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Calcul des solutions polynomiales et des annulateurs d’opérateurs
intégro-différentiels a coefficients polynomiaux

Résumé : Dans ce papier, nous étudions certains aspects algorithmiques de 1’algébre des opérateurs intégro-
différentiels ordinaires linéaires a coefficients polynomiaux. Méme si cette algebre n’est pas noetherienne et
admet des diviseurs de zéro, Bavula a récemment montré qu’elle était cohérente, ce qui permet le développement
d’une théorie algébrique des systemes linéaires sur cette algebre. Pour une approche algorithmique des systemes
linéaires d’équations intégro-différentielles ordinaires avec conditions aux bords, le calcul du noyau de matrices
a coefficients dans cette algebre est un probleme fondamental. Pour cela, dans un premier temps, nous sommes
amenés a calculer les annulateurs d’opérateurs intégro-différentiels, probleme qui, a son tour, est relié au prob-
Ieéme du calcul des solutions polynomiales de tels opérateurs. Pour une classe d’opérateurs linéaires incluant les
opérateurs intégro-différentiels, nous présentons une approche algorithmique pour le calcul des solutions polyno-
miales et de I’indice. Un ensemble générateur des annulateurs a droite d’un opérateur intégro-différentiel est alors
construit grace au calcul de solutions polynomiales. Pour les problemes avec conditions initiales, une involution
de I’algebre des opérateurs intégro-différentiels nous permet ensuite de calculer les annulateurs a gauche, qui peu-
vent étre interprétés comme des conditions de compatibilité d’équations intégro-différentielles avec conditions aux
bords. Nous illustrons notre approche a 1’aide d’une implémentation dans le systeéme de calcul formel Maple.

Mots-clés : Théorie des systémes linéaires, anneaux d’opérateurs intégro-différentiels, solutions polynomiales,
équation indicielle, conditions de compatibilité, calcul formel
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1 Introduction

Rings of functional operators (e.g., rings of ordinary differential (OD) operators, partial differential (PD) opera-
tors, differential time-delay operators, differential difference operators) were recently introduced in mathematical
systems theory. Since many control linear systems can be defined by means of a matrix with entries in a skew
polynomial ring, in an Ore algebra or in an Ore extension of functional operators (i.e., classes of univariate or
multivariate noncommutative polynomial rings) [16}39], the classical polynomial approach to linear systems the-
ory can be generalized yielding a module-theoretic approach to linear functional systems [[19} [33] 34} 411 145} 147].
Symbolic computation techniques (e.g., Grobner basis techniques) and computer algebra systems can then be used
to develop dedicated packages for algebraic systems theory [[L7, 29].

Algebras of ordinary integro-differential (ID) operators have recently been studied within an algebraic approach
in 8,19, [10} [11] and within an algorithmic approach in [40, 42| 43| 22]]. The goal of the latter works is to provide
an algebraic and algorithmic framework for studying boundary value problems and Green’s operators.

The ring of ID and time-delay/dilatation operators was introduced in [37] to develop a purely algorithmic ap-
proach to standard Artstein’s transformation of linear differential systems with delayed inputs. This work also
advocates for the effective study of the ring of ID time-delay/dilatation operators. The normal forms of elements
of this noncommutative algebra will be studied in a future publication based on the new effective techniques intro-
duced in [22} 23]. In this paper, we focus on its subring of ID operators. We also note that effective computations
over ID algebras play an important role in parameter estimation problems as shown in [15]].

Even though linear systems of ID equations play an important role in different domains and applications (e.g.,
PID controllers), it does not seem that they have been extensively studied by the mathematical systems community.
For boundary value systems, we refer to [20l 121]] and the references therein. The first purpose of this paper is to
introduce concepts, techniques, and results developed in the above recents works. In particular, we emphasize that
the algebraic structure of the ring of ID operators with polynomial coefficients is much more involved (e.g., zero
divisors, non-Noetherianity) than the one of the ring of OD operators with polynomial coefficients (the so-called
Weyl algebra). The fundamental issue of computing left/right kernel of a matrix of ID operators has to be solved
towards developing a system-theoretic approach to linear ID systems. For more details, see [16}136].

The second goal of this paper is to study this problem for a single ID operator, that is, computing its annihilator.
Within a representation approach, we show that this problem is related to the computation of polynomial solutions
of ID operators, a problem that is also studied in detail. To solve this problem, we introduce the concept of a
rational indicial equation for a linear operator acting on the polynomial ring. This approach allows us to find
again and generalize standard results on the indicial equation classically used in the theory of linear OD equations
(2 134150

This chapter is based on the conference paper [38]. It includes a self-contained introduction to ordinary integro-
differential operators with polynomial coefficients with several evaluations including normal forms (Sections ZH4).
All other sections have been revised and extended.

2 The ring of Ordinary Integro-Differential Operators with Polynomial
Coefficients

Before discussing the ring of ID operators with polynomial coefficients, as an introducing example, we first recall
two standard constructions of the ring A of OD operators with polynomial coefficients (also called the Weyl algebra
and denoted by A; (k), where k is a field). The first construction is as the subalgebra k(¢,d) of all linear maps on
the polynomial ring k[¢] and the second is by means of generators and relations.

In what follows, let k denote a fixed field, which contains Q. Let endg (k[f]) denote the k-algebra formed by all
k-linear maps from the polynomial ring k[f] to itself. We consider the k-subalgebra k{r, d) of end(k[t]) generated
by the following two k-linear maps

t " — " and 91— !

defined on the basis (¢"),cn of k[t]. They respectively correspond to the multiplication operator and the derivation
on the polynomial ring k[f], namely:

rok[t] —  k[f] d: klf] — k|t]
and dp (H
p — 1p, p — &
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4 Quadrat & Regensburger

One immediately verifies that we have

Vpeklr, (dot)(p)= d(l;") =rf7’t’+p=(to8+id)(p),

where id (also denoted by 1) is the identity map on k[t]. It shows that the Leibniz rule
dot=tod+id

holds in the operator algebra k(z,d).

