Equidimensional triangularization
of multidimensional linear systems

Alban Quadrat

Abstract—Based on the results obtained in [12] on the
purity filtration of a finitely presented module associated
with a multidimensional linear system, this paper aims at
obtaining an equivalent block-triangular representation of the
multidimensional linear system defined by equidimensional
diagonal blocks. The multidimensional linear system can then
be integrated in cascade by solving equidimensional homoge-
neous linear systems. Many multidimensional linear systems
defined by under/overdetermined linear systems of partial
differential equations can be explicitly solved by means of
the PURITYFILTRATION and AbelianSystems packages, but
cannot be computed by classical computer algebra systems such
as Maple. The results developed in this paper generalize those
obtained in the literature on Monge parametrizations and on
the classification of autonomous elements by their codimensions.

I. INTRODUCTION

This paper is the continuation of [12]. We refer the reader
to [12] for the notations and the results used in what follows.

We recall that D denotes a noetherian domain with a finite
global dimension gld(D) = n and which satisfies

VieN=1{0,1,2,...}, exth(extd(M,D),D)=0,
for all left D-modules M. For more details, see [5], [12]. In
particular, these conditions hold for a Auslander regular ring
D [4], [5] such as, for instance, the commutative polynomial
ring D = k[z1,...,x,] in z1,...,z, with coefficients in
a field k£ or the noncommutative polynomial rings A, (k)
(resp., By (k), Dy, (k) and D, (k)) of partial differential (PD)
operators in 9; = B%i’ i =1,...,n, with coefficients in the
ring k[x1,...,x,] (tesp., the ring k(x1,...,x,) of rational
functions, the ring k[z1,...,z,] of formal power series, or
the ring R{z1,...,z,} of locally convergent power series),
where £ is a field of characteristic 0 (e.g., k = Q, R, C) [4].

The purpose of this paper is to apply Theorem 3.1 and
Corollary 3.1 of [12] to the short exact sequences defined
in (42) of [12] to determine a new finite presentation of
the left D-module M = D'*P/(D'*9R) defined by a
block-triangular matrix P formed by block-diagonal matrices
defining finite presentations of the pure left D-modules
M/t(M), cokervs; and coker sy defined in [12], and of
the left D-module ext?, (N33, D) of grade greater or equal
to 3 (which is also pure when kerp(R3.) = 0). For more
details and definitions, we refer the reader to [12].
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II. MAIN RESULTS

Let us now precisely describe the left D-homomorphisms
732 and 21 and the left D-modules coker v32 and coker o1
defined in [12] (see (41) and (42)). Applying the con-
travariant left exact functor homp (-, D) to the commutative
diagram defined in Fig. 3 of [12], we obtain the following
commutative diagram formed by horizontal complexes:

D1xXp-13 & D1xPos ﬁ D1xpis
}Flus | Fos | P

plxp-iz B2 pixpee iz pixpr
L P | Foo |

DIXp-11 (_1_%2 D1xpo1 (_1_%2 D1xpu

(1

Using (34) of [12], the defect of exactness of the top (resp.,

middle, bottom) horizontal complex of (1) is ext}, (N3, D)

(resp., exth(Nia, D), exth(Ny1, D)). Let us introduce the

canonical projections defined in (2). The commutative dia-
gram (1) induces the two left D-homomorphisms:

keI'D(.Ro3)/(D1Xp13 R13) ge2, keI‘D(.Rog)/(D1Xp12 ng)

p3(A)  —— pa(A Fo3), 3
kerD(.Rog)/(D1Xp12 ng) o, keI"D(.R01)/(D1Xp11 Rn)
p2(p) > p1(pFoz). @

Two chases in the commutative diagram (1) show that ps
and py are well-defined (see, e.g., [17]).

