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Unstable plants

e Finite-dimensional system:

1
. u(s).

S_

2(t) = xz(t)+u(t), x(0) =0 = z(s) =
e Delay system:

[ &(t) = «(t) + u(t), z(0) =0,

0 0<t<1,

\y(t):{a:’(t—l), t>1,

6_8

p— u(s).

e System of partial differential equations:

= 7y(s) =

-y 2
%(xat) T %(%,t) — 07

| 22(0,t) =0, 92(1,t) = u(t),

L y(t) = (1,1,

_ 1+4+e 25
= y(s) = =T u(s).

e The poles of the transfer functions (1,1,tkm, k € Z)

—s —2s
hi(s) = 221, ho(s) = &7, ha(s) = 1o

belongto C4 = {s € C | Re(s) > 0} = unstability.



Stabilization by feedback

o Cp ={scC|Res >0},

H~(C4 ) = {holomorphic functions fin C |
| f lloo= SUPseC, | f(s)] < 40},

H>(C4) = {holomorphic functions fin C |
| £ ll2= supger, (J7 £ (2 + iy) |2dy)V/2 < 400}

= L(L2(Ry)), L£(-) Laplace transform.

e The transfer functions h; do notbelongto Hoo(C5):

—s —2s
hi(s) = 21, ho(s) = &7, ha(s) = 1

= we have the linear unbounded operator

Ty, H2(<C+2 — H>(C,),

u —— Yy = h;u,
:>dom(Thi)={a€H2|g=hiﬁ€H2}gH2

= du € HQ(C+) Cy=h;u ¢ HQ((C_l_).



Robust control

e IS it possible to find a controller C' such that the
closed-loop is stable Vu; € Ho(C4)?

ul +, €l yl
\/ c
+
y2 b e2 +/\ u2
\J+

e |s it possible to determine the set of all stabilizing
controllers of P?

e Is it possible to find robust/optimal stabilizing
controllers C?



The integral domain RHo

e The ring of proper stable real rational transfer
functions :
RHo, = {ggg € R(s) | degn(s) < degd(s),
d(s) = 0= Re(s) <0}

ep c R(s): aplant.
ecc R(s): acontroller .

e The closed-loop system is defined by:

uL  + el c yl
Y

+

y2 e * u2

P O

+

u1, up. external inputs, e1, eo: internal inputs, y1, y>: outputs.
up \ _ (1 —p e1 Y1 = e — u,
UD —c 1 e> ) | yop =e1 — uq.

e Definition: c internally stabilizes p if we have:

1 —p\ ! 11 -
— _ —pc 1-pc 2% 2
() e (e

l-pc 1l-—pc

e Internal stability over RH~ < exponential sta-
bility (resp. Lo — Lo-stability, Lo — Loo-Stability).



Example

e Example: A = RH~, K = R(s).

__ s ( (s+1) s(s+1)
P=T1 €1 = st1) Y1 T @ DG-1) ¥2
(s—1) —
_ 5= _ (— +1) (s+1)
= c does not internally stabilize p because:

s(s+1)
(2s+1)(s—1

u2 ¢ (s-l-l)

(s+1)

y & RHeo (poleinl e Cy).

{(S 1)Z|Z€H2}:>€1§§H2

(e.9. up = 7 ie. L71(up) = e 'Y (1))

The pole/zero cancellation between pand c
leads to an unstability
e Example: A = RH~, K = R(s).
( - (8 1) S
P= 1 1= 7GFn) "1 T ) ¥
= <
— . (s—1) (s—1)
c=2 | €2 T2GFD) YT (sF D) Y2
= c internally stabilizes the plant p.



Well-known results

e Theorem: (Morse, Vidyasagar) Every transfer func-
tion p € R(s) admits a coprime factorization over
RHxo,1.e. 40 = d, n, x, y € RH~ such that:

p=mn/d, dxr—ny=1.

e Theorem: (Youla, KuCera, Desoer and al) All sta-
bilizing controllers of p € R(s) have the form:

y+qd
x+qgn

c(q) = , Vg€ RHx : £+ gn #= 0.

e Interest: Find all the controllers ¢ € R(s) such that

inf  |w(l-pc) ! |leo, w€E RH,
ceStab(p)

Stab(p) = {c € R(s) | 1—1pc’ 1_Cpca 1_ppc € RHo}-

This non-linear problem becomes the convex one:

inf d .
dnf Jlwd (e +an) llos

ul +Q el c yl

+

y2 e2 u2




Extension to other classes of systems

“ The foregoing results about rational functions
are so elegant that one can hardly resist the
temptation to try to generalize them to
non-rational functions

But to what class of functions?

