Noncommutative geometric structures on stabilizable
infinite-dimensional linear systems

Alban Quadrat!

Abstract— This paper aims at showing that noncommutative
geometric structures such as connections and curvatures exist
on internally stabilizable infinite-dimensional linear systems
and on their stabilizing controllers. To see this new geometry,
using the noncommutative geometry developed by Connes,
we have to replace the standard differential calculus by the
quantized differential calculus and classical vector bundles by
projective modules. We give an explicit description of the
connections on an internally stabilizable system and on its
stabilizing controllers in terms of the projectors of the closed-
loop system classically used in robust control. These connections
aim at studying the variations of the signals in the closed-loop
system in response to a disturbance or a change of the reference.
We also compute the curvatures of these connections.

I. STABILIZABILITY

In what follows, we shall consider the fractional rep-
resentation approach to analysis and synthesis problems
developed by Vidyasagar, Desoer, Callier, ... in the eighties.
See [3], [4], [13]. Within this approach, an integral domain
A (i.e., a commutative ring with no non-zero divisors) of
stable transfer functions is considered and the set of SISO
transfer functions is defined by the field of fractions of A:

K::Q(A):{%m;éd,neA}.

Hence, a transfer function p € K is A-stable if p € A and
A-unstable if p € K\ A. Standard rings A of stable transfer
functions are RH,, H*(Cy), A, W, A(D) [3], [4], [13].

Definition 1: Let A be an integral domain of stable SISO
plants, K := Q(A) and P € K% a transfer matrix.
Then, the plant P is internally stabilizable if there exists
a controller C' € K"*? such that all the entries of the matrix
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belong to A. Then, C is called a stabilizing controller of P,
which is denoted by C € Stab(P).

With the notations of Figure 1, we have:

<2)H(P,C’)<Z;).
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Fig. 1. Closed-loop system

It can be shown that internal stabilization, simply called
stabilization, implies that any transfer matrix of Figure 1
is A-stable, i.e., all its entries belong to A. See [4], [13].

Let us introduce the following transfer matrices:

e Output sensitivity transfer matrix S, := (I, — PC)~1.

o Input sensitivity transfer matrix S; := (I, — C P)~L.

e U=C(,-PC)'=(1.-CP)"'C.

o Complementary input sensitivity transfer matrix
T, :=UP.

o Complementary output sensitivity transfer matrix
T,:=PU.

Lemma 1: The following assertions are equivalent:

1) C € K"*P stabilizes P € KP*",

2) U= (ST UT)T (I, - P) satisfies:

12, =1l € Ala+m)x(atn),
3) Op:=(PT IN)T(-S; U) satisfies:

% =1Ip e Alatr)x(g+r)

Proof: The controller C' € K"*P stabilizes the plant
P ¢ KP*" iff H(P,C) € Alatn)x(a+7) where H(P,C)
is the transfer matrix defined by (1) (see Definition 1), and
thus iff 1o € AW@T)x@+tr) or iff IIp e Alatr)x(a+r),
Using S, — PU = I, and U — S; P = I,,, we can check that
0% =1lg, 0% =1Ip and He+1p = Iy, ie., o and I p
are complementary idempotents of the ring A(4+7)x(a+7) m

With the notations of Figure 1, we note that we have
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ie., Illo (resp., IIp) projects the disturbance and the
reference (u!  ul)” onto the graph (eI 4T)T (resp.,

(yI eX)T) of the controller C' (resp., the plant P).

The two projectors I~ and IIp play a fundamental role
in robust control theory and particularly the two quantities

Ui

U2

bpo =| Op || and bep :=| Mo ||3". In particular, if
A = RH, or H*®(C,), the optimal robust radius [7] is:
bopt == sup bpc = inf e |leo) ™t
ot CeStab(P) (CEStab(P) | o)
=( inf Ip [lso) "
(et ) 1117 o)
In module theory, a finitely generated A-module M is
projective if there exist r € Z>o := {0,1,...} and an A-

module P such that M &P = A", where @ (resp., =) denotes
the direct sum (resp., isomorphic modules, i.e. the existence
of a bijective A-homomorphism (i.e., A-linear map)) [11].

