /im (~ay @ ) & By = (DVX(6H7440) ) (DRt 000 (XT (@ @ Q)T

We denote by ¢ the previous isomorphism between E3 and Ey.
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Using Lemmal[4] let us find a finite presentation of the left D-module E4. We can easily check that
we have the following factorization

0 —I, 0 I, -1, 0 I, 0

0 I, 0 0
R T, 0 0 -7, 0 0 -,

I, 0 I, 0
o 5 0 0 |=| S 0 0o o0 :

0 0 0 I,
0 0 R —-T 0 R -Tp I,

~R 0 0 0
0o 0 0 S 0 0 S 0

ie., (XT (Q1®Q2)T)T = F P, where P denotes the matrix defined by and F' is the first matrix
in the previous right hand side. Moreover, an element A = (A1, A2, A3, Ag) € kerp(.P) satisfies

o —MR=0,
A1 =0,
Ao =0,
A3 = 0,

ie, A=(0,0,0,)\y), where Ay € kerp(.R). Hence, if we denote by Ry € D"*9 a matrix satisfying that
kerp(.R) = D" Ry and G = (0 0 0 Ry), then we get kerp(.P) = D" G. Using Lemma we
then obtain:

~ 1x(s+p+s+q) 1X (s+q+t+q+t+r) F
s (s (1)

The finitely presented left D-module Ey is defined by the following relations between its generators y:

—y1 +y3 =0, _
Ty —ya =0, y1_3isi,r
F Sy =0, v s
y:O R = Sy3:07
G Rys —Trys +ys =0,
Sys =0 Ry, —Trys —Toys =0,
3 =Y,
R y —0 R2T1y3=0.
2494 — Y,

Using the fact that 71 € Q, we get that there exists L; € D" such that Ry T} = L S, which shows
that RaT1ys = L1 Sys = 0 is a direct consequence of the equation Sys; = 0. Hence, we get that
the finitely presented left D-module F4 can be generated by the components of the vectors yo and y3
which satisfy the following relations:

Rys — (Ty + T2) y3 = 0,
Syg =0.

We obtain that £ & By = D*(#+9) /(D1X(4+0) Q3), where Qs is defined by (41) with 75 = Ty + Tb.
Let us denote by 3 the previous isomorphism between F, and Ej.
We can easily check that we have the following commutative exact diagram

a3

B3
_—

0— N O By M —0
I Lvoo |
—1_,—1
0— N Mo%o0s, Es S )

which finally proves that the extensions of N by M defined by E3 and E5 belong to the same equiva-
lence class in ep (N, M).
O
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6 Applications to multidimensional systems theory

Let R € D?7*P be a matrix with entries in a left noetherian domain D. We know that D is then a left
Ore domain, namely, a domain satisfying that, for all a, b € D\ {0}, there exist ¢,d € D\ {0} such
that ca = db ([9,[14]). If M = D'*P/(D1*9 R) denotes a left D-module finitely presented by R, then

t((M)={meM|30#a€D: am=0}
is a left D-submodule of M and we have the following canonical short exact sequence ([9] 14} 27]):
0 — t(M) - M s M/t(M) — 0. (43)
An element of t(M) is called a torsion element of M and M is said to be torsion-free if t(M) = 0 and
torsion if t(M) = M (see, e.g., [I4, 27]).

Results obtained in [5] 23] show that there exists a matrix R’ € D? %P satisfying:

t(M) = (D7 R')/(D*" R),

M/t(M) = D7 /(D4 R).
In Section [6.1] using Baer’s interpretation of the extension functor, we shall give another proof of this
result. We refer to [BL [6] for more details on a constructive algorithm which computes the matrix R/, on

its implementations in the library OREMODULES and applications in control theory and mathematical
physics.

In the control theory and mathematical physics literatures, it has been shown in the past years that
the concepts of parametrizability and controllability are related to the one of torsion-free module. In
particular, the elements of the torsion submodule correspond to constrained observables or autonomous
elements. For more details, we refer to [5], [12] 20, 22, 30] and the references therein.

More precisely, if F is an injective left D-module and M = D'*?P/(D1*4 R) a finitely presented
left D-module associated with the system kerz(R.) = homp (M, F), applying the contravariant exact
functor homp( -, F) to the exact sequence , we then get the exact sequence of abelian groups:

0 «— homp (t(M), F) <= homp(M, F) <— homp (M /t(M), F) «— 0.

The system kerz(R’.) = homp(M/t(M),F) corresponds to the parametrizable subsystem of the
system kerz(R.) = homp (M, F). In some contexts in control theory, it is also called the controllable
subsystem of kerz(R.). For more details, see [12, 20} 24] B0] and the references therein. We shall see
that there always exists a matrix @ € DP*™ such that kerx(R'.) = Q F™, i.e., any solution n € F? of
the system R’ = 0 has the form n = Q£ for a certain £ € F™. This fact explains the terminology.