Much attention has been devoted in the
engineering literature to the identification of a
class that is wide enough to encompass all the
functions of physical interest and yet enjoys the

structural properties that allow analysis of the

robust stabilisation problem 7,

N. Young.

(“Some function-theoretic issues in feedback stabilization”, in
Holomorphy Spaces, MSRI Publications 33, 1998, 337-349.)




The fractional representation approach

e (Zames) The set of transfer functions of SISO
systems has the structure of an algebra  (parallel
+, serie o, proportional feedback . by scalar in R).

e (Vidyasagar) Let A be an algebra of transfer
functions of SISO stable systems  with a structure
of an intregral domain (ab = 0,a &= 0 = b = 0)
and its field of fractions

K=Q(A) ={n/d | 0#£d,nc A}.

K represents the class of systems

=- Any unstable plant is defined by P € (K\A)9*".

e (Zames) A needs to be a normed algebra || - || 4
In order to take into account the errors in the mod-
elization & approximation of the real plant by a model.

e (Zames) Itis suitable that A is a complete k-vector
space, i.e. k-Banach space

= A Is a Banach algebra
lablla<llallallolla II'T]la=1).



Examples of stable algebras A of SISO systems

1. RHoo = {”gs) c R(s) | degn(s) < degd(s),
d(s) = 0 = Re(s) < 0}

1 _ (s) € RH
—1)’ s+1° s—l—l o0

— h1 € Q(RHso) = R(5).

2. A= {f(t) + SFSa;de—t, | £ € L1(Ry),
(a;)i>0 € 11(Z4), 0 =tg <ty <to...}

and A = {g | g € A}, the Wiener algebras .

o ha(s) = Se:i — Ei:::lig Se-l_-sl’ S—I-l c A
= ho € Q(.AA)

3. C4 = {s € C|Res > 0}. The Hardy algebra

Hx(C4) = { holomorphic functions finC_ |
| f lloo=supsec, | f(s) [< o0}

o h3(s) = ((11+§—25))7 14e 25 1—e 25 ¢ Ho(Ch)

= h3 € Q(HOO(C+))-



Fractional representation approach

e Let A be an integral domain and K its quotient
field Q(A) = {p=n/d|0# d, n e A}.

e Definition: p € K admits a coprime factorization
over Aif40 #d, n, x, y € A such that:

p=mn/d, dxr—ny=1.

e Definition: p € K is A-internally stabilizable if
Jdc e K = Q(A) such that:

1 —1 1 P
( _p> _ ( 1-pc 1—pc> c A2%2
—c 1 ¢ 1
l-pc 1-pc

existence of coprime factorizations over A
= A-internal stabilizability.

=V p € R(s) is RHxo-internally stabilizable

e Theorem: (Inouye, Smith) If A = H,, then:

Ho-internal stabilizability
&
existence of coprime factorizations

= existence of a Youla-Ku c¢era parametrization
for every internally stabilizable p € Q(Hoo).



Open questions

e Does A-internal stabilizability imply the exis-
tence of coprime factorizations over

A = A={L()(s) + T aie | f € Li(Ry)
(a;)i>0 € l1(Z4), 0 =1tg <t3 <ty < ...},
(ring of BIBO-stable time-invariant systems)

A = W_|_ p— {Zf;oazz” Z;I_:Og |a7,| < —|—OO},
(ring of BIBO-stable causal digital filters)
A = Mpn ={r/s|0# s, r € Rlxq1,...,zn],
s(z) =0=x ¢ D"}
(ring of n.D systems with structural stability) ... 7

e If it IS not the case:

Is it possible to parametrize all stabilizing
controllers of a stabilizable plant which does
not admit coprime factorizations?

e In this talk, we shall solve the last question.



Theory of fractional ideals

elet Aand K = Q(A) ={n/d|0#d, n e A}.

e Definition: A fractional ideal J of A is an A-
submodule of K such that 30 # d € A satisfying:

(d)J = {ad|a€ J} C A.

Jof Aisintegral if J C A andprincipal ifdk € K

J= (k)2 Ak ={ak|a € A}.

e Proposition: Let 7(A) be the set of hon-zero frac-
tional ideals of Aand I, J € F(A). Then:

{ IJ = {Yfiniteaib; | a; € I, b; € J} € F(A),
[:J=1{keK=0Q(A) | (k)JCI}e F(A)

e Example: Let p € K. Then, we have:

J=A+Ap={A+up|A ne A} e F(A)

(p=n/d,d,neA=(d)J=An+ AdC A).

e Definition: J € F(A) is invertible if31 € F(A):

IJ=A.
>I=J1=A:J={keK|(k)JC A}




Stabilization problems

e Theorem: Letp € K = Q(A) and:
JE2(1,p)=A+ Ap e F(A).