Using the Leibniz rule, we can define the Weyl algebra also by generators and relations: Let k(T,D) be the
free associative k-algebra on the set {T,D}, that is, the k-vector space with the basis formed by all words over
{T,D} and the multiplication of basis elements defined by concatenation. Let now

J=(DT-TD—-1)Ck(T,D)
denote the two-sided ideal generated by DT — T D — 1 and define the k-algebra:
A=k(T,D)/J.

By definition, the Leibniz rule
DT=TD+1 modJ

holds in A. Using this identity, each element of d € A can uniquely be written as a finite sum
d= Zai} T'D/ modJ

with coefficients a;; € k.

To see that the two constructions above are equivalent, one can use the fact that A is a simple ring, that is, its
only proper two-sided ideal is the zero ideal (see for example, [[18]). Hence every ring homomorphism is injective
and so the k-algebra homomorphism A — k(r, d) mapping

T+J—t and D+Jr—0
is an isomorphism. In other words, each d € A can be identified with the following corresponding k-linear map

Ly: klf] — k1],
p — d(p),
where d(p) denotes the action of d on p.

In the following, we use a similar approach to introduce and study the algebra of ID operators with polynomial
coefficients. ID operators with polynomial coefficients were studied in [8,[10] as a generalized Weyl algebra [1,16].
See [40] for the construction of ordinary ID operators with polynomial coefficients as a factor algebra of a skew
polynomial ring (see, e.g., [16,131] and the references therein). For the construction of the algebra of ID operators
Z(d, ) defined over an ordinary ID algebra .# and endowed with a set of characters (that is, multiplicative
linear functionals) ®, we refer to [42} 43]]. This construction is based on a parametrized noncommutative Grobner
basis; see Section [3] for the case of polynomial coefficients. For a basis-free construction using a finite reduction
system in fensor algebras, we refer to [22]]. In contrast to [8 [L0], the last two approaches allows one to have more
than one point evaluation as described in Section[d] which is crucial for the study of boundary problems.

Definition 1. The k-algebra of ordinary ID operators with polynomial coefficients is defined as the k-subalgebra
K(t,, f) C end(klr]),
with the operators ¢ and d defined as in (1)) and

[ klf] — k[1]
"o— (1),

defined on the basis ("),cn of k[t].

Inria
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The integral operator | corresponds to the usual integral starting at 0:

[ k] — k[1]
p —  Jop(s)ds.
One can verify directly that the fundamental theorem of calculus
do f =id
holds. Moreover, we see that
E=id—[od
corresponds to the evaluation at 0:
E: k[t] — K1
p +— p(0).
Hence, as soon as we have an integral, we also have one evaluation map to the constants k “for free”, which allows

us to define and study initial value problems in terms of integro-differential operators. Note that the operator E
naturally induces the existence of zero divisors. For instance, we have:

Eor=0.

Based on the basic identities above, we can construct the algebra of integro-differential operators with polyno-
mial coefficients also by generators and relations.

Definition 2. We define the k-algebra
I=k(T,D,lLE)/J,

where J is the two-sided ideal of relations generated by the following elements:
DT-TD—-1, DI-1, ID+E—-1, ET. 2)

Wenoteby T =T +J (resp., D=D+J,1 =1+J, E = E +J) the residue class of T (resp., D, I, E) in L.

3 Normal Forms

Since we have now four defining identities for I (see ) instead of one as for the Weyl algebra A, it is more
involved to obtain the normal form of an element of [, i.e., its unique expression as a noncommutative polynomial
in the operators T, D, I and E modulo the relations (2). In this section, we informally discuss the construction
of a noncommutative Grobner basis for the defining ideal following Buchberger’s algorithm. For background on
noncommutative Grobner bases, we refer to [[12, 32} 46, [13]]. In the noncommutative case, note that Buchberger’s
algorithm does not terminate in general and the property of having a finite Grébner basis is undecidable. However,
in our case we can “guess’ a parametrized Grobner basis from the corresponding S-polynomial computations.

See [42]143] for further details on a parametrized Grobner basis for the defining relations for integro-differential
operators over an ordinary ID algebra and the corresponding normal forms. An analogous finite tensor reduction
system and the related S-polynomial computations using the package TenRes can be found in [22] 23]].

We denote the S-polynomial between two polynomials of the form

UV—P and VW -0,

with “leading terms” UV and VW by:
SUV,VW)=PW -U Q.

In the following, we consider a graded partial order with D > T and I > T. We first compute the S-polynomial
between the polynomials
DI—1 and ID+E-1

and obtain:
S(DI,ID)=1D—-D(1—E)=DE.

RR n°® 9002



6 Quadrat & Regensburger

So we need to add the polynomial
DE

to the generators of our ideal, which corresponds to the evaluation mapping to k. The S-polynomial between
ID+E —1 and the new polynomial gives:

S(ID,DE)=(1—E)E.

So we obtain
E’—E

)

which corresponds to the evaluation acting as a projector onto k. Since
S(ID,DI)=(1—-E)I-11=—EI,
we also have to add the polynomial
El

to our generators, which corresponds to the integral fé evaluated at 0 being 0.
The S-polynomial between
ID—14+E and DT-TD-1

is given by:
SUD,DT)=(1—-E)T-I1(TD+1)=T—ET—-ITD—-1I

Using the polynomial E T from the original generators, we see that we need to add the polynomial:
ITD-T+1.
This gives rise to new S-polynomials with DT — T D — 1 and one sees inductively that we need to add the family
Vn>1, IT"D—T"+nIT"!

to our generators, corresponding to integration by parts. Computing the S-polynomials with this family and DE,
we then obtain

IE —TE,
and

Vu>1, IT"E-T""'/(n+1)E

which corresponds to the k-linearity of the integral.
Finally, the S-polynomial between

ITD—-T+I and DI-1
is given by:
SUITD,DI)=(T—-1)I—1IT.
So we obtain the polynomial
I>—TI+IT,

allowing to reduce an iterated integral to a sum of two single integrals. Again, this identity gives rise to an infinite
family
Vu>1, IT'I—(T""+1T")/(n+1)

of new generators.