Moreover, if we denote by R” € D% (resp., Ry € D™ %) a matrix satisfying R = R” R’ (resp.,
kerp(.R') = DY*™ RY), then we shall recall in Proposition [6| that we have the following isomorphism:

1xq’ 1x(q+r") R"
o (o (1))

2

The autonomous system defined by kerz((R"T R5I)T.) = homp (t(M), F) then satisfies:
kerr((R"" RY)T.) = kerg(R.)/7*(ker £(R'.)).

This last system will be called the autonomous quotient of the system kerz(R.).

The purpose of Section [6.2]is to parametrize all the equivalence classes of multidimensional linear
systems which have a fixed parametrizable subsystem and a fixed autonomous system.
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6.1 An extension characterization of torsion submodules

In what follows, we shall assume that D is a left and right noetherian domain. In particular, it implies
that D is a left and a right Ore domain and the existence of a skew field of fractions K of D ([0, 14]).

Let us consider a matrix R € D?%P, the finitely presented left D-module M = D'*?/(D1*4 R)
and the following finite presentation of M:

pixa B pe T .
Let us define the finitely presented right D-module N = D?/(R DP) called the transposed module of
M ([5]). If we denote by M* the right D-module homp (M, D), we then have the following exact

sequence of right D-modules obtained by applying the contravariant left exact functor homp( -, D)
to the previous exact sequence:

0 N & pe i pr ™y . (44)

If we denote by Ry € DP*™ a matrix satisfying kerp(R.) = R2 D™ and by R’ € D7*P a matrix
such that kerp(.Ry) = D**9 R’, then we obtain that:

ext (N, D) = kerp(.Ry) /(D' R) = (D' R)/(D'* R).

Hence, every ¢ € exth (N, D) has the form ¢ = n(v R'), where v € D'*? and 7 : D'*? — M denotes
the canonical projection onto M. Let us denote by

_ R (g+1)xp
Q - < —I/R/ ) € D 9

and let us define the right D-module E = D%+ /(Q DP). Then, a version of the results developed in
Section [ for right D-modules proves that we get the extension of the right D-modules D by N:

0—D“EZ N0 (45)

A version for right D-modules of the exact sequence gives the following finite free resolution of
the right D-module E:

0 B pott & pp B pm
In particular, we get kerp(Q.) = Ry D™ = kerp(R.) =2 M*.
The left D-module P = D'*?/(D'*(a+1) Q) admits the following finite presentation:

pixatl) € pixp < . p_

Applying the contravariant left exact functor homp( -, D) to the previous exact sequence, we obtain
the following exact sequence

0e— E«Z Dt & pr & pr g, (46)
which proves that kerp(Q.) & P* and the following isomorphism:

M* = p*, (47)
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Now, using the inclusion D'*? R C D'*(4t1) ()| we get the commutative exact diagram:

0 0
! 1
0— Dxep D1><(Q+1) Q
! !
0— D> — D>xp —0
1 !
M — P — 0.
! 1
0 0

The snake lemma in homological algebra ([27]) then shows that we have the short exact sequence:
0 — (D™D Q)/(D™R) — M — P — 0. (48)
We recall that D admits a skew field of fractions (see, e.g., [I4]):
K={a'b=cd'|0+#a,0+#d, b, cc D}
The rank of a finitely generated left D-module M is then defined by
rankp (M) = dimg (K ®p M),

where dimg stands for the dimension of the left division ring K @p M ([14]). A similar definition
holds for right D-modules. We have the following lemma.

Lemma 5. Let D be a left and right noetherian domain and M a finitely generated left D-module.
Then, we have:
rankp (M™) = rankp(M).

Proof. We first have rankp(M*) = dimg (M* @p K) = dimg (homp(M, D) ®p K). Now, using the
fact that K is a flat left D-module ([I4], 27]), D is a left noetherian domain and M is a finitely
generated left D-module, we have:

homp(M,D) ®@p K =2 homg (K @p M, K).
See, e.g., Theorem 3.84 of [27]. Hence, if we set | = rankp (M), then we get
homy (K ®p M, K) = homg (K, K) = K',
which shows that rankp(M*) =, i.e., rankp(M*) = rankp (M). O
Applying Lemma [f] to M* = P*, we obtain:
rankp (M) = rankp (M™) = rankp (P*) = rankp (P).

