Restrictions of n-D behaviours and inverse images of [)-modules

Alban Quadrat!

Abstract— The problem of characterizing the restriction of
the solutions of an n-D system to a subvector space of R" has
recently been investigated in the literature of multidimensional
systems theory. In this paper, we characterize the restriction
of an n-D behaviour to an algebraic or analytic submanifold
of R". To do that, we first use the algebraic analysis approach
to multidimensional systems. We then show that the restriction
of an n-D behaviour to an algebraic or analytic submanifold
can be characterized in terms of the inverse image of the
differential module defining the behaviour. Characterization of
inverse images of differential modules is investigated. Finally,
using the above results, we explain Kashiwara’s extension of
the Cauchy-Kowalevski theorem for general n-D behaviours
and non-characteristic algebraic or analytic submanifolds.

I. ALGEBRAIC ANALYSIS APPROACH

Let us briefly review the algebraic analysis approach to
continuous multidimensional (n-D) systems [3], [5], [8],
[10]. For more details on algebraic analysis, also called
(algebraic/analytic) D-modules, see [1], [2], [4].

Let A be a differential ring of characteristic 0, namely A is
a commutative ring containing Z equipped with n commuting
derivations 0;, i = 1,...,n, namely, maps 0; : A — A
satisfying the following conditions

Oi(a1 + az) = 9i(a1) + 0i(az),

v ay, a2 € A7 { 8i(a1 a2) = 8,L'(0,1)a2 + aq ai(a2)7

and 0; 00; = 0;00; forall 1 < i < j < n. Let
D := A(dy,...,d,) be the (not necessarily commutative)
polynomial ring of PD operators in di,...,d, with co-
efficients in A (i.e., every element of D is of the form
2 o0<|ul<r au d, where 7 € Zxo = {0,1,...}, ay € A,
poi= (1 ... pin) € 2%, and d* = d* ... d! is a mono-
mial in the commuting indeterminates d, ..., d,,) satisfying:

Vae A, dia=ad;+ 0ia). (D

For more details, see [1], [2], [4], [11]. If k£ is a field
(that we shall always suppose to be of characteristic 0)
and A = k[x1,...,x,] is the commutative polynomial ring
in x1,...,x, with coefficients in k, then A(dy,...,d,) is
called the Weyl algebra and is simply denoted by A, (k).

We shall assume that D is a noetherian domain, i.e., a ring
D with no non-zero divisors and such that every left/right
ideal of D is finitely generated as a left/right D-module [12].
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Let R € D9*P be a g X p-matrix with entries in D and

.R: D'*¢ — Dlxp
A — AR,

the left D-homomorphism (i.e., the left D-linear map) de-
fined by the matrix R. If the image of .R is denoted by
D4 R, then the cokernel of .R is the factor left D-module
M := DY?/(D' 4 R) which is finitely presented by R
[12]. In order to describe M by means of generators and
relations, let { f;} ;—1...., be the standard basis of D'*? i.e.,
f; is the row vector of length p with 1 at position j and 0
elsewhere. Moreover, let 7: D1*P — M be the canonical
projection onto M, i.e., the left D-homomorphism which
maps A € D' to its residue class () in M. Then, 7 is
surjective since every m € M is the class of certain \’s in
D7 je, m = m(\) = (A +vR) for all v € DY¥9_If
y; =m(f;) for j =1,...,p, then for every m € M, there
exists A = (A1 ... Ap) € D*P such that

P

p
= Z)‘jﬂ(fj) = Z)‘jyja
J=1 J=1

which shows that {y,},;=1.... , is a generating set for M. Let
R;q (resp., It,;) denotes the i row (resp., jth column) of

R. Then {y;};=1,..p satisfies the following relations

P
m:’ﬂ'()\):’ﬂ' Z)\jfj
j=1

p p p
Y Ry =Y Ryn(f)=7 Y Rijf; | =7(Ri) =0
j=1 j=1 j=1

)

foralli=1, ..., g since Rje € D'X9Rfori=1,...,q.

