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Abstract— Serre’s reduction aims at reducing the number of
unknowns and equations of a linear functional system (e.g.,
system of ordinary or partial differential equations, system
of differential time-delay equations, system of difference equa-
tions). Finding an equivalent representation of a linear func-
tional system containing fewer equations and fewer unknowns
generally simplifies the study of its structural properties, its
closed-form integration and different numerical issues. The
purpose of this paper is to present a constructive approach
to Serre’s reduction for linear functional systems.

I. AN ALGEBRAIC ANALYSIS APPROACH TO LINEAR
SYSTEMS THEORY

In what follows, D will denote a noncommutative noethe-
rian domain, namely, a unital ring satisfying that dd’ is
not necessarily equal to d' d for d, d’ € D, containing no
nontrivial zero-divisors, i.e., dd’ = 0 yields d = 0 or d’' = 0,
and every left (resp., right) ideal of D is finitely generated,
i.e., can be generated by a finite family of elements of D as
a left (resp., right) D-module ([9], [16]). Moreover, we shall
denote by D'*P (resp., DY) the left (resp., right) D-module
formed by row (resp., column) vectors of length p (resp., q)
with entries in D and by R € D9*P a ¢ x p matrix R with
entries in . Moreover, we shall use the following notations:

.R:Dxa _—, Dplxp R.:DP — D1 1
p — pR, n +—— Run.

Since the image imp(.R) = D4R of the left D-
homomorphism .R : D'*9 — DIXP defined by (1), i.e.,
imp(.R) ={\e€ D*P | 3 pue D> : X\ = puR}, isa
left D-submodule of D'*P, we can introduce the quotient
left D-module M = DYP/(D*9R) and the left D-
homomorphism 7 : D'*P — M which sends A\ € D'*?
to its residue class 7(\) in M. In particular, 7(\) = 7(\)
iff there exists ;1 € D1*? such that A — \ = p R. The left
D-module M = D'*?/(D'*4 R) is then said to be finitely
presented by R ([16]). Let us describe the left D-module
M = DY*? /(D4 R) in terms of generators and relations.
Let {f;};=1,..p be the standard basis of the left D-module
D'?_ namely, f; is the row vector of length p with 1 at
the j™ position and 0 elsewhere, and y; = 7(f;) € M for

j=1,...,p. Since every m € M has the form m = w(\)
for a certain row vector A = (A1 ... \,) € D'*P,
P P P
m=Tm Z)\jfj :Z)\jﬂ—(fj):z)\jyj’
j=1 j=1 j=1
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which shows that every element m of M can be written as a
left D-linear combination of the y;’s, i.e., {y;};j=1,.p is a
family of generators of M. M is said to be finitely generated
([16]). If R;s denotes the i™ row of the matrix R € DI*P,
then R;e € D'*% R which yields 7(R;e) = 0, and thus

P P P
> Rifi | => Rijm(f;) =D Rijy; =0, ()
j=1 j=1 =1

for i =1,...,q, and shows that the generators {y;};=1, . p

of M satisfy the left D-linear relations (2), or, in other
words, y = (y1 ... yp)? € MP satisfies Ry = 0.

If F is a left D-module and homp (M, F) is the abelian
group (i.e., Z-module) of the left D-homomorphisms from
M to F, then Malgrange’s remark ([8]) asserts that

kerr(R.) £ {n € F? | Rn =0} = homp (M, F),

3)

where = is an isomorphism, i.e., a bijective homomorphism.
The linear system kerz(R.) is also called a behaviour. The
above isomorphism x : kerz(R.) — homp(M,F) can
be easily defined: for all n € kerx(R.), we can defined
x(¢) = ¢, € homp(M,F) by ¢,(m(\)) = An for all
A € DYXP_ 1t is well-defined since if A € D9 R, then
there exists 1 € D'*9 such that A = p R, and thus 7()\) = 0,
which, on the one hand, yields ¢, (7(\)) = ¢,(0) = 0 and,
on the other hand, An = p(Rn) = 0. The inverse y !

is then defined by x~1(¢) = (é(y1) ... é(y,))T € FP,
where {y; = 7(f;)};j=1,...p is a family of generators of M

as explained above. Indeed, if n = (¢(v1) ... ¢(yp))7, then
P P

ZRij n = ZRLJ¢ Y;) Z iy | = #(0) =0,

Jj=1 j=1

ie, n € kerg(R.), and (x ' ox)(¢) = x "' (dy) =n.

The algebraic analysis approach to linear systems theory
aims at intrinsically studying the linear system ker=(R.) by
means of homp (M, F), i.e., by means of the left D-modules
M = DY*?/(D'*4 R) and F ([3], [8], [10], [11]).

Definition 1 ([6], [9], [16]): Let D be a left noetherian
domain and M = D'Y¥?P/(D'X9R) the left D-module
finitely presented by the matrix R € D9*P,

1) M is free of rank r € N={0,1,...} if M = D**".



2) M is stably free of rank r — s if there exist r, s € N
such that M @& D'*s =~ DIX" where & denotes the
direct sum of left D-modules.