1. p has a weakly coprime factorization p=n/d
(0O#£#d,nc A, VkeK:kn, kdc A=kecA)

S|A:J=2{a€Alap € A} = Ad.

2. pis internally stabilizable <« |J is invertible | i.e.

a—bp=1,
ap € A.

da, be A: {

Then, ¢ = b/a internally stabilizes p, J~! = (a, b).

3. ¢ € K internally stabilizes p
<(1,p)(1,¢) =(1—-po).

4. p admits a coprime factorization p =mn/d
(0O#d,neA, dex,yeA: der—nmy=1)
s |J=(1/d)|

5. p is strongly stabilizable
S|dece A J=(1—pc).




Example

e Let A be the ring of BIBO-stable causal filters

400 . Foo
A=Wy ={f(z)= 2 a;iz'| }_ |ai| < +oo}.

1=0 1=0
_(l—l—z)
e Let us consider the transfer function p=e \17%/:
| -()
n=(1-2)3e \172) ¢ A,
X =p=mn/de Q(A).
\ d=(1-2)3€ A,

e Let us consider the fractional ideal J = (1, p) of A.
A:J={de A|dpe A}.
e The ideal A : J is not finitely generated

(R. Mortini & M. Von Renteln, Ideals in Wiener algebra , J.
Austral. Math. Soc., 46 (1989), 220-228),

i.e. 3 finite family {dy,...,dr}, d; € A, such that:
T
Vde A:J, da;€A: d:ZCLZdZ
i=1

= p has not weakly coprime factorizations

p does not admit coprime factorizations
& p is not internally stabilizable
(similar results hold over A = A(ID))




Interpolation problem

e Proposition: p € Q(A) is internally stabilizable
Iff there exists b € A such that

1+bpeA:J={de Aldp € A},
o 1+bpe A,
- (1+bp)p € A

Then, ¢ = b/(1 + bp) is a stabilizing controller
b=c/(1—pc)and:

1
(1 -p _ [ 1+bp p+bp?

e Corollary: If p € Q(A) admits a weakly coprime
factorization p = n/d, then p is internally stabiliz-
able iff there exists b € A suchthat 1 + bp € (d).

Therefore, at any pole of p of order m in Res > 0,
1 4+ bp and b have at least m zeros.

e Remark: The previous results can be tracked back
to G. Zames-B.A. Francis (83) for A = RHxo.



Example

e Let us consider A = Hoo(C ) and:

e ® __ (s+1 __
P=(oo1y = 1y € K = Q(A).

e Let us define the fractional ideal J = (1, p) of A
= A:J={deA|dpe A} = (53}).

s+1
because A is a GCDD and gcd <Se4__i, ;”4—_%) = 1.

e p is internally stabilizable iffda,be A : Js.t.:

(. — (s—1)
a4 = (s+1) o
—bp=1«3 A — (s—1)
a D & dJx, Y € y b= (5T 1) Y,
|l a—bp=1.

b= (050 () (o)

oy = (s—l)a:_—s(s—l—l)

e

_ (s+1)4e %y
T s—1

T
= ((s+1)+e%y(s))(1) =0=y(1) = —2e.
e Taking y(s) = y(1) = —2e € A, then:

r = (S+1)_2€_(8_1) — 1 _I_ 2 (1—6_(8_1)> c A

s—1 s—1



e Therefore, we have:

(az(:s_T_—%) (1+2(1 e”Ce ”))eA:J,

b=—2e (S31) €A J,
L a—bp=1, (%)

/\\

= a stabilizing controller ¢ of p is defined by:
b 2e(s—1) 2e(s—1)

C T AT TG D2(1-—eGD) T T stl 2o GD

e J=(1,p)isinvertible , J~1 =A:J= (g—T—l)

[

= J=(J"H 1= (i‘l’—%) is principal

= p = ¥+ is a coprime factorization




Example

olet A= Ho(Cy)and K = Q(A).

—2s
e L et us consider the plant p = ((111'2_23)) c K.

e We have J = (1, p) = (1_61_28) because:

p

1= (1 T 6_28) (1—6:2[_23)’

—2s
§ P— %_1_2—23 — (1 _I_ 6_28> (1_61—23)7

1 1 1 (14e29)
| @29 T 2T 2 =)

= p admits the coprime factorization

(

. (1_|_€—23)
p= (1—e—253)°

s(1—ePN+ 5042 =1

= ¢ = —1 Is a stable stabilizing controller  of p.

e We checkthat 1 —pc=1+4+p= (1_62—23)

=J=(1,p)=(1/(1-e?%))=(1-po).



Some properties

e “|1S” stands for “internally stabilized/-zable”
e “CF” stands for “coprime factorization”

e Proposition: Let§ € A, p, c € Q(A).

