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Abstract—The paper aims at developing the algebraic analysis
approach to multidimensional systems and behaviours. Within
the algebraic analysis approach, if D is a (noncommutative)
polynomial ring in n functional operators and F a signal space,
i.e., a left D-module, then a behaviour B can be defined as
homp (M, F), i.e., as the dual of a (left) D-module M finitely
presented by a matrix R € D?*? defining the multidimensional
system. The homomorphisms from a behaviour C' to a behaviour
B can be studied by means of the (left) D-homomorphisms from
M to N, where M and N are respectively the (left) D-module
defining B and C. Within algebraic analysis, a linear system
is not only defined as a behaviour ext%, (M, F) := homp (M, F)
but as the collection of 1+ 1 vector spaces {ext’, (M, F)}izo,....n,
defining the solvability in 7 of the successive compatibility
conditions induced by the multidimensional system. If the signal
space F is rich enough (i.e., is an injective left D-module),
then {ext’(M, F)}i—o,....» reduces to the behaviour ext}, (M, F).
In this paper, we generalize the homomorphisms of behaviours
to consider the full characterization of a linear system as
{extp (M, F)}i=o,...,n- To do that, we explicitly characterize the

abelian group ext, (M, N) and the maps:

Vi, j>0, exth(M,N)®zextl(N,F) — ext'T!(M,F).

The classical behaviour homomorphisms correspond to i = j = 0.

I. ALGEBRAIC ANALYSIS

In what follows, we assume that D is a noetherian ring,
i.e., a ring D such that all left/right ideals of D are finitely
generated as left/right D-modules [12]. Let R € D?*? be a
g xp matrix with entries in D and . R the left D-homomorphism
(i.e., the left D-linear map) defined by:

.R: D'xa
A=A ... N

The image imp(.R) of .R, also denoted by D4 R, is the
left D-submodule of D'*P formed by all the left D-linear
combinations of the rows of R. The cokernel cokerp(.R) of
.R is the left D-module M := D'*? /(DX R) formed by
the residue classes m(\) of A € D1*P in M, i.e.

— Dxp

—  AR.

TN =7(\N) & IpueD™: A=N+uR (1)
The left D-module structure of M is defined by:

(A1) + 7(A2) = 7(A1 + A2),

VA1, o € DYP VYV d e D,
b2 { dn(\) = m(d\).

2

The identity implies that 7 : D'*? — M is a left D-
homomorphism. The left D-module M is said to be finitely
presented by the matrix R [12]. Let us describe M. Let
{fi}j=1,..p be the standard basis of D'*P, ie., f; is the
row vector of length p defined by 1 at the j® position and 0
anywhere else, and y; = 7(f;) € M for j =1,...,p. Since
every m € M is the residue class 7(\) of a certain A € D*P,
writing A = 377 A; f;, we get

TN =7 [ DN =D07E) =D N,
j=1 j=1 j=1

which shows that M is finitely generated by {y;};=1, ., as
a left D-module, i.e., {y;};=1,.., is a family of generators
of the left D-module M. If R;s denotes the i row of the
matrix R, i.e., Rje = ;’:1 Ri; fj € D' R, then we have
7m(Rie) =0 for i =1,...,¢g, which yields

p P P
| D Rifi| =Y Ryw(fi) =) Ryy; =0, ()
j=1 j=1 j=1

for i = 1,...,q. Hence, the generators {y;};=1,.
satisfy (3) and all their the left D-linear combinations.

If F is a left D-module and FP := FP*1, then the linear
system or behaviour is defined by:

kerg(R.) ={n € F? | Rn=0}.

Let us now explain the links between kerz(R.) and M.
Let homp (M, F) be the abelian group, i.e., the Z-module,
formed by all the left D-homomorphisms from M to F. We
can check that the following Z-homomorphism

X :homp(M,F) — kerg(R.) @)
¢ — (o) ... d(yp)"
is an isomorphism and, for n = (1 ... n,)T € kerg(R.),

¢y = x"1(n) € homp(M,F) is defined by:
P P
VAL MED, 6y [ D Ny | =D N
j=1 j=1
We note that (4) shows that kerx(R.) depends only on M
and F up to isomorphism, i.e., depends on the isomorphism

type of M and of F. Two isomorphic finitely presented
left D-modules M = M’ yield two isomorphic behaviours



homp (M, F) =2 homp(M’, F). We get an intrinsic formula-
tion of the behaviour which is independent of the particular
embedding kerz(R.) C FP. In the sixties, this remark was
the starting point of the development of a mathematical theory
called algebraic analysis [8]. This theory studies the behaviour
kerz(R.) by means of the properties of the left D-modules
M and F. For more details, see [2], [9], [[LO].