Collecting all the identities above, one can verify that all parametrized S-polynomials now reduce to zero and
we have indeed a Grobner basis for the defining identities (compare with [42, Proposition 13] and [22, Theorem
5.1]).

Inria
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Theorem 1. The generators
DT-TD—1, DI—-1, ID+E—1, ET,
DE, E’>—E, EI, IE-TE, I’—TI+IT,
and the parametrized generators

IT"D—T"+nIT" !,
Vn>1, IT"E —T"'/(n+1)E,
IT I — (T 4+ 1T/ (n+1),

form a noncommutative Grobner basis for the ideal J of I (see Definition2)) with respect to a graded partial order
withD >T and 1 >T.

By the normal form corresponding to the Grobner basis from Theorem [T} using the notations of Definition
each d € I can uniquely be written as a sum

d=d\+dr,+ds,

di =Y a;T'D, dy =Y b T'TT, d3=Y fi;T'ED’ 3)
are respectively an OD operator, an integral operator, and a boundary operator, with a;;, b;;, and f;; € k, and dj,
d>, and d3 contain only finitely nonzero summands.

To see that the definition of integro-differential operators via generators and relations and Definition [I] are
equivalent, we can use the fact that I is “almost” a simple ring. The only nonzero proper two-sided ideal is the
ideal (E) generated by the “evaluation” E. This was first proved by Bavula in [8]]. Here we give an alternative
proof based on the normal forms and direct sum decomposition above, which also generalizes to the more general
setting including several evaluations mentioned in the next section.

Proposition 1. The only nonzero proper two-sided ideal of 1 is (E).
Proof. Letd €1\ (E) withd =d, +d> +dj; as in (3) and d; + d> # 0 by assumption. Using the identities
DT=TD+1, DI=1, DE=0,

we can find a k € N such that
D'd e A\ {0}

is a nonzero differential operator and the statement follows since A is a simple ring. O
Corollary 1. The k-algebra homomorphism y: 1 — k(t,d, [) mapping
Tr——t, D—d, Er—E, I+ |
is an isomorphism.
In other words, we can identify each d € I with the corresponding k-linear map

Lo: k] — K1),

4
p s d(p), @

where d(p) denotes the action of d on p.
Finally, using (3)), up to isomorphism, we have the following direct sum decomposition

I=Ae@kl] ke (®)

with the two-sided ideal (E) of boundary operators generated by E.

RR n°® 9002



8 Quadrat & Regensburger

4 Several Evaluations

For treating boundary problems, we allow additional point evaluations (characters, i.e., multiplicative linear forms)
in our operator algebra. We denote the evaluation at & € k by

Eq: k[t] —  k[1]
p — pla).
The basic identities for evaluations at ¢, B € k and the derivation d are
Eqof=QEy, EgoEy=E, doEy =0.

Definition 3. Let @ be a subset of k with 0 € ®. Identifying Eg with E = id — [ 0 d, we define the k-subalgebra
k(t,9, [, (Eq)aca) of end(k[r]) formed by the ordinary ID operators with polynomial coefficients with characters

(Ea)aco-

Clearly, if & = {0}, then k(t,9, [, (Eq) aca) = I. We now construct the algebra of integro-differential operators
with a set of characters (Ey)gee by generators and relations.

Definition 4. We define the k-algebra
Hd> = k<TaDaIa (Ea)a€©>/-]<l>>
where Jp is the two-sided ideal generated by:

DT-TD—-1, DI—1, ID+Ey—1,

EqT — 0Eg, )
Va,Bed, EgEq— Eq,
DEjg.

Wenote by T =T +Jg (resp., D =D +Jg, [ =+ Jp, Eq = Eq +Jo for o € P) the residue class of T (resp., D,
1, Ea) in I[CI)

For obtaining a Grobner basis for the ideal of relations Jg, to the defining relations (5) and the generators from
Theorem |1} we have to add the following parametrized generators:

Vn>0, ac® IT"Eq—T""/(n+1)E,.

By the corresponding normal forms, every ID operator d € [ can be uniquely written as a sum d = d; +d> + d3,
with d; and d, as in (3) and a boundary operator of the form

=Y (LHTED + Loy T EIT'), ©)
oacd
where f;; and g;; € k and d3 contains only finitely nonzero summands. Based on the above decomposition, the
proof of Proposition [I]can be generalized.
Proposition 2. The only nonzero proper two-sided ideal of I is ({Eq }aca), simply denoted by (E). Moreover,
we have (E) = (Ey).

The equality (E) = (Eo) comes from the fact that 0 € ® and, with the notation of (@), from the following
identity:

=Y (AT EED + Y g T RELIT) € (B).

acd

Corollary 2. The k-algebra homomorphism
X: ]ICI> — k<ta a? fv (EOC)OC€<D>

mapping

T——t, D—0d, Egqr—Ey, forac®, I+ |

is an isomorphism.

Inria
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So we can identify again each d € Ig with the corresponding k-linear map L, on the polynomial ring k[f] as
in (@). For the rest of the paper, we do this identification and write 9, f, t, Eq for both the linear operators on the
polynomial ring k[t] and the corresponding residue classes in Ip. So the normal form for an ID operators

d=d +dry+ds€ls
from equations (3) and (6)) reads as
dlzzaijliaj, dzZijjtiItj; (7)

and

d; = Z (ZﬁjtiEa8/+ZgijtiEaftf). (8)

acd

Denoting by ({Eq }aca) the two-sided ideal of I generated by the E,,’s for a € @, we then have ({Eq }gea) = (E),
where (E) denotes the two-sided ideal of I generated by E, and, up to isomorphism, we have the following direct
sum decomposition:

lo = A®k[t] [k[t] ® (E).