Now, let F be a left D-module, FP := FP*1 and let
kerz(R.) :={n € F? | Rn=0}

be the linear PD system or behaviour defined by R and F.
A remark due to Malgrange is that kerz(R.) is isomorphic
to the abelian group (i.e., Z-module) homp (M, F) formed
by the left D-homomorphisms from M to F, i.e.,

kerz(R.) 2 homp (M, F) 3)

as abelian groups, where 22 denotes an isomorphism (e.g., of
abelian groups, left/right modules). This isomorphism can
easily be described: if ¢ € homp (M, F), n; = ¢(y;) for
j=1,...,p,and n:= (m ... n,)T € FP, then using (2),
Rn=0since fori=1,...,q:

ZRij o(yj) = ¢ ZRU‘ yi | = ¢ (7 (Ris)) = #(0) = 0.

Jj=1



Conversely, if 7 € kerx(R.), then we can define ¢, €
homp (M, F) by ¢,(m(\)) = An for all A € D'YP.
We can prove that the abelian group homomorphism
x: kerz(R.) — homp(M,F) defined by x(n) = ¢, is
bijective. See [1], [3], [4], [11]. Hence, (3) shows that the be-
haviour kerz(R.) can be studied in terms of homp (M, F),
and thus by means of the left D-modules M and F.

Within the behavioural approach to multidimensional sys-
tems, recent investigations have been done in the direction of
the restriction of behaviours to subvector spaces of R™. See
[6], [7] and the references therein. The goal of this paper is to
shortly explain a possible answer to this problem developed
in algebraic analysis or D-module theory [1], [2], [4].

In Section II, we introduce the concept of inverse images
of D-modules for linear systems of PD equations with
polynomial coefficients. In Section III, we shortly extend
this concept to linear systems of PD equations with analytic
or holomorphic coefficients. In Section III, we shall show
that this concept is the main ingredient for the study of the
restriction of linear PD systems to a submanifold.

II. INVERSE IMAGES OF D-MODULES
Let k£ be a field of characteristic 0 (e.g., k = Q, R, C),

X = k™ (resp., Y = k™) the affine space of dimension
n (resp., m) with coordinates = (x1,...,x,) (tesp., y =
(y1,--.,Ym)). Let us consider the following polynomial map
f:y=g — X=k"
y=w1 ... ym) — (fi(y) ... faly)),
i.e., the f;’s are elements of k[Y] := k[y1, ..., ym]. Now, if
k[X] := k[z1,...,zy], then we can define
frok[X] — k[Y]
“)
p — pof,
where (po f)(y) = p(f1(y),-.., fn(y)) € k[Y]. In particular,

k[Y] inherits a k[X]-module structure defined by:
k[X] x k[Y] — Kk[Y] 5)
(P, q) (pof)a.

Let Dy := k[X]{(dy,,...,ds,) = An(k) and M be a left
D x-module. Using the polynomial map f : ¥ — X, we
define a left Dy := k[Y](dy,,...,dy, ) = Amn(k)-module
f*(M) called the inverse image of M under f [1], [4].
The left Dx-module M can be seen as a k[X]-module by
forgetting the actions of the derivatives d,,’s. Since k[Y] is

a k[X]-module, we can define the following k[Y]-module
(M) := k[Y] ®4x] M formed by elements of the form

n—qu

(see, e.g., [12]) which satisfy the following relation:

VpeklX], aly)@p@)m =aqy) (pe f)(y)@m. 6)
The k[Y]-module structure of f*(M) defined by

—

®ml, 7“62207 qIEk[YL my € M,

r

VaeklY], qn=>_a) aly) @m,
=1

can be extended into a left Dy-module structure by
dy; n = Z <ayjfh ®my + qu ) Oy, fi(y) ® da, ml) )

=1

(7)
m. Let us check that (7) yields a well-defined
M). We have

forj=1,...,
left Dy -module structure on f*(

dy, (yx (g(y) @ m)) = dy, (yx q(y) @ m)