II. HOMOLOGICAL ALGEBRA

Let us review a few concepts of homological algebra [6],
[12]. A sequence of left/right D-modules M; and left/right D-
homomorphisms ;1 € homp(M;11, M;) is called a complex
if §; 09;41 =0 for all 7 € Z, i.e., if:

Vie Z, im 57;+1 Q ker 51

A complex (8,11 : M;11 — M;);cz is denoted by:

5i+1 51‘—2

6i2 8;
s i+1—>Mi—l>Mi_1—>...

—

M, ...

The defect of exactness of the complex M, at M, is the
left/right D-module defined by H;(M,) = kerd;/imd;;q.
The complex M, is said to be exact at M; (resp., exact)
if H;(M,) = 0 (resp., H;(M,) = 0 for all i € Z), ie.,
kerd; = imd;41 (resp., kerd; = imd; 11 for all ¢ € Z). For
instance, the complex 0 — M’ LM S M — 0 s
exact if f is injective, g surjective and ker g = im f.

Let M = D*Po /(D*P1 Ry) be a left D-module finitely
presented by Ry € DP**Po_ Since D is noetherian, the left
D-module kerp(.R1) = {\ € D'*P1 | ARy = 0} formed by
left D-linear relations of the rows of R; is finitely generated
[12]. Thus, there exists Ry € DP2*P1 guch that kerp(.Ry) =
D™ Pz R,. Then, we obtain the following exact sequence of
left D-modules

D1><p2 -Ro D1><p1 Ry Dlxpg i)]\4_>07 (5)

where (.R;)(\) :== AR; for all A\ € D'*Pi and for all i > 1.
Repeating the above arguments with Ry and so on, we get a
free resolution of M [12], i.e., the exact sequence:

-Bs, Dxp2 RN Dixp B DYXxPo LA .
(6)
A left D-module M admits different free resolutions [12]].
Free resolutions can be computed for a commutative poly-
nomial ring D over a computable field and for certain classes
of noncommutative polynomial rings (see [2]], [4], [10] and the
references therein). For instance, the OREMODULES package
[3] can handle such a computation for certain classes of Ore
algebras of functional operators [2].
Let F be a left D-module. Since R;;1 R; = 0, we can
consider the following complex of abelian groups

Hoogpa Foo o Faopwo 7)

where (R;.)(n) := R;n for all n € FPi~* and for all 4 > 1.
We can prove that the defects of exactness of (7)) depend only

on M and F up to isomorphism and not on the free resolution
(6) of M. They are denoted by:

{ extO (M, F) = kerz(Ry.),

; 8
extlD(M, .7:) = ker}-(Ri+1.)/im}-(Ri.), Vi > 1. ( )

If D is a commutative ring, then ext’, (M, F) has a
D-module structure. If D is a noncommutative ring, then
ext’, (M, F) generally only has an abelian group structure.
If D is a k-algebra, where k is a field contained in the center
CD)={de D|VYeecD: de = ed}of D, then
ext’, (M, F) inherits a k-vector space structure.

Let us now study the inhomogeneous linear system

Ryn =, €))

where ( is a fixed element of FP2. Since Ro Ry = 0, a
necessary condition for the existence of € FP! such that
Rinm = (is Re ¢ = (Ra R1)n = 0. This condition is sufficient
iff the residue class 01(¢) of ¢ € kerz(Ry.) in

kerr(Ry.)/imz(Ry.) = ext} (M, F)

is 0, where o1 : kerg(Rs.) — kerg(Rp.)/imz(R;.) is
the canonical projection. Indeed, 01(¢) = 0 is equivalent
to ¢ € imx(R;.), i.e., ( = Ryn for a certain p € FPo.
Hence, the inhomogeneous linear system @) is solvable iff
a1(¢) = 0. The study of ext’, (M, F) is generally a difficult
issue. In Section [V| we shall explain how ext’, (M, F) can
indirectly be studied by means of the computation of elements
of ext’,(M, N), where N is another finitely presented left D-
module (e.g., N = M).