In particular, the normal form tells us that the corresponding linear maps on the polynomial ring are linearly
independent. Since we will need it later, we state this explicitly for the linear functionals in the normal form of
boundary operators ().

Lemma 1. The k-linear functionals Eq d' and Eq [t on k[t] fori € N and o € k are k-linearly independent.

S Syzygies and Annihilators

In this section, we discuss some important algebraic properties of the algebra I concerning finite generating sets of
ideals. First, since the integral operator [ is a right but not a left inverse of the derivation 9, it is known that the
algebra I is necessarily non-Noetherian [24].

More explicitly, if fi = [+ denotes the product of i integral operators and fo = 1, using Theorem |1}, one
verifies that the following operators

. . . I
eij=['Ed/:p€klt] — p(j)(()) a
satisfy
i il

eijein=['EJ’ [[EI" = ) eim, ©))
where 6j1 =1 for j =/, and 0 otherwise; see also [24] or [28, Ex. 21.26]. In particular, I contains infinitely many
orthogonal idempotents e;; for all i € N, i.e., ejiej; = §;; for all i, j € N. Let us introduce the following operator:

ep=ep+er+-+ex €l

‘We note that the operator ¢, acts on a polynomial p by

which corresponds to the first k terms of the Taylor series of p att = 0.
Using (9), we obtain:
VO<i<k, ei=-eiex=egei,
which yields e;e; = eje; = epin(;, j)- In particular, we have e;— ex = exex—1 = €x—1, which shows that Te;; C Tey
and e¢;_1 I C ¢ 1. Since ey is an idempotent of I, i.e. e,% = ¢y, if we have ¢, € ey, 1.e. ¢ = Zf;ol d; e; for certain
d; € I, then we get

k=1 k=1
e1 =exer1 = Y diejery = Y. die; = ey,
i=0 i=0

RR n°® 9002



10 Quadrat & Regensburger

which yields a contradiction since e (t¥) = 1 and ¢;_1(t*) = 0, and shows that I e; | C Ie; for all k € N. Similarly,
we have e, I C e, I. Hence the increasing sequence (I = L ey )i>0 (resp., (Ir = exI)r>0) of principal left (resp.,
right) ideals of 1 is not stationary, which proves I is not a left (resp., a right) Noetherian ring.

Even though I is non-Noetherian, Bavula proved the following fundamental result stating that I is a coherent
ring.

Theorem 2 ([10]). The ring 1 is coherent, i.e., for every r > 1, and for all dy,...,d, €1, the left (resp., right)

I-module
S = {(cl,...,cr) eI | Zcidi ZO}

i=1
(resp., S = { cty...,cr)l el Y ciei= O}) is finitely generated as a left (resp., right) l-module.

Linear systems are usually described by means of finite matrices with entries in a certain ring of functional
operators 2. As explained in [35]], if Z is a coherent ring, an algebraic systems theory can be developed as if 2
were a Noetherian ring. Hence, Theorem [2| shows that an algebraic systems theory can be developed over 1. In
particular, basic module-theoretic operations of finitely presented left/right I-modules, namely, left/right [-modules
defined by matrices, are finitely presented, and thus, finitely generated. For more details, see, e.g., 28} 144]. It is
shown in [11] that Theorem@]cannot be generalized for more than one differential operator, i.e., for the algebra 1,
of integro- partlal differential operators with polynomial coefficients defined by the operators x;, d; = ax and fx’
fori=1,...,nandn > 1.

Based on normal forms for generalized Weyl algebras, it is shown in [8] that I admits the involution 6 defined
by

)=/, 6())=0a, 6(t)=t3>+d=(td+1)0, (10)

i.e., 8 is a k-linear anti-automorphism, namely, it satisfies:
Vd,ecl, 6(de)=0(e)0(d), 6*(d)=d.
We note that d [ =1 and E =1 — [ 9 yield:
0(1)=06()6(d)=0[=1, 6(E)=06(1)-6(2)0(])=1-[J=E.
With the notations (7) and (8], we get:
0(d1) =Y a;;0(9) 6(t) =Y a;j [ (19 +1)9)
0(dz) =Y bi;0(1)76(f)6O(r)’ :Zbi,- ((td41)9) 3 ((1d+1)9d),

0(ds) = Y. (L/6(2)6(=)6()) = ¥, (LS ['E((19+1)9))

acd acd

=Y (Zf,, ra+1)a)>

acd

In particular, we have 6((E)) C (E) and 0 (k[] [ k[r]) C A. Finally, we note that:
0(td)=[(td+1)d =10.

As a consequence, many algebraic properties of left [-modules have a right analogue and conversely. Finally,
in [8, 19, [10], various algebraic properties of I and important results are proven amongst them a classification of
simple modules, an analogue of Stafford’s theorem, and of the first conjecture of Dixmier.

The computation of syzygies, namely, left/right kernel of a matrix with entries in I is a central task towards
developing an algorithmic approach to linear systems of ID equations with boundary conditions based on module
theory and homological algebra. See [16} 29, 36| and references therein. However, the the proof of Theorem
given in [10] is non-constructive. As a first step for computing syzygies, we discuss in the following how to
find left/right annihilators of elements in I. As we will see, this problem leads, in turn, to computing polynomial
solutions of ordinary ID equations with boundary conditions, which we discuss in Section

Inria



Polynomial Solutions and Annihilators of Integro-Differential Operators 11

The left annihilator of d € I is defined by
anny(.d) :={e€l|ed =0},
and, analogously, the right annihilator is defined by:
annp(d.) :={e€l|de=0}.

The left annihilator can be interpreted as compatibility conditions of the inhomogeneous ID equation d y(f) = u(t).
Indeed, for e € anny(.d), we have:
eu(t) =edy(t)=0.