The idempotents IIo and IIp of the ring Ala+7)x(a+7)
define the projective modules My := IIg AW@+T7)*1 and
Mp := AY(@+") ITp of rank respectively ¢ and 7 since:

Me@kero(Ilg.) = AHXL Mpaker s (I1p) = AP@HT)
{ kers(Ilc.) = {€ € A@H)X1 | [[o ¢ = 0} = ITp Aletr)x1)

ker4(I1p) = {p € A7) | yTIp = 0} = AV 1.

Thus, P is stabilizable, i.e., is stabilized by a controller C, iff
the two finitely generated A-modules Mg := I Ala+m)x1
and Mp := AP0+ [T are projective of rank ¢ and r [8].

Let us now consider the following two A-modules:
L:=(I, —P)At I M= A (pT T

L (resp., M) is a finitely generated A-submodule of K¢
(resp., K% called a lattice of K9 (resp., K'*7). See [8].

Let us consider the following two A-homomorphisms:

L= (I, _p)A(q+T)X1 L Me = e Aletr)xl
m=I; —P)¢& — (55 UT)Tm:HcGé),

M = Alx(a+r) (PT IZ’)T L2, Mp = Alx(a+r) p
ne=p (Pt INT — (=S U)=plp.
Since S, — PU =1, and U — S; P = I,,, we get
(Iq wa(n2) (P ID)T =,

which yield that ¢; and ¢5 are injective A-homomorphisms,
and thus P is stabilizable iff £ = 11 (L) = Il AT)*1 s
a projective A-module of rank ¢, or equivalently iff M =
1a(M) = AP*(@+) T is a projective A-module of rank 7.

—P), fj := Fjq the j™ column of
UNT, gr := Gei the k™ row of G. Then,

= P)u(m) =m,

Let us note F' := (I,
F, G := (ST

Ui
U2

C € K"*4 stabilizes P € K9%" iff [ € Alatm)x(a+7r) je
(ST uhT(1, - P)Alatn)xt C Ala+m)x1 and thus iff
gem € Aforall g € L = (I; — P)A?™" and k =

1,...,q+r,ie., iff the following A-homomorphisms hold
ap: L=, —-P)AT"" — A @
m = 9k,
fork=1,...,¢g+7r. Now, FG =S, - PU = I yields
q+r q+r

m=FGm =Y filgym)=>_ fiajm),
j=1 j=1

which shows that every element of £ = E?Z f; A has the

form of 1y = ij fj a;j(m), where a; is the form of L de-
fined by (4). The pair S := ({f;}j=1,....g+r {5 }j=1,....q+r)
formed by the set of generators {f;};=1, . q+r of £ and the
forms {o;}j=1, . ¢+r is called a projective basis of L [11].

Proposition 1: P € K" is stabilizable iff the finitely
generated A-module £ := (I, — P)A@H)*1 admits a
projective basis, i.e., iff £ = Tl AT)*1 is a projective
A-module of rank ¢. Similarly for M = A (@+7) ] p,

We point out that a projective basis of £ is explicitly
defined by means of the stabilizing controller C' € K"*4, i.e.,
the existence of a stabilizing controller C' of P is equivalent
to the existence of an embedding of £ = (I, — P) Ala+7)x1
into A(@+7)*1 I algebra, projective bases play the role of a
system of coordinates in differential geometry: the “variety”
L can be embedded into the “affine space” A9*". Only the
stabilizable plants have this important property. This fact
will play a crucial role in Section III where this embedding
is used to develop a differential geometric approach to
stabilizable plants based on a differential calculus on A and
the concept of parallel transport, i.e., of connections [12]
(connections play a fundamental role in modern physics).
Finally, the links between algebra and differential geometry
are at the core of mathematical results connecting these two
realms: the Serre-Swan theorem states that the category of
finitely generated projective A = C°°(X)-modules is equiv-
alent to the category of vector bundles over the manifold
X [12]. See also [1], [10]. Prototypical examples of vector
bundles are the tangent or cotangent vector bundles.