3) M is projective if there exist » € N and a left D-
module P such that M @ P = D'x",

4) M is torsion-free if the torsion left D-submodule

tM)={meM|3deD\{0}: dm =0}

of M is reduced to 0, i.e., t(M) = 0.
5) M is torsion if t(M) = M, ie., every m € M is a
torsion element of M, namely, m € t(M).

6) M is cyclic if M is generated by one element m € M,
ie, M=Dm={dm|dec D}.

A free module is clearly stably free (take s = 0 in 2 of
Definition 1) and a stably free module is projective (take
P = D' in 3 of Definition 1) and a projective module is
torsion-free (since it can be embedded into a free, and thus,
into a torsion-free module) but the converse of these results
are generally not true for a general left noetherian domain.

Theorem 1 ([6], [9], [15], [16]): 1) If D is a princi-
pal left ideal domain, namely, every left ideal of D
can be generated by one element of D (e.g., the ring
of ordinary differential operators with coefficients in a
differential field such that K = R or R(¢)), then every
finitely generated torsion-free left D-module is free.

2) If D = k[z1,...,2,] is a commutative polynomial
ring over a field k, then every finitely generated
projective D-module is free (Quillen-Suslin theorem).

3) If k is a field of characteristic 0 (e.g., Q, R, C)
and D = A, (k) (resp., B,(k)) is the first (resp.,
second) Weyl algebra of partial differential operators in

8%1’ o % with coefficients in k[z1,...,z,] (resp.,
k(z1,...,2n)), then every finitely generated projective

left D-module is stably free and every stably free
left D-module of rank at least 2 is free (Stafford’s
theorem).

4) If D is the ring of ordinary differential operators with
coefficients in the ring of formal power series k[t],
where k is a field of characteristic 0, or in the ring
of convergent power series k{t} with coefficients in
k = R or C, then every finitely generated projective
left D-module is stably free and every stably free left
D-module of rank at least 2 is free.

Let us characterize stably free and free modules.

Proposition 1 ([5], [13]): Let D be a noetherian domain,
R € D9%P a full row rank matrix, i.e., kerp(.R) = 0, and
M = DY*? /(D4 R).

1) M is a projective left D-module iff M is a stably free

left D-module.

2) M is a stably free left D-module of rank p — ¢ iff R

admits a right-inverse over D, namely, iff there exists
a matrix S € DP*? satisfying RS = I,.
3) M is a free left D-module of rank p — ¢ iff there exists

a matrix U € GL,(D), where
GLy(D) =
(VeDr » |3WeDrr: VIV=WV =1},

such that RU = (I, 0). If we write U = (S Q),
where S € DP*? and Q € DP*(P=9) then

v: M — D9
T(A) — AQ,

is a left D-isomorphism and 1/ ~! is defined by:

R DR it VR ¥/}
po— w(uT),

where the matrix 7' € DP~9*? is defined by:

R
T

Then, M = D'PQ = D=9 and the matrix Q
is called an injective parametrization of M. Finally,
{m(Tse) }i=1,... p—q defines a basis of the free left D-
module M of rank p — q.

Let D be a left noetherian domain and R € D?*P. Then,
the left D-submodule kerp(.R) = {u € D9 | u R = 0}
of D*4 s finitely generated (see, e.g., [16]). Therefore,
there exists a finite family of generators {u}r=1. , Of
kerp(.R) and defining Ry = (pf ... pI)T € D™P, we
get kerp(.R) = D'*" Ry. Similarly, we can find a matrix
R3 € D**7 such that kerp(.Rs) = D*** R3 and so on. We
are led to the concept of a finite free resolution of M.

Definition 2: 1) A complex of left (resp., right) D-
modules, denoted by

di+1 di di— 1

diy2
it1 —— M; — My — ..

My ... —= .
“4)
is a sequence of left (resp., right) D-homomorphisms
d; : M; — DM;_, between left (resp., right) D-

modules which satisfy imd; 1 C kerd;, i.e.,

VieZz, diOdH_l:O.

2) The defect of exactness of (4) at M; is defined by:
Hi(M.) = ker di/idel.

3) The complex (4) is exact at M; if H;(M,) = 0, i.e.,
ker d; = imd; 1, and exact if ker d; = im d;; for all
1 € Z. An exact complex is called an exact sequence.

4) A finite free resolution of the left D-module M is an
exact sequence of the form

) ;Ri)D1><p2 ;I?i)Dlxpl "R1_>D1><p() LMHO,

&)
where R; € DPi*Pi-t and .R; : D'*Pi — D1*Pi—
is defined by (.R;)(\) = A R; for all A € D1*Pi,

If D is a left noetherian domain, then the above comment
shows that the left D-module M = D'*?/(D'*4 R) admits
a finite free resolution of the form (5), where Ry = R, pg = p



and p; = p. If F is a left D-module, then a necessary
condition for the solvability of the inhomogeneous linear
system R;n = ( for a fixed ( € FP' is Ry ( = 0, where
Ry € DP2*P1 i such that kerp(.R;) = D'*P2 Ry. Indeed,
for every u € kerp(.Ry), Rin = (yields u¢ = p Ry n = 0.
Let us study when the necessary condition Ry ¢ = 0 is also
sufficient. We need to investigate the defect of exactness
kerz(Rs.)/imgz(Ry.) of the following complex at FP?