If d is not a zero divisor, then d y = u does not admit compatibility condition of the form eu = 0, where e € 1.
Example 1. We first consider the following trivial example:
ﬂ)y(s) ds = u(t).

The compatibility condition u(0) = 0 corresponds to the left annihilator E of [, i.e, E [ =0in L. As a nontrivial
example, we consider the inhomogeneous ID equation:

£235(t) = 2ty(t) + (t+2)y(t) — (3t/5+2) f:)y(s) ds+3/5 fgsy(s)ds = u(r). (11)
The left annihilator of the following ID operator
d=1"9* 219+ (t+2)—(3t/5+2) [+3/5[tel (12)

yields the compatibility conditions of (TT). The compatibility conditions of d will be given in Example [9]

The relation between annihilators and polynomial solutions of ordinary ID equations comes from the fact that
we can identify an integro-differential operator d € I with the corresponding linear map L, on the polynomial ring
k[t]. Hence, we have the equivalences:

de=0 & Lj,=LjoL.,=0 <& imL,Ckerl,. (13)

Suppose that we want to compute the right annihilator of d and assume that L; has a finite dimensional kernel.
Then the image of L, for an e € annj(d.) has to be finite dimensional and must be contained in kerL,. In other
words, we have to compute the polynomial solutions of L; and then find generators for all ID operators e with
imL, C kerL;. After discussing some general properties of Fredholm and finite-rank operators in the next section,
we follow this strategy for ID operators including several evaluations in Section 8]

6 Fredholm and Finite-Rank Operators

Several properties of Fredholm operators can be studied in the purely algebraic setting of linear maps on infinite-
dimensional vector spaces. In [[L1], such properties are used to investigate I. It turns out that Fredholm operators
are also very useful for an algorithmic approach to operator algebras. We review some algebraic properties of
Fredholm operators in this section.

Definition 5. A k-linear map f: V — W between two k-vector spaces is called Fredholm if it has finite dimen-
sional kernel and cokernel, where coker f = W /im f. The index of a Fredholm operator f is defined by:

indy f = dimy (ker f) — dimy (coker f).
We have the long exact sequence of k-vector spaces ([44])

Oﬂkerf%VLWLmokeerO,
i.e., i is injective, ker f = imi, kerp = im f, and p is surjective, where p(w) is the residue class of w € W in
coker f. Then, dimy (coker f) gives the number of independent k-linear compatibility conditions g(w) = 0 on w for
the solvability of the inhomogeneous linear system f(v) = w (e.g., f is surjective if and only if coker f = 0), while
dimy (ker f) measures the degrees of freedom in a solution (v + u is solution for all u € ker f).
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12 Quadrat & Regensburger

Example 2. Viewing the basic operators 1,7, d, | € [ as k-linear maps on V = W = k[z], we get:

ker1 =kert =ker [ =0, kerd =k,
im1 =imad = k[t], imz = im [ = k[t]1.

Hence, they are also Fredholm with index:
indg1 =0, indgsr=ind;[=—1, indgd=1.
If V and W are two finite-dimensional k-vector spaces, then
dimy (coker f) = dimy (W) — dimy (im f)
and the rank-nullity theorem yields dim; V = dimy (im f) 4 dimy (ker f), hence
indg f = dim; V — dim; W, (14)

i.e., indy f depends only on the dimensions of V and W.
We also recall the index formula for Fredholm operators.

Proposition 3. Let V' —f> V 25 V" be k-linear maps between k-vector spaces. If two of the maps f, g, and go f
are Fredholm, then so is the third, and:

indg(go f) = ind; g + indy f. (15)

Proof. Considering the following commutative square

vV ——V

|

7
v gof v

we obtain the following commutative exact diagram (see, e.g., [44]):

0
0 kerg
0 ker f vi— L Ly coker f ———0
g
0 ——ker(gof) v Sy coker(go f) ——=0.
0 cokerg
0

A chase in the above commutative exact diagram shows that we have the following long exact sequence of finite-
dimensional k-vector spaces [44]:

0 ker f ker(go f) kerg coker f — coker(go f) —— cokerg —— 0.
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Using the Euler-Poincaré characteristic [44], we then get
dimy ker f — dimy ker(g o f) + dimy ker g — dimy coker f + dimy coker(g o f) — dimy cokerg = 0,
which finally proves (I3).
Definition 6. A k-linear map between two k-vector spaces is called finite-rank if its image is finite-dimensional.

Example 3. Let us consider E = 1 — [d € I. It has an infinite-dimensional kernel kery E = k[r]¢, but its image
imy E = k is one-dimensional. More generally, every boundary operator d3 € g is obviously of finite rank since its
image is contained in the k-vector space of polynomials with degree less than or equal n, where n is the maximal
index i with a nonzero coefficient f;; or g;; in (8).

Clearly, composing a finite-rank map with a linear map from either side gives again finite-rank map and Propo-
sition [3]shows that the composition of two Fredholm operators is a Fredholm operator.

Proposition 4. Let V be a k-vector space and </ a k-subalgebra of endy (V). Then,
Fg={a€ | ais Fredholm}

forms a monoid and

Co = {c € | cis finite-rank}
is a two-sided ideal of <7 .

In particular, we have another interpretation of the only proper two-sided ideal (E) of boundary operators as
finite-rank operators. All other ID operators of Ig \ (E) are Fredholm as we shall see in Proposition @ More
generally, the notion of (strong) compact-Fredholm alternative for an arbitrary k-algebra </ was introduced in
[10].

7 Polynomial Solutions of Rational Indicial Maps and Polynomial Index

Computing polynomial solutions of linear systems of OD is well-studied in symbolic computation since it appears
as a subproblem of many important algorithms. See, for example, [[14} [1} 4} 5,12, |3]. In this section, we discuss an
algebraic setting and an algorithmic approach for the computation of polynomial solutions (kernel), cokernel, and
the “polynomial” index for a general class of linear operators including ID operators.