By, (ye a(y)) ©@ m + 32011 vk q(y) Oy, fi(y) © duym
(Oy, k) a(y) @ m
+yk (Oy;a(y) @ m+ 320, a(y) Oy, fiy) © day )
= Jirq(y) @ m+ypdy; (q(y) @ m),
where 0, = 1if j = k or O else, i.e., dy; yx —
We can also check that
(dy, dy,)(q(y) ® m)
= 8yjaka(y) ®@m+ 21:1 8kaI(?J) 8@/; Jily) @ dgym
+ Z?=1 aij(y) ayk fi (y) & dr,', m
+ Z:l 1a(y )8ygaykfi(y) @ dg; m
+ Zz 1 Zz 1 q(y )8ykft(y) ayjfl(y) ® dy, dyy m

is symmetric in j and k, which yields d,, d,, = d,, d,,.
Finally, we prove that (7) is compatible with (6), i.e.:

dy,(q(y) @ p(z) m)

Yk dyj = 5jk-

zﬁyjq(y)®p(z)m+2? Lay )ay,fi( ) @ dq, (p(x) m)
;q(y) (p(fy) ®
+2 4y )3y1f1( ) @ (p(z )dxb+8z p(z))m
= (9y;q(y) (P(f(y) + 2oimy a(y) Oy, fi(y) (9e,p) (f(y))) @ m
+2e 1q( ) Oy, fi(y) p(f(y ))®dm1m
9y, (ay) p(f(y)) @ m
+3m 1q( )p(f(y)) Oy, fi(y) @ dey m
dy, (a(y) p(f(y)) @ m).
Definition 1 ([1], [2], [4]): If f Y = k™ — X = k"

is a polynomial map, Dx = A,(k), Dy = A,,(k) and M
a left Dx-module, then f*(M) := k[Y] ®xx] M has a left
Dy -module structure defined by (7) and is called the inverse
image of M under f.

Example 1: Let us consider M = Dx so that f*(Dx) =
E[Y]®wx) Dx, which is usually denoted by Dy _, x [1], [2],
[4]. An element P of Dy _.,x is an operator of the form:

P= > ay)edi a,cklY], di=d .. din.
0< || <r

Note that Dy _,x has a Dy — Dx-bimodule structure
defined by the left Dy -module structure given by (7), i.e.,

dy, P =
Do<tul<r (Oy; au(y) @ di + 3775 au(y) By, fily) @ dgt;) )
(8)
where p+1; := (1, ..., p;+1,. .., 4y, and by the natural

right D x-module structure of Dx.



Using a,(y) (1 ® d¥) = au(y) ® d? and (8), the ring
Dy . x is generated by {1®d} } ez as aleft Dy-module,
i.e., using (8), we have: N

Po= Yocu<r an(y)(1 @ dp),
dy; P >0< |l <r Oy; au(y) (1 @ dF)

+ 2 0<ul<r S au(y) By, fily) (1 @ ditti).

Finally, considering the element 1®1 € Dy _, x, (8) yields:

Z@ﬁ dy,.

If f is a linear map (see, e.g., [6], [7]), ie., f(y) = Ay,
where A € k"*™ | then, for j =1,...,m, we get:

ZA”@dm _1®ZA” da, -

Ifd, = (dg, ... dy,)T and A = (Ae1 ... A,
denotes the i™ column of A, then Y 7 | A;j da,

If M is a left Dx-module, Dx ®p, M = M [12] yields
fr(M)

(1®1)

(1®1)

m), where Ag;
= AL d,.

kY] ®k[x] M = kY] ®k[x] (Dx ®py, M)
(kY] ®rix) Dx) ®px M
- DY%X ®DX M7

)
which shows that the ring Dy _, x has to be studied in detail.
Example 2: Let m =n+1,1 € Z>o, Z = k! and

FY=ktH=XxZ — X=k"
y=(z, 2) — =,

i.e., f is a projection. If M is a left Dx-module, then:
(M

An element of f*(M) is a sum of terms of the form

q(z,z) ® m, where ¢ € k[X,Z] and m € M. Since

q € k[X,Z] can be rewritten as ¢ = } o<, <, () 2",

where v = (11 ... 1) € ZL, we get:

gz.z)@m= Y 2"®q(x)m

o<y <r

) = k[X, Z] @px) M.