A particular instance of Serre-Swan theorem is well-
known in control theory: it is the equivalence of Kalman’s
criterion of controllability of £ = Ax + Bu in terms of
rankg(B AB A%2B ... A" ' B) = n and Hautus’ test
ranksec(sI, — A — B) = n. Indeed, on the one hand,
Kalman'’s test is equivalent to the existence of a right inverse
S:=(X(s)T Y(s)T)T € R[s]("+™)>" of the polynomial
matrix R := (sI, — A — B) € R[s|"*(®*™) and thus of
a projector I := S R of R[s](»+™)*x(n+m) (since RS = I,
implies that 11?2 = 10), i.e., and thus is equivalent to the fact
that the R[s]-module TTR[s]("*™)*1 = RR[s](n+m)x1 jg a
projective R[s]-module of rank n. On the other hand, Hautus’
test asserts that the following family of vector C-spaces

E:C — Cx!

s — FE :Z(an—A —B)C(n+m)X1



forms a vector bundle over C of rank n [12].

II. QUANTIZED CALCULUS

“One way to quantify how sensitive 7" is to variations in
P is to take the limiting ratio of a relative perturbation in T’
(i.e., AT/T) to a relative perturbation in P (i.e., AP/P).

o AT/T _dT P
AP-0AP/P  dP T

In this way, S is the sensitivity of the closed-loop transfer
function 7' to an infinitesimal perturbation in P.” p. 40 of
[5]. Following Connes’ theory [1], the aim of this section
is to give a precise meaning of the above statement by
mathematically characterizing the variations, i.e., the dif-
ferential dT of T € L*®(R) or T € H>(CL). We
show that the I-dimensional quantized calculus [1] gives a
complete answer by interpreting these differentials as certain
bounded operators on the separable Hilbert space H :=
L?(iR) [14]. The quantized differential calculus then inherits
a noncommutative structure from the noncommutative C*-
algebra L(H) of bounded operators on 'H [10], [14].

In what follows, k& will always denote a commutative ring
containing Q and A a unital k-algebra, i.e., a k-algebra A
with aunit 1 € A4, ie., la=al for all a € A.

Let us give a general definition of a differential calculus.

Definition 2 ([1], [6]): 1) A k-algebra A is said to
be graded if there exists a family of k-submodules
(Ai)ieZZo of A satisfying:

a) A = Gaiezzo Al
b) V’L,] S ZZO’ A; Aj C AiJrj, ie.:
VaiGAi, Vaj GA]', aiajEAiﬂ-.

2) A graded algebra A is graded-commutative if:

Y a; GAi, Vaj EAj, a; a; :(—1)ijajai.

3) A graded algebra A is a differential graded algebra if
there exist k-homomorphisms d; : A; — A;y; for
1 € Z>q satisfying the two following conditions:

a) diy10d; =0 for all € Z>.
b) For a; € A; and a; € A;, we have:

divj(a;a;) = (dia;) aj + (_1)i ai (dja;). (5)

We simply note d = d; for all © € Z>o. Then, the
identity d;;1 o d; = 0 yields d? = 0 and (5) becomes:

Va; € Ai, V(Lj S Aj7 d(ai (lj) =

4) A differential calculus on a k- algebra A is a graded
differential algebra (% = @, 4, d) with:

0% = A

If w € Y, then 5 is called the degree of w, which is
denoted by deg(w) or simply by |w|.

Example 1: Let X be a smooth manifold of dimension
n, A = C*®(X) the ring of smooth k-valued functions

(da;) aj—l—(—l)i a; (daj).

on X (k = R, C), and Q) = Q/(X) the A-module of
the differential i-forms on X [12]. Then, the A-module
Q% = Dz, 4 equipped with the wedge product A of
differential forms and the exterior derivative d defined in a
local coordinate system x = (z,...,2") by

n

ofr ) )
d(frda!) = det Ndx!, T =(i1,..., i),
(fl x ) ; ox; (21 Zk)
where 1 < iy < iy < -+ < i <n,de! =dz A ... Adx'™,
is a differential graded algebra over A. Moreover, (0%, d) is
graded-commutative:

Vw; € Qfg, Vwj; € QQ, wi Nwj = (—l)ij wj A wj.

Finally, note that Q% = 0 for i > n, ie., Q% = P, Q4.