A If pis IS by ¢, then p admits a CF < c admits a CF.
A pis 1S and p admits a weakly CF < p admits a CF.
ApisISbyce p+40isIShyc/(1+ dc).
ApisISbyc< p/(1+6p)isISbyc+ 6.
ApisIShyc< 1/pisiIShby 1/c.

A pis 1S and p admits a weakly CF < p admits a CF.

A pis externally stabilized by c (i.e. pc/(1—pc) € A)
< (1, pc) = (1 — pc).

Ap=7,c=7CF pisISbyc& dr—nsc U(A).

A pisIBbyc < div(l, p)+div(l, ¢) = div(1l—pec).

(DA 2 F(A))~, "I~Js A T=A:J",
divli = I+ ~).

AOiISISbhycsce A ...



Robust stabilization

e c c K = Q(A) internally stabilizes p ¢ K iff:

(1,p) (1, ¢) =1 —po).

e Let ) € A. cinternally stabilizes p and p + ¢
ff { (17 p) (17 C) — (1 —pC),
|
(Lp+d)(L,e)=(1—-(@+9)c).
{ (17 p) (17 C) — (1 —pC),
==
(L,p) (L, )= —-(p+9)c).
((1,p)(1,¢0)=(1-po),

| (55 = (1-12) =4

& c stabilizespand (1 —d6¢)/(1 —pc) € U(A).

<~ A

e If A Is a Banach algebra , then (small gain thm):

|1l —alla<1=a€UCA).

= a sufficient condition of robust stabilization

16 1a<le/(X=pe) )~




Parametrizations

e Theorem: Let p € Q(A) be a stabilizable plant
and J = (1, p). Then, all stabilizing controllers
of p have the form

b+ a?qp + b° g0
a+a?pqr+b2pgs’

Vi, €A at+a’pq+b°pgy # 0,

()

c(q1, q2) =

where c« = b/a is a stabilizing controller of p, i.e.
a—bp=1, ap€ A,

and a=1/(1—pcs), b=cs«/(1—pcx).

1. (%) has only one free parameter

& p2 admits a coprime factorization p2 = s/r

b+ rq
a+r1pg

(x) & c(q) = , g€A: a+rpg#0.

2. If p admits a coprime factorization p = n/d,

O#d, neA, dax—ny=1, then:

d
() e e(q) = LT
x+nq

(a=dz, b=dy, r=4d?)
Youla-Ku ¢era parametrization

VgeA:. x4+ nq+0.




Example

e Let us consider A = Z[iv/5], K = Q(iv/5) and:
p=(14iV5)/2€ K

“On stabilization and existence of coprime factorizations”,
V. Anantharam, IEEE TAC 30 (1985), 1030-1031.

e Let us define the fractional ideal J = (1, p).

e Using the relation in A
2x3=(14+iv5)(1—-iV5) =6,

=p=(14+iV/5)/2=3/(1—-iV5).
= A:J=(2,1—1i+/5) is not a principal ideal

= p does not admit a (weakly) coprime
factorization.
= 7 Youla-Ku ¢era parametrization.

e J(A:J)=(2,14+iv5,1—-iV/5,3)=A
243=-2—-(-14iV5)p=1
= c = (1 — i4/5)/2 internally stabilizes p.

e J 2=(A:J)?=(2,1-iV5)?=(2)

__ 1-iv/5-2¢
=>c(q)—2_(1+z_\/§)q, Vq e A.




Example

e Let us consider the ring A = R[z2, 23] of dis-
crete time delay systems without the unit delay

e A has been used for high-speed circuits, computer
memory devices. .. (K. Mori).

e Let us consider p = (1 — 23) /(1 — z2) € Q(A).
e Let us consider the fractional ideal J = (1, p).

e Using the relation in A
1-23 A +23) =00 -2 1+ 2%+ %),

we have:
(1-23) _ (1+2"+a%)
(1-22) (1423)

= A : J = (1 - 22, 14 23) is not principal
because x + 1 ¢ A.

p:

= p does not admit a weakly coprime
factorization.

= p does not admit a coprime factorization

= we cannot parametrize all stabilizing
controllers of p by means of the Youla-Ku cera
parametrization.




Example

o J(A:J)=(1—22 1423, 1—23, 1+22+2%)
= (14+23)/24+@—-23)/2=1cJ(A:J)
= pis internally stabilizable and J~1 = A : J.

e (14+z3)/24+ (1 —-23)/2=1€J(A:J)
<~
(1+23)/2+((1-22)/2)p=1

a=(1+2z3/2¢eJ1,
=
b=—(1—-z2)/2eJ1,

=c=bla=—(1—-22)/(14+ z3)
Internally stabilizes p.

e J 2 =((1-2%)2, (14 23)2) is not principal
ideal of A (x 4+ 1 ¢ A).

e All stabilizing controllers  of p have the form

c(q1,92) =

—(1-22)+(1-22)2 ¢1+(1423)% g0
(1+23)+(1—22) (1—23) 1 +(1+23) (1+22+2%) g2

for all g1, go € A such that the denominator exists.