Thus, an element of f*(M) can be written as a sum of terms
of the form z¥ @ m’, where m’ € M. Now, we note that we
have k[X, Z] = k[Z)®k[X], where k[Z]®,k[X] is the k-
algebra formed by elements which are sums of terms of the
form p(z) ® g(x) and with the product defined by

(p(2) @ q(2)) (' (2) @ ¢ () = (p(2) P'(2)) ® (q() ¢’ (x)),

forall p, p’ € k[Z] and q, ¢’ € k[X]. Then, we can define the
k[Z])®ik[X]-module k[Z]®yM formed by elements which
are sums of terms of the form z¥ ® m with v € Z>( and
m € M and endowed with the following product:

(p(2) @ q(2)) (2" @ m) = p(2) 2" ® q(x) m

Then, we have the following k[X, Z]-isomorphism:
fr(M) —  klZ]exM

(Zogwgr Qv () ZV) ®@m o< 2 O @ (T)m
(10)
Now, the left Dy -module structure of f*(M) is given by
dy, (g (z) 2¥ @ m)
= Ou((z)2") @m+ 37 qu(@) 2" 0,5 @ dyy m,
D (2) ¥ @M+ gy () 2 @ dy,
2¥ ® (0r,qv(z) + qu(x) dy,) m
= 2Y®dy,(q(x)m), i=1,...,n
d,, (qu(x) 2" @ m)
= Oy (q@(z)2¥)@m+ Z;L:1 qu(x) 2" 0, 25 ® dz; m
= q(x)0,2"@m, k=1,...,l
Hence, using (10), we obtain that the d;,’s act only on M
and the d,,’s act only on k[Z], i.e.:

{dmu”®qunw=zV®dm@
d., (2" © g, () m)

Using the isomorphism Dy = DZ®;€D x defined by

v(x)m),

11
=0,.2" @ q(x)m (n

Dy — Dz®,Dx
Sapytd; — Y aw (24 de @ ad),
where p1 = (p1, p2) and v = (v1, v2), 1, 1 € Z%,
and po, 1o € Z>0, and the DZ®kDX module structure of

k[Z)®,M defined by

(212 dv2 ® 1 d) (ZO ®@m) = 22 92 PR d“rm
(11) then shows that (10) is an isomorphism of left Dy =
D5 QD x-modules.

If we now consider M = Dx = A, (k), then we have
Dy_xyz-x = kX, Z) ®yx) Dx = k[Z)@xDx

as Dy = D;®,Dx-modules. In particular, using (11), we
have d,,(1®d#) = 1®d 1 and d., (1 ®d"*) = 0. Finally,
using the left D z-isomorphism k[Z] = DZ/(ZL:1 Dzd,,)
and the following isomorphism of Dz — D x-bimodules [2]

l m
(DZ/ <ZDZdzk>>®kDXgDy/ Z DYdyj ,
k=1

Jj=n+1
we get the following isomorphism of Dz — D x-bimodules:

Z Dy dyj

Dy_xxz-x = k[Z]@xDx = Dy/

j=n+1

(12)

Example 3: Letn=m+ 1,1 € Z>o, Z = K,

Y=k — X=k"=YxZ

y — (v, 0),

i.e., f is a standard embedding, and a left D x-module M. If
21 = Tmtl,-- 521 = Tn and k[Z] := k[z1, ..., 2], then we
can consider the left Dy-module f*(M) = k[Y] ®yy,z) M.