Let us now use Proposition 2.2 of [12] to get a fi-
nite presentation of the left D-modules ext? (N33, D),
ext,(Naz, D) and ext (N1, D). Let Rj, € DPoPix be
such that kerp(.Rox) = D'*Pix R}, for k = 1,2, 3. Since
DY¥Pie Ry, C D1*Ph R, there exists R, € DPLXPh,
such that:

Ry = Ry}, Ryy.. (&)

Let Rl € DPu*P2x be a matrix such that kerp(.R},) =
D1XPhy, R’%. Then, using Proposition 2.2 of [12], we obtain
the left D-homomorphism defined by (6), where

Ly & DX /(DV50k Rl D¥Eh R
and p}, : DY*Pix — [, is the canonical projection.
Since R}y, For Rok—1) = RYj, Rox F_1x = 0, then
DVPik (Ry, For) C kerp(-Roe—r)) = DVP=0 Ry,
and thus there exists F7, € DPix*Pik-1) guch that:

Vk=23, Ry For=F Ry (7)



P3 Skel"D(.Rog) — keI"D(.]%03)/(1)1><pl3 ng)
P2 :keI'D(.ROQ) — keI'D(.ROQ)/(D1><p12 ng)
P1 :kerD(.R01) — keI‘D(.R01)/<D1Xpn Rll)

Xk © Ly & DYPin [(DV¥Pre R 4 DI¥Por Rl )
PN

Similarly, there exists Fj, € DP2t*Pat-1) such that:
Vk=23, oe Fip = Fop Ry (®)
Thus, we obtain the commutative exact diagram (9).

Remark 2.1: If Rox = 0, ie., kerp(Rix.) = 0, then
applying the functor homp( -, D) to the short exact sequence
0 — Dpros fEL ppac BN L0 we get
the complex 0 «— D*Por Tk DIxpic which yields
kerp(.Rox) = DY*Porje.:

/1k = Ipokv pllk = Dok, R/2k =0.

Let us now deduce two identities which will be used in
what follows. Combining (30) of [12] for k = 2 with (5) for
k=1 and k£ = 2, and with (7) for k = 2, we obtain

11 Riy = Rii = Rig Fop = R{, Ry Fop = RY, i Ry,
and thus (RY; — Ry F{5) R1; =0, ie.,

Dlxpu (RYy — R{y Fiy) Ckerp(.Ry;) = D7 Ry,
which proves the existence of X5 € DP11%P21 guch that:

11 = Riy Fiy + X12 Ry (10)
Combining (31) of [12] for £ = 3 with (5) for £ = 2 and
k = 3, and with (7) for k£ = 3, we obtain
Fiz (Rfy Ryp) = Fiz Rz = Rug Foz = (Rl Ry3) Fos
— R". F' /
= I3z 13 1199,
and thus (FisRYs — RI35F{5)R)\s = 0, ie,
D™*P1s (Fi3 Ry — Ry Fis) C kerp(.Rj,) = DVP22 Ry,
which proves the existence of Xoo € DP13*P22 guch that:
Fis R{y — R{3 Fi3 = X2 Roy. (11)

Using ¢(M) = ext}h(Ny1, D) (see (2) and [12]) and the
isomorphisms y’s defined by (6), we get:

Ly = DYPu /(DYP1 RY 4 DYPa1 Rl )
=~ exth(Ny1, D) 2 t(M),

Ly = D72 /(DVP12 Ry, 4 D722 Rh,)
=~ GXtQD(NQQ, D),

L3 — Dlxp/la/(Dlxplg Rlll3 + D1><p/23 R/23)
= eXtSD(Nggg, D)

12)

Then, we can define the left D-homomorphism

_ _1 .
032 = Xo Ooa320X3:L3g — Ly,

IR

extlD(ng, D) = eXtSD(Ngg, D),
extp (N2, D) 2 ext](Naa, D), 2)
ext}j(Nu, D) = t(M)

1%

1%

s (DYPhx RY)/(DYP Ryy) = exth (N, D),

(©6)
— pe(ARY,).

where the y;’s are defined by (6) and a5 is defined by (3).
Using (7) for k = 3, we have

Ts2(ph(N) = (xz " 0 as2)(p3(A Ris)) = x5 ' (p2(A Ri3 Fos))
= x5 (p2(AF{3 Ry)) = ph(A Fl3),
(13)

for all A € D'*P1s. Using (11) and (8) for k = 3, we get
i3 | g _ ( FisBia— X R
/ 13 — F/ R/
23 23 +122

[ Fiz —Xa 12
0 Fy b2 )
which yields the commutative exact diagram (14).

Up to isomorphism, the short exact sequence

0 — ext? (N33, D) Jo2, ext?, (Naz, D) — coker 3 — 0

(see [12]) becomes the following short exact sequence:
0 — L3 222 L, %2, cokerasy — 0. (15)

Using 3 of Proposition 3.1 of [8], the left D-module
coker @zo is then defined by:

— 1xp] 1xphs 1/ 1x 17 1xp} /
coker @igg = D P12 /(D *P1s F 4D *P2 R, 4D P22 Ri,).