Smith predictor

ep =1poe "% wherepg € RHyx and 7 > 0.

op € Ho(Cy) =p=n/d,n=poge 7% d=1,
IS a coprime factorization

e The Youla-Ku cera parametrization of all stabiliz-

Ing controllers of p is given by:

q
= \ Hs(C).
c(q) It apgers "4E o(C4)

e Letcy € RH be astabilizing controller of pg € RH

~ A Co
= q = € RHoo C Hoo(C).
(1 — poco) o= e

e The stabilizing controller of p

(@ -0 -0
c\q) — o
14+poco(e ™5 —1) 1—co(po—p)

Is called the Smith predictor .

e The complementary sensitivity transfer func-
tion has the form

pce(q)  _ ( PO €0 ) u—p
1 —pc(q) 1 —poco ’
showing that the Smith predictor rejects the delay
e~ 7% outside the closed-loop formed by pg and cg.

t(q) =



Picard group

e Definition: Let P(A) be the group of non-zero
principal fractional ideals of  A:

P(A) ={(k) 2 Ak|0# ke K}

Let Z(A) be the group of non-zero invertible frac-
tional ideals of A:

T(A) ={J e F(A) |IT € F(A): IJ= A}

The Picard group of A is the defined by:

C(A) =I(A)/P(A)

e Proposition: If C(A) = Z/2Z, then every stabi-
lizable plant p € Q(A) has a parametrization of
all its stabilizing controllers with only one free
parameter.

If C(A) = 1, then every stabilizable plantp € Q(A)
has a Youla-Ku cera parametrization (e.g. Hoo(C),
RHs,, Bézout domains).



Convexity of H(p, c)

e Let p € Q(A) be an internally stabilizable plant
and cx a particular stabilizing controller  of p.

e All stabilizing controllers  of p are given by

(1—pes) extq1t4 ci2
(1—pes)tq1 pFaopes?

c(q1,q2) =
Vai1,q2: (1—pes)+q1p+qapes® #0.
e The closed-loop system
1 p
<€1>_<1pc 1pc><u1>
— 1
€2 l—cpc l-pc u2

becomes:

H(p, C(Ql, q2))

2

(1 pc)z_l_QQ(l pc)2 lpc+q1(l pc)2+q2(l pc)2>

(pc.)? 2
Ty TR atety T T 0 gy t 42 ey

e H(p,c(qq,q2) isconvexin g1, go € A: VA€ A,

H(p, c(hg1 + (1 =N g}, Ao+ (1 —X)g5))

NH(p, c(a1, 42)) + (1 — A) H(p, e(d}, db)).




Sensitivity minimization

e Let A be a Banach algebra (Hoo, A, W,...)

e lLetp € K = QQ(A) be a stabilizable plant , then

INfeestan(p) | 7252 4

infg goea llw(a+a?pqr +b%pg2) |4 ()
(convex problem )

wherea, be Asatisfy a—bp=1, ap€ A,
and cx = b/a is a stabilizing controller of  p.

e 1. If p = n/dis acoprime factorization of p
dr—ny=1, z,y € A,

—a=dx, b=dy,

=a+a’pqgr+b°pgo =d(z+qn),
q=2%q1 +v° .

2.V €A, Jq1, €A qg=22q1 + y2 o,

with g1 = d? (1 —2ny)q, go = n? (1 +2dx)q,

(@ (1 —2ny))a® + (n* (1 +2d2))y> = 1].

(x) = infeea [[wd(z+ng)la.




Conclusion

|. Summary:

e We generalized the Youla-Ku cera parametriza-
tion for SISO stabilizable plants .

e This parametrization does not assume the exis-
tence of coprime factorizations.

ll. General comments:

When does a stabilizable plant admit a
coprime factorization?

e \We proved that this problem is equivalent to:

When is an invertible fractional ideal principal?

e This is a difficult problem studied in:

— algebra : algebraic K-theory (Serre’s conjecture (55)
A = k[x1,...,zn], solved by Quillen-Suslin (76)),

— number theory : number fields,

— algebraic geometry : function fields,

— topology : triviality of vector bundles,

— operator theory : topological K-theory (C*-algebra).

this problem could be difficult for A, W,....