Using (4), we get f*(p(y, 2)) = p(y,0) for all p € k[Y, Z].
We note that k[Y] = k[Y, Z]/(Z), where (Z) = (z1,. .., 2)
is the ideal of k[Y, Z] generated by the z;’s. Hence, we get
JX(M) = k[Y, Z]/(Z) ®uy,z) M as k[Y, Z]-modules.

Using the fact that Dy = A,,,(k) C Dx = A,,41(k), the
D x-module M can be considered as a left Dy--module. Any
element P =}, <, au(y) dij of Dy commutes with all
the zx’s, i.e., we have Dy (Z) = (Z) Dy in Dx, which
proves that (Z)M := {pm | p € (Z),m € M} is a
left Dy -submodule of M. Then, we can consider the left
Dy-module M/(Z)M. Let 0 : M — M/(Z) M be the
canonical projection. Let us also consider the map:

X: (M) =klY]@py,z1 M — M/(Z)M
qy)@m r— q(y)o(m).
The map x is well-defined since ¢(y) ® m = 1®¢(y) m and
x(a(y) ©@m) = q(y) o(m) = o(q(y) m) = x(1 @ q(y) m).
Let us now check that x is a k[Y]-homomorphism:
Vg, r € k[Y], x(r(g@m)) =x(rq@m) = (rq)o(m)
=ro(gm)=rx(g®m).

Using (7) and the fact that o is left Dy -homomorphism, let
us prove that x is a left Dy -homomorphism:

x(dy,(g@m)) = x(9y,q @m+ 371, 40y, f; © dyym)

= X0y, g @m + 372, ¢ 0y, yi ® dy, m)

=X (ayjq @ m+q @ dy, m) = 0y,q0(m) + qo(dy, m)

= (04,4 + ady,) o(m) = dy, (qo(m)) = dy, x(¢ ®m).

Let us now check that x is an isomorphism of
Dy-modules. If n = Y°_ ¢ ® m, € kery, ie.,
> _igro(my) = 0, then o(>)_, ¢, m,) = 0, which
shows that there exist mq,...,m; € M such that
> army = 22:1 2, My, and using (6), we get:

T
i

Z fr®my =0.

s l
n= 1®qumr = 1®szmk =
r=1 k=1 k=m+1

X is surjective since every element o(m) € M/(Z) M is
such that x(1 ® m) = o(m), which finally proves that x is
a left Dy-isomorphism, i.e., f*(M) = M/(Z) M.

Using the above result, we obtain:

Dy, .x-yxz = Dx/(Z) Dx. (13)

Proposition 1: [1], [2], [4] Let X, Y and Z be three affine
spaces, f: Y — X and g : Z — Y two polynomial maps
and M a left Dx-module. Then, we have:

(fog)"(M) = g*(f*(M)).
In particular, if g = f~', then M = f~"(f*(M)).
Let f:Y =k™ — X = k™ be a polynomial map and:

g:Y — YxX w:Y xX — X
(4,1 »)), (v, ) (9

Yy _  X.

Then, we have f = wog, i.e., any map f is the composition
of an embedding and a projection. g is not a standard
embedding but g can be written as g = v o u, where

u:Y — Y XX 0v:YxX — YxX

(, 0), (y, =) (v, =+ f(y)).
15)

The polynomial map w is a standard embedding and v is an

invertible polynomial map. Then, using f = w o v ou and

Proposition 1, we get f*(M) = u*(v*(w*(M))) for all left

D x-modules. Using (9), we obtain:

frOn =

y — —

DY>1>Y><X @Dyux Dyyx vyxx

®DY><XD ®Dx M.
(16)

YxX5X

Example 4: Let us consider the above polynomial map v
and a left Dy « x = Ap+n(k)-module N. Using (4), we have
(pov)((y, @) = p(y, 2 + f(y)) for all p € k[Y, X]. Then,
v*(N) = k[Y, X] ®g[y,x] N, where the left Dy x-module
structure defined by:

dy, (q(y,z) @ n)