We introduce the /-dimensional quantized calculus devel-
oped in [1] which plays a key role in the rest of the paper.

Example 2: [1] Let A = L*°(T) be the space of Lebesgue
measurable C-valued functions on the unit circle

T={zeC|l|z| =1}
which are essentially bounded [14], i.e.:
VaceA,

| @ ||oo:= esssup,erla(z)] < +oo.

The complex Banach space (A,|| - ||o) is a commutative
von Neumann algebra. Let H = L*(T) be the Hilbert space
of Lebesgue measurable C-valued functions on T which are
square-integrable, i.e., such that || & ||a= /< h, h > is finite,
where the inner product < -, - > of H is defined by:

1 [ - 1 — dz
< g h>=_— 0) h(e' d&:—f h(z) —.
g.h>i= o [ a0 = o TR

We note that h € H has a unique expression

h= Zh em? = Zh 2"

neZ nez
in the orthogonal basis (2" = ¢™’) _ of H, where:
1 27 ) )
hy =< h,e™ >= / h(e)e ™ dp.
on

Let £L(H) be the noncommutative C*-algebra of the
bounded operators on H. Since H is an A-module, we have
the following representation x : A — L(H) of A on H:

a=x(a): H — H

h —— ah.

We have || a ||z)=[l @ [|oc ([3], [14]), which shows that
the involutive representation x, i.e., x(a*) = x(a)* for all
a € A, where a*(z) = a(Z) = a(z~1), is an isometry from
A to x(A). In particular, x is a faithful representation.

Let sign : Z — Z be the sign function, i.e., sign(n) =n
for n € Z>o = {0,1,...} and —n for n € Z \ N, and the
self-adjoint bounded operator F' on H defined by:

VYneZ, F (eme) = sign(n) ™.



Then, we can define the differential da of a € A as:
Vace A, da:=[F,a=Foa—aoFe€L(H). (6)
Using a o b = ab, the Leibniz rule holds for d since
d(ab) = Foab—abo F
= (Foa—gaoF)ob+ao(Fob—boF) (7)
=daob+ aodb,

for all a, b € A. The C-vector space 2} of the 1-forms on
A is then defined by:

Q}L\{Zaoodaﬂao,...,aneA}.
i=1

The trivial identity bo (agoda1) = (bag)oda, forallb e A
shows that QY has a left A-module structure [11]. Q1 also
has a right A-module [11] since (7) yields:

Vbe A, daob=d(ab)—aodbe Q. (8

Using the associativity of the composition of operators of
L(H), we get (coda)ob=co(daob) for all a,b,c € A,
which shows that QY is an A — A-bimodule [11].

The C-vector space )’y of the i-forms on A is defined by
the C-linear span of bounded operators of the form

agoday o -+ oda; = ag o [Fay] o - o [F,a] € L(H),

where ag,...,a; € A. The product of forms is the compo-
sition of bounded operators:

i J i+
QyxQ, — Q
(wi7 wj)

The differential d : Q% — Q%" is then defined by:

— W; owj.

Vw; €y : dwj=Fow; —(—1)w;oF. 9
Using F?2 = I, we get d?> = 0 since:
d*(w;) =Fo(Fow;—(=1)'w;oF)
(=) (Fow;, — (—1)'wjo F)o F
=w;— (-1)')Fow;o F+(-1)Fow;o F —w; =0.
Now, using F* = F', we get:
(da)* = (Foa—agoF)*=a*o F*— F*og*
=a*oF — Fog*=—[Fa*] = —da*.
Then, the involution x of A can be extended to Q?; by:
(agoday o---oda;)* := (—1)"da} o---oda} oap*.
Then, (Q% = @ QY. d) is a differential calculus on A.

Let us introduce the following bounded operators on H:
1
T2

Since F2 = I, P, and P_ are two complementary projectors
of L(H), i.e., P} = Py, P2 = P_ and P, + P_ = I. The

Hilbert space H can then be decomposed as follows:

Py (I+F), P ::I—P+:%(I—F). (10)

H=imP, @kerPL =im P, ®im P_.

