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Introduction: factorization and decomposition

e Let L(0) be a scalar ordinary or partial differential operator.
e When is it possible to find L1(9) and L(0) such that:
L(0) = Lp(0) L1(D)?
e We note that L1(0)y = 0= L(0)y = 0.
e L(0)y = 0 is equivalent to the cascade integration:
Li(0)y=2z & L(0)z=0.
e When is the integration of L(0)y = 0 equivalent to:
L(0)z=0 & L1(0)u=07?
(LiX+YLh=1=L(Xz)=z=y=u+X2z)
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Introduction: factorization and decomposition

e Let us consider the first order ordinary differential system:
dy=E(t)y (%)
e When does it exist an invertible change of variables

y = P(t)z,

such that
(x) & 0z=F(t)z,

where F = P~ (E P — OP) is either of the form:
_( Fu Fo2 _( Fu 0,
F= ( 0 Fo or F= 0 Fn )

o If E(t) = E € R™" then F = P~1 E P: Jordan form.
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Factorization: known cases

Square differential systems:

@ Beke's algorithm (Bekel894, Schwarz89, Bronstein94,
Tsarévo4. . .)

e Eigenring (Singer96, Giesbrecht98, Barkatou-Pfliigel98,
BarkatouO1 - ideas in Jacobson37...)

Square (g-)difference systems (generalizations):
@ Barkatou01, BomboyOl. ..

Square D-finite partial differential systems (connections):
@ Li-Schwarz-Tsarév03, Wu05. ..

Square partial differential systems:

@ Grigoriev-Schwarz05. ..
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General linear functional systems?

e Linearized approximation of the steady two-dimensional
rotational isentropic flow (Courant-Hilbert):

0 do
Upai—kcza—o,
upQ+C28—U—

Ox 0 ’

ow oA Oo
P ox p@y u87:0'

e Let us consider D = Q(u, p, ¢)[0x, 9] and the system matrix:

u p Oy c2 0, 0
R = 0 20, updy | € D3*3,
pOx udx po,

e Question: 3 U € GL3(D), V € GL3(D) such that:
V RU = diag(a1, az,a3), a1,az,a3 € D?
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General linear functional systems?

e Model of a one-dimensional tank containing a fluid subjected to
an horizontal move (Petit, Rouchon, IEEE TAC, 2002):

yi(t) = ya(t —2h) + ays(t — h) =0, -
yi(t—2h) — ya(t) +ays(t— k) =0, > TER+

elet D=NR [%, 6} and consider the system matrix:

2
4 _dp ad—za
R— dt dt dt c D2><3.
do 4 &
dt dt dt?

e Question: 3 U € GL3(D), V € GLy(D) such that:

a1 0 0
VRU= , a1, ap,a3 € D?
0 Qo Q3
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Factorization and decomposition problems

e Let D be an algebra of functional operators.
e Let R € D9*P be a matrix of functional operators.
Questions:

1.IReD”P, RReDY": R=RyR7?

Si1 S
2. 3W e GLy(D), V € GLy(D) st. VRW = ( 81 512 )?
22

Su 0
3. 3IW e GL,(D), V € GLy(D) st. VRW = ( (1)1 s )?
22
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e Type of systems: Partial differential/discrete/differential
time-delay. .. linear systems (LFSs).

e General topic: Algebraic study of linear functional systems
(LFSs) coming from mathematical physics, engineering sciences. . .

e Techniques: Module theory and homological algebra.

e Applications: Equivalences of systems, Galois symmetries,
quadratic first integrals/conservation laws, decoupling problem. ..

e Implementation: package MORPHISMS based on OREMODULES:

http://wwwb.math.rwth-aachen.de/0OreModules.

Alban Quadrat Factoring and decomposing multidimensional linear systems



I. Ore Module associated with a linear functional system
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Ore algebras

Consider a ring A, an automorphism ¢ of A and a o-derivation §:
d(ab) = a(a) d(b) + d(a) b.

Definition: A non-commutative polynomial ring D = A[0; 0, 4] in

0 is called skew if Vaec A, da=oc(a)d+ d(a).

Definition: Let us consider A = k, k[x1,...,xn] or k(x1,...,xn).

The skew polynomial ring D = A[01;01,01] ... [Om; Om, Im] is
called an Ore algebra if we have:

{U,’(sj_éja,', 1<y, <m,
O’,'(aj) = aj, (5,(({%) =0, j < I.

= D is generally a non-commutative polynomial ring.
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Examples of Ore algebras

e Partial differential operators: A=k, k[x1,...,xa], k(Xx1,-..,Xn),

D=A [81;1(1, 8%1} [Gn;id, a%n] )

P:ZOS|H|§m aM(X)au eD, o* :8{“8#”
e Shift operators:
D= A[;0,0], A=k K], k(n),

P=Y7oain)d €D, o(a)(n)=a(n+1)

e Differential time-delay operators:
D= A[01;id, &£][02;0,0], A=k, k[t], k(t),
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Exact sequences

e Definition: A sequence of D-morphisms M’ oM M s
said to be exact at M if we have:

kerg =imf.

e Example: If f : M — M’ is a D-morphism, we then have the
following exact sequences:

@ 0— kerf —— M - coim f 2 M/ ker f — 0.
@ 0 — imf 5 M - coker f 2 M/ /im f — 0.

Q 0— kerf —— M M = coker f — 0.
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A left D-module M associated with Rn =0

e Let D be an Ore algebra, R € D9%P and a left D-module F.
e Let us consider kerr(R.) = {n € FP| Rn = 0}.

e As in number theory or algebraic geometry, we associate with
the system kerz(R.) the finitely presented left D-module:

M = DY*P /(D™ 9 R).
e Malgrange's remark: applying the functor homp(., F) to the

finite free resolution (exact sequence)

p1xa Eope oM — o,

)\:(Al,...,)\q) — AR
we then obtain the exact sequence:

Fa K FP &~ homp(M, F) «— 0.

_ T
Ry — n=(m.-..,7mp)
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Example: Linearized Euler equations

e The linearized Euler equations for an incompressible fluid can be
defined by the system matrix

0 0 03 0
o 81‘ 0 0 a1 4x4
R=1 0 a5 0 a |€P
O 0 3t 83

where D = R [81,id, 8%} [az,id, 8%] [ag,id, 8%} [0r,id, 2].
e Let us consider the left D-module F = C*(£2) (2 open convex
subset of R*) and the D-module:

M = D1><4/(D1><4 R)

The solutions of Ry = 0in F are in 1 — 1 correspondence with the
morphisms from M to F, i.e., with the elements of:

homp(M, F).
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[l. Morphisms between Ore modules finitely presented
by two matrices R and R’ of functional operators
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Morphims of finitely presented modules

e Let D be an Ore algebra of functional operators.
o Let R € DI*P, R' € D7 *P' be two matrices.
e Let us consider the finitely presented left D-modules:
M = DYP /(D9 R), M = DY /(D7 R').

e We are interested in the abelian group homp(M, M") of
D-morphisms from M to M':

D1><q _R> D1><p ™ M 0
Lf
1xq’ R 1xp’ ! l
D ~— D — M — 0.
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Morphims of finitely presented modules

e Let D be an Ore algebra of functional operators.
o Let R € DI*P, R' ¢ D7 %P’ be two matrices.

e We have the following commutative exact diagram:
D1><q L D1><p 7T M 0

l.Q L.p Lf
D1><q’ i’> D1><p’ L/) M — 0.
3f:M—> M < 3P e DPP Qe DI such that:
RP=QR.
Moreover, we have f(m()\)) = 7/(A P), for all A € D**P.



Eigenring: 0y = Ey & 0z=F z

OD:A[(D;(T./(S], E,FeAPXP,R:c’)Ip—E, R’z(?lp—F.
0— DIxp M pixp T, M -0
l.Q l.P lf

0— Dlxp M D1xp L’> M —0.

o(P) = Q € APXP,

(8/p—E)P—Q(5’P_F)‘:’{ 5(P) = EP — o(P)F.

If P € AP*P is invertible, we then have:

F = —o(P)"Y(§(P) — EP).
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Eigenring: 0y = Ey & 0z=F z

e D=Ad;0,0, E,FEAP R=0l,—E, R =01l,—F.

0— Dlxp M pxp T, M -0

l-Q L.p Lf

0— DIxp m D1lxp L M —0.

— X
w“_DP:Q«M”Iyﬁi{gg;gif;%p
If P € AP*P is invertible, we then have:

F=—o(P)"Y(6(P) — EP).
e Differential case: § = %, o =id:
P=EP—-PF,
{F:—P%P—Em.
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Eigenring: 0y = Ey & 0z=F z

e D=Ad;0,0, E,FEAP R=0l,—E, R =01l,—F.

0— Dlxp M pxp T, M —0

lQ L.p Lf

0— DIxp m D1lxp L M —0.

o(P) = Q € APXP,
l,—E)P= I, — F
(91, ~E) P =Q (@1, )@{5(P):EPU(P)F.
If P € AP*P is invertible, we then have:
F = —o(P)"}(6(P) — EP).

e Discrete case: 6 =0, o(k) =k —1:

E(k) P(k) — P(k — 1) F(k) =0,
F=o(P)LEP.
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Eigenring: example

e Let us consider the system y(t) = E(t) y(t), where:

t(2t+1) —2t3-2t2+1
E(t):< 2t ~t(2t+1) >

e The eigenring of the system Jy(t) = E(t) y(t) is:
£ ={PeQ(t)*| P(t) = E(t) P(t) — P(t) E(t)}.

e Computing the rational solutions of P = [E, P], we then get:

g:{P:(al—az(t+1) agt(t—i-l)) ™ azeQ}.