Example 1: Let D = Q[0, ] be the commutative polyno-
mial ring of differential time-delay operators

an(t) =n(t), dnt)=n(t-1),

Ri=(© 6-1)T, M = D/(D"?Ry) = D/(d,6 — 1),
where (0,9 — 1) is the ideal of D defined by 0 and § — 1,
and the D-module F = C°°(R). We can easily check that M
admits the following free resolution

(10)

0— DB, p2fup ™oy,

where Ry = (1 — & 0) € D2 Then, the defects of
exactness of the following complex

R L iy -

are defined by:
ext), (M, F) = kerz(Ry.),
exth (M, F) = kerz(Rz.)/imz(R;1.),
ext? (M, F) & F/img(Rs.).

We can easily check that ext) (M,F) =
ext? (M, F) = 0 since for every ¥ € F,

0 2
¢= ( Jyo(t)dt + ¢ ) €%

R and



where ¢ is any real constants, satisfies ¥ = Ry (. If ¢
and co are two different real constants, then we clearly have
¢=(c1 c2)7 € kerr(Ry.). If there exists n € F satisfying
Rin =, ie., n(t) =c and n(t —1) — n(t) = cq, then, from
the first equation, we get n(t) = ¢1 t + ¢3, where ¢z € R, and
thus n(t — 1) — n(t) — ca = ¢1 — co, which is not O since
c1 # co. Thus, the residue class o1((c;  ¢2)T) of (¢ e2)T
is not 0, i.e., ext}j(M ,F) # 0, and the inhomogeneous linear
system R;n = ( is not solvable in F = C°(R).

Within algebraic analysis [8] and derived categories [6],
a linear partial differential (PD) system is defined as the
collection of the (n+1) k-vector spaces {ext’ (M, F)}izo.. . n
formed by the behaviour ext, (M, F) and the obstructions
ext’, (M, F)’s of the solvability of the successive compatibil-
ity conditions induced by the linear PD system R;n = 0,
where D = A(01,...,0,) is a ring of PD operators in the
0;’s with coefficients in a differential ring A containing a field
k C C(D), Ry € DPr*Po and M = D1*Po/(D1*P1 Ry).

A left D-module F (resp., M) is called injective (resp.,
projective) if ext’, (M, F) = 0 for all left D-modules M
(resp., F) and for all ¢ > 1 [6], [12]. In these two cases,
{ext’s (M, F)}izo.... n reduces to the behaviour ext% (M, F).
The purpose of this paper is to generalize results on be-
haviour homomorphisms [4] to this complete characterization

I1I. CHARACTERIZATION OF ext’, (M, N)

Let Ry € DPr*Po and S; € D?1*% be two matrices and
M = DY*po /(DY P1 R)) and N = D'*% /(D*%1 §)) two
finitely presented left D-modules. Let us explicitly character-
ize the ext’s (M, N)’s. If @ is a free resolution of M, then
(7 with F = N yields the following complex

L e f2 e JB o )

(11)
whose defects of exactness are:
exth (M, N) 2 kery(R1.) = {n € NP | Ry n = 0},
extlb(M, N) = kerN(RHl.)/imN(Ri.), Vi Z 1.
See (8). Considering r direct copies of the finite presentation
of N, Dixai 51, plxa 7, N — 0, we get the exact
sequence D"*% Drxa 14-97,
(.51)(©) =©5; for all ©® € D™ and:
VYAeD™0  (id, ®o)(A) = (6(ALs) ... o(Ae))T.
Let k > 0. Then, for all P € DPx*Po_we have
iy ((idy, © 0)(P))
U(Plo)

5
2 N™ — 0, where

S0k (Res1)15 0(Pja)

= Ri+1 : = :
o(Ppye)

U( 21 (Ris1)1; Py )

Z§i1(Rk+1)P1¢+1j U(Pj )

o (Z?il(RkH)lej P]—.)