Let Hy = P, H = H%(D) and H_ = P_'H = H2(D)*,
H2(D) == {h € L3(T) |h =3, cx htn 2"} ,
HAD): = {h e LAT) [ h =, h="},

where D = {z € C | |z] < 1} is the open unit disc.
The Hardy space H?*(D) is the Hilbert space formed by
holomorphic functions in D which are square-integrable, i.e.,

1 2 .
15 lwi= s (o [ e a)
o<|rl<1 \ 4T Jo

Then, F3, = I and Fj3, = —I. Since da anti-commutes
with F, i.e., Foda = —dao F, we get:

da+ Foda=da—daoF & Pyoda=daolP_.

1/2

Post-multiplying the last equality by P, pre-multiplying it
by P_, and using P_ o P, = 0, we obtain:

{ PLodaoPy =daoP_oP. =0,

(11
P_odaoP_=P_oP oda=0.

Let us now decompose da in H = H, @ H_, namely:
do:Hy ®H- — Hyi®H-

B hy . X Y hy
h_ u v h_ |’
Then, (11) implies X = 0 and V = 0 since:
(Pyodao Py)(H) = (P4 oda)(Hy) = Pi(da(H4)) =0,
(P_odao P_)(H) = (P-oda)(H-) = P_(da(H-)) = 0.

Let us now explicitly characterize the operators Y and U.
Leta € A and hy € H,. Since F(hy) = hy, we then get
da(h+) = F(a h+)—a F(h_;,_) = F(a h_;,_)*CL h+ =-2P_ (CL h+),
ie,U=-2P_oa.Ifh_ € H_,then F(h_) = —h_ yields
da(h-) = F(ah_)—aF(h_) = F(ah_)+ah_ =2Py (ah_),
ie., Y =2P, oa. Thus, for a € A, da is defined by:

da:H+@’H_ — H+@H_

h+ 0 2P+OQ h+
h = — .
h_ —2P_oa 0 h_

(12)
Let us now study the differential of an element of the
subalgebra H>°(D) of A formed by the holomorphic func-
tions in the unit disc D which are bounded for the norm
| @ ||oo= sup,ep |a(z)]. It is well-known that H4 = H?*(D)
is a H>(D)-module, i.e., ahy € Hy for all a € H>*(D)
and hy € H ([3], [14]), which yields da(hy) = 0 for
all @ € H*(D) and hy € Hy, ie., U = 0. Hence, if
a € H*®(D), then da reduces to the Hankel operator [3],
[7], [14] with symbol 2 a, i.e.:

da: H_ Hy
h-o +—— Py(2ah_).

If H>(C\ D) is the Banach algebra of bounded holo-
morphic functions in C\ D = {z € C | |z| > 1}, then

—

13)



H®>(C\D) C L*>(T), and H?(D)* is a H>°(C\D)-module
[14], and thus, Py (a(h-)) = 0 for all a € H>(C \ D) and
forall h_ € H—. If a € H*(C\ D), then da is defined by:

da:Hy — H_-

h+ — P_(—2ah+). (14)

If a1, az € A, then w = day o day € Q% is defined by

4 PLoajoP_oay 0
0 P,OQOPJFO%

in the decomposition H = H, @ H_. If a1, a; € H*(D),
then w = 0 since P_(azhy) =0 and Py(agh_) € Hy =
g+ = a1 Pi(azh_) € Hy = P_(g+) = 0. Therefore, any
2-form over H>°(D) or H>°(D)* vanishes.

Example 3: We can similarly consider the quantized cal-
culus on the real axis R. It is defined by A := L>*(R),
H := L*(R) and F is the Hilbert transform

LA

F = p.v.
(a) P-v T t—=x

for all a € A, z € R, where p.v. is the Cauchy principal
value of the convolution of i/(7 x) by a, i.e.:

1
lim — / a®) 4
e—04 T R\[—¢&,+¢] t—x
1 [t t) —alx —t
[t ey,
c t
For more details, see [1]. Then, we can check that we have:

= /+OO a(z) —at) h(t) dt.