Finally, using the short exact sequence and the classical property of the rank (Euler-Poincaré
characteristic) ([27]), we then get

rankp (M) = rankp(P) + rankp (D> @+ Q) /(D' R)),

which proves that rankp ((D'*(@+1) Q)/(D'*4 R)) = 0, i.e., the left D-module (D'*(@+1) Q)/(D'*9 R)
is torsion. Hence, we obtain that ( = w(v R') € exth (N, D) is a torsion element of M.
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Conversely, let us consider a torsion element ¢ = m(0) of M = D'*?/(D'*9 R), where § € D'*P.
In particular, there exist 0 # a € D and p € D'*? such that a @ = u R. Let us define:

_( R (g+1)xp
Q—<0>ED .

Clearly, we have kerp(Q.) C kerp(R.). Let us consider A € kerp(R.), i.e., A € DP satisfying R\ = 0.
Post-multiplying the expression af = R by A, we get a (6 \) = p(RA) = 0. Using the fact that
0N € D,0+# a€ D and D is an integral domain, we then get 6 A = 0, i.e., A € kerp(Q.), which proves
kerp(Q.) = kerp(R.). Let us define the right D-modules N and E by respectively . If we
denote by Ry € DP*™ a matrix satisfying kerp(R.) = Ry D™, using the fact that, for all A € kerp(R.),
we have § A = 0, we then get § Ry = 0 and:

7(0) € kerp(.Ry)/(D'*9 R) = ext, (N, D).

Let us consider the following commutative exact diagram

0 0 0
l l !
r D ker 8
| | !
0— Q DP — D+l 5 E —0
L, o). L, o). L s (49)
0— R DP — D1 LN N — 0,
! ! !
0 0 coker (3
!
0

where, for all A € D91 B(a(N\)) = k((I, 0) A), and T" denotes the kernel of the following D-morphism:

Q D Ua O R DP

(g))\ — R

Using the fact that kerp(R.) = kerp(Q.), we get that I' = 0. Applying the snake lemma to the
commutative exact diagram , we obtain that ker 3 =2 D and coker 8 = 0, and we get the exact
sequence 7 i.e., an extension of D by N defining an element of ep(N, D).

We obtain the following theorem which was obtained in [5, 24] by means of a different proof.

Theorem 5. Let D be a left and right noetherian domain, R € D9*P a matriz, M = D**P /(D> R)
the left D-module presented by R and the right D-module N = D?/(R DP). If we denote by Ry € DP*™
a matriz satisfying kerp(R.) = Ry D™ and by R' € DY*? o matriz such that kerp(.Ry) = D9 R/,
then, we have the following isomorphism of left D-modules:

t(M)={meM|30£acP: am=0}2exth(N,D) = (D" R')/(DR) = ep(N, D).

Using the fact that M = DY?/(D'4R), (M) = (D¢ R')/(D'*9R) and the short exact
sequence 7 the third isomorphism theorem ([27]) then gives that M/t(M) = D**? /(D> R').

Moreover, if F is an injective left D-module, applying the contravariant exact functor homp( -, F)
to the exact sequence of left D-modules

/R R
D1><q R D1><p 2 D1><7n7
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we then get the following exact sequence of abelian groups:

Fo B pr o gpm
It follows that we have kerz(R'.) = Ry F™, meaning that every solution ¢ € F? of the system R'{ =0
defined by the left D-module M/t(M) has the form { = Ry € for a certain £ € F™.

Finally, we refer to [5, 23] for a constructive algorithm which computes ext}, (N, D) and ¢(M) and
its implementation in the library OREMODULES ([6]). See also [5] [6] for explict examples.

6.2 Parametrization of multidimensional systems having fixed parametriz-
able subsystem and autonomous system

If M and N are respectively a torsion-free and a torsion left D-module defined by means of two finite
presentations, using Theorem [3] we can parametrize all the equivalence classes of extensions of N by
M. If F is an injective left D-module, by duality, we then obtain all the equivalence classes of systems
admitting homp (M, F) as a parametrizable subsystem and homp (N, F) as autonomous quotient. In
what follows, we are going to detail these computations. But, we can first note that if we consider
the left D-module P = M @& N, we then have t(P) = N and P/t(P) & M, and thus, the previous
problem is reduced to the case where we only consider the extensions of t(P) by P/t(P) for a finitely
presented left D-module P.

Let L € D™*! be a matrix with entries in a left and right noetherian domain D and let us consider
the finitely presented left D-module P = D'*!/(D'*™ [). As we have seen in Section computing
the left D-module ext}, (N, D), where N = D™ /(L D), gives us a matrix L' € D™ *! satisfying:

t(P) = (D™ L") /(DY L),
P/t(P) — Dlxl/(Dlxm’ L/).
We denote by € : D™ — P (resp., € : D'*™ — P/t(P)) the canonical projection onto P

(resp., P/t(P)). In particular, we can easily check that we have the relation ¢ = 7o¢, where 7 denotes
the canonical projection M — M/t(M) (see (43)).