= (idpk+1 ® a)(Rk+1 P)v

ie., (Rry1.)o(idp, ®0) = (idp,,, ® o) o (Rg41.). Thus, we
obtain the following commutative exact diagram

0 0 0
T T T
NP2 L NP1 Lo NPo
Tidy, ® 0 Tidy, ® o Tidp, ® 0
DP2X40 R P X0 B DPoxdo
7.5 7.5 7.5
Dp2Xa icT) DPiXa Jae Dpoxar
(12)

i.e., every square commutes and the sequences are exact.
We use the commutative diagram (I2) to characterize:

kery(Rs.) = {(id,, ® 0)(A) € NP1 | A € DPr*40 .
Ry ((idp, ® 0)(A4)) = 0},
imy (R:1.) = {(idp, ® 0)(A) € NP* | A€ DP1>%0 ;
X € D, (idp, @ 0)(A) = Ry ((idy, ® 0) (X))}
Since the columns of (T2) are exact sequences, we get:
Ry((idp, ® 0)(4)) = (idp, ® 0)(R2 A) =0
& IBeDPXr: Ry A= BS.
(idp, ®0)(4) = R ((idp, ® 0)(X))
= (idp, @ 0)(R1 X)
< (idp, ®)(A—R1X)=0
& Y eDrrxr: A=RyB+YS;.
Hence, we obtain:
kery(R2.) = {(idp, ® 0)(A) € NP | A € DPr*% .
3B e DPX0 RQA:BS1}
imy(R;.) = {(idp, ® 0)(A) € NP+ | A € D% :
X e DPoXd JY e DPXN . A=R1 X+Y S}
— (R1 DPo>x4q0 +DP1><¢11 Sl)/(DmX!h Sl)-
If we now introduce the following abelian groups

Q:={AeDP>® |3 BeDP*"": Ry A=DBS},
E := Q/(Ry DPox 4 DP1*a1 G)

13)
then we have the following isomorphism of abelian groups
exth (M, N) 2 kery(Ry.)/imy(Ry.) —— E, (14)
p((idp, ® 0)(A)) —  &(A),

where p : kery(Rz.) — kery(Rz.)/imy(R;.) (resp.,
e : Q2 — E) is the canonical projection. Indeed, the third
isomorphism theorem of module theory [12] yields:

ext}j(M, N) = keI‘N(Rg)/lmN(Rl)

(Q/(DPlXQ1 Sl))/((Rl DPoXd0 4 DP1Xq1 Sl)/(Dthh 5’1))
= F.

For more details on exth (M, N), see [, [7], [10], [11].
Note that kerp(.R;) =0, i.e., Ry = 0, yields Q = DPr*40,



Example 2: Let us compute the D-module exth (M, M),
where M is the D-module defined in Example [T} By (I3) and

(T4), we have:
QO={Ae€D?|3Be D™ : Ry A= BR},
exth (M, M) = Q/(Ry D + D?*2 Ry).

If A €, then there exists B € D'*2 such that:

R3

):0.
Ry

Using Grobner basis techniques (see, e.g., [2]]), we get:

RyA=BR, & (AT —B)(

10 0 1
kerp(.(Ry RI)T)=D" | 0 1 -1 0
00 1-4 0

The D-module € is then generated by the matrices

(1) () ()

i.e., by A; and Ao, and thus {e(A4;1),e(A2)} is a family of
generators of the D-module extl, (M, M).

Similarly, the abelian group ext’;(M,N), i > 1, can be
characterized. With the following abelian groups

Q= {A e Drixw0 |3B ¢ DPinXa ; Ry A= B S},

E; = Qi/(Ri DPi—1Xq0 4 DPiXq1 Sl),

we have the following Z-isomorphism:

exti)(M, N) = kerN(R,_H)/lmN(Rl) i) El',
pil(idy, ®0)(A) (),
5)

where p; : kery(R;41.) — kery(Rit1.)/imy(R;.) (resp.,
g; : Q; — E;) is the canonical projection.

Let us now characterize ext% (M, N) = homp (M, N). By
(), we have homp (M, N) = kery(R;.). Similarly to what
we have done for kery (Rs.), we obtain:

homp (M, N) =
{PG DPo*do ‘ E'Q € Dpixa R1P:Qsl}/(Dp0XqO Sl)
(

16)
Using (), we get that f € homp (M, N) is defined by

Y Ae DYoo f(r(N) = a(AP), (17)

where the matrix P € DPo*% gatisfies Ry P = Q.S for
a certain matrix Q € DP'*9 . We note that shows f
can be defined by different matrices: P’ := P 4+ Z S;, where
Z € DPo*% ig any arbitrary matrices, also defines f, i.e.,
f(x(N) = o(AP') = o(AP) for all A € D**Po,

It is interesting to compute f € homp(M, N) because f
induces the Z-homomorphism:

f*ikerg(S1.) — kerg(R;.)
¢ — n=PC

Indeed, we have Ri1n = Ry (P() = Q(S1¢) = 0 for
all ¢ € kerg(S;.). Hence, f € homp(M,N) induces

(18)

f* € homg(kerz(S1.), kerz(Ry.)), i.e., maps F-solutions of
S1¢ = 0 to F-solutions of Ry i = 0, or in other words, defines
a behaviour homomorphism [4]]. For instance, if S; = Ry,
ie.,, N = M, then f € homp(M, M) := endp(M) induces
an internal symmetry f* of kerxz(R;.). For more details and
applications, see [4]], [S], [LO].