Fr2 f2 pp Bae FPo, (6)

where R;. : FPi-t — FPi is defined by (R;.)(n) = R;n
for all n € FPi-' and ¢ = 1, 2. Indeed, for a fixed
¢ € FP1, there exists n € FPo satisfying Ryn = ( iff
¢ € img(Ry.) = Ry FP° and the necessary condition
Ry (¢ = 0 (since Ry R; = 0) means that { € kerg(Rs.).
Therefore, there exists n € FP* satisfying Ry n = ( iff the
residue class of ¢ in kerz(Rs.)/imz(Ry.) is reduced to O.
A key result in homological algebra proves that the defect of
exactness of (6) at 7P depends only on M and F and not on
the choice of the beginning of the finite free resolution (5) of
the left D-module M (see [16]). Hence, up to isomorphism,
the defect of exactness of (6) at FP! is denoted by:

ext], (M, F) = kerr(Ry.)/imzs(R;.). (7)

If the complex (6) is exact at FP!, i.e., extb(M, F) =0,
then the necessary condition Ry ( = 0 for the solvability
of the inhomogeneous linear system R;n = ( is also
sufficient. This fact explains why the extension abelian group
exth (M, F) plays an important role in linear systems theory.

II. BAER’S EXTENSIONS

In this section, we extend the results obtained in [2]. Let
D be a noetherian domain and R € D7%P a full row rank
matrix, i.e., kerp(.R) = 0. Then, we have the following
short exact sequence of left D-modules

0— pxa B pxe T o g (8)

ie., .R is an injective left D-homomorphism (since
kerp(.R) = 0), kerp m = D'*9 R and 7 is a surjective left
D-homomorphism (since, by definition of M, every element
m € M has the form m = 7()\) for a certain A € D*P).

Let 0 <r < q—1 and let us now consider the matrices

Ae D@ p—(R —A)eDP*PFtar),

the left D-module E = D™ (+a=7)/(D1x4 P) finitely
presented by the full row rank matrix P. Then, the following
short exact sequence of left D-modules holds

0 — D¢ L, plxera—r) 2, p 9)

where o : D'*(Pte=") _ F is the canonical projection
onto FE, ie., the left D-homomorphism which sends an
element ¢ € DY*(P+a=7) 1o its residue class o(¢) in E.

Let us study the connections between the left D-modules
M and E. If X = (I 0T)T € DW+a=)*P_ then the
identity R = P X induces the commutative exact diagram

0—» Dixa L pixe+e—r) 2, B
[ I x
0— D¢ L&, px» T, oA,

and the left D-homomorphism 8 : F — M defined by

Blo((pr  p2))) = m((p1  p2) X) = 7(p),

for all y1; € D'*P and all i, € D'*(4=7), For every m € M,
there exists p; € D'*P such that m = m(u1) and thus
m = B(o((u1 0))), which proves that 3 is surjective.

Let us study ker 5. An element o((11  p2)) € ker 3 satis-
fies m(p1) = 0, i.e., u1 = v R for a certain v € D*¥9, Since
o(R —vA) =0, we get o(¥R 0)) = (0 vA))

= kerB={o((vR p2))=0((0 p2+vA))
|ve DY puy e Dlx(q*’”)}

={e(0 ¢)|ge D0,

Let v : D' (@) — kerf be the left D-isomorphism
defined by v(¢) = o((0 ¢)) for all ¢ € D@77 (e, 7 is
injective and surjective). The canonical short exact sequence

0 — kerf —— E 2 im B — 0 then yields
0— D> 2 g Py, (10)

where o = i o 7. The short exact sequence (10) is called a
Baer extension of DY*(4=7) by M (see, e.g., [16]) and we
shall simply say an extension of D'*(4=") by M.

Let us now introduce the matrices © € DP*(a-7),
A=A+ROec D™ P=(R —A)ecDrPtem)

and the left D-module E = D'*(+a=7) /(D14 P) finitely
presented by P. Let g : D**(P+4=") _, E be the canonical
projection onto E. As previously with the left D-module E,
we obtain the extension of D'*(4=") by M defined by

0 — D<(a=7) iEiM%O,

where (€) = 3((0 €)) and B(a((n ) = () for
all £ € DY@~ all iy € DY P and all py € D47,

If we introduce the matrix V' defined by

I ()
V= ( é’ ; ) € GLy4q—r(D),
q—r

then P = PV induces the commutative exact diagram:

P

0— Dxa L pixe+en 2, F
| L
0_—» Dixa P pixp+e—r) 2, p (.