Well-known results

e Theorem: (Morse, Vidyasagar) Every transfer ma-
trix P € R(s)?*" admits a doubly coprime factor-
lzation over RH~o, 1.€.:

P=D1IN=ND1

D —N XN_I
-y X Yy D)7

where D, N, N, N, X, Y, X, Y € M(RHx).

e Theorem: (Youla, KuCera, Desoer) All stabilizing
controllers of P € R(s)?*" have the form:

C(Q)=X-QN) ' (Y-QD)=X+DQ)(X+NQ)!

for every Q € RHLZ Y such that:
det(Y —QN) 20, det(X - NQ) #0.

e Interest: Find the controllers C € R(s)"*9 s.t.:

inf Wy (I —PC) 1 Wy |loo,
ceont () | W1 ( ) 2 |loo

Stab(P) = { C € R(s)"™*| (I — PC)"Y, (I —- PC)"' P,
CI—PC)Y,C(—-PC)'Pec M(RHx)}

This non-linear problem becomes the convex one:

inf | W1 (X+NQ)DW> |l .
QeRHL?



Fractional representation approach

e Let A be an integral domain and K its quotient
field Q(A) = {n/d |0 # d, n € A}.

e Definition: P € M(K) has a doubly coprime
factorization over A if there exist
3D, N,D, N, X,Y, X, Y € M(A) such that:

P=D1N=ND1
D —N X N — 7
-y X Y D)

e Definition: P € K9%" is A-internally stabilizable
if 3C € K"*4 such that:

i, -P\ ' ( ,-PC)' U,—PO)lP
(_C Iy ) _((Ir—C’P)lC (Ir—CP)_l )EM(A)

® | existence of a doubly coprime factorization
over A = A-internal stabilizability.

= P € M(R(s)) is RHo-internally stabilizable

e Theorem: (Smith) If A = Ho(C4), then:

Ho (C4 )-internal stabilizability
&
existence of doubly coprime factorizations

= d Youla-Ku ¢era parametrization.




Open questions

e Does A-internal stabilizability imply the exis-
tence of doubly coprime factorizations over

A = A={L()(s) + T aie | f € Li(Ry)
(a;)i>0 € l1(Z4), 0 =1tg <t3 <ty < ...},
(ring of BIBO-stable time-invariant systems)

A = W_|_ p— {Zf;oazz” Z;I_:Og |a7,| < —|—OO},
(ring of BIBO-stable causal digital filters)
A = Mpn ={r/s|0# s, r € Rlxq1,...,zn],
s(z) =0=x ¢ D"}
(ring of n.D systems with structural stability) ... 7

e If it IS not the case:

Is it possible to parametrize all stabilizing
controllers of a stabilizable plant which does
not admit doubly coprime factorizations?

e In this talk, we shall solve the last question.



Lattices

e Let V be a finite-dimensional K-vector space.
e Definition: An A-submodule M of V is a lattice of
Vitd L1, Lo two free A-submodules of V s.t.:

L1 C M C Ly,
FKA(Ll) = dimK(V).

e Example: The lattices of V = K are just the non-
zero fractional ideals of A.

e Proposition: An A-submodule M of V' is a lattice
of V iff

KM={km|ke K, me M} =1V,
M C P,
where P is a finitely generated A-submodule of V.

e Example: Let P € K9%", then the A-module
(I, : —P) A9TT
IS a lattice of the K-vector space KY.

e Example: Let P € K9%", then the A-module

1x(g+r) [ P
e (1)

is a lattice of the K -vector space K1%7.



Lattices

e Let V and W be finite-dimensional K -vector spaces.
e Let M (resp. N) be a lattice of V' (resp. W).

e Definition: IV : M is the A-submodule of

hompg(V,W)={f:V - W|fisa K—linear map}

formed by the K-linear maps f : V — W which
satisfy f(M) C N.

e Proposition: 1. N : M is alattice of hom g (V, W).

2. The map

N:M — homy(M,N)= {f: M — N|
fisa A — linear map},

fo= fim
IS bijective.
e Example: Let P € K9%"and M = (I, : —P) A9,
Then, we have:
A:M ={f:K7— K|f(M)C A}
={Ae KX | \(I;: —P) ATT" C A}
= {Ae K1Xq|xe AlX9 AP e AlXT}
={Ae AIXq| \ P ¢ AlxT},




Weakly coprime factorizations

e Definition: P € K2*" admits a weakly left-coprime
factorization if 3 R= (D : —N) € A?*(at+7) gt

P=D"1N,
Vie K1Xa: NRe Alx(gt+r) = )\ ¢ AlXq,

e Definition: P € K% admits a weakly right-
coprime factorization if 3 B = (N7 : DTYT ¢
Alg+r) % gych that:

e Proposition: P € K9*" admits a weakly left-
coprime factorization iff 3 D € A9%% such that

A:((Ig: —P)ATT™) ={xec AYXq| AP c AlXT}
=A1XqD,

i.e. is a free lattice of K1X4.

e Proposition: P € K% admits a weakly right-
coprime factorization iff 3 D € A”*" such that

A:(Alx(q‘”)( P )) ={A€ A" |P X e A9}
Ip—q

=D A",
l.e. Is free lattice of K.