‘T r—t

Fa)(z) =

YV heH, (da(h))(z) =p.v

III. CONNECTIONS ON STABILIZABLE PLANTS
In what follows, we shall consider a differential calculus
(2% = D,cn Y, d) on a k-algebra A.
Let us introduce the fundamental concept of a connection.

Definition 3 ([1], [6]): A connection of a right A-module
M is a k-linear map V : M — M ®4 Q) satisfying

YVaec A, VmeM, V(ma)=V(m)atm®da, (15)

where ® 4 denotes the fensor product of the right A-module
M and the left A-module QY [11].

Remark 1: If V and V'’ are two connections on M, then
(15) yields (V — V') (ma) = (V—=V')(m)a forall a € A,
which shows that V — V' is a right A-homomorphism from
M to M ®4QY, denoted by V-V’ € homa (M, M ®4QY)
[11]. Thus the space of all the connections on M is an affine
space over the C-vector space hom 4 (M, M @4 QY).

Theorem 1 ([2]): A left/right A-module M admits a con-
nection iff M is a finitely generated projective module.

The results obtained in Section I then yields the result.

Corollary 1: Let A be a domain, K := Q(A) and a plant
P € K97, Then, the lattice £ := (I, — P)AW@+m)x! of
K" admits a connection iff P is a stabilizable plant.

Proposition 2 ([11]): If M is a finitely generated projec-
tive right A-module and N a right A-module, then:

homa (M, N) = N ®4 hom4 (M, A).

If M is a finitely generated projective left/right A-
module and if we denote the projective right/left A-module
hom 4 (M, A) by M*, then Proposition 2 yields:

Vi € Zso, homa(M,M @4 QY) = M @4 QY @4 M*.
(16)
Example 4: If M = A" is a finitely generated free right

A-module, then M @4 QY = (QL)". Let us consider the
following k-linear map:

d: M — M®AQ}4

)r oo da)T.

We have d(ma) = (dm)a+mda forallm € M and a € A,
which shows that d is a connection on M. If V is another
connection on M, then Remark 1 and (16) show that:

V—d € homy (M, M®QY) = AT@QL @4 A" = (Ql)"™".
Let A € (Q4)"" be such that V — d = =, where 7 is the
left A-homomorphism defined by:

v M — M®a04

m +— Am.

m=(ay ... ar —  dm = (day

Thus, we get that V(m) = dm + Am for all m € M.

Let us now suppose that A is an integral domain of SISO
stable plants, K = Q(A) and P € K9*" a stabilizable
plant. Using the results of Section I, the finitely generated
A-module £ := (I, —P)A@+n*1 je. the lattice of K1,
is projective. Using the embedding ¢; defined by (3), we
get £ = 11(L) = Mg = Tlg At)*1 where Il¢ is the
projector of Alatm)x(a+7) e %z =1Il¢ € Algtr)x(a+r)
defined in Lemma 1. Hence, without loss of generality, we
can consider the projective A-module M¢ of rank g. Using
the differential calculus (2% = @,y Q%.d) on A, let us
define the so-called Levi-Civita or Grassmann connection on
M. Let us consider the following right A-homomorphisms

d
—

Mo _2) A(q+7‘)><1 A(q+r)><1 ®a 9}4
£ — 3 — Y @dg,

where i is the embedding M C Alatr)x1 e; is the column
vector of AFT)*1 defined by 1 at the j position and 0
elsewhere, {e;},—1,.. q+r the standard basis of the free A-
module AFTXL of rank g+7, and € = (& ... &ur)T. We
note that Z;’:{ ej ® d&; corresponds to d¢ € (Q)(a+m)x1
written in the standard basis of A(at7)x1,

consider the following right A-homomorphism:

Let us also

o ®idg1
Ala+nxl g, QL %A Mo @4 QY
Y e @ de; — Y Tee; ®dé;.

Using the embedding i : Mo — AWt7)*1 we can identify
Mc® 4 QY with its image in (2Y)@F7)¥1 je., we can iden-
tity ij e ej®dE; with Tle d€ = e (déy ... dégqr)T.



Definition 4: The Levi-Civita/Grassmann connection on
the projective A-module Mo = I AW4H)¥1 is defined by:
V:Mc — Mc®aQY
E=1Ilen — VE=IlcodE.