Then, we can easily check that the commutative exact
diagram (16) holds, where 1, : DY*(Prstpiatpn) g
is the left D-homomorphism defined by:

pé’)(el) izl?"'ap/l?n
1/)2(31') = . , / /
0, it =piz+1,...,p13 + P12 + paa-

Applying Theorem 3.1 of [12] to the short exact sequence
(15) with the matrix

IP/13

A= 0 € DPhatpiatpia) <Py
0
(see also Corollary 3.1 of [12]), we obtain the following

characterization of the left D-module Lo in terms of the
presentations of L3 = ext?,(Nas3, D) and coker @zs.



Dixp-is  fs pixpos s Dixpis T2 D1xPpas
| P 1 Fos L .Fl, L F
pixpoiz Boz o pixpe Pz g, Fn  pixpy, )
Lo | Foo L .F, | .F3,
Dl Xp_11 Rox Dl XPpo1 'Rll Dl Xplll 21 Dl Xp/21 .
D% (P13+ph3) Ry Ryp)” D1xpis /)_é) Ls — 0
(R ) Ly s (14)
23
D1x(p12+p3s) (Riy  Ryp)” D1xpls p_l2> Lo -0
0
J/ /
D1xpiz Ry + D1XPas RL,
!
DX (Bhatpratphy) Fis  Riz Ra)" D1xPhs 2 cokerdgy  —— 0 (16)
b e B (s |
0— Ls 2o Lo b, cokeraigys — 0.
l
0
Proposition 2.1: With the previous notations, let Corollary 2.1: If F is a left D-module, then
Q2 = ( v ) € D1z rh)xpha kerz(Q2.) = kerz(Pz.),
/ I
22 and the following equivalence
/ — /
F}/?’ IOp13 F1/3T2—’7'3:O,
12 /1 _
Py = / 0 € DWPiatP12+phy+P13+053) X (Pla+pis) v =0, /12 =0,
022 7 7 ' o=0 Aad Rom2 =0,
b =0 fars =0,
0 23 Ry 13 =0,
and let us consider the following left D-modules: o ) .
holds under the following invertible transformations:
— 1xp} 1Xpi2 RN 1xp) /
L2 D 1?/(‘D/ R12 /"" D 2/2 R22)7 ) J: ker;c(Pg.) _ ker]:(Qz.)
E2 — D1><(P12+p13)/(D1><(P13+P12+P22+p13+1723) P2)
T2
’ ’ [ — U = T )
02 : 1277F18/ —— Fy5 18 the canonical projection, then T3
If 0o : DX Piatpia) — B, is th ical projection, th :
FEs = Ly, where the left D-isomorphism is defined by:
2 ? qu P ! Y 571 ikerr(Qo.) — kerg(Py.)
1Ly — E
2, 2 2 N n\ (I, §
pa(p) — o2(p(lp, 0)), a7 n) \Fy, |
¢2—1 . E2 — L2 (18)
(V) — phv(IL  FIHT) Let us now introduce the left D-homomorphism
P12 ’

— —1 .
If 7 is a left D-module, then applying the functor Q1 = Xy ©ag0x2: Ly — L,

homp(-,F) to the isomorphism FE; = Ly, and using
Malgrange’s theorem (see Theorem 1.1 of [12]), we obtain:

ker}-(QQ.) = ker}-(Pg.).

More precisely, using (17), we get the following corollary.

where the x;’s are defined by (6) and ao; is defined by (4).
Then, using (7) for k = 2, for all p € D¥Pi2 | we get

o1 (ph(1) = (X7 0 aa1)(pa(p Ris)) = X1 (o1 (n Ry Foo))

=1 (pr(p Fly RYy)) = pl(u FYy). )



Moreover, using (10) and (8) for k = 2, we have

7 " _ X R
12 11 12 f121
22

/ /
F22 R21

_ Ipn —X12 /1I1
0 Fp o)

which yields the commutative exact diagram (20). Up to
isomorphism, the short exact sequence

0— ext%(Ngg,D) MEIN t(M) — cokerya; — 0,
(see [12]) becomes the following short exact sequence
0— Ly 224 1, b, coker @y; — 0,

21

where, using 3 of Proposition 3.1 of [8], the left D-module
coker @ip; is defined by:

—  _ pPlxp, 1xph / 1xpi1 p/ 1% ph /
cokeraigy = D~ *Pu /(D> *P1z F{,4+D R{{+D* P21 R),).