Example 3: Let D = Q|[0;, 0,] be the commutative poly-
nomial ring in the PD operators J; and 0, with coefficients
in Q, the PD operator R = 0? — 92 € D, M = D/(DR)
and F = C°°(R?). Using and the commutativity of D,
we obtain endp (M) = M. Hence, every P € D induces an
internal symmetry of kerz(R.) = {n € F | 0?n—92n =0}
defined by @]) with S; = R; = R. Now, if we consider the
Weyl algebra D = QIt, x]{;, 0,.) of PD operators in 9; and 0,
with coefficients in Q[t, z], i.e., the noncommutative polyno-
mial algebra formed by elements of the form ) <|v|<r v o,
where a, € Q[t,z], v = (1, ;) € N? is a multi-index of
length |v| = v, + v, 0¥ = 0" O%*, where

8t am = aa: atv

then shows that endp (M) is no longer a left or a right D-
module. Using an algorithm developed in [4] and implemented
in the OREMORPHISMS package [5], we get

Ot=to+1, Opx=x0,+1,

P=ayg+a10;+ax0, +a3(t0;+x0y)+ as (x 0 +t0:),

where a; € Q for ¢ = 0,...,4, defines f € endp(M) since
we have R P = Q R, where:

Q=ap+a1 0, +a20; + a3ty +x0,)+as(x0; +10;).

Now, a classical result due to d’Alembert shows that:

kerr(R.) = {((t,z) = d(t+z)+Y(t—z) | ¢, Y € C(R)}.
Therefore, using (I8), we obtain that

n=P¢=aop(t+x)+a(t—x)
+ (a1 +ag +az (t+x) + aq (z + 1) 4t + x)

+ (a1 —az +az (t — ) +as (v — 1)) Pt — )
is a F-solution of the wave equation. This result can be
checked again by writing n = ¢/(t + z) + ¢/ (t — z), where:

¢'(t +x) =ao ¢(t + x)
+ (a1 + ag + (a3 + aq) (t + 7)) d(t + ),
W' (t—x) =agY(t — )
+ (a1 —az2 + (a3 — aq) (t — 7)) Y(t — z).
Finally, we note that P yields the vector fields 0;, O,
td; + x0, and x0; + t0,, which are called infinitesimal
symmetries of the wave equation 921 — 927 = 0 in the
literature of Lie groups and symmetries of differential systems.
Similarly, the infinitesimal symmetries of PD operators, which
depend only on the independent variables, can be computed by
following an algorithm developed in [4] and implemented in
the OREMORPHISMS package [5]. The study of infinitesimal

symmetries of PD operators will be developed in a forthcom-
ing publication.



IV. THE FUNCTOR ext®, (-, F)

The purpose of this paper is to generalize the relations
between and (I8) to the case of inhomogeneous linear
systems. In Section [T, we have shown that the contravari-
ant ext’,(-,F) associates an abelian group ext®, (M, F) to
a finitely generated left D-module M. Let us now show
that ext’y(-,F) assigns a Z-homomorphism ext’,(f,F) to
f € homp(M,N). If M and N are two finitely generated
left D-modules and f € homp (M, N), then considering free
resolutions of M and N of the form (§), and using (I6)
and , there exist Py € DPo*% and P, € DP1*%t guch
that Ry Py = P;.S;. Now, since kerD(.Rl) = Dlxp2 R,
R2 P1 Sl = (Rg Rl)Po = 0, i.e., D1><p2 (RQ Pl) -
kerp(.S1) = DX S,, there exists a matrix P, € DP2*
such that Ry P = P S5. Repeating the arguments, we get
P; € DPi*% guch that R; P,_1 = P; S; for all i+ > 1. Hence,
we obtain the following commutative exact diagram

P pixpr B pixpe 7L A
l .P1 l -PO J/ f
ﬁ% D1xa ,Sl_> D1xa0 2, N —0.
which yields the following chain complex:
Rs. P2 Ra- FP1 R JFPo — 0
T Ps. T P T Po.
R T LR L — )

If ) € kerz(S5.) and ¢ = P, 7, then we have:
RQC = (R2 Pl)"? =P (SQ 7]) =0= P ne kel"]:(Rg.).