Since V' € GL,yq—+(D), we get the left D-isomorphism
1 1 E — E defined by

Y(((p1 p2) =o((u1 p2) V) =o((u1 11O+ p2)),



for all p; € D' P and all pup € D'*(¢="), Then, we have

(hoa)(€) =4(((0 £)))=o((0 &))=aff),
for all £ € D'*(4=")_ which proves a = 1) o @. Now,

(Bov)(@((p  p2))) =B(e((p1 p2+ 11 ©)))
B 12)));

= mi () = B(e((p
for all 41 € D'*P and all puy € D'*(@=7), which proves

B = [ o). Thus, we get the commutative exact diagram:
0— Dix@n 2, F R M —0
I Lw I
pixa-n o, g Lo o
Y

We are then led to the definition of equivalent extensions.

00—

Definition 3 ([16]): Two extensions of D'*(@=7) by M

e: 00— D p Py g
€: O—»Dlx(q*r)iELM—»O,

are said to be equivalent if there exists a left D-
homomorphism ¢ : £ — E satisfying « = ¢ o @ and
0= pBo1,ie., if (11) is a commutative exact diagram.

If e and € are equivalent extensions, then we can easily
check that v is necessarily a left D-isomorphism (e.g.,
apply the snake lemma ([16]) to (11)). Hence, ~ is an
equivalence relation on the set of extensions of D*(a—7)
by M ([16]). We denote by ep (M, D**(@~)) the set of all
equivalence classes of extensions of D'*(4=") by M and [e]
the equivalence class of the extension e of D'*(4=") by M.

The previous results show that the extensions of D**(a—7)
by M defined by E and FE, i.e., by means of the matrices A
and A = A+R O for © € DP*(4=") are equivalent, and thus
they define the same equivalence class in ep (A, D**(4=7)).

Let us now explain another relation between
ep (M, D' (@) and the matrices A and A = A + RO.
Using (8), ie., Ry = 0, and F = D™ @) we get
kerz(Ry.) = D?(4=") and (7) yields:

ext}, (M,Dlx(q*”) =~ pax(a=r) (RDPX@*T)) . (12)

If p : D) —, pax<a=n)/ (RDP<") s the
canonical projection, then we have

p(A) = p(A+ RO) = p(A),

ie, A and A = A + RO define the same residue class
in Dax(a=7)/ (R D”X(q_”). We have just proved that every
element p(A) € D?*(4=7) / (R DP*(4=7)) defines the equiv-
alence class [e] of extensions of D™*(4=") by M, where

v O e prra=),

e:O—>D1X(q_’ﬂ)L>E'i>]\4—>07

and the left D-module E is finitely presented by the matrix
P = (R - A), ie., E = D1><(p+q—7')/(D1><q P)

Let us now study the converse of this result. We first
consider the following extension of D'*(4=") by M:

0— D> S p 2 . (13)

Let {f;}i=1,.., be the standard basis of D**?, namely, f;
is the row vector with 1 at the i position and 0 elsewhere.
Since the left D-homomorphism J is surjective, there exists
¢i € F such that 6(¢;) = n(f;) € M fori=1,...,p. Then,

) (Z R, gk> =3 Ry d(G) =Y Rinm(fr)
k=1 k=1 k=1
= (Z Rjp. flc) =m(Rje) =0,

k=1
for j = 1,...,q. Since kerd = ime and ¢ is injective,
there exists a unique element \; € D'*(9=") gsuch that
S iRk Ce =e(N). If A= (A ... AT ¢ poxta=n),
then we get p(A) € D?*(4=7) / (R DP*(4=7)). Let us check
that the residue class p(A) of A is well-defined, i.e., it
does not depend on the choice of the pre-images (;’s of
the 7(f;)’s. Let us consider other pre-images (,;’s of the
7(f:), ie, 8(¢;) = =(fi) for i = 1,...,p. Using the
same arguments, there exists X]— e DY¥(e=7) guch that
et Rin ¢ = e(Ny) for j =1,...,q. But, 6(¢;) = 6(¢)
yields §(¢; — ¢;) =0, ie., ; — ¢; € kerd = ime and thus
there exists §; € D'*(9=") such that {; = ¢; + £(6;)

e(\j) = ZRjk Ce=e(Nj) + ZRjk e(0k)
k=1

) =t (14)
=¢ ()\j +ZRjk9k> .
k=1
If we introduce the following two matrices
Xl 91
A= e prlae=n) 9= e prxta=n)
X, 0,

then, since ¢ is injective, (14) yields \; = \;+> % _; Rjx Ok
for j = 1,...,q, ie, A = A+ RO, and thus p(A) =
p(A + RO) = p(A), which proves that every extension
(13) of D'*(4=") by M defines a unique element p(A) of
the right D-module D9*(4=7) / (R Dpx(q*r)). Finally, let us
show that every extension in the same equivalence class of
(13) in ep (M, D**(4=")) defines the same element p(A).
Let us consider an extension of D'*(4=") by M in the same
equivalence class of (13), i.e., the commutative exact diagram

8

0— Dix@@r) _=, F — M —0
[ Lo [
0— DX@n =, @ 2,y

holds for a certain left D-isomorphism ¢ € homp(F, F’).
Using ¢’ o ¢) = 4, we obtain that 6’ (¢)((;)) = 6(¢;) = (f;)
for i = 1,...,p, and applying ¢ to Y 7_; Rjk Gk = £(A))
and using & = Y oe, we get > v_; Rin¥(G) = £'(\;)



for j = 1,...,q, which yields the same matrix A =
(AT ... AT) as previously, and thus the same p(A).