Using the left D-isomorphism %—1 : By — Lo defined
by (17), the short exact sequence (21) yields the following
short exact sequence

_ —1
@210 ¢ [ _
2 L1 =5 coker@s; — 0,

0 — E, (22)

where @y © (;52_1 : By — L is defined by:

1 @ ! i
(@21 065 ") (02(v)) = T (,)2 (V ( F, )))
. Fi,
—P\"\ L '

Now, we can check that the commutative exact diagram
(23) holds, where 1), : D'*P1atPiitra) — Fy s the left
D-homomorphism defined by
QQ(fj F)v 7p112a

0, j=pla+1,...

j=1,...

Vi(fy) = {

7p/12 +p11 +p1217

where {fj}j=1,. p\,+pntp,, 18 the standard basis of

D1><(p,12+p11+p,21) and:

Ip/m 0
F = 0 0 c D(P/12+P11+1’/21)X(P/12+P/13)'
0 0

Applying Theorem 3.1 of [12] to the short exact sequence
(22) with the matrix A = I (see Corollary 3.1 of [12]), we
obtain the following proposition.

Proposition 2.2: With the hypotheses of Proposition 2.1
and the previous notations, let

7= plo + P11 + Doy + Dl + P12 + Doy + P13 + Phs,

and let us consider the following two matrices

Fy —Iy, 0
* 0 0
w00
/
P = 0 F13 _Ip/13 c DTX(Pl11+P/12+P/13)
/1 ’
0 R, 0
0 0 13
0 0 -
1"
Ql — ( 11 > c D(P11+P/21)><P/11
/ b
21

and the following two finitely presented left D-modules:
Ly = DY /(DY (putpan) ),
B, = D1><(P/11+P/12+P/13)/(D1><’"Pl),

If oy : DY (P1+Pi2+Pis) — ) is the canonical projection,
then F4 = L1, where the left D-isomorphism is defined by:

$p1: Ly — By
piv) +— o(v(ly, 0 0)),
d)l_l:El — Ll (24)
Ip/u
01(A) — pi | A Fiy
Fis Iy
Finally, we have L; = ¢(M) and:
¥: L1 — t(M) 9Lt (M) — Ly
pi(v) +— w(vRy), (v Ry) — pi(v).

If F is a left D-module, then applying the functor
homp(-,F) to the isomorphism FE; 2= L, and using
Malgrange’s theorem (see Theorem 1.1 of [12]), we obtain:

kerz(Q1.) 2 kerg(Py.).
More precisely, using (24), we get the following corollary.
Corollary 2.2: If F is a left D-module, then we have
kerz(Q1.) = kerx(Py.),

and the following equivalence

F1/27'1 — T2 :0,
R/lll T1 :07
RIQI T1 :O,
1,0 =0, - Fi3mg—13=0,
1" _
/21920, Rym =0,
RIQQTQ :0,
R/1/3T3 ZO,
R/237-3 :O,




T
(R

R

DX (Pr2+phs) pDixpls P2, Lo -0
I —Xi2 ’ —
Lt ) 2 L@ (20)
nT 1'TNT
DX (wr1+5,) S DRI S N P
0
!
/
Dlxp1u Rllll + D1xPa; R’21
!
. F/T R//T R/T T
DX Wiatpnpyy) P2 M R DY¥Pi 2L, cokerdy — 0 (23)
R A ”
w21 O¢_1 0 —
0— E, —_ Ly —L  cokeran; — 0.
!
0

holds under the following invertible transformations:

w:kerg(P.) — kerr(Q1.)
1
T2 — 0=,
73
wtikers(Qr.) — kerg(Pr.)
T Ly,
0 — T | = Fi, 6.
73 Fi3 Fiy

(25)
Using Proposition 2.2, let ¥ o ¢, : Fy — (M) be the
left D-isomorphism defined by:

/
11
/ /
F12 11

/ / /
F13F12 Rll

(Wogr)(er(N) =7 | A

Then, the short exact sequence
0 — (M) - M 25 M/t(M) — 0
(see [12]) yields the following one:

iodog !
00— El —d)l>

M 25 M/t(M) — 0. (26)
Now, we can easily check that the commutative exact di-
agram (27) holds, where ¢ : DY*Pi1 — F| is defined
by (gk) = 01(gk (Ip;, 0 0)), and {gr}r=1,. p;, is the
standard basis of D!*P11. Then, we can apply Theorem 3.1
of [12] to the short exact sequence (26) with the matrix
A= (Iy 0 0)€ DPux(Pitri2tP1s) (see Corollary 3.1
of [12]) and we get the following theorem.