Coprime factorizations

e Let A be an integral domain and K = Q(A).

e Proposition: P € K% admits the left-coprime
factorization

P=D'N, DX-NY =1,
iff 3 D € A9%4 such that

(Ig: —P)AITT 21X —PXo| A1 €AY X € A"}
= D1 Aq,

l.e. iff (I, : —P) AP is a free lattice of K9.

e Proposition: If P € K9%" admits a right-coprime
factorization

Pp=ND"! —Vx+4+XD=1I,

iff 3 D € A™<" such that

Alx(g+r) (f) 2N P+ )|
' (A1 Ap) € Alx(a+m)y

= AlX(CI+T) E_l’

ie. iff AL<(at7) (pPT . )T is a free lattice of
K].X?“_



Stabilizability

e Theorem: P € K9%" is internally stabilizable iff
one of the following conditions is satisfied:

1. (I; : —P) A9T" is a projective lattice of KY,
namely 34 A-module M such that:

(I —P) A9T" @ M = AITT,

2. Alx(g+r) f is a projective lattice of K17,
T

namely 9 A-module N such that:

ALx(g+r) (f ) o N 2 Alx(g+r),

/'/n

eletR=(1;: —P), Q= (f), p=gq-+r,

then we have the following split exact sequences

0 (I,: —P)Ar I ar & A:<A1XP<P)><—O,

I,
N LN
0— A:((I,: —P)Ar) B At 2 gt ( f > —.0.
.S T
— —

= My = SR, Ny = QT are projectors of AP*P,



Stabilizability

e Theorem: P € K9*" is internally stabilizable iff
one of the following conditions is satisfied:

Cy1.38 = UT: vI)T ¢ Alatr)xa gych that;

_ UP (g+7)xr
SP —<VP>€A 3

Then, C = V U1 is a stabilizing controller of  P.

Co. 3T =(—X:Y) € A7x(@+7) sych that:

PT (PX: PY) € Arx(atr),

I,

T<P> = —-XP+Y =1I.

Then, ¢! = Y1 X is a stabilizing controller of ~ P.

e Proposition: If P is internally stabilizable , then
35 ¢ Alatnxa 7 ¢ Arx(a+7) satisfying Cq, Co,
TS=-XU+4+YV =0,

l.e. d a stabilizing controller of P of the form:

C=vUul=vyv1lx,




Example

e Let us consider the transfer matrix (A = Hoo(C4)):

6—8

P:( 51 )eKQ, K = Q(A).

G-1)?

e The matrix S = (UT : V)T ¢ A3%2 defined by
(Fo+o ()7 20 () 2658

F1 sF1 (s+1)
_ (s—1)2 1 s—1 (s—1)
Sl B o s S SN RS VE
B (3—1)2 B (3—1)2
\  TOGFD)3 20013 )
([ 4e(5s5-3)
with ¢ 1D =4
h — (s41)3—4(55—3) e (1) c A
\ T (s+1) (s—1)2 ?
satisfies
SP e A3x1
(IQI —P)S:U—PV:IQ,

= P is internally stabilized by the controller:

Cc =vyu1

— 4 (5 8—3)6(3—1)2 .
= T AD ()4 (55-3) e Gy (1T 2




Stabilizability

e Corollary: P € K?*" is internally stabilized by
the controller C € K"*9 iff one of the following
conditions is satisfied:

1. The matrix

N —( Ug—PO)"t  —(—-PC)'P
1" \cyu,-pPo)! —c,—pPC) 1P

is a projector of A@+7)x(q+7) j e

n% = My € Alatr)x(g+r),

2. The matrix

. = —P(Ip—g—CP)1C PUp_,—CP)1
~(Ip—g—CP)"tC (Ipq—CP)7 !

is a projector of Aa+7m)x(g+7) j e

M2 = My € Alatr)x(atn),

Then, we have |1y 4+ T =1,4,.

e Remark: This result was known for A = Hoo(C).
The robustness radius is defined by (loop-shaping):

bpc =11 M1 Iz = 11 M2 [l




Stabilizability

e Fact 1. P admits a doubly coprime factorization
_ qtr 1x(g+r)
& (g —P)A & A ( I, )
are free A-modules.
e Fact 2: P is internally stabilizable
. q+r 1x(g+r)
& (g —P)A & A (L»-)
are projective A-modules.
e Fact 3: A free A-module is projective.

e Corollary:

If P € K9%" admits a left-coprime factorization
P=D!'N, DX-NY =1,
then S = ((X D)1 : (Y D)1)T satisfies Cy

= C=(YD)(XD)"1=v X1 eStab(P).