Applying Lemma [4] to the left D-module ¢(P) = (D**™ L')/(D*™ L), we obtain the following
proposition (see [25] for a system-theoretic interpretation).

Proposition 6. With the previous notations, if we denote by Ly € D™ ™" (resp., L' € D™ ™) the
matriz satisfying kerp(.L') = D™ L} (resp., L = L" L), then the D-morphism w defined by

N = D™/ <D1X<m+"’> ( ig >> = ¢(P)
6w) — (WL,
where § : DY*™ — N denotes the canonical projection onto N and v € D™ s an isomorphism,
ie., t(P) = N.
From Proposition [6] we get the following finite presentation of the left D-module ¢(P)
LI/

(%)
Dlx(m+n/) 2 Dlxm' wod t(P) — 0

where, for all v € D™ we have (w0 8)(v) = e(v L').

We can now use this finite presentation and the results developed in Section [5|to compute elements
of the abelian group exth (P/t(P),t(P)).

We obtain the following corollary of Theorem
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Corollary 2. With the previous notations, an extension of t(P) by P/t(P) is defined by the left
D-module E finitely presented by

D1><(m +m+n') D1><(l+m) _>E_>0

where the matriz Q has the form

Ll _T ! ! ’
Q= o L e Dm'+mAn)x(I+m ), (50)
0 I

and T is any element of the abelian group €):

’ ’ ’ ’ "
Q:{AeDmxm|aBeD"“mm>:%A=43<§é)}. (51)

Moreover, the equivalence classes of the extensions of t(P) by P/t(P) are in 1-1 correspondence with
the residue class (idp, @ (w o d))(T), T € Q, in the abelian group:

!’ ! !’ "
oy (y pixn’ 4. pm' <Gt ( o )) = exth (P/H(P), H(P).

Remark 6. If 7 denotes a left D-module and kerz(L.) = homp(P,F), then Corollary |2 gives a
parametrization of all equivalence classes of linear systems kerx(Q.) = homp(F,F) which admits
ker(L'.) as a parametrizable subsystem and kerz((L"T L4)T.) as an autonomous quotient.

Let us illustrate Corollary [2| and the previous remark on two explicit examples.

Example 15. We consider again the differential time-delay system (2)) defined in Example [I] the
commutative polynomial ring D = Q[9, d] of differential time-delay operators the system matrix

205
< 52 205 ) € D%, (52)

and the D-module P = D'*3/(D'*2 L).

Using the algorithms developed in [B, 24] and implemented in the library OREMODULES ([6]), we
obtain that
{ HP) = (D2 1) /(D2 1),

P/t(P) — D1><3/(D1><2 Ll)

where the matrix L' = R € D?*3 is deﬁned by (31). Moreover, we have kerp(.L’
where L = S € D?*? is defined by (31)). Hence, by Proposition @ we get t(P)

In Example we proved that extD(M7 N) = 0 with the notations:

)= OandL:L”L’,
~D ><2/(D1><2 L”).

M:Dlxg/(D1X2R), N=D1X2/(D1X25).
Hence, we get exth (P/t(P),t(P)) = 0 and, by Proposition |5, we obtain that:
P=i(P)® (P/t(P)).

Then, the D-module E defined by generates the unique and trivial equivalence class of extensions
of t(P) by P/t(P). If F denotes an injective cogenerator D-module, then 2 of Corollary |1| shows
that defines the unique and trivial equivalence class of systems having the same parametrizable
subsystems and autonomous quotients.
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Example 16. Let us consider the following differential time-delay system

{ 1(t) — 92t — 2h) + ajjs(t — h) =0,

a1 — 21) — falt) + acfia(t — 1) = 0, (53)

where a € R is a constant parameter and h is a strictly positive real number. This system corresponds
to a model of a one-dimensional tank containing a fluid subjected to a horizontal move. See [19] for
more details.

Let us consider the commutative polynomial ring D = Q(«) [0, 8] of differential time-delay opera-

tors, the system matrix
0 —-006% ad?s
L = c D2><3,
< 062 -0 «ad?*s )

the D-module P = D'*3/(D'*2 L) and € : D'*3 — P the canonical projection onto P.