Let us interpret the Levi-Civita/Grassmann connection
(17). With the notations of Figure 1, using (2), we have:

V:Mcsc — MC®AQ}4

e1 dey
— g .
( yl > ( dyl >

For instance, if A = H*°(D), then de; and dy; have to be
interpreted as in Example 2, i.e., as two Hankel operators.

a7

(18)

Using the identity ¢ = Il € for all € € Mo, we get
d¢ = d(Ilg &) = dllg € 4 T d€, which yields:
Vée Mg, VE=dE—dlgE. (19)
Since £ € Mg = Il AWt 1 s of the form of € = g n
for a certain 7 € A0t *1 (17) and IZ = Tl then yield:
Vilen =lcd(Ilen) =1le (e dn + dllcn)
=Hodn+ e dllen = e (dn + dlle 7).
With the notations of Figure 1, using (2) again, we have:
V: MC — MC XA 9}4

U1 du1 uy
Il — ¢ + dll¢ .
Us dus Uz
Let us characterize all the connections on M. Applying
Proposition 2 to the projective A-module M¢, we get:
homA(MC, Me ®a Q}ﬁl) 2 Me®a Q}L‘ XA Mé
~ Il A(q+7‘)><1 ®a 9114 ®a A1><(q+7") I
=1I¢o (Q}L‘)(q+r)><(q+r) .
By Remark 1, all the connections on M are of the form of
Ve Mg, VE= (lgd+TcT o) € =T (d+T) T,

where T' € (QY)(@+7)x(@+) s any matrix of 1-differential
forms. The term Il I' Il added to the connection (17) is a
so-called gauge potential.

Similar results can be obtained for the finitely generated
projective A-module Mp = A+ IIp = M [9].

IV. CURVATURES
Let us extend the definition of a connection.

Proposition 3 ([1], [6]): TV : M — M ®4 9}4 is a
connection on a right A-module M, then V admits a unique
extension to V : M ®4 Q% — M ®4 Q% satisfying

6((‘07; ® (.Uj) = %(wl) ® wj + (—1)i Ws ® dwj,
for all w; € M ®4 QY and w; € Q7 (A).

(20)

A connection has a curvature. Let us define this concept.

Definition 5: The curvature of the connection V is de-
finedby V2=VoV:M — M ®y4 Q3.

Let m € M and a € A. Then, using (20), we obtain
V(ma) = V((Vm)a+m® da)
=(V?m)a—-Vm®da+Vmeda+med*a
=V?ma,
(2D
ie., V2 € homa(M, M ®4 Q%) = homy (M, M) ®4 Q3.

Let Mo = I AWt %1 be the finitely generated projec-
tive A-module and V : Mg — Mc ®4 9}4 a connection
on M¢ defined by V& =1l d§+ A€, where A =TI T' Il
for a certain T' € (QY)(@+7)*(@+7) Using (20), the curvature
V2 of V is then defined by:

V¢ = (Mo d+ A)(Ie dE + A€)
=Tl d(Ilc d€) +Tlg d(A€) + ATlg dé + A* ¢
=Tlc dllg dé + 2 d*¢ + Mo dA € — T A dé
+ ATl dé + A% ¢
=Medledé + o dA €+ A% €.

From (21), V? is a right A-homomorphism. It means that
the term Il dllo d€ can be rewritten as a sum of products of
matrices of 2-forms multiplied by £. To do that, we first note
that £ = Il € for all £ € M, which yields IIg dllc d€ =
Hc dHC d(HC f) = HC dHC dHc £+HC dHC HC df NOW,
H% = Il gives dllclle + llgdlle = dllg, ie,
dHC HC = (Iq+r — Hc) dHc, and thus HC dHC HC =
(Il (Ig+r—1¢)) dllc = 0, which shows that II dIlc d€ =
Ile dlle dll € and finally proves that:

V&€ Mo, V€ = (g (dllg)? + e dA 4+ A?) €.

If M = A" is a free right A-module (i.e., a “trivial vector
bundle”), then Il = I,4, and V€ = (dA + A?%) .

Similar results can be obtained for the finitely generated
projective A-module Mp = A (@) TIp = M [9].
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