Theorem 2.1: With the hypotheses of Proposition 2.1 and
the previous notations, let

§ = r+piy = Pl +P1o+p11+P5 +P15 P12+ Do +D13+Pos,

P € Ds*(portPii+p12+91s) pe defined by

Ry —I, 0 0
0 F1/2 _Ip/12 O
0 0 0
0 0 0
P=| 0 0 Fy -l |,
0 0 0
0 0 by 0
0 0 0 v
0 0 0 f o

and let us consider the following left D-modules:
M = D1><p01/(D1><p11 Rll),
E = DY @or+p0+P1>+p15) /(D1Xs P).

If o : DY*(Po1+Pu+PiatPis) — F is the canonical projec-
tion, then we have
Ex~ M,

where the left D-isomorphism is defined by:

oM — FE
m(A) — oA (p, 0 0 0)),
¢o:F — M
Ipm (28)
/
11
ole) — m|e
Fiy Ry

Fiy Fip Ry
Using (10), we note that the row of P containing the

matrix R}, can be removed. We get the following corollary
of Theorem 2.1.

Corollary 2.3: With the hypotheses of Proposition 2.1 and
the previous notations, if

t = s—p11 = Py +DPhg + D51 +Dls + D12 + Doy + P13 + Dos,



pron fL o pooe T M/t(M) —0
L L | 27
iodop *
0— B 20 2 M M) —o,

and Q € Dt (Por+P11+P124P15) s the matrix defined by

W oLy, 0 0
0 Fly, —Iy 0
0 ' 0 0
0= 0 0 Fly  —Iy,
0 0 ", 0 ’
0 0 - 0
0 0 0 s
0 0 0 ha

then M = D'*Pro1 /(DY*P11 Ry1) is isomorphic to

M~FE= Dlx(p01+p’11+p’12+p’13)/<Dlxt Q).

where the isomorphism is defined by (28).

Corollary 2.3 were implemented by the author in the
OREMODULES package [7] (Maple) called PURITYFILTRA-
TION [13]. See also the recent homalg package [1] (GAP4)
called AbelianSystems [3] developed by Barakat and the
author. The AbelianSystems package is more efficient
than the first algorithm implemented in homalg based on
the computation of spectral sequences [2], [4], [S].

If F is a left D-module, then applying the functor
homp(-,F) to M = E, and using Malgrange’s theorem, we
obtain kerz(Ry1.) = ker z(P.) = ker£(Q).). More precisely,

using (28), we get the following corollary.

Corollary 2.4: If F is a left D-module, then we have
kerz(Ry1.) & kerg(P.) = ker£(Q.),

and the following system equivalence holds

Ry (-7 =0,
F1/27'1 — T2 :0,
Ry 11 =0,
Fl3m9 — 13 =0,
Riin=0 < R/l/2 T =0, (29
Ry 12 =0,
R/1/3T3 ZO,
R/237'3 :0,

under the following invertible transformations:

v :kerg(Q.) — kerg(Rii.)
¢
T1
— 1=,
T2
T3
’}/71 : ker]:(RH.) — ker}-(Q.)
C Ipm
— Tl = /11
n T2 F{Q
T3 Fis Fiy Ry
(30)

Definition 2.1 ([5], [10]): A ring D is a Cohen-Macaulay
ring if D is a noetherian ring equipped with a dimension
function dimp(-) [10] such that:

codimp (M)
= jp(M)

Example 2.1: 1If k is a field (resp., a field of characteristic
0), then the ring D = k[z1,...,2,] (resp., D = A,(k),
By (k), Dn(k), Dyn(k)) is a Cohen-Macaulay ring with
dimp (D) = n (resp., dimp(D) = 2n, dimp(D) = n,
dimp (D) = 2n, dimp(D) = 2n) [4], [5].

£ dlmD(D) - dlmD(M)
2 min{i > 0 | ext’, (M, D) # 0}.

Proposition 2.3 ([5])): If D is an Auslander regular ring,
then jp(extl, (M, D)) > i for all i € N and for all left
D-module M.