—an at+a
e P is isospectral as (E, P) is a Lax pair:
det(P—Ah)=(A—a1)(A— a1 + a2).
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Eigenring: example

e Computing a Jordan form of P, we obtain

J:v—lpvz(al 0 )
0 a1 — ao

where:

-t 1+t 1 (1 —(t+1)
()= sY)
eletusdenoteby z=V "ty =(y1 —(t+1)yo y1—ty):
0 =0x0 « 0= ] )0

2(t)= G e /2 (t)=—Cite ©2 4 G (t+1)et’/?,
= cp = e o
2(t) = Ge'/%, y(t)=-Ce + Get’/2,
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Integrable connections

e Let us consider n matrices A; € AP*P and the connexion:
A1 y(x) — Au(x) y(x) =0,

Iny(x) — An(x) y(x) = 0.

oV, =0il, — A € DP*P = A[01;01,61] - - - [On; on, In]P*P.
e The connexion is integrable if the integrability conditions hold:
[Vi, V] £ ViVi=V; V= §(A)=08i(A))+0;(A)) Aj—0oi(Aj) A = 0.
e Let us consider the matrix of functional operators

R=((01l,—A)T - (0nly— A)T)T € D"P*P,
and the left D-module M = D**P/(D1*"P R).
o f ¢ endp(M) is defined by the pair (P, Q), where:
Si(P)+oi(P)Ai—A; P=0, i=1,....,n, Q= diag(c;(P)).
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Example: Linear elasticity

e The deformation symmetric tensor € = (€¥) is defined by:

1 _ g€l
2¢12=09,61 + 0,62, ¢ displacement
2 _ 9,2,
e This system with ¢ = 0 corresponds to the integrable connection:
000 0 0 —1
Vi=0ik—A, AA=[001], A=|00 0
0 00 00 O
e D=R [8)(1, 8@}’ R = (vil' V;)T, M = D1><3/(D1><6 R)

e 7 € endp(M) is defined by (P, diag(P, P)), where P € R3*3:
0
PA;—A1P=0
{ A a 8|, aByer
0

(6%
s P = 0
PA,— A, P =0, 0

S w2
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Computation of homp(M, M)

e Problem: Given R € D9%P and R’ € D9*P" find P € DP*F' and
Q € D99 satisfying the commutation relation R P = Q R'.

e If D is a commutative ring, then homp(M, M’) is a D-module.

e The Kronecker product of E € D9*P and F € D"™** is:

EnF ... EipF
E®F = : ; e Dlanx(ps).
Eq;l F Eq,;,F
Lemma: If U € D?*b, V € DP*¢ and W € D*?  then we have:
UVW=(Vi...V,) (U @ W).

RPly=(P1...P)(RT®1y), I4QR =(Q1...Qq)(ly®R').

RT @ Iy
We are reduced to compute kerp < < @R )
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Computation of homp(M, M)

e Problem: Given R € D9*P and R’ € D9 *F', find P ¢ DP*P" and
Q € D9%9 satisfying the commutation relation R P = Q R'.

e If D is a non-commutative ring, then homp(M, M) is an abelian
group and generally an infinite-dimensional k-vector space.

= find a k-basis of morphisms with given degrees in x; and in 0:

Take an ansatz for P with chosen degrees.
Compute R P and a Grobner basis G of the rows of R’.
Reduce the rows of RP w.r.t. G.

Solve the system on the coefficients of the ansatz so that all
the normal forms vanish.

© 000

©

Substitute the solutions in P and compute @ by means of a
factorization.
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Example: Bipendulum

e We consider the Ore algebra D = R(g, /) [4].

e We consider the matrix of the bipendulum with [ =/ = b:
d2
R:<dt2+é/r 0 - >€D2><3'

d2
0 H+5 -
e Let us consider the D-module M = D**3/(D'*2 R).

—fo5

—I

e We obtain that endp(M) is defined by the matrices:

[e%1 i a3 g
P = Qg4 Q1+ Qp — Qg a3 g )
2
0 0 a3/%+a1+a2+a3g

Q:<a1 a2 ), Vay,...,ag € D.

g Q1+ Qo — Qg
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Example: OD system

o Let D =Q[t] [9;id, %] and M = DY**/(D*** R), where:

0 —t t 0
e ta-r o 1 "
R=1lo -t o9+t 0-1 [P

o0 90—t t 0
e f € endp(M) is defined by (P, P) where P € Q[t]*** satisfies
ag—2at? ajtast’+a3t®* 0 0
—4 a3 a4+2a5+2a3t2 0 O
0 0 a 0
0 0 0 a

where a1, as, a3, a4, as € Q.
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Example: Bomboy's PhD, p. 80

g-dilatation case: D = R(q)(x) [H] where H(f(x)) = f(q x) and:

H -1

R = 1— g3x2 1— g2 e D?*?.
g’ x x( CI)+H

T 1-gx2 1-—gx2

e Searching for endomorphisms with degree 0 in H and 2 in x
(both in numerator and denominator), we obtain

—a+bxq—bx+aqgx? b(—1+x?)
p c(—1+gx?) c(—1+gx?)
B b(—1+ g¢*x?) a+bxqg—bx—agx® |’
c(—1+qgx?) B c(—1+gx?)

where, a, b, ¢ are constants or P =, (and corresponding Q).
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Example: Saint-Venant equations

elet D=Q [81; id, %] [02; 0, 0] be the ring of differential

time-delay operators and consider the matrix of the tank model:

2
p (B 1 208\
1 82 20,0,

e The endomorphisms of M = D¥*3/(D*2 R) are defined by:

ax
P, = oy + 20401 + 20501 0o
ag O + as
Qs 20301 0o
a1 — 20401 — 20501 0o 20301 0b ,
—0y Or — a5 a1+ s+ a3 (02 +1)

0 _< a1 — 204 01 ar + 204 01

= , Yai,...,a5 €D.
as + 2 a5 010 051—20558182> ! >
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Example: Euler-Tricomi equation

e Let us consider the Euler-Tricomi equation (transonic flow):
9?2 u(x1, x2) — x1 03 u(x1, x2) = 0.
o Let D= AyQ), R=(07—x103) € Dand M =D/(DR).
e endp(M); 1 is defined by:
{ P=a +3282+%a3x282+a3x1(917
Q=(a1+2a3)+ a0+ 3 a3 0+ a3x1 01,

o endp(M)a g is defined by P = Q = a1 + a2 0> + a3 03.
e endp(M), 1 is defined by:
P = 31+8252+ az xp 02 + a3 x1 01
+ag 82 a5 X 62 + a5 x1 01 0o,
Q= (31+2a3)—|—3282+733x282—|—33x161
+a402 +a5x1 0102 +2a5 02 + 3 a5xz82
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Example: Beltrami equations

o Let D = Ay(Q) = Q[x, y][0x, dy] and M = D**2/(D*? R):

[ Ox —x0, 22
R—(ay x 0. >€D .

e endp(M)o,1 is defined by P=Q =ah, ac Q.
e endp(M)1 o is defined by (a1, a2 € Q):

. . al—i—agay 0
P_Q_< 0 a1+a28y>'

e endp(M)y 1 is defined by (a1, a2, a3 € Q):

p_( B8 +xd-—1+ad+a 0

- —a3dy a3y 0y + a0, + a1
Q= a3 (y0y +x0x)+axdy, + a1 a3 x 0y

- 0 20, +a3yd, +a
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I1I. A few applications:
Galois symmetries, quadratic first integrals of motion
and conservation laws
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Galois transformations

We have the following commutative exact diagram:

ptxa B - pe T, M 0
l.e L.p Lf (*)
D1><q’ i’> D1><p’ L/) M — 0.

If F is a left D-module, by applying the functor homp(-, F) to (%),
we then obtain the following commutative exact diagram:

0=Q(R'y)=R(Py) e Py

Fa — FP  «— kerg(R) «—0
Te TP T
F Ko F  kerg(R) o
0=R'y — vy

= f* sends kerz(R.") to kerz(R.).
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Example: Linear elasticity

e Consider the Killing operator for the euclidian metric defined by:

8 0
R=| 8/2 8./2
0 &

e The system Ry = 0 admits the following general solution:

o X+ ¢
y(—c1x1+C3>’ ¢, @, ;g ER. (%)

e We find that endp(D*2/(D**3 R)) is defined by:

[ o o Oy
P—< 0 20[3(314—041)7 al,ag,oz3€D.

e Applying P to (x), we then get the new solution:

_ a1 CLXo+ Q1 C— o Cy . _
= = e, Ry=0.
y="Py (—a1C1X1—‘y-OZ1C3—2Oé3C1)7167 y=0
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Quadratic first integrals of motion

Let us consider a morphism f from N to M defined by:

T ~

0— pDlxp M} pixp T, N 0
L.P lL.pP Lf

0— pwxp B pue Ty g

We then have: _
P+ETP+PE=0.

If V(x) =xT Px, then V(x) =xT (P+ET P+ PE)x so that:
P+ETP4+PE=0+= V(x)=x" Px first integral.
= Morphisms from N to M give quadratic first integrals.