Using a constructive algorithm developed in [5l 24] and implemented in [6], we obtain that

H(P) = (D2 1)) /(D2 L),
P/t(P) = DV3/(DY 1Y),

where the matrix L' = R € D?*3 is defined by , i.e., corresponds to the following system:

yi(t) +y2(t) =0, (54)
Y2(t) +y2(t —2h) — ays(t — h) = 0.
Moreover, we have kerp(.L') = 0 and L = L" L', where L" = S € D?*? is defined by (32). Hence, by
Proposition [} we obtain ¢(P) & D'*2/(D'*2 L").
The equivalence classes of extensions of t(P) by P/t(P), i.e., the equivalence classes of exact
sequences of the form
0 — t(P) - E 2 P/t(P) — 0,
are in 1-1 correspondence with the elements of the D-module ext}, (P/t(P),t(P)). Using Examples
and we obtain that the three equivalence classes of extensions are generated by the D-modules Fy,

E; and F» respectively defined by , and . Hence, the three different equivalence classes of
extensions of ¢(P) by P/t(P) are respectively defined by the following differential time-delay systems:

21 (t) + Zz(t) 21 (t) + Zg(t) =0,
zo(t) + 2z2(t — 2h) —az3(t—h)=0, zo(t) + z2(t —2h) — az3(t — h) — 2z4(t) = 0,
Z4(t) — 25(15) 24(t) — 25(t) = 0,
Za(t - )—25( ) 0, Z4(t = 2h) — 25(t) =0,
21(t) + z(t) =
2(t) + 22(t — 2h)—a23(t—h)—zg,(t):07
alt) — %(0) = )

24(t—2h)—z5( ) = 0.

If F denotes an injective cogenerator D-module, by 2 of Corollary [1} then we obtain three non-
equivalent linear differential time-delay systems which admit the same parametrizable subsystems and
autonomous quotients.
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Using the results of [§], we can check that the matrices defined by

0 -1 0 10
0 -0 1 0
X=|10 1 0O0O0], Y= )
0 -0 0 1
0 0 1 00
0 -1 0
0 1 0 00
w=]0 0 1 ,Z:OO,
1 1 0 1o
0 1462 —add 01

satisfy the relations

- R —A, R —A, B
LX_Y<O S ) (0 S )W_ZL,

where the matrix As is defined by , and thus, define the following D-morphisms:
[P — E g:E — P,
€N — (A X),  o(n) > e(uW).
Moreover, we can easily check that go f =idp and f o g = idg,, which proves that Ey = P.
Let us prove that the extensions defined by P and Es belong to the same equivalence class, i.e.,

we have the following commutative exact diagram

0— tP) % B L PHP) —0
[ lg [
0— ¢(P) - pr I P/t(P) — 0,

where the D-morphisms « and 3 are defined in Remark [3] namely, for all ;4 € D'*2, A\; € D'*3 and
Ao € D'*2 we have

t(P) % FEy
(@od)(u) +— 02(u(0 Iz)) = 02((0, u)),
B, -2 P/t(P)
02((M,02)) = €((M,h2) (I3 0)T) =€/ (\),
where € : D'*3 — P/t(P) denotes the canonical projection onto P/t(P).
Let us denote by {e; }1<i<2 (resp., {f;}1<j<s, {hi}1<i<3) the standard basis of D'*? (resp., D**5,
D'%3). If we denote by {yx 1<r<s the set of generators of P, i.e., yr, = €(hy), k = 1,2,3, then we have
(goa)((w@od)(er)) = glo2(fs)) =1 +y2 = e(er L) = 1((w 0 §)(e1)),
{ (g0 a)((wod)(e2)) = glo2(fs)) = (1 +6%) y2 — €0 ys = e(ez L') = 1((w 0 §)(e2)),

which proves that g o a = +. Moreover, we get

Vi=1,....5, (Tog)(e2(f;)) = 7(o2(f; W)) = €(f; W),
and, more precisely, using 7 we obtain

(Tog)(02(f1)) = —y2 = y1 = B(o2(f1)),

(Tog)(e2(f2)) = y2 = B(e2(f2)),

(Tog)(e2(f3)) = ys = B(e2(f3)),

(T09)(02(f1)) = y1 +y2 = 0= B(02(f1)),
(Tog)oa(fs) = (1+6%)y2 —addys = 0= B(02(fs)),
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proving =T og.

Let us consider any D-module F (e.g., F = C*®(R)). The fact that Es = P proves that
and are equivalent systems and the invertible transformation mapping F-trajectories of to
F-trajectories of is defined by the matrix W, namely,

z1(t) = —y2(t),

22(t) = ya(t),

z3(t) = ys(t),

za(t) = y1(t) + y2(t),

25(t) = y2(t) + y2(t — 2h) —ays(t — h),

and the inverse morphism sending F-trajectories of to F-trajectories of is defined by the
matrix X, namely:

yi(t) = —22(t) + 2a(t),

ya2(t) = 22(1),

ys(t) = 23(t).