= Oy q(y,x) @ n+ 30 q(y, 7) Oy, i @ dy, n
+ 21 4y, ) Oy (i + fi(y)) © do, 0

= Oya(y,x) @n+q(y,x) @dy, n
+ 2 i1 4y, ) Oy, fily) ® da,
de; (q(y, ) @ n)

= Op,q(y,x) @n+ 330 4y, @) Op, 4 @ dy,
+ 3 q(y, ) O, (i + fi(y) @ day 0

= O0yq(y,7) @n+q(y, ) ®dy; n.

a7)

Let us consider the following automorphism of Dy x x

— Dyxx

Yj Y=y,

OéZDyXX

i v xp = — fi(y),
dy; — dy =dy; + 21 Oy, fi(y) da,
(18)
forj=1,...,mand¢=1,...,n. We can easily check that:

’ / s I 5.
dyg yj—yj dyg —5”, dmg xj xidm; —5”.

Let us now introduce the left Dy « x-module M, defined
by M as an abelian group but equipped with the new left
Dy  x-module structure defined by:

VdeDyxx, VmeM, dem:=a(d)m.
Let us also define the following map:
L (M) — M,
q@m +—— qem=a(qg)m.
Let us now prove that ¢ is a left Dy » x-homomorphism, i.e.:
L(dyj (q ®@m)) = dyj b L(q & m) = a(dyj) tg®@m),
Uds, (q@m)) = doy @ (g ®m) = ldy,) g © m).



Applying ¢ to the first identity of (17), we obtain:

U(dy, (q(y, v) @ m))
= (9y,q(y,x) ®m) +(q(y, ) ® dy; m)
+ 3 ¢ (a(y, ) By, fily) ® du, m)
= « (3yj q(y, x)) m+ a(q(y,r)) dy].
+ 3 e (a(y, @) 9y, fi(y)) deym
= a(9y,4(y,2)) m+alq(y,x))d
+ Z?:l a(q(y,z)) ayj fi(y)de; m
= alq(y,x)) (dy, + 202, 0y, fily) d
+o (8yjq(y,x)) m
= (alq(y,2)) a(dy,) + a (9y,q(y. x))) m.
Applying o to q(y,2)dy; + 9y;q(y, ) = dy; q(y,x
(see (1)), we obtain a(q(y,z))a(dy,) + a (0y,q(y,z)) =
a(dy;) a(q(y,x)), which then yields:

ey, (a(y, = a(dy,) a(q(y, ) m
= a(dy,) uq(y, z) @ m).
Now, applying ¢ to the second identity of (17), we get:

(dx; (q(y, 2) ®@ m))

(y,7) ®
(0z,q(y, ) @ m) + 1(q(y, z) © dz; m)
(

«@ aﬂf]q(yv .’E)) m + a(Q(ya (E)) dl’j m
((8a;q(y, x)) + alq(y, ) a(ds,)) m.

Applying «a to q(y, z) de; + 02,q(y, x) = dy, q(y, ) (see
(1)), we obtain

a(q(y, ) alde,) + o (82,q4(y, ) = alds,) alq(y, ©)),

which then yields:
u(da, (a(y,

yjm
m
m

x) ®m))

L
[2

z) @ m)) = a(da;) a(q(y, ©)) m
= a(ds,) gy, z) @ m).
¢ is surjective since ¢(1 @ m)
= (qov)(y,x) @m = q(y,z + f(y)) ®m
"(q) @ m.

= m. Using (6), we have:

1®q(y,x)m
:Oéi

Hence, ¢ @ m € ker: iff a(q) m = 0, which finally yields
gom=1®a(q)m =0, ie., ¢ is injective and thus ¢ is an

~

isomorphism of left Dy » x-modules, i.e., v*(M) = M,,.