If E is a skew-symmetric matrix, i.e., E = —ET, then we have:
@, +ETY=(01,—E), N=M, homp(N,M)=endp(M).
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Example: Landau & Lifchitz (p. 117)

0 1 0 0

. —w? 0 «a 0

e Consider R=0901I; — E, where E = o 0 o0 1
0 0 —w? a

e We find that the morphisms from N to M are defined by

C1 w* (o)) w? —w? (C104+C2) C1 w?
—C w? C1 w? —C w? + o —C
P = 2 2 2 2 )
—wf(aa—a) —aqw —aa a (o 4+ w?) —qa+ o
(o} w2 (@) —Clx— C 1

which leads to the quadratic first integral V(x) = x” P x:
V(x) = cw*xi(t)? —2xi(t)w?xs(t) cr o+ 2xi(t) cp w? xq(t)

—|—X2(t)2 1 w2 — 2X2(t) c1 X3(t) w? + X3(t)2 a?
tc1 x3(t)2 w? — 2x3(t) xa(t) a1 o + c1 xa ().
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Example: A time-varying system

e Let us consider the following time-varying system:

{ x1(t) + txo(t) = 0,

xo(t) + txi(t) =0.

e Let us consider the ring D = Q[t] [3; id, %]:

4 g,
| ar 5_ | Tt
R = q . R= *oa )
dt dt

M = D2 /(D'*2R) and N = D'*?/(D'*2R).
e A morphism f € homp(N, M) can be defined by (P, P), where:

P_<_a/6 _ﬁa)a aaﬁEQ-
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Example: A time-varying system

e Let us denote by x = (x; x2)" and A = (A1 o).

e Using the differential relation

~ d
M Rx=x"RX+ E(ATX),

and the fact that A\ = P x is a solution of R\ = 0 whenever
R x = 0, we obtain the quadratic first integral of the system:

V=x"Px=a(¢-x3).
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Formal adjoint

elet D=A [81; id, 8%1} {8,,; id, aix,,} be the ring of differential
operators with coefficients in A (e.g., k[x1,...,xn], k(x1,...,Xn))-

e The formal adjoint R € DP*9 of R € D9%P is defined by:
_ n
< MR >=<RAn>+> 0 di(\n).
i=1

e The formal adjoint R can be defined by R = (0(R;))T € DP9,
where 0 : D — D is the involution defined by:

QO VacA 6(a)=a
@ 9(0)=-0;, i=1,...,n

Involution: 62 =idp, V P, P, € D: 60(Py P>) = 0(P2)0(Py).
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Conservation laws

e Let us consider the left D-modules:
M = DYP /(D9 R), N = DY9/(D**PR).

eletf: N— M bea morphism defined by the matrices P and Q.
e Let F be a left D-module and the commutative exact diagram:

7o B i kerg(R) —0

Ta TP T

Fa Ko kerr(R.) «— 0.

e 1 € FP solution of Rn =0 = A= Pn is a solution of RA=0.

n
= < Pn,Rp>—<R(Pn),n>=)_ 0 i(Pn,n) =0,
i=1
ie, ®=(®1(Pn,n),...,0,(Pn,n))" satisfies divd = 0.
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Example: A simple mechanical system

e Let us consider the simple mechanical system:

x+<%) X+ (ﬁ) x = 0.

e D=Q(x,3,m[d], R= (a%iwfq), M = D/(DR).

e The formal adjoint of R is R = <82 — 38—1— 6) € D and:
m m

ARxX) = (RN x+0 (Aic+ (—5\+%/\) x).

o If we define N = D/(DR), then f € homp(N, M) is defined by
means of a pair P and Q € D satisfying RP = QR, i.e.

(P —Q)<g>:0.
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Example: A simple mechanical system

e Using the fact that D is an euclidean ring, we obtain:

1, if a # 0,
gcd<a2—“a+ﬂ,a2+aa+ﬁ): , B .
m m m m 0 - if a=0.

P Q- T(R —R), TeD, ifas0,
| T(® —1), TeD, ifa=0.

e Hence, if x is a smooth solution of R x = 0, then
A=Rx=0, if a#0, A=Tx, if a=0,
is a solution of R\ = 0 and we obtain the quaderatic first integral:
V(x)=0, if a#0, (Tx)x—(Tx)x, if a=0.
We can take T = a1 0 + ap, where a1, ap € Q(83, m) and get:

V(x)=(a1x+ax)x+(—a1 X —axX)x = a <>’<2+rﬁnx2>.

Alban Quadrat Factoring and decomposing multidimensional linear systems



Example: Linear elasticity

e The following wave equation appears in linear elasticity theory:
0%¢(x, t) r 0%¢(x, t)

ot? Ox?
p: mass per volume, E: Young modulus, &: displacement.

e D =Q(p,E)[0h, 0], R = (p? — E?) € D, M = D/(DR).

=0.

e We can check that R = R, i.e., R is self-adjoint and:

ARE) =E(RN)+8: (p (A & — £ N)) + Ox( E (£ A— XD, €)).

e As D is a commutative ring and R € D, we have endp(M) = D
= if £ is a solution of the system, then so A = %Bt £.

Thus, we obtain the following conservation law:

00 (5067 + 5 (0:7%) +0, (-Edc 0.9 =0
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Example: Linear elasticity

e We have the following conservation law:

o (Sner+ E(axs)z) 40, (~E0.£0,6) =0.

o If we call energy I(t) = 5 f (p(0: €)% + E (0x€)?) dx, we get:

©1(1) = E (00 €(b, 1) 0 &b, 1) — 0.(a, 1) (3, 1),

e If we have the boundary conditions £(a, t) = 0, {(b, t) = 0, then
we get 0:&(a,t) =0 and 0:&(b,t) =0, dI(t)/dt =0 and:

1 b
10 =10)=5 [ (p(0:£P(x.0) + E (0P (x.0))
o If £(x,0) = f(x) and (9:&)(x,0) = g(x), then we obtain:

Vt>0, I(t)= % /b (pg(x)2 + Ei(x)2) dx.
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Example: Hydrodynamics

e The movement of an incompressible rotating fluid with a rotation
axis lies along the x3 axis and a small velocity is defined by:

oup
s —2po S u2 +

ou
Po 872 +2po Qo ur +
0U3 ap
242
"t T
Ou | Ouy | Ous
Oxl 8X2 8X3

=0
Ox1 ’

dp
Oxa =0

=0,

u=(u; wuy uz): local rate of velocity, p: pressure, pp: constant
fluid density, £2: constant angle speed.

pod:  —2pof 0 O
. _ 2 Po Q0 £o Bt 0 (92 ~

e We have: R = 0 0 P
01 1)) 3 0
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Example: Hydrodynamics

e R = —R implies that if (4, p) is a solution of the system, so is:
)\1 = uy, )\2 = uz, )\3 = u3, )‘4 = p.
e Denote by £ = (u1 wp wy p)T. We have the identity:

5 9 9 9 po (A1 u1 + A2 w2 + A3 u3)
_ 5 v o o o Ap+ A
()‘7 Rf) - (f, R)‘) + (61‘ Ox1 Ox> 8X3> Ao p+ Ao

Az p+ A us

o If we take X\ = £, then we get R A =0 and

0 0
: 2 2pun) o (2p )+ (2pus) =0,

ox 1 8xz 8X3

i.e., we obtain the conservation of law:

(po (U3 +u3+u3))+

9 (1 o\
5 (3 1312) +aiv(er) =0
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Example: Electromagnetism

e Let us consider the Maxwell equations in the vaccum:

9B G NE=0

ot -

1 -

- B — ¢ — —
VA €0 ot 0,

B (resp., E): magnetic (resp., electric) field, pio (resp., eo):
magnetic (resp., electric) constant.
e Let us consider D = Q(uo, €0)[0t, 01, 02, 03] and the matrix:

Or 0 0 0 —03 O
0 O 0 03 0 —
R 0 0 Or —h 01 0
o 0 —03/po O/ —€0 O 0 0
03/ o 0 —01/ 1o 0 —€0 O¢ 0
0 0 0 —€0 Ot

—0a/po 01/ 1o
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Example: Electromagnetism

e We have:
—0¢ 0 0 0 —03/po 02/ o
0 —8t 0 83//;0 0 —(91/#0
B 0 0 —0¢ —02/mo 0O1/1o 0
0 —-03 b €0 Ot 0 0
03 0 -0 0 €0 O 0
—0r O 0 0 0 €0 Ot

OfZ(Bl B2 B3 E1 E2 E3)T, /\:(Cl C2 C3 F]_ F2 F3)T.
e We have the differential relation:
(ARE) = (€ RA) +0: (X2, G B —co 71 Fi i)

[ GE-GE+(F3B— F2Bs)/uo
+V.| GEB-GE +(FiBs—FB1)/1o
GQE —-GE+(F2Bl—FB2)/uo
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Example: Electromagnetism

o Let us consider M = D0 /(D1*0 R) and N = D*6/(D'*0 R).

e A morphism f € homp (N, M) can be defined by:

/o 0 0o 0 0 0
0 1/ O 0O 0 O
B 0 0 1/uw O 0 O _
. 0 0 o -1 0 o |» Q=P
0 0 0 0 -1 0
0 0 0o 0 0 -1

o If £ is a solution of the system, then A = P¢, i.e,,
Ci:Bi/M()u Ff:_Ei7 i:172737

is a solution of R\ = 0. Then, we obtain the conservation law:
1 - - . 1 - 5
O¢ < I B ||2 +eo || E H2> + div ( (E A B)) =0.
Ko Ko
ew=| B /uo+eo || E || electromagnetic energy,

o [1=(E A B)/po: Poynting vector.



A Lax pair for the KdV equation

e Let us consider the differential ring Q{u} formed by differential
polynomials in u, the prime differential ideal of Q{u} defined by

@ —6u du + @

ot Ox ox3 |’
the differential ring L = Q{u}/p and K = {n/d | 0#d, ne L},
i.e., the differential field defined by the KdV equation.

e Let us consider the rings A= K [8X; id, Bx ] D=A [8t,1d, at]

ou

—_a93 -
E=—403+6ud+3 <ax) €D, y_D/DR).