We note that T' = I,,,» belongs to the abelian group 2 defined by as we have the relation
L, I, =0L" 4+ I,, L},. This remark leads to the following interesting result.

Lemma 6. Using the previous notations where @ defined by @) with T = I,y € Q, we have the
following results:

1. The D-morphism f : P — E = DY*(+m") (pix(m’+m+n") ) defined by
VAe DY f(e(N) = o(AD),

where the matrices U = (I; 0) € D>*UE™) qnd V. = (L” I, 0) € D™*m'+min) satisty
that LU =V @Q, is an isomorphism, i.e., E = P.

2. The extensions 0 — t(P) - P - P/t(P) — 0 and 0 — t(P) - E 2, P/t(P) — 0
belong to the same equivalence class in the abelian group ep(P/t(P),t(P)).
Proof. 1. Let us consider the matrix T = I, € €. The relation LU = V @ clearly holds, which
proves the existence of the D-morphism f : P — E = DW(4m) /(pix(m'+min’) ) defined by
f(e(N) = o(AU), for all A € D'* (see [§] for more details). Moreover, we can easily check that the

matrix (U7 QT)T admits a left-inverse, which, by 3 of Lemma [2| proves that coker f = 0, i.e., f is
surjective. Finally, let us consider (A1, A2, A3, A1) € kerp(.(UT Q1)T). Then, we have

M+ L = 0, Al = —X\a L/, A =—-X3L,
= =
Ao+ As L 4+ Ay L =0, No = Ag L' + M L, No = Ag L' + A Ly,

which proves

, _ "
kerD(.wTQT)T)=D1X(m+n>( v e 0 )

0 L, 0 Iy
and, using 1 of Lemma ker f = (DY<(m+n) (T 0T)T) /(D™ L) = 0, which proves 1.
2. Let us prove that we have the following commutative exact diagram

0— ¢(P) - r I P/t(P) —0
I Ly I
0— tP) % B 2 pryp) —o,
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where « : t(P) — E and : E — P/t(P) are defined by:
YveDX™  a((wod)(v) =o((0 v), YA eD™ Vi eD™™  Bo((Ar, ) =€ (M).
Let us first prove that a = f o . Using the notations of Proposition [6] we get:
Yve DV (feu)((wed)(v) = flew L)) =ol(vL' 0)).
Using the definition of F in terms of generators and relations, we have

o((wL' 0))=0((0 v))=a((wod))),
which proves the result.

Secondly, the identity 7 = 8 o f holds as we have

Yae D™ (Bo f)(e(N) = Ble((A 0) =€ (N) =7(e(N),
which proves 2. O

Remark 7. We point out that the matrix @ defined by with T' = I,,,; was used in [25] 26] in
order to parametrize the F-solutions of the system kerz(L.) in terms of the F-solutions of kerz(L’.)
and ker#((L"T LE')T.). In particular, we first need to solve the following homogeneous system

L' =0,
L,6=0 (56)

corresponding to homp (¢(P), F) and then solve the inhomogeneous system L' = 4. In order to solve
the latter, we need to know a particular solution n* € F' of L'n* = 6§ and the general solution of
the homogeneous system L'n = 0 associated with the system homp(P/t(P),F). As the subsystem
homp (P/t(P), F) of homp (P, F) is parametrizable, using the result developed in Section [6.1] (see also
[5,6]), we can compute a matrix Q' € D'** satisfying kerz(L'.) = Q' F* whenever F is an injective
left D-module. Then, the solution of L7 = 0 has the form n = n* + Q' &, for any £ € F¥ . We refer
to [26] for applications of this result to variational problems and optimal control.

Example 17. Let us consider again Example We recall that the extensions of ¢(P) by P/t(P)
are defined by means of D-modules of the form E = D'*5/(D*4Q), where @Q is defined by:

Q:<§ 2?)61)4*5, T € D**2,

Moreover, the equivalence classes of extensions are defined by the elements of the D-module:
O = D**? /(L' D**? + D**? L") = ext (P/t(P),t(P)).

In other words, the matrices T and T/ =T + L' U +V L”, where U € D3*2? and V € D?*2, define the
same equivalence class of extensions of ¢t(P) by P/t(P). See Example [12] for more details.

Using the results obtained in Example [I2] we find that the following two matrices

(o0) (0)

belong to the same equivalence class in O, a fact implying that the following matrices

10 0 0
(1) #=(5 1)

belong to the same equivalence class in ©. By 2 of Lemma [, we obtain that P is isomorphic to the
D-modules of the form E defined by T = I or A;. We find again the result obtained in Example
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If ep(P/t(P),t(P)) = 0, then we obtain that every extension of ¢(P) by P/t(P) is equivalent to
the following split exact sequence:

0 — t(P) % ¢(P) @ (P/t(P)) 2% P/t(P) — 0. (57)

In particular, we get P = ¢t(P) @ (P/t(P)), showing that the short exact sequence splits.