Example 5: Let Y = k™, X =k™, f:Y — X be a
polynomial map, the map g defined by (14)

— Z=kmt
(v, ),

and a left Dz-module M. Using (4), we have (po g)(y) =
p(y, f(y)) for all p € k[Y, X]. Following Example 3, we get

g:Y=K"

y —

=Y xX

that k[Y] = k[Y, X]/(z1 — f1(y), ..., zn — fa(y)) and
g (M) = k[Y] @y, x) M
= EY, X]/(z1 = f1(y)s - 20 — fuly) @rpy,x) M,

where the left D z-module structure defined by:

dy]( (y) ®@m) = (y) ®m+Zq(y) 0y, yi ® dy, m

n

> aly) 9y, fily) © duym

=1
)@ d,, m-l-z

Using (15), we have ¢ = v o u which by Proposition 1
yields g*(M) = u*(v*(M)):

9" (M)=D

= 0y,q9(y) @ m +q(y

) By, fi(y) © dy, m.

®DZ DZLZ ®DZ M.

Yoy x X

~

Using Example 4, we get v*(M) = D, »  ®p, M = M,,
where « is the automorphism of Dy = A, 1, (k) defined by

(18). If (X') = (21, ..., 27,) = (21— f1(¥), -, 20— fn(y)),
then using Example 3, we obtain:
9" (M) = uw*(v*(M)) = Mo/(X') Mo = Dy, 5 , ®p, M.

Finally, if f : Y — X is a general polynomial map and
Dz := Dyxx = Amin(k), then using (14) and (16), we
obtain f*(M) = D, s . ®p, M, where:

m

ZDZdy] +Z Dz

III. CAUCHY-KOWALEVSKI-KASHIWARA
THEOREM

Let X (resp., Y) be a manifold of dimension n (resp.,
m) with local coordinates © = (x1,...,x,) (resp., y =
(Y1,---,Ym)). Let TX (resp., T*X) denotes the rangent
bundle (resp., cotangent bundle) of X, i.e., the disjoint union
of the tangent spaces of X (resp., the dual bundle of T'X)

UzGX{‘r} xT, X = Uxex{(xvt) |te T, X},

(Upex{z} x T X =U,ex{(z,s) | s € T;X}) .

In the context of analytic D-modules [4], all the results
developed in Sections I and II can be extended to linear PD
systems with analytic or holomorphic coefficients. Analytic
D-module theory is usually more complicated than algebraic
D-module theory since it uses sheaf theory [12]. The ring
D of PD operators with coefficients in the differential ring
A has to be replaced by the sheaf Dx of rings of PD
operators on a complex manifold X of dimension n. The
stalk D, at a point z € X is defined by elements of the
form 3 ., <, au(z)dy, where the a,(z)’s are germs of
holomorphic functions at . Moreover, the finitely generated
left D-module M is replaced by a coherent sheaf left Dx-
module M [12], i.e., for any = € X, there exists a neigh-
bourhood U of z in which M admits a finite presentation:

D

v =Dz/

X

DI P T My — 0.

If Ox is the sheaf of germs of holomorphic functions over
X, then the sheaf homp, (M, Ox) corresponds to the sheaf
of holomorphic solutions of the linear PD system defined by



M, i.e., locally in a neighbourhood U of z, by a linear PD
system of the form R 7 = 0, where R € DF*?.

We can define an increasing filtration {F,.(Dx)}r>_1 of
the ring Dx by Ffl('Dx) =0, Fo(Dx) = Ox and

F,(Dx) =
{P S endc((’)x) | Vf c OX [P f] e F,._ 1(Dx)}
where [P, f1] := P f1— f1 P, and the associated graded ring:

gr(Dx) = € F.(Dx)/F,_1(Dx).

TGZEO

We note that F;(Dx) = Ox @ Ox, where Ox is the sheaf
of vector fields on X, i.e., locally, Ox = @?:1 Ox d,.
If P =3 << ou(®)dy € Fr(Dx) \ Fro1(Dx), then
or(P) = 3, = au(z) X" is called the principal symbol
of P. If x; := o1(dy,), ¢ = 1,...,n, then we can prove
that gr(Dx) = Ox|[x1,..-,Xn) and that the x;’s are the
coordinate system of the cotangent space @', C dx; a fact
showing that an element of gr(Dx) is a function on 7*X
which is analytic in the x;’s and polynomial in the x’s [4].