R = 8t - E S D,
e The Schrédinger operator P = —92 + u with potential u satisfies:
ou ou ou
RP—-PR=0;P—-EP+PE=— — — =
O * ot ou ((")x) ox3
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A Lax pair for the KdV equation

In the inverse scattering theory, a key point is that the smooth
one-parameter family of differential operators

t— —02 4 u(x, t)
defines an isospectral flow on the solutions of 0;n = En:

(=02 + u(x, 0)) ¥(x) = Ap(x),

den(x,t) = En(x,t), E=—-40}+6udi+3 (‘9“> ,

0 x
n(x,0) = ¥(x),

= (_8>2< + U(Xv t)) 77(X7 t) = )‘77(X7 t),

= the inverse scattering method proves that the KdV equation is
completely integrable.
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IV. Factorization of linear functional systems
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Kernel and factorization

A — y
ptxa E pe T, oM 0
l.Q l.p lf
Dlxq’ i/} D1><p’ L/) M —50

Ay — pRr=AP — 0

e kerp (( g, )) =D (s -T)

= {Ae DY*P|A\P e DR} =D’ S
= ker f = (D*" S)/(D**9 R).

« (D9(R — Q)€ kerp ( < - >> — (D9 R) C (D*" S).

Xr .
IVveD?”: R=VS.
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Kernel and factorization

We have the following commutative exact diagram:

0

!

ker f

Li
ptxa £ pxe T, m 0
L I s
Dxr =2, pixp T, M/kerf — 0.

!
0
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Example: Linearized Euler equations

& 0 03 0
8 0 0 9
e let R= Ot 8, 0 3: over D = R[81,82,63,8t].
0 0 0O 0
e Let us consider f € endp(M) defined by:
0 0 0 0
p_ 0 03 —0,0; 0
10 605 93 0
0 0 0 0
: P . .
e Computing kerp | . R and factorizing R by S, we obtain:
10 0 0 0 1 0 0 O
0 6 93 0
Jr 0 0 0 O
S=|o0 -8 0 0], v=
0 0 -1 0 0
0 0 0 0 00 019
0 0 0 1 3
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Example: Linearized Euler equations

e We have R = V' S where:

o 8 9 0 % 1 00 0 (1)(;’808
& 0 0 o | [0 0 00 & 0 -5 0 0
0 8 0 & | | 00 -1 0 & ootao
t
0 0 9, 05 00 0 1 0 o 0 0 1

e The solutions of Sy = 0 are particular solutions of Ry = 0.

= Integrating S, we obtain the following solutions of Ry = 0:

0
o E(x
8X3 15 X27 X3)

8X2 g(X].) X2a X3)
0

y(xi, %2, x3,t) = , VEEC™(Q).
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Ker f, im f, coim f and coker f

e Proposition: Let M = DY*P /(D9 R), M’ = Dlxp//(Dlm’ R')
and f : M — M’ be a morphism defined by RP = QR’.

Let us consider the matrices S € D™P, T € D'™*9, U € DS*" and
V € D9*" satisfying R= V'S, kerp(.S)= DU and:

kerp ( < g, >) =D (s —T).

Then, we have:

o ker f = (D'X" S)/(D'*9 R) = D1*// (Dlx(q+s> ( g ))
e coimf & M/ ker f = D1><P/(D1><r S),

o imf = Dl><(p+q/) < g/ > /(D1><q R) ~ D1><p/(D1><r 5),
e coker f £ M'/im f = D'/ <D1X(p+q/) ( g, >>

Alban Quadrat Factoring and decomposing multidimensional linear systems



Equivalence of systems

e Corollary: Let us consider f € homp(M, M’). Then, we have:

@ f is injective iff one of the assertions holds:
e There exists L € D9 such that S = LR.

° ( 5 > admits a left-inverse.

@ f is surjective iff < Z,

@ f is an isomorphism, i.e., M = M’, iff 1 and 2 are satisfied.

> admits a left-inverse.
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Pommaret's example

e Equivalence of the systems defined by the following R and R’?

p_ BB-1 003
T\ B2 0202

), R =(10,—1 —033).

e We find a morphism given by P = ( (1) (1) ),QZ ( 1+5.82162 )
i

. ( g ) = < 1+8821 & > admits the left-inverse (1 — 0,0, 03).
1

p 1 0
o ( R ) = 0 1 admits the left-inverse (L 0).
010, —1 —R

= M — D1><2/(D1><2 R) o~ M/ — DIXQ/(D Rl)
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Free modules & similarity transformations

e Definition: A left D-module M is free if there exists | € Z s.t.

M = p1</.

e Proposition: Let P € DP*P. We have the equivalences:

@ kerp(.P) and coimp(.P) are free left D-modules of rank p
and p — m.

@ There exists a unimodular matrix U € DP*P, j.e.,
U € GL,(D), such that:

JA2UPU = ( JO ) Jr € DP—m)xp,
2

kerp(.P) = D™ U

= U= UHT,
(Ui 2) { coimp(.P) = 7/(D*(P=m) ().
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A useful proposition

e Proposition: Let R € D9*P and P € DP*P, Q € D9*9 be two
matrices satisfying:
RP=QR.

Let U € GLy(D) and V € GLg(D) such that

P=U"1JpU,
Q=V1JV,

for certain Jp € DP*P and Jg € D9%9.

Then, the matrix R = V R U~ ! satisfies:

RJp = JgR.
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A commutative diagram

The following commutative diagram

D1><q

Vv
Jo

(VRU™Y)

D1><q
-Q
D1><q
4
D1><q

D1><p

(VRUTY)

D1><p

implies (VRU ) J, = Jo(VRU™Y).
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Block triangular decomposition

e Theorem: Let R € D9*P, M = D**P/(D'*9 R) and
f € endp(M) defined by P and Q satisfying R P = Q R.

If the left D-modules
kerp(.P), coimp(.P), kerp(.Q), coimp(.Q)

are free of rank m, p — m, I, g — /, then there exist two matrices
U= (U] UJ)T € GLy(D)and V = (V] V)T € GLy4(D)
such that

— ViR W 0
_ -1 _ 1 1 qgxp
R=VRU _<V2RW1 V2RW2>€D ,

where U1 = (Wy  Wh), Wy € DPX™, Wy € DPX(P=m) and:

Uy € Dm><p’ U, € D(p—m)><p, Vi e DIXq, Vo e D(q—/)><q'
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Example: OD system

o Let D = k[t] [9;id, &] and M = D¥**/(D¥** R), where:

0 —t t 0
o to-t o -1 s
R=1lo ¢t o9+t 0-1 [P

0o 00—t t 0

e An endomorphism f of M is defined by:

1 000 t+1 1 -1 —t

0100 1 1 -1 0
P= 0 00 O0 | @= t+1 1 -1 —t

0 00O t 1 -1 —t+1

e We can prove that the left D-modules kerp(.P), coimp(.P),
kerp(.Q) and coimp(.Q) are free of rank 2.
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Example: OD system

e We obtain:
0010 1000
U1_<0001>’ U2_<0100>’
10 -1 0 00 1 0
Vl_(o 1 t-1 —t>’ V2_<0 0 -1 1>'
0010 10 -1 0
000 1 01 t—1 —t
“U=1l1000| Y loo 1 o |’
0100 00 -1 1
we then obtain that R is equivalent to:
. 1 0 0
_ i td—t —-0—t 0 O
R=VRU =
o+t 9-1 8 —t
-0 1 0 0
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Example: Tank model

e We consider D = Q [%, 5] and:

. 2 1 245 |
1 2 -245
e A endomorphism f of M is defined by:

0 0 0
J J B 0 0
1 -1 0 dt

e We can check that kerp(.P), coimp(.P), kerp(.Q) and
coimp(.Q) are free D-modules of rank respectively 2, 1, 1, 1.

T U=(0 0 1)
1 — 0 -1 2%(5 ) 2 — )

Vi=(1 0), Vo=(0 1).



Example: Tank model

o If we denote by

1 0 0
U= 0 -1 2495 V= 10
a a7 o1 )
0 0 1
we then obtain
1 0 0
Ult=|0 -1 245 | €GL3(D),
0 0 1

and the matrix R is equivalent to:

Rovrui-( " _12 J 02 .
1 62 245(2-1)
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Exemple: Electromagnetism

- 1 = - o -
00 A+ -VAVA-oVV=0
i
1 5 5 1 1
08 — — (8 +83) — 010, — 0,83 —od;
Iz ® M
1 1,5 5 1
= R = — 8,8, 08 — — (87 + 83) Z 8,03 —0 &y
® Iz H
1 1 1. 5 5
— 9,05 — 8,05 08 — — (8 +03) —ods
n I Iz

o Let D = Q[0r, 01,0, 03] and M = D4 /(D3 R).

0 0 0 0
P _ 0 opd: 0 —o pdy
- 0 0 o p O —o o3 9
0 8:8 8:85 —(83+83)
0 0 0
Q= —018; opd—3 —8, 83 ,
— 81 83 — 8,83 opd — 83
satisfy R P = Q R and define an morphism f € endp(M).



Exemple: Electromagnetism

e The modules kerp(.P), coimp(.P), kerp(.Q), coimp(.Q) are
free D-modules and:

-0t u- (388 2,)

1
coimp(.P) = DY*? Uy, Up = — ( 0100 > ,
kerD(.Q) = D1X2 V]_, V1 == ( 1 00 )
coimp(.Q) = DY*? Vo, Vo = ( 0 1 (1) > .

matrix R is then equivalent to R = V R U™! defined by:

1 1
0O — —(03+02) —o 0 0
Iz Iz
1 l _ 2 2 2
— 010, 9  o(opd— (0] + 95 + 93)) 0
® ©
1 1
= 0, 03 — 53 0 o (o pd — (82 + 83 + 82))
I ©
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V. Decomposition of linear functional systems
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Projectors of endp(M)

e Lemma: An endomorphism f of M = D**P/(D'*9 R), defined
by the matrices P and Q, is a projector, i.e., f° = f, iff there exist
Z € DP*9 and Z' € D9%t such that

P2=P+ZR,
Q?=Q+RZ+ZRs,

where Ry € D'*9 satisfies kerp(.R) = D**t R,.

e Some projectors of endp(M) can be computed when a family of
endomorphisms of M is known.

e Example: D = A1(Q), R= (0> —td—1), M=D>?/(DR).