For computing the kernel and cokernel of a k-linear map L: V — V’ on infinite-dimensional k-vector spaces
V and V', we can use the following simple consequence of the snake lemma in homological algebra (see, e.g.,
[441).

Lemma 2. Let L: V — V' be a k-linear map and U CV, U’ C V' k-subspaces such that L{U) CU'. Let
LU'=Ly:U—U" and L:V/U—V'|U

be the induced k-linear map defined by L(n(v)) = ' (L(v)) for all v €V, where 1: V. — V /U (resp., #': V' —
V' /U') is the canonical projection onto V /U (resp., V' /U’). Then, we have the following commutative exact
diagram:

T

0 U v VU 0 (16)
ok
0 U’ v Ty 0.

If L is an isomorphism, i.e., V /U =2 V' /U, then:
kerL' =kerL, cokerL = cokerL.
Moreover, if U and U’ are two finite-dimensional k-vector spaces, then L is Fredholm and:

indkL = dlIIlk U-— dlIIlk U/.
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14 Quadrat & Regensburger

Proof. Since L is an isomorphism, applying the standard the snake lemma (see, e.g., [44]) to the following com-
mutative exact diagram of k-vector spaces

0 0
kerL' kerL 0
0 U V—LsvV/U 0
r L L
0 U’ Vi Ty 0,
cokerL’ cokerL 0
0 0

we obtain the following long exact sequence of k-vector spaces
0 — kerL' — kerL — 0 — coker L’ — cokerL — 0,

and the statements about the kernel and cokernel follow. If U and U’ are two finite-dimensional k-vector spaces,
then so are ker L’ = ker L and coker L' 2 cokerL and indy L = ind; L’ = dim; U — dim; U’ by (14). O

Remark 1. In the language of homological algebra, the fact that L defines an isomorphism in Lemma means
that the following chain complex of k-vector spaces

0 U Vv 0
Pk
0 U 14 0

is a quasi-isomorphism, namely the homologies of the horizontal complexes, i.e., V /U and V' /U’, are isomorphic.
L

Hence, the complex 0 14 14 0 of infinite-dimensional k-vector spaces, whose homologies are

kerL and cokerL, is then reduced to the complex 0 [y 0 of finite-dimensional k-vector

spaces, which homologies, ker L’ and cokerL’, are then isomorphic to ker L and cokerL.

From an algorithmic point of view, we want to find finite-dimensional k-subspaces U and U’, and an algorithmic
criterion for L being an isomorphism on the remaining infinite-dimensional parts V /U and V' /U’.

The cokernel of a k-linear map f: V — W between two finite-dimensional k-vector spaces V and W can be
characterized as follows. Choosing bases of V and W, there exists a matrix C € k"*" such that f(v) = Cv for all
y € V 2 k". Computing a basis of the finite-dimensional k-vector space kerC” and stacking the elements of this
basis into a matrix D € k', we get kerCT =imD” . Then, coker f =im D and, more precisely, if 7: W — coker f
is the canonical projection onto coker f, then the k-linear map & : coker f — im D defined by o(n(w)) = Dw for
all w € W, is an isomorphism of k-vector spaces.

Let us now study when the k-linear map L: V /U — V' /U’ is an isomorphism. In what follows, we shall focus
on the polynomial case, namely, V =V’ = k|t]. To do that, let us introduce the degree filtration of k[r], namely,

ki) = Ukl <i, Klrl<i = ElEktj,
j=0

ieN
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defined by the finite-dimensional k-vector spaces k[t]<; formed by the polynomials of k[¢] of degree less than or
equal to i (we set k[t]<_; = 0). Note that this filtration is induced by any basis {p;};cn of k[¢] with deg p; =i for
allie N.

For motivating the following definition, we recall that we defined the multiplication operator, derivation, and
integral operator in terms of their action on the basis ("),cy of k[t]; see Equation (I} and Deﬁnition More gen-
erally, we can easily check that the action of the summands of an ID operator in the normal form (7)) is respectively
given by:

o n! L )
(#a)(") = WI"ﬁH» nzj,
(") =0, n<j,

. . 1 L

INPIAY _ z+j+n+1.
W) = e

So the action on a basis element ¢ for n large enough is given by a rational function in the exponent n and a shift
in the exponent.

Definition 7. A k-linear map L: k[t] — k|[t] is called rational indicial if there exist a nonzero rational function
q € k(n), an integer s € Z, a bound M € N, and nonzero constants ¢, € k* such that

L(t") = ¢, q(n) " + lower degree terms,

for all n > M > —s. Then, we call the pair
rsym(L) = (s, )

its rational symbol.

Example 4. The rational symbols of the defining ID operators are:
rsym(1) = (0, 1), sym(t) =(1,1),

rym(@) = (1 o) = (1),

Operators such as shift and dilation operators on k[z] are also rational indicial. For instance, if @ € k\ {0} and %,
is the dilation operator defined by y,(t") = (at)" for all n > 0, then we get ¢, =a", ¢=1,s=0,and M = 0.

Example 5. The sum of a rational indicial map and a finite-rank map is also rational indicial with the same symbol
for a large enough bound M. For instance, if we consider L; = 1+ Eo, then we have L; (1) =¢34+ 1 and L (") ="
for n > 1, which shows that M =1, s =0, ¢ = 1, and ¢, = 1 (compare with Ly = 1 which is such that M =0, s =0,
cn = 1, and g = 1). Finally, if we consider L, = 1+ 13E( d?, then we have L (1) = 1, Ly (1) =1, L(t?) = 213 412,
and L, (") =" for n > 3, which shows that M =3,5=0,g=1,and ¢, = 1.

Let us now state a result for the computation of the kernel and cokernel of rational indicial maps (compare with
Lemma 6.5. of [[10]]).