Now, if § € im#(51.), i.e., if there exists £ € F% such that
0 = S1 &, then w := P 6 satisfies:

w=(P;51){ =Ry (P& €img(Ry.).
Thus, if x; and 7; are the canonical projections, i.e.,
ki kerg(Riy1.) — kerg(Riy1.)/imz(R;.) & exty (M, F),
7 s kerz(Sip1.) — kerz(Sit1.)/imz(S;.) =2 extt, (N, F),
then, up to isomorphism, we get the Z-homomorphism:

f1:exth(N,F)
m1(n)

—  exth(M,F)

—  k1(P1n). (19)

f1 is well-defined: if 71(n) = 71(n’), then o' = n + 6 for
a certain 6 € imx(Sy.), which yields k1 (P17') = k1 (P1n)
since P 6 € im].-(Rl.), ie., Iil(Pl 9) =0.

Let us show that f; depends only on f € homp (M, N) and
not on a particular choice of Py and P; satisfying R Py =
P, Sy. If P} := Py + ZyS1, where Zy € DPo*4t then, in
Section we proved that f(7(A\)) = o(AP)) for all A €
D1*Po_Now, we have

Rlpé :Rl(P0+2051) = (P1+R120)Sl
=(Pi+R1Zy+ Z1 R2)S1, YV Zy € DPP*,

i.e., R1 Pé = Pll Sl, where Pll = P1 + R1 Z() + Zl SQ. Then,
for n € kerz(S2.), we obtain

k1 (PIn) = k1((Pr + R1 Zo + Z1 S2) )

= k1(P1n) + k1 (R (Zon)) = ki (P1m),

which shows that f; depends only f, and thus f; can be
denoted by ext}, (f, F). We get the following map:

homp (M, N) x exth (N, F) exth (M, F)

(f, i) +— ra(Prm).

Similarly, for ¢ € N, we have
extiD(f, F): extb(N,]—")
()

and we obtain the following map:

exth (M, N) x ext®, (N, F)
(f; 7i(m)

We can check that (20) is a Z-bilinear map, a fact which yields
the following Z-homomorphism:

ext (M, N) ®z ext’, (N, F)
f®Ti(n)

If £ € FPi-1 is a solution of S; ¢ = n for a fixed right
member 7 € kerz(S;41.), then ¢ := P;_1 £ is a solution of
R; vy = P;n. Hence, if ( = P; n for a certain n € F%, then a
particular solution of S; & = 7 yields a particular solution of
the inhomogeneous linear system R; ¢ = (.

—

—  extt (M, F)
— Ki(Pim),

—  extl (M, F)

— wi(Pim). 20

—  exth (M, F)
— Ki(Pm).

V. YONEDA PRODUCT
A. exth(M,N) ®z ext) (N, F) — exth (M, F)

With the notations of Section [[II} if we consider A € € and
71 € kerz(S;.), then we have

Ry (An) = B(S1n) =0,
which shows that A € Q induces the Z-homomorphism:

A.: ker]:(Sl.) — ker]:(RQ.)

n — An. @D

If Z € (Ry DPo*% 4 DPr*a1 §1) je., Z = RiU 4+ V Sy,
where U € DP0*% and V € DPr*% and if n € kerz(51.),
then Zn =R Un+V (S1n) = R (Un) € imx(R;.), which
shows that Z induces the Z-homomorphism:

Z. :kerg(S57.) img(Ry.)
n — Zn.

Now, if €(A’) = ¢(A), then we have A’ = A + Z, where
Z € (RyDProx% 4 prixar §)) and using imz(R;.) C
kerz(Rs.), we obtain A'np = An+ Zn € kerg(R,.) for
all n € kerg(Sy.), and thus o1(A’n) = o1(An), where
o1 @ kerr(Ry.) — kerg(Ry.)/img(R.) & exth (M, F) is
the canonical projection, since Z 7 € imz(R;.). Thus, we get
the following Z-homomorphism

e(A) 1 kerx(S1.) — kerr(Rsz.)/imgz(R;y.)
n o Ol(An)7

—_—

(22)



and then, up to isomorphism, the Z-bilinear map
extp, (M, N) x exth (N, F) — exth(M,F)
(e(4),n) — o1(An),
which finally yields the following Z-homomorphism:
extb(M, N) @z exth (N, F) — exth(M,F)
e(A)on +— o1(An).
Example 4: Let us consider again Example [T} Using Ex-

ample 2] (22) yields:

e(A1) ikerg(R1.) =R — exth(M,F)

n=c +— o(din)=o(lc 0)7),
e(Ag) i kerg(R1.) =R — exth(M,F)

n=c — o(dan)=01((0 o).