Hence, there is a one-to-one correspondence between the
elements of the right D-module D9*(4=7) / (R DP*(4=7)) =
ext}, (M, D(4=")) and the equivalence classes of exten-
sions of D'*(@=") by M. This result is attributed to Baer. An
important consequence of this result is that every equivalence
class of extensions of D'*(4=7) by M contains an extension

0— DX 2 p o P,

where E,,) = DY®+a=7) /(D1*4 (R —A)) for a certain
A € D?*(=7) The Baer sum [e1] + [es] of two equivalence
classes [e;] and [ep] of extensions of D™*(4=") by M,
respectively defined by representatives formed by F/, 5,y and
E,(a,)» is the equivalence class of the extension defined by
E (A +n,)- See [14], [16] for proofs. Endowed with the Baer
sum and the neutral element defined by the equivalence class
of the extension of D'*(4=7) by M defined by

Eyo) = D070 /(D4 (R 0)) = D6 @ 1,
i.e., the equivalence class of the split short exact sequence
0 — Dix(e=r) 2, pix@e=—r) g pf B 0,

we can prove that ep (M,Dlx(q*r)) inherits an abelian
group structure and ep (M, D**(277)) is isomorphic to the
abelian group ext}) (M, Dlx(q’r)) (see, e.g., [14], [16]).
Theorem 2 ([14], [16]): We have:
extl, (M,Dlx(q—”) ~ep (M,D“(q—”) :

Substituting 7 = ¢ — 1 in (12), we obtain the isomorphism
exth (M, D) = D9/ (R DP). A classical result in homolog-
ical algebra asserts that

exth (M, D077 = exth, (M, D)X=,

for all left D-modules M. If 7: DY — D7/ (R DP) is the
canonical projection, then an element p(A) can be interpreted
as a row vector of length ¢ — r formed by the elements
7(Ao;) € D7/ (R DP), where A,; is the i™ column of the
matrix A € D@7 je.:

p(A) = (T(Ae1) ... T(Ae(q_r))) € (D?/ (RDP)) (0=
III. SERRE’S REDUCTION

In what follows, we shall assume that M is finitely
presented by a full row rank matrix R € D?7*P, ie,
kerp(.R) = 0 and M = DYP/(D*9R). A natural
question is whether or not there exists p(A) such that the
left D-module E,y) = D P+a=r) /(D1X2 P) — finitely
presented by P = (R — A) and defining an extension
of D™ (@=7") by M — is projective, stably free or free. In
[17], J.-P. Serre studied this problem for the commutative
polynomial ring D = k[x1,...,x,], where k is a field.

By definition of the extension right D-module, we have:
exth (M, D) = DY/ (R DP),
ext}, (E,D) = D1/ (P D®+a=r))

Now, using the following inclusions of right D-modules
RDP C PDWH=") = RDP 4 A D7) C DY,

if N = (PD®+1=")) /(RDP), then the following short
exact sequence of right D-modules holds

0 — N -1 extl) (M, D) -2 extl, (E, D) — 0, (15)
where j is the canonical injection. Hence, (15) shows that
ext), (E,D) =0
o exth (M,D)= N = (R DP + ADW*”) /(R D)

q—r
& exth (M, D)= [RDP+) A, D> /(R DP)
i=1
q—r
& extp (M,D) =Y r(Ay)D
=1

where 7 : DP — DP/(R D7) is the canonical projection.
Hence, ext}, (E, D) = 0 iff the right D-module D? /(R D?)
is generated by {7(Ae;)}i=1,..q—r of ¢ —r elements.

Lemma 1: exth (E,D) = 0 iff the right D-module
D?/(RD?) is generated by {7(Ae;)}i=1,..g—r, Le., iff
exth (M, D) can be generated by ¢ — r elements.

exth(E,D) = 0 is equivalent to D = P D®P+a=") 1f
{9k }k=1,.. 4 is the standard basis of D9, then the above
equality is equivalent to the existence of S, € D®+a—7)
satisfying g, = P S for kK =1,...,q, i.e., to the existence
of S=(S1 ... 5 € DPH+a-r)x4 gatisfying P S = I, i.e.,
a right-inverse of P over D, which, by 2 of Proposition 1,
is equivalent to E is a stably free left D-module.

Lemma 2: exth(E,D) = 0 iff the left D-module E is
stably free of rank p — r.

Combining Lemmas 1 and 2, we get the following result.

Theorem 3: Let D be a noetherian domain, R € D?*P a
full row rank matrix, namely, kerp(.R) =0, A € Dax(a=r),
P=(R —A)e D>WPti=") and M = D'*P/(D'*9 R)
(resp., E = D'P+ta=")/(D1*4 P)) the left D-module
finitely presented by R (resp., P) which defines the following
extension of D'*(4=7) by M:

0— DX 2 p P .