If M is a coherent left Dx-module, then M is locally

generated by {yj }i j=1,...,p and we can consider the increasing My =

filtration F,.(M) :=>-0_, F.(Dx)y; of M and

P M

r€ZL>0

the graded gr(Dx)-module gr(M) associated with M. The
characteristic ideal J(M) of M is then defined by:

J(M) = \/anng,(p (M)
={a€gr(Dx) |31 E€Zso: Yucgr(M), d
Definition 2: [4] The characteristic variety char(M) is

the conic analytic subset of 7* X defined by:
char(M) :={(z,x) e T"X |Va € J(M):

Definition 3: [4] A submanifold Y of X is called non-
characteristic for M if for every (z,x) € char(M) such
that x;y = 0, we then have x = 0, where x|y denotes the
restriction of x to Y, i.e., if there is no non-trivial element
of char(M) which reduces to 0 on Y.

Example 6: Let X = C?, P := d,, — d,, € Dx and
M = Dx /(Dx P) be the coherent left Dx-module defined
by Oy, w(x1,x2) — O, u(r1,x2) = 0. Then, we have:

char(M

gr(M) = )/ Fr—1(M)

u = 0}.

) ={((z1,22),x = x1dz1 + x2dx2) | X1 = X2}

= {((z1,22), x = x1 (d21 + dz2))}.
Let Y be a submanifold of X defined by a smooth curve
s € R+ (x1 = ¢1(8),22 = ¢2(s)) € X and the 1-form
w = dry + dry € char(M). Then, dz; = (;51( )ds and
dzy = ¢o(s)ds, which yields wyy = (¢1 + ¢2)ds. Thus,
wy = 0 iff qﬁl —|—¢2 =0, i.e., ¢1 + @2 = c € R, which yields

( 1 = ¢1(8), 29 = ¢ — ¢1(9)), i.e., x1 + z2 = c. Hence,
= {(z1,72) € R? | &1 + x5 = ¢} is characteristic for M.

a((z, x)) = 0}.

Example 7: Let P =3 |, <, au(z) 0" be a differential
operator of order  and M = Dx /(Dx P). Then, we have

char(M) = {(z, x = >2i_; xi dz;)
| JT(P)(xv X) = Zlu\:r a#(x) X‘Yl . XrﬂL" = 0} .

Let Y = {z € X | 1 = 0} be a submanifold of X. Then,
Xy = X2dx2 + ... + Xndx, = 0 yields x; = 0 for i =
2,...,n.If we note z := (0,9, ...,z,) € X, then we get:

or(P)(z, X1 dx1) = agro,....0)(2) X1-
L0)(2) # 0,

Thus, Y is non-characteristic for M iff a(, .
ie., o.(P)(z,dx1) # 0.

Let f : Y — X be holomorphic map of holomorphic
manifolds and Fx a sheaf on X. Then, f —1Fx is the sheaf
onY defined by (f~1Fx)(V) :=lim__, Fx(U) for all open
sets V of Y, where lim__, denotes the inductive limit over
the set {U open set of X | f(V) C U} [12].

Theorem 1: [4] Let M be a coherent left Dx-module, Y
a submanifold of X which is non-characteristic for M, 7 :
Y — X the embedding and Dy _.x := Oy ®;-104 i 1Dy.
Then, the inverse image of M under 1, i.e.,

i*(M) = TIMEDy_x®i-1py i M
is a coherent left Dy--module, and the canonical map
i (hompy (M, Ox)) — homp, (i*(M),i*(Ox)),

that is to say hompy (M,Ox)y — homp, (My,Oy),
is an isomorphism. In other words, we have:

homp, (M, Ox)|y = homp, (My,Oy).

Theorem 1 shows that the restriction of the behaviour
homp, (M,Ox) to the non-characteristic submanifold Y
of X is the behaviour homp, (My,Oy) defined by the
inverse image My = i*(M) of M under ¢ : Y — X.
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