We give a necessary and sufficient condition for the short exact sequence to split.

Proposition 7. Let L € D™ and L' € D™ %L be two matrices defining the left D-modules:
P= Dlxl/(Dlxm L), P/t(P) _ Dlxl/(Dlxm’ L/).

Then, the short exact sequence splits iff there exist two matrices X € Dxm" gnd Yy € pm'xm
satisfying:
L' -I'XL =Y L. (58)

Proof. Let us denote by Lb € D™ *™ (resp., L” € D™*™') a matrix satisfying kerp(.L') = D'*" L,
(resp., L = L” L'). Using Corollary [2 and 2 of Lemma [6] we obtain that the extensions of ¢(P) by
P/t(P) defined by T = I, and 0 — t(P) — P — P/t(P) — 0 belong to the same equivalence
class in ep(P/t(P),t(P)). Using the group isomorphism ep(P/t(P),t(P)) = exth(P/t(P),t(P))
proved in Theorem [2] the previous short exact sequence splits iff 7' = I,,,, and 0 belong to the same
residue class in

1
a/ <L’ pxn’ 4. pm' <Gt ( o )) = exth (P/H(P), H(P),

i.e., iff there exist three matrices X € D™ | Y € D™ *m" and Z € D™ %" gatisfying:
Ly =L'X+YL'+ZL. (59)

Let us prove that is equivalent to (59)). Post-multiplying (59) by the matrix L’ and using the
fact that we have L = L” L’ and L{ L' = 0, we then obtain Conversely, from , we get
(I — L' X =Y L") L’ = 0, which proves that the rows of the matrix I,,, — L' X — Y L” belong to
kerp(.L') = D'™ L}, and thus, there exists Z € D™ " such that I,,, — L' X - Y L" = ZL,. [

For a different proof of Proposition [7] see [25].

Remark 8. We consider again Remarkl 7l As it was shown in [25], Proposition[7]can be used to easily
compute a particular solution n* € F' of the mhomogeneous system L' = 6, where 6 € F 7 isa general
solution of the system (56| . Indeed, using , we obtain that 0 = L' X 0+Y L"0+Z L, 0 = L' (X 6).
Hence, n* = X € F'is a particular Solution of the inhomogeneous system L' n = 6. If F is an injective
left D-module, using the results developed in Remark [7] ' then we obtain the elements of kerz(L.) has
the form n = X 6 + Q' € for a certain £ € F¥'. For more details and applications, see [26].

Remark 9. If D is a commutative polynomial ring, using Kronecker products, we then obtain that:
L/T ® Im/
(59) < row (L) = (row(X) row(Y) row(Z)) | L, &®L"
I, ® L/2

Hence, using a Grobuner /Janet basis computation, the existence of the matrices X, Y and Z satisfying

is reduced to checking whether or not row(Z,,) belongs to the Grobner/Janet basis of the D-
module generated by the rows of the last matrix for an elimination order ([25]).
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Example 18. Let us consider again Examples [I] and Using Remark [0] or an algorithm developed
in [25] and implemented in OREMODULES ([0]), we obtain that the matrices L and L' = R respectively

defined by and satisfy the relation , where:

10
X:% 10 7Y:;(??).
0 0

If F denotes an injective D-module, using Remark [8) we then can parametrize the system kerz(L.).
Let us compute a parametrization of kerz(L.). In Example we prove that L, = 0 and L” = S,
where the matrix S is defined by (31]). The system kerp(L”.) = homp(t(P), F) is defined by

5291 +02 :0, 92 = _017
01+ 65 =0, (5291—9120,

which proves that 6, is a 2 h-periodic function of F. Moreover, using the results developed in Sec-
tion |6.1] (see also [5] [6]), we obtain that kerp(.Q") = D**2 L', where Q' is the matrix defined by:

Q' =(260 250 1+8)".
Then, Remark [§| shows that is parametrized by

yi(t) = 361(t) +28(t — h),
ya(t) = =3 01(t) + 2£(t — h),
ys(t) = £(t) +&(t —2h),

where £ is an arbitrary function of F and 6y an arbitrary 2 h-periodic function of F.