B. exth (M, N) @z ext}, (N, F) — ext'7 (M, F)

With the notations of Section [III, an element P; € €, i.e.,
satisfying Ry Py = P5 Sy for a certain P, € DP2*% induces
the commutative exact diagram (24) for ¢ = 1. Dualizing (24)
for ¢ = 1, we obtain the chain complex:

FPs (R_?’ P2 (R_Q FP1
T Ps. T Pa. TP
. Sa. Si.
Fa2 Pl Fa Vel JF9o,

Up to isomorphism, we get the Z-group homomorphism

v : kerz(S3.)/imz(S1.) kerz(R3.)/imz(R3.)
wi(() > o2(P20),
where w; and o9 are the canonical projections:
w1 : kerz(Sa.) — kerz(Ss.)/imz(S1.) 2 extl (N, F),
03 : kerg(R3.) — kerr(Rs.)/imz(Rs.) = ext? (M, F).

—

Let us now prove that v; depends only on £(P;). Let P| €
Q be such that e(P]) = &(Py), ie., P = P1 + Z, where
Z = RU+VS, Ueg DPoX% and V € DP1*%, Then,
using Ro Ry =0 and Ry P, = P, 57, we get:

Ry Pl =Ry (PL+ RiU+VS) =Ry P+ RV S
=P S +R VS = (P2+R2V)Sl.

Hence, for every W € DP2X%2 P} := P, + Ry V + W Sy
satisfies Ro P = P35 S;. Then, for every ¢ € ker#(S5.),

02(P5C) = 02(P2 () +02(Ra V () +02(W 52 () = 02(P ('),

since Ry (V () € imx(Rs.), and thus o3(Rs V () = 0, which
proves that the Z-homomorphism ~; depends only on £(P;).
Then, we have the following Z-bilinear map

exth (M, N) x ext, (N, F) — ext%(M,F)
(e(P), mi(Q)) +— o2(P2 (),
where P, € DP2*92 is a matrix satisfying Ry P, = P> Sy,
which finally yields the following Z-homomorphism:
exth(M,N) ®z exth(N,F) — ext?(M,F)

(P)EE(O) — (0. )

More generally, we get the following Z-homomorphism
ext’ (M, N) @z ext?) (N, F) — extd? (M, F)
gi(P) @ w; () 0iyj(Pit; €),
called the Yoneda product [[1], [6], where P; € DPi* 90 gatisfies

R; 1 P; = P; 1 S for a certain matrix P, € DPi+1%X4 je,,
+ + +
which induces

gi: 1mD(RZ) = DlXpi RZ — N
AR, — o(A\P),
and thus yields the following commutative exact diagram

.R; .R;
‘ i+2 DLxpit1 it1

DU B imp (R — 0
| Pipa l.P L gi
-S2 pixa -S1 pixeo 7, N —0,
(24)
where Pi-l-j € DPi+i*% gatisfies Ri-i—j Pi+j_1 = Fiyj Sj

for 5 > 1. The above commutative exact diagram yields the
following chain complex

Ritjt1- Riii.
FPitjt1 ititl FPiti itJ FPiti—1
T Pisjrr. T Piyy- T Piyj1.
S .
Q541 i+l qj J qj-1
Fi+ — T F — F ,

and thus the following Z-homomorphism:

Yi ¢ ker_y.-(Sj+1.)/im].-(Sj.) I keI‘]:(Ri+j+1.)/im_7:(Ri+j.)
w;i(¢) 0t (PirjC)-
Finally, e(P]) = e(P;) yields P/ = P, + Z for a certain

7

Z = R;U +V S;, where U € DPi-1%% and V € DPi*a1,
which induces a homotopy of g; [4], [12], and thus ~; is a
Z-homomorphism which depends only on &(F;).
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