Then, the following results are equivalent:

1) The left D-module E is stably free of rank p — r.

2) The matrix P = (R — A) € DPX(P+a=") admits a
right-inverse with entries in D.

3) exth(E,D) = D1/ (PDP+ti—) =.

4) The right D-module D?/(RDP) = ext},(M,D)
finitely presented by R is generated by the family
{T(Aei)}i=1,..,g—r,» where 7 : D9 — D?/(RDP)
is the canonical projection.

Finally, the previous equivalences
on the residue class p(A) of A €

depend  only
D1x@=7) in



D= /(R DP*(@=")) je., they depend only on the row
vector (7(Ae1) ... T(Ag(g—r))) € (D/ (RDP))lx((I—T).

Remark 1: Theorem 3 was first obtained by J.-P. Serre in
[17] for a commutative ring D and r = ¢ — 1. In this case,
extl (M, D) is the right D-module generated by 7(A), i.e.,
extl (M, D) is the cyclic right D-module generated by 7(A).

On simple examples over a commutative polynomial ring
D = k[xy,...,x,] with coefficients in a computable field
k (e.g., k = Q or F, where p is a prime number),
we can take a generic matrix A € D=7 with a
fixed total degree in the x;’s and study the D-module
exth(E,D) = D'a/(D(+a=r) PT) by means of a
Grobner basis computation and check whether or not the
D-module extl,(E, D) vanishes on certain branches of the
corresponding tree of integrability conditions ([12]) or on
certain parts of the underlying constellation of semi-algebraic
sets in the k-parameters of A ([7]). In particular, we can test
whether or not a non-zero constant belongs to the annihilator
annp (exth (E, D) of the D-module exth(E, D), namely,

{de D|Vn¢€exth(E,D), dn =0},

i.e., whether or not annp(exth,(E,D) = D. Since,
homp(ext} (E, D), D) = kerp(.R) = 0 by a right D-
module analogue of (3), exth(E,D) is a torsion right
D-module (see Corollary 1 of [3]), and thus we obtain
exth(FE, D) = 0 iff annp(exth (E, D)) = D.

The constellation technique is particularly interesting
when the finitely presented D = k[zy,...,xz,]-module
D?/(R DY) is 0-dimensional, i.e., when the ring A = D/I
is a finite k-vector space, where I = annp(D?/(R D?)).
Indeed, a Grobner basis computation of the D-module R DP
then gives a set of row vectors { A }x=1,... s, where A, € D1
and s = dimy(A), such that D?/(RDY) = @;_, k7(\g).
Then, we can consider a generic matrix of the form

A= (Zalk D Za(q_T)k )\k> c qu(qfr)’
k=1

k=1
where the a;;’s are arbitrary elements of the field £ for
Il =1,....,(g—r) and k = 1,...,s, and compute the
constellation of semi-algebraic sets corresponding to the
possible vanishing of the D-module ext},(E, D).

Apart from the previous O-dimensional case, we do not
know yet how to recognize the existence of A € DI*(4—")
satisfying 2 of Theorem 3. However, using an ansatz, we
can give the sketch of an algorithm in the case of the second
Weyl algebra B, (k). This case encapsulates the cases of
a commutative polynomial ring and the first Weyl algebra
A (k) since k[xy,...,x,] C An(k) C Bu(k).

Algorithm 1: o Input: Let k be an algebraically closed
computational field, D = B, (k), R € D?*P a full row
rank matrix and three non-negative integers «, 3 and +.

o Output: A set (possibly empty) of {A;};cr such that
the matrix (R — A;) admits a right-inverse over D.

1) Consider an ansatz A € D?%(9=") whose entries have
a fixed total order « in the 0;’s and a fixed total degree
(B (resp., «) for the polynomial numerators (resp.,
denominators) in the x;’s of the arbitrary coefficients
of the ansatz A.

2) Compute a Grobner basis of the right D-module R DP.

3) Compute the normal form Ao; of the i column A,;
of Ain D?/(RD?) fori=1,...,q—r.

4) Compute the obstructions for projectivity of the left
D-module E = DY*(+a=7) /(D4 (R —A)) (e.g.,
computation of a Grobner basis of the right D-
module (R — A) DPT9=") or computation of the
m-polynomials of the left D-module E (3D).

5) Solve the systems in the arbitrary coefficients of the
ansatz A obtained by making the obstructions vanish.

6) Return the set of solutions for A.

For examples, we refer the reader to [2].