If D is a Cohen-Macaulay ring, using Theorem 3.1 of [12]
and Proposition 2.3, then the left D-modules ext?, (N33, D),
coker 732, coker o, and M /t(M) are either O or satisfy:

dimp (ext?, (N33, D)) < dimp(D) — 3,

dimp (coker ys3) = dimp (D) — 2, 31)
dimp (coker v91) = dimp (D) — 1,
dimp(M/t(M)) = dimp (D).

Remark 2.2: If Sy = R}, and

/
F12 F/
S, = R S/ = 12
1= 11 ) 1= , >
/ 21
21

I
F13 1
1" 13
SQ = 12 5 S3 = , )
/ 23

22

then using (31), we get:



1) The linear system kerz(Ss.) = homp(Ls,F) =
homp (ext?,(Nsg, D), F) is either 0 or has dimension
2) The linear system ker z(Ss.) o~
homp (coker @3y, F) = homp(cokeryss, F) has
dimension dimp (D) — 2 when it is non-trivial,
3) The linear system kerz(S;.) = kerg(S].) =
hom p (coker @a1, F) = homp (coker vo1, F) is either
0 or has dimension dimp (D) — 1.
4) The linear system kerz(Sp.) = homp(M/t(M),F)
has dimension dimp (D) when it is non-trivial.
If Rs has full row rank, ie., kerp(.R3) =
then N33 = ext}(M,D), and thus ext?,(Nssz, D)
ext?, (ext?,(M, D), D), and Theorem 4.1 of [12] yields

dimp (ext?,(M, D)) = dimp(D) — 3,
which shows that ker #(S3.) is either O or has dimp (D) — 3.

If F is an injective left D-module, then the linear system
kerz(R.) = kerg(Ry1.) can be obtained by integrating
the linear system kerz(Q.), i.e., by integrating in cascade
the linear system kerx(Ss3.) of dimension less or equal to
dimp (D) — 3, and then the inhomogeneous linear systems
of dimension respectively dimp (D) — 2, dimp(D) — 1 and
dimp (D). Finally, ker #(R};.) = Ro1 FP-1 (see [12]).

Even if the size of the matrix @ is larger than the one
of R = Ryi, the matrix @ is generally more suitable for
a fine study of the module properties of M = E than R,
i.e., for the study of the structural properties of the linear
system kerx(R.) = kerz(Q.). This new form is particu-
larly interesting for the computation of Monge parametriza-
tions [15], [16], [12] of the linear system kerz(R.). Many
under/overdetermined linear PD systems kerz(R.), which
cannot directly be integrated by computer algebra systems
such as Maple, can be integrated by means of their equiv-
alent forms kerx(Q).) using the PURITYFILTRATION [13],
AbelianSystems [3] and homalg [2] packages.

Example 2.2: Let us consider the D = Q[04,da,5)-
module M = D'**/(D'*6 R) finitely presented by:

Il =

0 20, B-20-0 -1
0 9 -20 20,-30 1
ao| & ta 28,500 1
0 &-0, -0 0
) —% -0 0
o -0 —20, 0

Using the PURITYFILTRATION package [13], we obtain that
M = E = DY /(D15 Q), where @ is defined by (32).
Let F = C°°(R?) be the injective D-module (see [11] or
Example 2.3 of [12]) and let us explicitly compute ker = (Q.).
We first integrate the last diagonal block of @, i.e., the 0-
dimensional linear PD system ker z(Ry3.):

_827-3 = 07
—837'3:0, =4
013 =0,

73 =1c1 €R.

Then, we integrate the inhomogeneous linear PD system in
Ty = (191 722 Te3)T and 73, formed by the third triangular
block of @, namely:

To3 — T3 = 0,

721 =0,

—To1 + (401 — 03) 122 = 0,

To1 + (401 — 03) Ta2 + 03 723 = 0,

(31 - 32)722 =0,

T23 = T3 = C1,

721 =0,

(401 — 03) 192 = 0,

(01 — 02) T22 = 0.

We obtain 791 = 0, 799 = fl(af3 + i(l‘l + J}g)), where
f1 is an arbitrary smooth function, and 753 = c1, where
c1 is an arbitrary constant. Then, we have to integrate the

inhomogeneous linear PD system in 71 = (117 712 713)7
and 7o formed by the second triangular block of Q:

—201 712 + 713 — 721 = 0,

—T12 — T22 = 0,

T11 —T1i2 —T23 = 0,

T2 = —Too = — f1(w3 + i (z1 +22)),
S T =-—To2+ T3 =—fi(zs + % (1 +x2)) + ¢,

Ti3=—201Tos +To1 = —3 filzs + 1 (1 + 22)).