Proposition 5. Let L: k[t] — k|[t] be a k-linear map. Let
—1<N,—(N+1)<s, U=kltl<y, U’ =k[t]<nis
be such that L({U) CU'. Let L' = Ly : U — U’ be the induced map. If deg L(t") = n+s for alln > N + 1, then:
kerL' =kerL, cokerL = cokerL.
Moreover, L is a Fredholm operator with ind; L = —s.
Proof. LetV =V'=k[tjandw:V — V /U (resp., *’' : V' — V' /U’) be the canonical projection onto V /U (resp.,

V'/U"). Then, L(n(t")) = ' (L(")) for all n € N.
Let us note T, = (") and S,, = 7' (¢") for all n > 0. Then, we get:

V/U=klt)/kt)len= @ kT;, V'/U' =klt)/Kt]<nss= €D kS

i>N+1 i>N+s+1
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Moreover, if p = YN 7. | pit' € k[t], where p; € k, then we have

N+r . N—+r i N+r )
Lip)="Y, pL() =Y pi(cigi)e™+..)="Y picigli)r™+...,
i=N+1 i=N+1 =N+ 1

where ... denotes lower degree terms. Note that we have n(p) =Y. piTrand ' (L(p)) = YN | piciq(i) Sivs+
..., which shows that L corresponds to the following linear operator:
L:V/U=@izyi ki — V'/U =@piniei1kSi
YN piT — YN piciq(i)Sivst -
Considering the coefficients of the elements of V /U (resp., V' /U’) in the basis {T;}i>n+1 (resp., {S;} j>n+s+1), up
to isomorphism of k-vector spaces, we obtain:
L: @ik — Binisnik
(PN+1s PN425++ - PN+, 0y -..) —  (pnp1en+1g(IN+ 1)+ o, pysrenerg(IN+1)+...,0, ..0).
We note that L is defined by an upper triangular infinite matrix which determinant is Hf.V: J]r\,’ 1 ¢iq(i) # 0. Hence,

the linear operator L is invertible, and thus defines an isomorphism of k-vector spaces, i.e. V/U =2 V'/U’.
Finally, the result follows from Lemma 2] after noting that:

dimU —dimU' =N+1—(N+1+s) = —s.

O

Example 6. Let us consider the Fredholm operator L =¢ [ + [7. Then, we get L(t") = (”L + Flz) "2 for all

n > 0, which shows that rsym(L) = (2, %) Hence, if we consider N =0, s =2,V =V' =k[t], U =k,
U' = klt]<y, and L' = Ly, i.e., L' () = 3ur*/2 for all u € k, then kerL' = 0 and cokerL' = k[t]<5/(1*) = k+ k.
Let us note 7; = 7(¢') and S; = 7/ (¢') for all i € N. If p = Y'I_, p;t’ € k[t], then using that g(i) # 0 for all i € N, we
obtain the following isomorphism of k-vector spaces

L:V/U=k[t]/k=@ 1 kT; — V'/U =k[1]/k[t]<o = D;>3kS;
n(p)=YiipiTi — @'(L(p)) = L1 Piq(i) Sita,

which, up to isomorphism, corresponds to the isomorphism of k-vector spaces:

(P1y--sPr0,.. ) — (p1g(l),....prq(r),0,...).

By Proposition we obtain ker L = ker L’ = 0 and coker L = coker L' = k+ kt.
Similarly, we let the reader compute the polynomial solutions of L = %tf — [z

Given a rational indicial operator with rational symbol (s, ¢) and bound M, we obtain a bound N for Propo-
sition [5| by computing the largest nonnegative integer root [ of ¢ and taking N = max(/,M). Hence computing
the kernel and cokernel of L: k[t] — k[t] reduces to the same problem for the k-linear map L' = Ly : U — U’
between two finite-dimensional k-vector spaces, which can be solved using basic linear algebra techniques. We
have implemented in Maple the computation of kernel and cokernel of rational indicial maps.

Corollary 3. A rational indicial operator with rational symbol (s, q) is Fredholm with index —s and its kernel and
cokernel can be effectively computed.

We can explicitly compute the rational symbol (s, ¢) for d ¢ (E) from its normal form. For computing the
index of OD equations with analytic coefficients, we have the Komatsu-Malgrange index theorem [25, 30]. The
following proposition is a purely algebraic version of an index theorem. Compare with [[10, Proposition 6.1].
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Proposition 6. Let d =Y a;j tal + Y.bij tiftj +d3 € g be an ID operator, where ds € (E), such that d ¢ (E).
Then, the k-linear map
Ly k[t] — k1],
p — d(p),

is rational indicial with rational symbol (s,q) given by
s =—indyd =max({i—j|a;; #0}U{i+ j+1]|b;j #0}),

and:

qn) = Z ( .+ Z n+]+1

i—j=s i+j+1=s

8 Polynomial Solutions and Annihilators

In his proof of Theorem[2] stating that I is a coherent ring, Bavula [[10] uses that the left and right annihilators are
finitely generated I-modules, for which a non-constructive argument is given.

Theorem 3 ([10]). Let d € I. Then, the left (resp., right) annihilator anny(.d) (resp., anng(d.)) of d is a finitely
generated left (resp., right) I-module.

In this section, we generalize this result to right annihilators of Fredholm operators d € I¢ with several evalua-
tions using a constructive approach. As outlined at the end of Section[5] our approach is based on the fact that we
can identify integro-differential operators with the corresponding linear map on the polynomial ring (see Corollary
. To characterize the right annihilator anny,, (d.), we use the equivalences . If d is Fredholm, i.e., d € o\ (E),
then kerL, is a finite-dimensional k-vector space, and thus, e has to be finite-rank and hence must be a boundary
operator e € (E). Thus, we have to compute polynomial solutions of the Fredholm operator d, i.e., ker L, and then
find generators for all the e’s satisfying imL, C kerL,.

We first describe the image of a finite-rank operator L, for a boundary operator e € (E). By (8), e is a finite
k[t)-linear combination of terms of the form E4 0’ and Eq [#' with a € ®, namely

€= Z <ZPazEaa +Z‘1azEaff> (17)

acd 0

where pyi, ga,; € k[t]. With Lemma [} we can now apply the following general fact for linear functionals on
arbitrary vector spaces; see, e.g., [27, pp. 71-72].