IV. SERRE’S REDUCTION PROBLEM

Theorem 4: Let D be a noetherian domain, R € D?%P a
full row rank matrix, 0 < r < g—1 and A € D?%(@=") such
that there exists U € GLp44—,(D) satisfying:

(R -MNU=(1, 0). (16)
If we decompose the matrix U as follows
S
U— 1 @ ’ (17)
Sz Q2

where S; € DP*4, S, € D@—"xa Q, € DP*P=7) and
Qs € D(q_r)x(”_’”), and if we introduce the left D-module
L = D=7 /(D'(4=7) (,) finitely presented by the full
row rank matrix ()2, i.e., defined by the short exact sequence

(18)

0 — DX(a=1) 292, plxp=r) 5 1 ¢
then we have:

M = Dlxp/(Dlxq R) ~ [ = Dlx(p—r)/(Dlx(q—r) QQ)
(19)
Conversely, if M is isomorphic to a left D-module L
defined by the short exact sequence (18) for a certain matrix
Q, € D=)x(®P=7) then there exist A € D7%(a~") and
U € GLptq—r(D) such that (R —A)U = (I, 0).
Proof: = By hypothesis, we have (R —A)S =1,
where S = (ST ST)T, which shows that P = (R —A)
admits a right-inverse over D. By Theorem 3, the extension
(10) of D'*(a=7) by M is then defined by a stably free
left D-module F, and thus, free of rank p — r by 3 of
Proposition 1 applied to E. Moreover, by 3 of Proposition 1,
the left D-homomorphism ) : E — D'*(®~7) defined by
V(o((pr  p2))) = w1 Q1+ p2 Q2 for all yy € DY*P and
all puy € D=7 is a left D-isomorphism, which yields
the equivalence of extensions of D'*(4=") by M:

0— D@m=, E 2, M —0
| Lw I
-1
0_ Dix(@r) ¥ pixe-r) B°Y . ar o



Using the standard basis {e; };=1, .. 4—r Of DY (a=7) we get

(Y oa)(e) = ¢(ale) = P(e((0 €)) = e Qo

fori=1,...,q—r, ie, Yoa: D> —, pix-n)
is defined by (v 0 a)(v) = vQq for v € D*(@=") The
matrix ()2 has full row rank since ¥ o « is injective as
the composition of two injective left D-homomorphisms. If
L = D=7 /(D™¥(a=7) Q,) is the left D-module finitely
presented by Qy € D@—)X(P=") and x : D7) s [,
the canonical projection onto L, then we get (18) and:

L = cokerp(.Q2) = im (Borp™1) = M.

<« Let us suppose that there exists a left D-isomorphism
v : L — M, where L is defined by (18). Then, we have
the following extension of D'*(4=") by M:

0 — pixla—r) Q2 pixp—r) Y°K Ar o

(20)

By Theorem 2, the equivalence class of extension (20)
defines a unique element p(A) of the right D-module
Do<(a=r) /(R DP*(@=7)) where A € D?(4=")_ Then, the
left D-module E = D'*®+4=7) /(D'¥4 (R — A)) defines
the extension (10) of D'*(¢=") by M which belongs to the
same equivalence class as (20). Since extensions of D!* (g=7)
by M belonging to the same equivalence class are defined
by isomorphic central left D-modules (see the comment after
Definition 3), we obtain £/ = Dix(p=r), Hence, F is a free
left D-module of rank p — r, which, by 2 of Proposition 1,
implies the existence U € GLy4q—r(D) such that (16). ®

Corollary 1: With the notations of Theorem 4, the left
D-isomorphism (19) obtained in Theorem 4 is defined by:

M:Dlxp/(Dlqu) RN L:Dlx(pfr)/(Dlx(qfr) QQ)

() —  mAQL).
Moreover, its inverse o~ ! : L — M is defined by
¢~ (k(n) = m(nTy), where:
v (A ) car (D)
T\ - s

where Ty € D®P=7)%P and T, € D®P~7)%(@=7) These results
depend only on the residue class p(A) of A € D9*(@=7) in;

qu(q—r)/ RDPX(q—T)) o ext}:,(M, D)IX(q—T).

Proof: Let us first check that ¢ is well-defined: if
A, X € DY*P are such that m(\) = 7()\’), then there exists
v € D' such that A = ) + v R and using (16), where
U € GL,44—(D) is defined by (17), we get RQ1 = A Qo:

= o(r(A) = £(AQ1) = K(N Q1) + k(v A) Q2)
k(X Q1) = p(m(N)).

Similarly, let us prove that the left D-homomorphism

¢:L — M
K(p) +— w(pTh),

is well-defined: if y, i/ € D™ P=") satisfy w(u) = w(p'),
then there exists § € D'*(4~") such that 4 = 1’ 4 6 Q2 and
using the identity U U~ = I4 4, we get Q2 Ty = —S2 R

= ¢(k(p)) = n(pT)) = (W' Tr) — 7((0 S2) R)
=n(p' Th) = ¢(r(1)).
The identity U U~! = 1,1, yields S1 R+ Q1 Ty = I, and

(pop)(m(N) = d(k(AQ1)) = T(A Q1 T1)
=m(A) = 7((AS1) R) = m(N),

ie, pop=idy. Using U U = I, 4, we get
T'Q1—T2Q2 = Iy,

= (pod)(r(p) = p(r(pTr)) = k(T Q1)
= r(p) + k(1 T2) Q2) = K(n),

i.e., o = idy, and thus ¢ is an isomorphism and p~! = ¢.
|

Corollary 2: Let F be a left D-module and:

kerz(R.) = {n € FP | Rn = 0},
kerr(Qa.) = {¢ € FP=) | Qo ¢ = 0}.