The entries of 71 = (711 712 713)7 are 1-dimensional and
not 2-dimensional. This result comes from the fact that the
matrix 5] (or Sp) defined in Remark 2.2 admits a left inverse
over D, ie., cokeriog; = 0, which yields kerz(S].) =
homp (coker @a1, F) = homp(coker 21, F) = 0. Finally,
we have to integrate the inhomogeneous linear PD system
in¢=(¢ ... ¢)7 and 7, formed by the first triangular

block of ), namely:

G1—C—T11=0,

(243 —T12=0,

(01 =202+ 05) (3 — G4 — 713 =0,

G —C=—filzs+ 5 (@1 +22)) + 1,
S G+ G=—filzs+ 1 (z1+22)),

(01 —202+05) (3 — Ca=—2% fi(as + L (o1 + 37(%)3))-
Using the fact that F is an injective D-module and
M/t(M) = D¥**/(D**3 R}}) is a torsion-free D-module,
where R}, is the matrix formed by the first 3 rows and the
first 4 columns of @, kerz(Rj;.) is then parametrized by
R01 = (1 -1 1 81 - 232 + 83)T, i.e., kel"]:(R/H.) =
Ry F (see [6] or 1 of Corollary 2.1 of [12]). Moreover, the
matrix R}, admits the following right inverse

1 0 O
01 0

X = )
0 0 O
0 0 -1



1 0 —1 0o -1
0 1 1 0 0
0 0 01 —20+035 -1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
Q= 0 0 0 0 0
0 O 0 0 0
0 0 0 0 0
0 0 0 0 0
0 O 0 0 0
0 0 0 0 0
0 0 0 0 0
0 O 0 0 0

which implies that M/t(M) is a projective D-module [6],
and thus M/t(M) is a free D-module of rank 1 by the
Quillen-Suslin theorem [6], [9], [17]. Hence, Remark 14 of
[16] (see also Remark 8 of [15]) proves that the general F-

solution of (33) is defined by ( = Rp1 £ + X 7, i.e.,
G =&— files+ § (@1 4 22)) + 1,
G=—¢— filzs + § (@14 22)),
<3 = 57

(o= (01 =20+ 05) £+ % fi(as + 3 (21 + 22)),

for all £ € C°(R?), all f; € C*°(R) and all ¢; € R. Using
the D-isomorphism v defined by (30), we finally get
—201m2+03m3 —202m3 — 01 M3 — 11 = 0,
O3mg —201m2 +202m3 —301m3 +n4 =0,
O3m1 —601m2 —202m3 —501m3 —ny =0,
Oamg — O1ma + 02z — 013 =0,

Oam — O1ma — Oamz — Oz =0,

O1m—01me —201m3=0,

m =& filzs + 3 (@14 22)) + a1,

ne ==& — fi(ws + § (z1 + 22)),

ns = ¢,

Ny = (01 — 20, +53)€+%f1(9€3 + 1 (71 + 22)),

where ¢ (resp., fi, ¢1) is an arbitrary function of C°°(R3)
(resp., C°°(R), constant).

Finally, using the regular patterns of the matrix P and of
(28), we can easily generalize Theorem 2.1, Corollary 2.4
and Remark 2.2 when kerp(.R3) # 0, i.e., for a finitely
presented left D-module M = D1*Po/(D'*P1 R;) defined
by a longer finite free resolution of the form:

.R>
«—=

0 M <& prxpo L plxp . B pixem,

If kerp(.R,,) = 0, then the corresponding generalization
defines the purity filtration of the left D-module M [12].

O O O O O o o o o

[1]

[2]
[3]

[4]
[5]
[6]

[8]

[10]
(11]
[12]

[13]

[14]

[15]

[16]

(17]

0 0 0 0 0
0 0 0 0 0
-1 0 0 0 0
1 -1 0 0 0
0 0 ~1 0 0
0 0 0 -1 0
0 0 0 1 -1
0 1 0 0 (32)
0 -1 40,—-05 0 0
0 1 40,—95 85 0
0 0 &-8 0 0
0 0 0
0 0 0 0 —ds
0 0 0 0 —0s
0 0 0 0 o
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