—(t 0+1 2 t 2
P:< (+g) " J;a ) P2:P+<(t+0a) )R.
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Projectors of endp(M) & ldempotents

e Particular case: (R; =0 and P2 =P) = Q%> = Q.

e Lemma: Let us suppose that R, = 0 and P?> = P+ Z R. If there
exists a solution A € DP*9 of the Riccatti equation

ARAN+(P—I)AN+AQ+Z=0, (%)
then the matrices P=P+ARand Q = Q + RA satisfy:
RP=QR, P =P, @ =AQ.
e Example: A = (at a0 —1)7 is a solution of (x)

5 [ atd®—(t+a)o+1 t2(1—ad) —
;‘P—< (230-1)?2  —atP+(t—2a)0+2 ) 9=

L. =2 = —2 =
then satisfy P~ = P and Q™ = Q.



Projectors of endp(M)

e Proposition: f is a projector of endp(M), i.e., f2 = £ iff there
exists a matrix X € DP*® such that P =/, — X'S and we have the

following commutative exact diagram: 0
|
ker f
Li
pxa K pbe T, M o0
TTl.v P Tl f1lk
ptxs Y ptxr S plxp T M/kerf — 0.
X
— l
0

=>M=Zkerfdimf & S—-SXS=TR. ()
e Corollary: If kerp(.S) =0, then R = V' S satisfies:
SX-TV=I.



Decomposition of solutions

e Corollary: Let us suppose that F is an injective left D-module.
Then, we have the following commutative exact diagram:

Vz=0=Ry «— vy

Fa K FPo— kerg(R) —0
Tv. | K&
Fs L Fr S FP o kerp(S) 0,
L
0=Uz «+— z=Sy — y

Moreover, we have: Ry =0 <& <V>z:0, Sy=z

General solution: y = u+ X z where S u =0 and ( l\i ) z=0.
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Example: OD system

o Let D = k[t] [9;id, &] and M = D¥**/(D¥** R), where:

0 —t t 0
| 0 to-t 0 -1 axa
R= 0 —t o+t 0-1 € D™

0 o0-t t 0

e We obtain the following idempotent:

1 0 0O
ot o0 e el
P= 000 0 €k . Pe=P.
0 00O
e We obtain the factorization R = V' S, where:
o —t 0 0 1 0 t 0
0 0 00 1 t 0 -1
=10 0 10 V=10 0+t 0-1
0 0 01 1 1 t 0
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e Using the fact that we must have /[, — P = X S, we then obtain:
0 0O
X =

O O O o

0 0 O
010
0 01

Ry=0&y=u+Xz: Vz=0, Su=0.
e The solution of S u = 0 is defined by:
u1:%C1t2—|—C2, u==C, u3=0, u=0.
e The solution of V z =10 is defined by: zz1 =0, z2 =0 and
z3(t) = G Ai(t) + G Bi(t), z(t) = GGOAi(t) + G4 0Bi(t).
e The general solution of Ry = 0 is then given by:

;
y:u+Xz:<;C1t2+C2 G z(t) 24(t)> .
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Idempotents & Projective modules

e Definition: A left D-module M is projective if there exists a left
D-module N and | € Z, such that M & N = D>/,

e Lemma: If P € DP*P is an idempotent, i.e., P2 = P, then:

@ kerp(.P) and imp (.P) are projective left D-modules of rank
mand p— m.

e imp(.P) = kerp(.(l, — P)).
e Proposition: Let P € DP*P be an idempotent. 1 < 2:

@ kerp(.P) and imp (.P) are free modules of rank m and p — m.

@ 1 U e GL,(D) satisfying UP U™ = < 8 / 0 >
p—m

kerp(.P) = D™ Uy,

_ T T\T
= U= (Ul U, ) ) { imD(.P) — pix(p—m) Us.
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Block diagonal decomposition

e Theorem: Let R € D9%P, M = D1*P/(D'*9 R) and
f € endp(M) defined by P and Q satisfying:

PP=P, &=Q
If the left D-modules
kerD(.P), imD(.P), kerD(.Q), imD(.Q)

are free of rank m, p — m, I, g — I, then there exist two matrices
U= (U] UJ)T € GLy(D)and V = (V] V)T € GLy4(D)
such that

— Vi R W, 0
R R 1 1 1 c DI¥P

where U™1 = (Wy  Wh), Wy € DPX™, W, € DPX(P=m) and:
Up e D™P, Uye DP=mM*P vy € DX9 vy e D9,



Example: Two pendulum on a car

e Let us consider the linearized equations of two pendulum:

it Ey-Su=o,

h h
i+ Eyp-Su=o
b b

e Let us consider D = Q(g, h, k) [%], the system matrix

d? g &g
R:<dt2+’1 0 11>6D2x3

d g _g
0 T h Th

and the D-module M = DY*3/(D*2 R),
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Example: Two pendulum on a car

e A projector f € endp(M) is defined by the idempotents Q = 0,

1 —h (125’:—22+g) b (/25722+g> 0
— 2
P et h) 4 (15 ve) (3 o) ’
2— 11
_h (Iz %2+g) (/1 %ZJrg) % (Iz %2+g) (11 %2+g) 0

e The modules kerp(.P) and imp(.P) are free with bases:

&£ 0 _&
kerp(.P) = DY*? Uy, U, = ( o " 2, g 2 ) ’
0O @tnr —%
1mD(P) = D U27 U2 = (/1 — 12 0),
:RU‘l_(é (1) 8), U= (Ul U)T € GLsy(D).
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Example: Two pendulum of the same length on a car

e Let us consider the linearized equations of two pendulum:

)71-1-5)/1—

/ 0

S
Il

0.

=
Il

— 10y —|0q

b+%m*

o Let us consider D = Q(g, /) [2], the system matrix

d | g
R:<dt2+l d20 h >€D2><37
0 wetT —

—I

o
~Iom

and the D-module M = D*3/(D1*2 R).
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Example: Two pendulum of the same length on a car

e A projector f € endp(M) is defined by the idempotents:

0 00
0 0
P = —110,@:( )

-1 1
0 00
e kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are free modules:
100
kerp(.P) = D2 Uy, U; = ,
erp(-P) Lo (0 0 1) U=y ul)T,
imD(.P) =D U2, U2 = (]. -1 0),

V= (VlT V2T)Ta

kerD(.Q) =D Vl, V1 == (]. 0),
imp(.Q)=D Vs, Vo=(1 —1),

d2
:>R—VRU_1—<(“+§ -7 0 >
0
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Example: OD system

e Let us consider the matrix again:

0 —t t 0
0 to—t 0 -1
0 —t O+t 0-1
0 0-t t 0

R:

e A projector f € endp(M) is defined by the idempotents

1 0 0O t+1 1 -1 —t

0100 1 1 -1 0
P= 00 0 0} Q= t+1 1 -1 —t

0 0 0O t 1 -1 —-t+1

i.e., P and Q satisfy:

RP=QR, P>’=P, Q@°=Q.
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Example: OD system

e Computing bases of the left D-modules
kerp(.P), imp(.P), kerp(.P), imp(.Q),

we obtain the unimodular matrices:

0010 -1 0 1 0
0 001 -t -1 1 t
U= 100 0]’ V= t+1 1 -1 -—t
0100 -1 0 0 1

e R is then equivalent to the following block diagonal matrix:

0o -1 0 0
= 1 |t 90 0 0
R=VRU " = 0 0 o —t
0 0 0 0
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Example: Cauchy-Riemann equations

e Let us consider the Cauchy-Riemann equations:

du Ov _
ax oy "0
du  Ov
oy Tox T

o D= Q(i)[@x,ay], R = ( g; _8?}/ >’ M = D1><2/(D1><2 R).

e The matrices P and @ defined by P = Q = % ( _1’. 1 )

satisfy RP = P R and P2 — P, i.e., define a projector.

{ kerg(y(-P) = Q) (1 —1i), 1
img()(-P) = Q1) (1 1), !
.¢R——URU—L—<5&Bi@ a{ka>——2<g g).

R e it T

:U:V:( ‘7>6be)



Example: A classical system of PDEs

e Let us consider the following important system of PDEs:

o1 dy>
ox o O
oy1 Oy

e Acoustic wave: y1 =u, yo =p, a=1/p, b= pc>.
e LC transmission line: yy = v, yo=i,a=1L, b=1/C.

e D=Q(a,b)0, 0], R=( % 20 ) M= pe2)(prepg),
O by

e A projector f € endp(M) is defined by the idempotents

1 1 2aba 1 1 2aa
P_2<2a 1 ) Q_2<2ba 1 )
where « satisfies 4aba? — 1 = 0.
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Example: A classical system of PDEs

e Let us denote by D' = Q(a, b,a)/(4aba? —1)[0y, Oy].
e kerp/(.P), imp/(.P), kerp/(.Q) and imp/(.Q) are free with bases:

kerD/(.P):D’Ul, U1:(—2a 1),
imp/(.P)=D" U, U=2a 1).

kerD/(.Q):D’ Vl, Vl :(2[3(1 —1),
imD/(.Q) = D/ \/27 V2 = (2 ba ]_) .

e U= (U] UNT eCGLy(D), V= (V] VJ)T € GLy(D).

e The matrix R is equivalent to (1/(2a) = Vab):