Then, we have kerz(R.) 2 kerx(Q>.) and:

kte:(R.) == Ql ker]:(Qg.), ker]:(Qg.) = T1 ker]:(R.).

Corollary 3: Let R € D*P be a full row rank matrix
and A € D?(¢=7) such that P = (R — A) € D2*(p+a=7)
admits a right-inverse over D. Then, Theorem 4 holds when
D satisfies one of the following properties:

1) D is a left principal ideal domain (e.g., the ring of
ordinary differential operators with coefficients in a
differential field such that R, R(¢) or R{t}[t~1]),

2) D = k[z1,...,z,] is a commutative polynomial ring
over a field k&,

3) D is one of the two Weyl algebras A, (k) or B, (k),
where k a field of characteristic 0 and p — r > 2.

4) D is the ring of ordinary differential operators with
coefficients in k[t], where k is a field of characteristic
0, or in k{t}, where k =R or C, and p — r > 2.

Proof: If D satisfy one of the four conditions, then
the stably free left D-module E finitely presented by P =
(R —A) € D*(P+a=7) s free of rank p—r by Theorem 1.
The result is then a consequence of Theorem 4. [ ]

If Corollary 3 holds, then it is enough to search for a
matrix A € D9%(4=") such that P = (R — A) admits a
right-inverse over D by Proposition 1 (see Algorithm 1).

The next corollary generalizes a result of [1].

Corollary 4: With the notations of Theorem 4 and Corol-
lary 1, if the matrix A € D9x(@=7) admits a left-inverse
Fe D@ "% je TA= I,_,, then the matrix @)1 admits
the left-inverse Ty — To,T' R € D®~7")*P and the left D-
module kerp(.Q1) is stably free of rank r.



If the left D-module kerp(.Qq) is free of rank r, then
there exists a matrix Q3 € DP*" such that:

W£(Qs Q1) € GLy(D).

If we write W71 = (Y3T YlT)T, where }/3 € D™ P and
Y; € D(P*r)xp’ then X £ (RQ3 A) c GLq(D) and:

VAxTl= ¥s 51
Q2Y151 — 52
The matrix R is then equivalent to the matrix
X diag(I,, Q2) W= or equivalently:
I. O
VRW =
0 Q2

Finally, the left D-module kerp(.Q1) is free when D
satisfies 1 or 2 of Corollary 3 or if D is A,,(k) or B, (k) over
a field k& of characteristic 0 and » > 2 or if D is the ring
of ordinary differential operators with coefficients in k[t],
where k a field of characteristic 0, or with coefficients in
k{t}, where k =R or C, and r > 2.

Proof: Using (16) and (17), we get the identities:

RS, —AS, =1,
RQ1=AQ-,
Ty 51 =T3S,
T1Q1—T5Q2 = Ip_,.

Moreover, we know that there exists [' € DW=7)%4 gych
that I' A = I,_,. Pre-multiplying the second equation of
21) by T', we get Q2 = I' R@1, which, combined with
the last equation of (21), yields (T1 — ToT'R) Q1 = Ip—»
and proves that ()1 admits a left-inverse over D. Then, the
following short exact sequence

21

0 — kerp(.Q1) —— DV %4 pIx=1) g (22)

ends with the free left D-module D**(P=7) and thus splits,
namely, we have D'*P 2 kerp (.Q1) @ D**(P=7) (see, e.g.,
[16]), which proves that kerp(.Q)1) is a stably free left D-
module of rank p — (p — 1) = r.

Now, let us suppose that kerp (.Q1) is a free left D-module
of rank 7 and let denote by v : D" — kerp(.Q1) a left
D-isomorphism. The split short exact sequence (22) yields

0 —s Dixr i Dixp &, Dix(—r) 0,
.Qs3 RE
Phnil —
(23)

where Y3 € D"*P is a matrix such that (iot)(v) = vY3 for
all v € D>, Hence, if we write W = (Q3 Q1) € DP*P,
then the previous split short exact sequence yields

Y-
(Qs Q) Y3 =Q3Y3+Q1 Y, =1,
Y- 1 I 0 o
’ (Qs Q1) = " =1,

Yy 0 I,

ie, W € GL,(D) and W—! = (Yy/  Y{T)T. The second
identity of (21) yields:

I. 0
RW =(RQ3 AQ2)=(RQ3 A)
0 @2
(25)
Using the identities of (21) and (24), we obtain
Y3 S

RQ@s A
(RQs A) Q2Y151 — S

=RS; —RQ1Y151+AQ2Y151 — A Sy
=1; = (RQ1 —AQ2) Y1 51 = I,
and thus X £ (RQ3 A) € GL,(D) since D is a noetherian

ring and thus a stably finite ring (i.e., a ring over which every
left or right invertible matrix is invertible ([6])) and:

Y3 51
Q2Y1 51 — 57
Using (25), we finally obtain V RW = diag(I,, Q2). |

For more results on Serre’s reduction of linear systems of
partial differential equations, see [4].

vVaExTl=
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