Lemma 3. Let V be a k-vector space and Ay, ..., A, € V* k-linear functionals. Then, the A; are k-linearly inde-
pendent iff there exist vy,...,v, €V such that:

Vi,j=1,...,n, )Li(Vj) = 51‘]'.

Proposition 7. Let e € (E) be as in (T7). Then, we have:

imL, = Z kaa,Jr Z qua,

acdi= acdi=

Proof. The inclusion C is obvious since Eq 0" and E4 [# are functionals. Let Eq 0" or E4 [ ' be a linear functional
corresponding to a nonzero summand in (7). Since these linear functional forms are k-linearly independent
by Lemma using Lemma with V = k[t], there exists a polynomial p € k[t] such that (E,d")(p) = 1 (resp.,
(Eq [1')(p) =1) and (Eg d/)(p) = O (resp., (Eg [#/)(p) = 0) for all other functionals corresponding to nonzero
summands of (17). Then, we get L.(p) = e(p) = pa.i or Le(p) = e(p) = qa,i» Which proves the reverse inclusion.

O
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Theorem 4. Let ® be a subset of k with 0 € ®. Let d € lg be Fredholm with

n
kerLd = Zki‘l‘,
i=1

where r; € k[t]. Then, we have:
n

anny, (d.) = ; (riE)Lp.

In particular, anny (d.) is a finitely generated right lo-module.

Proof. Since imL,,g = kr; CkerLy, the inclusion D follows by (I3). Conversely, let e € Ip as in (T7) with de = 0.
Then, by and Proposition[7] we have:

imL, = Z kaa,—l— Z qua, CkerL; = Zkr,
acdi= acdi=

Hence, every nonzero pq; and gq; can be written as a k-linear combination of the 7;’s, i.e., pg; = Z;le Ui jT;
and qq ; = Z;?:l Va,i,jrj for certain ug j j, vaij € k. Using (I7) and EE4 = E¢, we then get

e= Z Z (Zua,Jr]E(XQ +Zva,]ranft>

acd j=

=) Z (Z Ug,i T EEq D' +Zva,,rJEEajt)

acd j=

n n
:ZFJE<Z Zva7,71Eaa+ZZua,]EaII>€Z ]Iq;.,

j=1 acd i acdi= j=1

which proves the reverse inclusion C and thus the result.
O

Example 7. If d = 92, then we have kerL; = k + kt, which shows that anny, (92.) = Elg +/EIg. We can check
again that 9> (tE) = (19> +29)E = 0.

Lemma 4 (Corollary 3.2 of [10]). Ifd € I is Fredholm, then so is 0(d).

Proof. Letd € I be Fredholm, i.e., d €I\ (E). Suppose that 6(d) € (E). At the end of Section [5} we show that
0((E)) C (E). Thus, d = 0(6(d)) € (E), which is a contradiction and proves that 6(d) € I\ (E), i.e., 8(d) is
Fredohlm.

The following corollary of Theorem gives a way to compute a set of generators of the left annihilator anng(.d).

Corollary 4. Let @ be a subset of k with O € ®. Let d € Lo be Fredholm with kerLg(qy = Y[ kri, where r; € kt].
Then, we have

n
annﬂd) ZHq;Erl l‘a-i- )ZZH@E?,‘((;)
i=1

where the polynomial 7; is defined by substituting t' by i! 9" into r;.
Proof. By Theorem 4, we have ann, (6(d).) = Y, (r;E)Ie. Applying 6 to r;E, we get 6(r,E) = 6(E) 8(r;) =

Eri((td +1)d). We have 0(r,E)d = 0(0(d)r; ) = 6(0) = 0, which proves the inclusion D. Conversely, if
e € anng (. d), ie., ed =0, then 6(d)6(e) =0, and thus 8(e) = Y}, ;Ed; for certain d; € Iy, which yields

e=02%(e)=Y",0(d;)E0(r;), which proves the inclusion C and the first equality. Finally, we note that E 8(¢)/ =
E((rd+ )8)1 = jIEJ/ for j € N, and thus E):;zosje(t)j = EZ;zosjj!z?j, where s; € k, which proves the
second equality. O
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Example 8. If d' = qu’ then 0(d’) = 9° and using Example we obtain anny, (9%.) = Elg + 1 ELp, which shows
that annﬂq)(fz.) —IpE+IpE(1d+1)9 = loE+IpEJ. We can check again that E (19 +1)0 [*=E(td+1) [ =
E (7 + ) = 0. Finally, according to the comments above Example we obtain that the compatibility conditions of
the inhomogeneous equation [ (fy ¥(x)dx) dt = u(t), where u is a fixed enough regular function, are generated
by u(0) =0 and (zii(r) +u(¢))(0) = 1(0) = 0.

Similarly, we let the reader check that we have anny, (.(td — 1) 9?) =Ed.

All necessary steps for computing right and left annihilators have been implemented based on the Maple
package IntDiffOp [26]] for ID operators and boundary problems.

Example 9. Let us compute the compatibility conditions of (TT). Note that
rsym(8(d)) = (0,n* —3n+2),

where:
0(d) = (*+1-3/5)9* — (2t +1)9 +2.

The largest nonnegative integer root of ¢ is 2. With this bound N for Proposition[5] we get for the following kernel:
kerLo(gy = k(* +3/5) +k(t+1/2).

By Theorem 4] we obtain:
anng(0(d).) = (1> +3/5)E) I+ ((t+1/2)E) L.

Computing the involution of these generators yield the left annihilator
anng(.d) =1(2EJ° +3/5E) +1(EJ + 1/2E)
for (1)), which correspond to the following compatibility conditions:

2ii(0)+3/5u(0) =0, i(0)+1/2u(0) =0.
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