If P/t(P) is a projective left D-module, namely, a left D-module such that there exists a left D-
module N satisfying (P/t(P))®N = D! for a certain | € Z, = {0,1,2,...}, then we know that
splits ([27]). This result is coherent with the fact that extl, (P, N) = 0 whenever P is a projective left
D-module (see, e.g., [27]). Moreover, we can prove that the left D-module P/t(P) = D'*!/(D**™" L/)
is projective iff the matrix L’ admits a generalized inverse over D, namely, iff there exists a matrix
X € D™ gatisfying:

L'XL =1L
See [5] for more details. A constructive algorithm computing generalized inverses was developed and
implemented in OREMODULES ([6]).

Example 19. We consider again Example The D = Q[0, §]-module P = D'*3/(D**2 L), where
the matrix L is defined by (23), satisfies that P/t(P) = D'*3/(D'*3 L’), where the matrix L’ is
defined by . Moreover, we have t(P) = (D'*3 L')/(D'*? L) and the matrix defined by

Q=(01+6 25 (1-6%0)"

satisfies that kerp(.Q’) = DY*3 L' See [5] for more details. Using an algorithm developed in [5], we
can check that L' admits a generalized inverse X over D defined by:

is 00
X = 1 0 0 | e D33,
—196 1 0
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Hence, the D-module P/t(P) is projective, which proves that ep(P/t(P),t(P)) = 0. Let F be an
injective D-module. Using Remark [8) let us parametrize kerz(L.). We can check that we have
L=1L"L and kerp(.L') = D L, with the notations:

0 -1 0
L”(O s 1), =0 -6 1).

Hence, homp (t(P), F) is defined by the following system of functional equations:

—02:0, 89120, 91=CER,
—005+ 05 =0, =4 0 =0, =4 0 =0,
0601 — 660+ 05 =0, 03 = 0. 03 = 0.

Then, Remark [§| shows that admits the following parametrization

yi(t) =2 C+&(t) +£(t—2h),
ya2(t) = C 4+ 2£(t — h),

ya(t) = &(t) — £(t = 2h),

where C' is an arbitrary constant and £ an arbitrary function of F.

For more examples, see [26]. We also refer the reader to [8, [7] for related results.

Finally, if D is a left hereditary ring ([14, 27]) (e.g., D = k[t] [0], k a field of characteristic 0) or a
left principal ideal domain (e.g., k(t) [0], k a field), then we know that every torsion-free left D-module
is projective and, in particular, the left D-module P/¢(P) for any left D-module P. Hence, we find
again Kalman’s result described in the introduction as well as its different generalizations.

7 Conclusion

In this paper, we have shown how to constructively study Baer’s interpretation of the elements of
the abelian group exth (M, N), where M and N are two finitely presented left D-modules, in terms
of equivalence classes of extensions of N by M. This interpretation, combined with constructive
algorithms for the computation of elements of this abelian group, allowed us to parametrize, up to an
equivalence relation, all the finitely presented left D-modules E which contain N as a left D-submodule
and whose quotient by N is isomorphic to M. When the signal space F was an injective left D-module,
the duality between the system-theoretic and the behaviour-theoretic approaches allowed us to solve
the problem raised by S. Shankar and described in the introduction of the paper. We have illustrated
these results on explicit examples and have shown how to parametrize all the systems having a given
parametrizable subsystem and admitting a given system of autonomous elements.

As it was shown in Section and more generally in [23], the vanishing of the right D-modules
ext’,(P, D), i > 1, played an important role in the classification of the properties of multidimensional
linear systems and in the existence of parametrizations for these systems (i.e., image representations in
the behavioural approach ([20, 30])). This result has motivated the development of new constructive
algorithms for the computation of the right D-modules ext’, (P, D), i > 1, whenever P is a left
D-module presented by a matrix with entries in a non-commutative polynomial ring D of functional
operators ([B,[23]). These constructive algorithms, based on Grébner or Janet bases, were implemented
in the library OREMODULES ([B[6]) and illustrated on many explicit examples. The problem studied in
this paper can be seen as a generalization of this work as we now compute the abelian group ext}, (P, N)
and show some of its applications. As it was shown by J.-P. Serre in [28], Baer’s interpretation of the
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extension functor also plays an important role in the reduction of linear multidimensional systems,
that is to say, in the search for equivalent systems having a minimal number of equations. See [3]
for more details on a system interpretation of Serre’s theorem and its applications in mathematical
systems theory.

We refer to [29] for results on a behavioural interpretation of the Baer extension problem and its
applications in the synthesis of behaviours. We point out that the results obtained in the paper can
also be applied to different short exact sequences than as, for instance:

We shall study these extensions in the future. Finally, in the literature of homological algebra ([31],
15, 27]), Baer’s interpretation of exth (M, N) was extended by N. Yoneda for ext’; (M, N), i > 1. The
system-theoretic interpretation of the abelian groups ext, (M, N), i > 2, will be studied in a future
publication.
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