B VRU- - —bOx + 5 O 0
0 boy+ 50 |
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Example: Transmission line

e Let us consider the following transmission line:

oV ol
$+L87+RI 0,
oV 6/

e Let us consider D = Q(C, G, L, R)[0x, 0],

B Oy Lo:+R  AIX2 Alx2
5—(cat+c " > M = D'*2/(D1*2 §),

e A projector f € endp(M) is defined by the idempotent

1 CLOy—a0y+CR LOx—aldi—aR
P=__ -
CR-LG \ aCd—Co+aG ady—CLO;:—LG

where « satisfies o2 — LC =0and SP = QS.
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Example: Transmission line

e Let us denote by D' = Q(C, G, L, R,a)/(a? — L C)[0x, Oy].
e kerp/(.P), imp/(.P), kerp/(.Q) and imp/(.Q) are free with bases:
{ imp(\P)=D' Uy, Ur=(C —a),
kerp/(.P) = D’ Uy,
Ui=(Cox—aCdi—aG CLO—adx+ CR),
{ kerp((Q)=D'Vi, Vi=(C —a),
imp/(.Q) = D' Vs,
Vo=(-Cox—aCd—aG adx+ CLI+ CR).
e U= (U] UNT cCLy(D), V= (V] VJ)T € GLy(D).

e The matrix R is then equivalent to:

e e (1 0
=S=VSU —<0 (R+L8t)(G+C6t)_8)2<)
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Example: Transmission line

V=CoV—-aCdhV-aGV+CLOI—-adl+CRI,
I=CV—-al,

- V= ccrro @V +(CLI T —adl + CRI)),
I= cierT1e (CV+aCol—-Col+aGl).

e We have the following equivalence of systems:
oV ol

9 LY RI= -
(1) 8X+ 3t+ O, VZO» ~
c%¥+cv+gfzm (R+L3,)(G+Cad)—2)T=0.(2)
X

e The solutions of (1) can be written as (I: cyclic vector):
V = ccp—re (CLO T —ad, T+ CRT)),
I = ciepre (@ CoT—CaT+aGl),
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Example: Beltrami equations

e Let us consider the Beltrami equations:

ou ov

— —x— =0,

ox Oy L R- Ox —x0y
8u+ ov 0 S\ 0y x0x '
bV A

dy Ox ’

e The matrices P and Q defined by

p_ 1—-x0x+ix0, x?(8y,+i0x)
Oy + 1 0x 1+x0c—ix0, )’

Q- —x0x —ix0y, —x0,+i(l+x0)
—x 0y + i x0x 1+ x0«+ix0, ’
satisfy
PR=QR, P’=P, Q=Q,
i.e., define a projector f of endp(M) (2 = f).



e The left D-module kerp(.P), imp(.P) = kerp(.( — P)),
kerp(.Q), imp(.Q) = kerp(.(k — Q)) are free with bases:
kerp(.P) =D (=0« +i0, x(0y+i0dx)),
imp(.P)=D (i x),
kerp(.Q) =D (-1 i),
imp(.Q) =D (—x(0y —i0x) (1+x0x)+ix0y).
e If we form the following unimodular matrices

U= ( OOy x(Oy 0 > € GLy(D),

i

_]_ j
V= ( —x (8, —i0x) (1+x0x)+ixd, ) € GL»(D),

the matrix R is then equivalent to:

— 4 (1 0
R=vRUt= (5 2% )
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-
o Let us define (0 V)T =U(u v)7, ie.:

U=—(Oxu—idyu)+ix(Oxv—1id,v),
V=iu+xv,

o= —XU+ix(0xV—1i0,V)—iV,
v=1iu+(0xv—i0,V).

e We have the following equivalence of systems:

o ov_
Ox X(?y_’ u=0,

(%) & DR
@—i—x@:O xAV—-i0,v=0
dy Ox ’

e The solutions of (x) can be written as (V: cyclic vector):

{ u=ix(0v—id,Vv)—iv,

S where xAv—id,v=0.
v=0xv—id,V,
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Example: Dirac equation

e Let us consider the following complex matrices:

00 0 —i 0 0 0 -1
. oo =i o >, [ o 01 0
T= 0 0 0 ’ T = 0 10 0 )
i 0 0 O -1 0 0 O
0O 0 —i O 1 0 O 0
3 0O 0 0 4 01 O 0
=i 0 oo 7 Tloo -1 o0
0O —/ 0 O O 0 0 -1
e The Dirac equation has the form Zf}:l v Jy/0x; = 0:
dayr —idsys — (idi +do) ysa =0,
days — (idy —do)ys +idsys =0,
ay2 — (id b)y3+id3ys di = 0/0%.

id3y1 + (idi+da)ys —day3 =0,
(idi—do)y1 —id3ys —days =0,



Example: Dirac equation

e Let us consider D = Q(i)[d1, d2, d3, ds], the matrix

dy 0 —ids —(i di —|—d2)
_ 0 d4 —I'dl +d2 Id3 A% 4
R= ids  idi+d  —ds 0 €D,
idy — do —ids 0 —dy

and the finitely presented D-module M = D***/(D*** R).

e Computing projectors of endp(M), we obtain a projector f
defined by the pair of matrices:

1 0 -1 0 1010

1 0o 1 o0 -1 10101
P=51 10 1 o | 993|101 0
0 -1 0 1 0101

e We have P? = P and Q? = Q, i.e., the D-modules kerp(.P),
im (.P), kerp(.Q) and im (.Q) are free.



Example: Dirac equation

e Computing bases for these modules, we then get:

kerp(.P) = D2 Uy, Uy = (1 s A

im (.P) = D¥*2 U, =

)
02301),
%)
%)

=
kerp(.Q) = DV v, = < (1)
(5

IIl(Q) = D1X2 V2, =

e Let us form the unimodular matrices:

U= (U] U7 eGLyD), V=(Vy V)T eGL4D).
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Example: Dirac equation

e The matrix R is then equivalent to the block-diagonal one:

ids—dy —idi—db 0 0

-1 _ idi—dr id3+dy 0 0
VRU™ = 0 0 idz3+dy idi+do
0 0 idi—dy —id3+ dy

o If we denote by z = U y, we obtain that the Dirac equation is
then equivalent to the decoupled system of PDEs:

(ids— di)zr — (i
(i d1 d2) 71 + (
(I dz + d4)Z3 + (I di + d2)
(I dy — d2)23+(—ld3 +d4)
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Example: 2-D rotational isentropic flow

e We consider the linearized approximation of the steady
two-dimensional rotational isentropic flow (Courant-Hilbert)

8 280’
Upai—kCa 0,
up((g)\+c2gg—0,
%Jr @+ua—g—0
ax Pay TYax T

where u is a constant velocity parallel to the x-axis, p a constant
density and ¢ the sound speed.

e Let us consider D = Q(u, p, ¢)[0x, 9y], the system matrix
u p Oy 2, 0
R = 0 29, updx | € D3
pax u Oy pay
and the D-module M = DY*3 /(D3 R).
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Example: 2-D rotational isentropic flow

o If o satisfies 1 + 4 (c? — u?) a? = 0 and we denote by
D' = (Q(u,p,c,0)/(1+4(c? = u?) a?))[0x, 9],

0 2ac(c®>—u?) up

U= 0 2ac(c®—u?) —up | € GL3(D),
up c 0
2a0c 1 —-2acu
V=| 2ac -1 —2acu | € GL3(D"),
1 0 0
Ox —2acd, 0 0
= R=VRU!'= 0 O +2acd, 0
0 0 Ox

e We have M = My & M, & Ms, where M3 = D' /(D' dy) and:
My =D"/(D'(0x —2acdy,)), My=D"/(D' (0« +2acd,)).



Example: Fluid in rotation with a small velocity

e Let us consider an incompressible fluid in rotation with a small
fluid velocity (Landau & Lifchitz, Mécanique des fluides, p. 62):

—

+2p00QAV+Vp=0,

6
0ot
v=0.

-

V.

o If we consider € = (0,0,0/2), we then the system matrix

pod: —pofdo 0  O1
poSo  po Ot 0 0O
0 0 po0r O3
O O 03 0

R — c D4X4,
where D = Q(pa QO)[af781a82aa3]'
e We consider the D-module M = D*4/(DY** R).



Example: Fluid in rotation with a small velocity

e The matrices P and @ defined by

1 00 0 0 000
1 1 1
b a0 00 - o a0 100
0 01 0 ’ 0 010 |’
1
0 00 1 9 00 1

satisfy the relations RP = QR, P> = P and Q% = Q.

e The D-modules kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are
free of rank 1, 3, 1 and 3 and we obtain the unimodular matrices:

poat —poat 0 61 11 0 00

1 0 0 0 | &0 100

U= 0 0 1 0 V= 0 010
1

0 0 01 - 0 0 1
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Example: Fluid in rotation with a small velocity

o We obtain that the matrix

po0: —2p2 0 O
2p02  po Ot 0 0
0 0 po0: O3
o1 15y, 03 0

R =

is then equivalent to the following matrix:

1 0 0 0

0 LR+ 0 L(%d+ k)
VRU™ = g 0 00 0r 05

0 L (9d+R0) 0 L 5,0,
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Example: A linear system of two second order equations

e We consider the system of PDEs (Handbook of Mathematics for
Engineers and Scientists, Polyanin-Manzhirov, p. 1341):

ou &%u
a—aﬁ—blu—(&w:o,
ow Pw

E—BW—bQU—CQWZO.

e We consider the ring D = Q(a, b1, b, c1, ¢2)[0t, Ox], the matrix

R— Ot — a@f — b1 —C1 c D2X2,
—b2 8t — aé?f —

and the D-module M = D'*2/(D'*? R).