If P ¢ K9°" admits a right-coprime factorization
p=ND"! —-VYX+XD=1I,
thenT = (—DY : D X) satisfies Co

~

— (DX)"L(DY)= X1V e Stab(P).




Structural stabilizable n-D systems

oD ={zecC"||z| <1,i=1,...,n} unit poly-
disc of C™.

e Let A be the ring of structural stabilizable n-D
systems :

MW:{T/3|O#S,TGR[Zl,...,Zn]_,
s(z) =0= 2 ¢ D"}

e Z. Lin’s conjecture

“Determine whether or not an internally stabilizable
n-D linear system defined by a transfer matrix P
with entries in R(z1, ..., zn) admits a doubly
coprime factorization over A”.

e Theorem: (Byrnes-Spong-Tarn, Kamen-Khargonekar-
Tannenbaum 84): A is a projective-free ring.

e Remark: B-S-T & K-K-T obtain this result in their
study of differential time-delay neutral systems

e Remark: This result is not trivial: the proof was
given by P. Deligne in K-K-T.

e Corollary: Z. Lin’s conjecture is solved

e Open problem: Effective proof.




Parametrization

e Theorem: Let P € K9%" be a stabilizable plant .
All stabilizing controllers of P have the form

CQ) =(V+QU+PQ) 1
=Y 4+QP) 1 (X+0Q),

where C\ is a particular stabilizing controller of
P and:

(U= (I,—PCx) 1,
V =0Cy(I;,— PCy) L,
X = (Ir—C*P)—lC*,
| Y = (I - C«P) 1,

and @ is every matrix which belongs to

Q={Le A" | LPe A™*" PL e A1*4
PLP e AT}

suchthatdet(U+P Q) # 0anddet(Y+Q P) # 0.

(€2 is a projective A-module of rank ¢ x r).



Study of the A-module €2

e Open question: Find a family of generators of
the projective A-module of rank ¢ X r

Q={LeA™9| LPe A™*" PL e A1*4
PLP e AT*"}

i.e. a finite family {L;}1 <;<, such that:

VL e, ElL:Zf:lAsza A; € A.

e Proposition: If P € Q(A)?*" admits a weakly
left-coprime factorization P = D~1 N, then:

Q={Lc A™¥4| PL¢c A9} D.

e Proposition: If P € Q(A)?*" admits a weakly
right-coprime factorization P = N D—1, then:

Q=D{LecA™9| LP¢c A™%"}.




Youla-Ku cera parametrization

e Corollary: Let P € Q(A)9*" be a plant which ad-
mits a doubly coprime factorization

(P=DIN=ND1
\ ( D —-N X N\ _,
-V X Y D) Tarr

Then, the A-module

Q={LeA™| LPeA™" PL e AI¥,
PLPe AT*"}

Is the free A-module defined by:

Q =DA"™D
={Lc A" L=DRD, VR € A" 4},

= All stabilizing controllers of P have the form

CA=F+DQX+NQ)*'=X+QN) " (Y+QD),

where Q € A"*4 is every matrix such that:

det(X + NQ) #0, det(X+QN) # 0.



Sensitivity minimization

e Let Abe aBanachalgebra (Hoo(Cy), A, W,...

e lLet P € Q(A)?*" be a stabilizable plant , then

infoestappy || W1 (Ig— PC) 1 Wa |4

infocq | W1 (U+ PQ)Wa |4 (%),
(convex problem )

C, = V U~ 1 is a stabilizing controller of P and:

U=(I,—PC)™ !, v=c.I,—PC)™ L

e If P admits a doubly coprime factorization

(P=DIN=~ND1

Y ( D —-N X N\ _;
\-¥ X J\y b)) etr

Qe =DA"™ID,
= U+PQ =XD+ND Y (DRD),
\ = (X + NR) D,




Conclusion

|. Summary:

e We generalized the Youla-Ku cera parametriza-
tion for MIMO stabilizable plants .

e This parametrization does not assume the exis-
tence of doubly coprime factorizations.

ll. General comments:

When does a stabilizable plant admit a
doubly coprime factorization?

e We proved that this problem is equivalent to:

When is a projective A-module free?

e This is a difficult problem studied for years in:

— algebra : algebraic K-theory (Serre’s conjecture (55)
A = kl[z1,...,zn], solved by Quillen-Suslin (76)),

— number theory : number fields,

— algebraic geometry : function fields,

— topology : triviality of vector bundles,

— operator theory : topological K-theory (C*-algebra).

this problem could be difficult for A, W,....