Alban Quadrat Factoring and decomposing multidimensional linear systems



Example: A linear system of two second order equations

e Let a be the algebraic number satisfying:
(b1 — b2)*+4c1b)a® —1=0.
A projector f € endp(M) is defined by the idempotent matrices:

o _1 (bl—bg)a-i-l 2C104
P_Q_2< 2by (bz—bl)a—|—1>

e kerp(.P) and imp(.P) are free D-modules with bases:
{ kerp(.P)=DU;, Ui=Q2bya (by—b1)a—1),
imp(.P)=D U, Uy=(-2bya (b1 —b)a—1).
e Let usdenote by U=V = (U] UJ)T € GLy(D).
e R is equivalent to the matrix R = V R U~! defined by:

. ( 0y —a02 — (2t o L 0 >

0 O — a2 — tb) _ L
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Example: A linear system of two second order equations

e We consider the system of PDEs (Handbook of Mathematics for
Engineers and Scientists, Polyanin-Manzhirov, p. 1342):

d%u d%u
ﬁ—k@—alu—blwzo,
Pw ?w
o Kaa T2t hw=0

e We consider the ring D = Q(k, a1, az, b1, b2)[0¢, Ox|, the matrix

R (O KOE-a , _bé € D**2,
—a at—kax—bz

and the D-module M = D'*2?/(D'*? R).
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Example: A linear system of two second order equations

e Let a be the algebraic number satisfying:
((al — b2)2 + 4 a bl)a2 —1=0.
A projector f € endD(M) is defined by the idempotent matrices:

(bz—al)oz—i-l 2b10[
P=Q=3 ( 2a (bg—bl)oz—l-l

e kerp(.P) and imp(.P) are free D-modules with bases:
{ kerp(.P) =D Ui, Ui =QRaa (b —a1)a—1),
imp(.P)=D U, U= (-2aa (a1—b)a—-1).
e Let usdenote by U=V = (U] UJ)T € GLy(D).
e R is equivalent to the matrix R = V R U~! defined by:

R_(ag—kaf uth) 4 L 0 )

: 0 — ko — L) 1
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Pommaret's example |

e Let us consider the system of PDEs (Pommaret, LNCIS 311):
02 ya(x) — 01 ya(x) + 2 y3(x) — D1 y3(x) — ays(x) =0,
92 y1(x) — 01 y2(x) — D2 y3(x) — 91 y3(x) — ays(x) =0,
(91 yl(x) - 81 yg(x) - 281 y3(x) =0.
e Let us consider the ring D = Q(a)[01, 02, 03], the matrix
0 82—01 82—61—8
R = 32 —81 —82 — 81 — a
o -0 —201

and the D-module M = D3 /(D**3 R).

e A projector f € endp(M) is defined by the pair of idempotents:
0 00 1 -1 1
p=| -1 12, @=[0 0 1
0 0O 0 0 1
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Pommaret's example |

e kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are free with bases:

-1 0 1
{ kerp(.P) = DY*2 Uy, U, = < 0 0 -1 > ,
imp(.P) = D Uy, U=(1 -1 -=-2).

kerD(.Q) =D Vl, V1 = (0 1 — ]_)7
. 0 01
imp(.Q) = DY*? V,, V= ( 11 0 > .
e U= (U] U7 €GL3(D), V=(V] V)T €GL3(D).
e The matrix R is equivalent to:

81—82 a 0
R=VRU = 0 0 O
0 0 O
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Pommaret's example Il

e Let us consider the system of PDEs (Pommaret, PDCT, p. 807):

/

—201y2+03y3 —202y3 —O1y3 — y4 =0,
O3y2 —201y2+202y3—301y3+ys =0,
O3y1—601y2 —202y3 —=501y3 —y4 =0,
O2yr—O1y2+02y3 —01y3 =0,
Ooy1—0O1y2—Oay3 —01y3 =0,

O1y1 —O1y2 —201y3 =0.

e Let us consider the ring D = Q[01, 02, 03], the matrix

0 -20 03—20,—01 -1
0 05—-201 20,—30; 1

p_| & -6 28 -58 -1
10 - - 0
& -0 —0y— Oy 0
o -0 20, 0

and the D-module M = D**/(D'*® R).



Pommaret's example Il

e A projector f € endp(M) is defined by the idempotents:

21 -1 -2 2 1

0 000 00 0 2 -2 3
p_1] 0 000 o_l|l00 0 2 25
2| -1 120 2/ 00 0 1 -11
0 000 00 0 -1 1 1

00 0 0 2

e kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are free with bases:

10 0
kerp(.\P)=DV3U;, Uy=1[ 0 1 0|,
00 1

o O O

imp(.P) = D U, =1 -1 —2 0).
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Pommaret's example Il

0200 4 -5
kerD(.Q):D1X3 Vl, V1: 0 020 —4 -3 s
0001 1 -1
0 0 0 0 01
imp(.Q)=D"3V, V,=| 0 0 0 -1 1 0 |.
\ -2 -11 0 00

e U= (U UJ)T € GL4(D), V= (V7 V,J)T € GLg(D).

e The matrix R is equivalent to:

40, -5,  20,-30, 2 0

205~ 40,30, 50, -2 0

_ &y — 0 d—0r 0 0
— -1 _ 2 1 2 1

R=VRU™= 0 0 0

0 0 0 o

0 0 . 0 0
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Pommaret's example Il

e Let us consider the first block of R

40, —50; 203 —3017 2
S = 283—482—381 —581 —2 ED3X3,
Or — 01 Oy — 01 0
and the D-module L = D'*3/(D'*35).
e A projector g € endp(L) is defined by the idempotents:

. 2 0 0
X== 2 0 0|,
2\ 2200, 4250, —200,+250, 2

0 —1 —20
y=|o0 1 20
0 0 0
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Pommaret's example Il

e kerp(.X), imp(.X), kerp(.Y) and imp(.Y) are free with bases:

kerD(.X) =D Wl, W1 = (]_ 1 0),
lmD(X) — D1><2 W27 W2 — ( —2381+16182+283 —25610+2062 —02 )

110
kerD(.Y) = D1X221, Zl :% < 00 2 ),
imp(.Y) = D 2, Z=(0 1 20).
e W=W W) eGLs3(D), Z=(Z] ZJ)T € GLs3(D).

e The matrix R is equivalent to:

0 0
S=zsw1l= -0 0 0
10
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Pommaret's example Il

o W' = diag(W,1) € GL4(D), Z' = diag(Z, l3) € GLe(D).
o The matrix R is equivalent to R = (ZV)R(W' U)™L:

03 —40,
O — 01
0

o O O

OO O += OO

O O OO oo
o

e The solutions of ﬁz = 0 is then:
fxs+ 1 (xa + x2))
0

g(X17X27X3)
C

VfeC®R),Vge COR3, VceR.



Example: Wind tunnel model

e Let us consider the wind tunnel model (Manitius, IEEE TAC 84):

)'<1(t) + axl(t) - kaxz(t — h) =0,
Xg(t) — X3(t) =0,
x3(t) +w?xo(t) + 2Cwxs(t) —w? u(t) = 0.

e Let us consider the algebra D = Q(a, k,w, () [%,5} of
differential time-delay operators and the system matrix:

4 1a —kad 0 0
— d 3x4
R = 0 4 -1 0 | eD¥
0 w? %+2Cw —w?
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Example: Wind tunnel model

o If we define the following unimodular matrices

d
(.U2 dt —]. 0
U 0 1 0 0
| w? (%—l—a) —w?(kad+1) —(%+2w§) w2 |
d
0 d -1 0
w2 %—i—a 0
V=| ? 0 -1 1,
0 1 0

the matrix R is then equivalent to:

%+a —akw?s 0 0
R=VRU = 0 0 10
0 0 01
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Example: Stirred tank

e Let us consider the stirred tank model considered in Kwakernaak,
Sivan, Linear Optimal Control Systems, Wiley, 1972:

fa(t) + 2—19x1(t) —n(t) - w(t) = 0,

(a1 — co)
Vo

(2 — o)

un(t—71)— v

So(t) + © o(t) — w(t—7) =0,

0

e Let us consider D = Q(6, co, c1, &2, Vo) [%,5], the system matrix

d 1
p (&t O 1 1 P
- 0 % —f—% _(cl‘;oco) S _(CQ\;OC()) S € s

and the D-module M = D**/(D*2 R),
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Example: Stirred tank
and Q = ( (1) 8 ) ,

— Q= 2 _
where a = % and 3 = gl €0 satisfy RP = QR, P° = P and
Q% = Q, i.e., define a prOJector of endp(M).

e The D-modules kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are
free and we obtain the following unimodular matrices:

0
) 0
e The matrices P = 0
0

. QL L oo

1 0
0 0
0 «
0 B

0 1 0 0
0 0 Ch—C1 C—C 01
U= d 1 ) V:< >7
9 T 50 0 -1 -1 1 0
1 0 0 0
d 1 1
:>R—VRU1:<‘“ o w0 0)
0
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Example: Tank model |

e We consider D = Q [%, 6] and the system matrix
2 1 245
R— dt
1 6 245
considered in Dubois, Petit, Rouchon, ECC99.
e A projector f € endp(M) is defined by the idempotents

1/2 1/2 0
1/2 12
P=| 1212 0], @=
1/2 12
0 0 1

i.e., P and Q@ satisfy:
RP=QR, P>’=P, Q@°=Q.
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Example: Tank model |

U1 = kerD(.P) = ( 1 -1 0 ) s
o)~ (520,
V1 = kerD( Q) = ( 1 -1 ) y

and we obtain the following two unimodular matrices:

1 -1 0
u=[1 1 o0 |, vz<i_11>.
0 0 1
e We easily check that we have the following block diagonal matrix:
= 5?1 0 0
— -1 _
R=VRU _< 0 14462 —4jt5>'
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Example: Tank model Il

e Model of a one-dimensional tank containing a fluid subjected to
an horizontal move (Petit, Rouchon, IEEE TAC, 2002):

yi(t) — yo(t —2h) + ajs(t — h) =0, e
yi(t—2h) — y(t) + ays(t — h) =0, acR, € R;.

e Let us consider D = Q(«) [%, &], the system matrix

d d s2 d’
R— [ @ “&% @) _ pox3
452 _d 445 ’

dt de?

and the D-module M = D**3/(D'*? R).

1 0 0
: 1 -8
e The matrices P=| 6> 0 a%é | and Q = < 0 0 )
0 0 1

satisfy RP=QR, P’=P, Q°=Q.



Example: Tank model Il

e kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are free with bases:
kerp(.P) = D (52 1 ajté)  kerp(.Q)=D(0 1),
100

imp(.P) = D'*? ( 0 0 1

) . imp(.Q)=D(-1 &)

e If we denote by
52 -1 a%é

U=| 1 0 0 |eGLs(D), vz(
0 O 1

0 1

12 > € GL2(D),

then R is equivalent to the following block-diagonal matrix:

VRU—1=<5’-‘ ° ° )
0 (-1 +1)(0%+1) adhs@-1)0+1) /)"
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Example: Tank model Il

e Another projector of endp(M) can be defined by the
idempotents P’ and Q' defined by:
11
11 /)

1 -1

1
P/:§ —1 1
0 0

N =

0
0], Q=
2

e Using linear algebra, we obtain

1 1 0
1 -1
U=|1 -1 0 | e GL3(D), V’:(1 . )EGLQ(D),
0 0 1

and R is equivalent to the following block-diagonal matrix:

d
V/Rul—]_: E(l_é)(5+1) 0 02 '
0 2(%+1) 2056
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Example: A controlled string with an interior mass

e We consider the model of a string with an interior mass
considered by Mounier, Rudolph, Fliess & Rouchon (COCV 98)

P1(t) +1a(t) — d2(t) — (t) =0
G1(t) + () +m1 d1(t) — m1 ¥1(t) — m2 d2(t) + m2vba(t) = 0,
¢1(t —2h1)+ 1(t) —u(t — h1) =0,
d2(t) + a2t —2hy) — v(t — hp) =0,
where hy, hp € Ry iss.t. Qhy + Q hy is a 2-dim. Q-vector space.
o Let us consider D = Q(n1,m2) [&,01,02], M = D¥5/(D™4R),

1 1 -1 -1 0 0
d d
Re | gztMm —m —m= m 0 0 c D*x6.
o? 1 0 0 —-o01 O
0 0 1 o3 0 -0
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Example: A controlled string with an interior mass

e Computing projectors of endp(M), we obtain:

1 00 0 0 O
-2 00 0 o1 O
p_ 0 00 —03 0 o
0o 00 1 0 0 |’
0 00 O 1 O
0 00 0 0 1
10 -1 1
0 =
Q= p +m M
00 0 0
00 0 0

e We have P? = P and Q? = @, i.e., the D-modules kerp(.P),
imp(.P), kerp(.P) and imp(.P) are free of rank 2, 4, 2, 2.
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Example: A controlled string with an interior mass

e Computing bases of these D-modules, we obtain:

( 210 0 - 0
kerD(.P) = D1><2 Ul, U1 = < o(-)]' 0 1 02 gl — oy > s
2
100000
. 0 00100
imp(.P) = DY** U, Uy = 0000 10|
0 00 O0O0T1
0 010
1 0 -1 1
imp(.Q) = D2 V5, V= d
0 -1 o —m —m

e We form the unimodular matrices:
U= UT eGLs(D), V=(V] V)T eGL4y(D).
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Example: A controlled string with an interior mass

e R is then equivalent to the block-diagonal matrix:

1 0 0 0 0 0
0 1 0 0 0 0
R=VRU'= 0o o0 1*0% o'gfl o1 —o
0 0 o} (i - m) - (i +U1> —m(e3+1) —o1 (i +771) 2 02
dt dt dt

e Let us now consider the second block-diagonal matrix:

1*0’% Ug -1 o1 —o)
S_< of (%*M)*(%er) —m(03+1) -0y (%+m) 2 02 ),
and the D-module N = D¥**/(D'*2 S).
e A projector g € endp(N) is defined by the idempotent matrices:

0 2 2

0 o-1 ( oy +1 (03 = 1)/m2 >
’ - 4 2 2 )

(1) 2 —m2 (05 + 1) —o5+1

{ a= (02 (& —(m+m)) — &+ —m)/2n),
b d

cooo
or oo
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Example: A controlled string with an interior mass

e The D-modules kerp(.P), im (.P), kerp(.Q) and im (.Q) are free
kerp(.P") = D U;,imp(.P’) = D3 Uj, kerp(.Q") = D V{,imp(.Q") = D Vj

d d d
Uy = <af (E—m—nz)—<a+m—n2> L =21 —0y (I—m—nz) :0>7

1 0 0 0
Ué = —01 0 1 0 5
oioa(d=—m—m)—o2(d+m—m) 0 —ocro2(d—m—m) —2m
Vi=(p 1), Va=(m(o3+1) o3—1).

o Let U' = (U7 UJT)T € GL4(D), V' = (V{7 V4T)T € GLy(D).

1 0 0 0
=S=V'SU = d d :
0 g Tmtm o tm—m) o

o Let U” = diag(h, U'), V" = diag(h, V'). We finally obtain:

D iz 1 — : <
R=(V"V)R(U"U)™! = diag(h, S).



Example: A neutral differential time-delay system

e Let us consider the following neutral differential time-delay
system (Logemann, SCL87):

{ x1(t) + x1(t) — u(t) =0,

Xz(t)—X2(t—h)—X1(t)+aX2(t):0, 2c k.

e Let us consider D = Q(a) [%, 8], the system matrix

d
p_ ( @tl 0 1) _ pos
-1 Z(1-6)+a 0 ’

and the D-module M = D'*3/(D**2 R).
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Example: A neutral differential time-delay system

e A projector f € endp(M) is defined by the idempotents:

0 00

P= o o0 0|, Q:<10>.
) 00
4101

e Computing bases of the free D-modules kerp(.P), imp(.P),
kerp(.Q) and imp(.Q), we obtain the unimodular matrices

-1 4(1-8)+a 0

U=| 2£+1 0 -1 | € GL3(D).
0 1 0

\/:(‘1) (1)>€GL2(D),

= 1 00
— -1 _
=R=VRU _<O 1 0>

Alban Quadrat Factoring and decomposing multidimensional linear systems



Example: Flexible rod

e Flexible rod (Mounier, Rudolph, Petitot, Fliess ECC95):
{ yi(t) = y2(t = 1) — u(t) =0,

2y(t—1) — ya(t) — Y2(t— = 0.
i
= R= t
(25@5 52—— )
1+6% —16(1+4%) 0
P=| 25 — 52 0 = 2
(3 F)
0 0 1
—26 52 +1 0 0 1
SU=|25(1-6) $5(%-1) -2 |, vz<2 5>,
-1 36 0
d
_ 4 00
=R=VRU = ¢ .
0 10
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Example: Network model

e Let us consider the network model (Fliess-Mounier, IFAC98)

x1(t) 4+ ui(t) — wa(t — hy) =0,
5(2(1') — Ul(t - h2) =0,

e Let us consider D = Q [%, 01, 52], the system matrix

d
R=( @ O 1 ) Cpea
0 E —(52 0

and the D-module M = D***/(D'*? R).
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Example: Network model

e A projector f € endp(M)
0 00

| 2 1 0

P= 0 00

0 00

is defined by the idempotents
0
0 0 0
n |’ @= ( 0y 1 > ’
1

e Computing bases of the free D-modules kerp(.P), imp(.P),
kerp(.Q) and imp(.Q), we obtain the unimodular matrices

d

i
U= 5y 1

0 O

oo o

5

0 1 0
o | v=(a 1)

1

SR=vRu=( 29 0 )
00 2 610
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Corollary

e Corollary: Let R € D9*P, M = D*P/(D'*9 R) and
f € endp(M) be defined by P and @ and satisfying P? = P and
Q? = Q. Let us suppose that one of the conditions holds:

@ D = A[0;0,0], where A is a field and o is injective,
@ D = k[01;01,01] ... [On; On,0n] is @ commutative Ore algebra,

© D = A[01;id, 1] ... [On; id, 0], where A = k[xi, ..., xpn] or
k(x1,...,xn) and k is a field of characteristic 0, and:

rankp (kerp(.P))

2, rankp(imp (.P))
rankp(kerp(.Q)) > 2

> 2,
rankp (imp (.Q)) > 2

>
>

Then, there exist U € GLy(D) and V € GL4(D) such that
R =V RU™!is a block diagonal matrix.

Alban Quadrat Factoring and decomposing multidimensional linear systems



V. Implementation: the Maple MORPHISMS package
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The MORPHISMS package

e The algorithms have been implemented in a Maple package
called MORPHISMS based on the library OREMODULES developed
by Chyzak, Q. and Robertz:

’ http://wwwb.math.rwth-aachen.de/OreModules

e List of functions:
@ Morphisms, MorphismsConst, MorphismsRat, MorphimsRat1.
@ Projectors, ProjectorsConst, ProjectorsRat, Idempotents.
o KerMorphism, ImMorphism, CokerMorphism, CoimMorphism.
@ TestSurj, Testlnj, TestBij.
@ QuadraticFirstintegralConst. . .

e It also uses the following OREMODULES packages:
QUILLENSUSLIN & STAFFORD.

e |t will be soon available with a library of examples.

Alban Quadrat Factoring and decomposing multidimensional linear systems



Conclusion

e Contributions:

@ We use constructive homological algebra to provide algorithms
for studying general LFSs (e.g., factoring or decomposing).

@ We apply the obtained results in mathematical physics and
control theory.

e Work in progress:

T. Cluzeau, A. Quadrat, Using morphism computations for
factoring and decomposing general linear functional systems,
proceedings of MTNS 2006, Kyoto (Japan), INRIA report 5942.

A. Quadrat, Systems & Structures, Habilitation, to appear.
e Open questions:
@ Bounds in the general case.

@ Criteria for choosing the right P.
@ Existence of a solution to the Riccati equation. . .
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