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ABSTRACT. Consider the symmetric exclusion process evolving on an interval
and weakly interacting at the end-points with reservoirs. Denote by I[O,T](')
its dynamical large deviations functional and by V(-) the associated quasi-
potential, defined as V() = infrx¢ infy Ijg,7)(u), where the infimum is carried
over all trajectories u such that u(0) = p, u(T) = ~, and p is the stationary
density profile. We derive the partial differential equation which describes the
evolution of the optimal trajectory, and deduce from this result the formula
obtained by Derrida, Hirschberg and Sadhu [14] for the quasi-potential through
the representation of the steady state as a product of matrices.

1. INTRODUCTION

Non-equilibrium steady states have attracted a lot of interest in the last decades,
as a first step towards the understanding of far from equilibrium behavior. We
refer to the reviews [12, 13, 6], the recent works [14, 20] and references therein.
These states display many interesting phenomena, such as non-local thermodynamic
functionals, dynamical phase transitions and long range correlations, [15, 9, 5].
Many of these properties can be derived from the quasi-potential, the functional
which plays a role analogous to the free energy in equilibrium.

We consider the symmetric exclusion process evolving in the interval [0,1] and
in contact with reservoirs at the end points. In the case of a strong interaction
of the system with the reservoirs, the boundary conditions do not appear in the
thermodynamic functionals and the effect of the boundary is not clear. To inves-
tigate the influence of the boundaries, we examine in this article the case of weak
interactions.

With strong interactions with the reservoirs, the density at the boundaries take
immediately the value of the reservoirs densities and remain fixed, while the density
in the bulk evolves according to the heat equation. That is to say, the density profile
evolves according to the heat equation with Dirichlet boundary conditions. Even
at the level of the dynamical large deviations, the densities at the boundary are
kept fixed, and only the density at the interior may fluctuate, [21, 3, 4].

In constrast, for exclusion processes with weak interactions with the reservoirs,
the densities at the boundaries evolve in time. Actually, the particles’ density u
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solves the heat equation with Robin boundary conditions [2]. Namely,

Oou = Au  (t,z) € (0,T) x (0,1)
(Vu)(t,0) = A= Hu(t,0) —a] t € (0,T)
(Vu)(t,1) = BB —u(t,1)] t € (0,7)
u(0,z) = v(z) =z € [0,1].

In this formula, o, 8 € (0,1) represent the density at the left, right reservoirs,
respectively, A, B > 0 the intensity of the interaction with the left, right reservoirs,
respectively, and v : [0,1] — [0, 1] the initial density profile. Moreover, Vu stands
for the partial derivative in space of u, d,u for its partial derivative in time and Au
for the Laplacian of u in the space variable.

The weak interaction of the system with the boundaries also modifies the ther-
modynamical variables by adding boundary terms. The Hamiltonian, denoted by
H(~, F), becomes

2
H(v, F) = = (Vy,VF) + (c(7), (VF))
+ b0,4(7(0), F(0)) + bsp(v(1), F(1)) .
In this formula and below, (-, -) represents the scalar product in £2([0,1]), o

[0,1] = R, given by o(a) = a(1 — a), is the mobility of the exclusion process, and
for0<pop<1,D>0,0<a<1, MeR,

boo(a M) = 5 {1 —alofe™ ~1] + all g -1} . (13)

In the Hamiltonian formalism of classical mechanics, density profiles v : [0,1] —
[0,1] play the role of position and external fields F : [0,1] — R, the one of momen-
tum.

The dynamical large deviations functional associated to the Hamiltonian I is
given by

(1.1)

(1.2)

I[O T] = sup/ { 8tut,Ht - ’LLt,Ht) } dt, (14)

where the supremum is carried over all smooth functions H : [0,7] x [0,1] — R.
The functional Ify 7y(u) specifies the cost of observing a fluctuation u(t), 0 <t < T.
In particular, Ijo 7j(u) = 0 if u follows the hydrodynamic equation (1.1).

Let p be the unique stationary solution to the equation (1.1). That is, p is the
solution to the elliptic equation

Ap =0
(Vp)(0) = A7 [p(0) - ] (1.5)
(Vp)(1) = B7HB = p(1)] -

An elementary computation yields that p is given by
5(z) = a(l+ B)+pA B-a)z
P = T BT A 1+B+A
Note that p is the linear interpolation between p(—A) = o and p(1 + B) = 5.
Denote by V() the quasi-potential associated to the rate function Ijo ry(-). It
is given by

V(v) = jnf nf I,y (u)
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where the infimum is carried over all paths u such that «(0) = p, u(T) = . The
quasi-potential V(y) measures the minimal cost to produce a profile v starting
from p. It is also the rate functional of the large deviations principle for the density
profile under the steady state [3].

By using a representation of the steady state of the exclusion process as a product
of matrices, Derrida, Hirschberg and Sadhu [14] proved that the quasi-potential can
be expressed as

V(v) = /01 {v(x) log 11((?) + [1—4(x)] log 11_;(3) +log [ZF_(Z)] } i
+An 51((2)—_:; 4+ B m ,
where F solves the non linear boundary value problem
AF = (W—F)F(VF)2 in (0,1)
(1-F) (1.6)

VF(0) = AN [F(0)—a], VF(1) = B7[3— F(1)] .

This result extends to exclusion processes with weak interactions at the boundaries
a theorem of Derrida, Lebowitz and Speer [15] for the case with strong interactions,

In this article, we provide an alternative proof of this result, based on the strat-
egy delineated in [3] and carried out in [4] for exclusion processes with strong
interactions at the boundaries.

Using the Hamiltonian formalism, we derive a formal equation for the path which
solves the variational problem (1.4). The optimal trajectory corresponds to a pair
(u(t), F(t)) which solves a system of coupled equations, see (3.5)—(3.6) below. While
it might seem, at a first glance, hopeless to prove any property of the solutions to
this pair of equations, it turns out that F} evolves according to an autonomous
equation, actually, according to the hydrodynamic equation (1.1). This remarkable
property is the key point and permits to prove all properties needed to show that
the candidate obtained from the heuristic argument is indeed the optimal path.

According to [3], this optimal path, which describe how the system adjusts to
create a fluctuation of the density, corresponds to the typical trajectory for the
adjoint dynamics, reversed in time. In particular, this approach reveals the adjoint
hydrodynamic equation. It is obtained from the hydrodynamic equation by adding
a non-local drift and modifying the boundary densities and intensities of interaction
which become time-dependent (cf. Remark 3.1).

To our knowledge this is one of the few examples of an interacting particle
system whose steady state is not known explicitly and whose quasi-potential can
be computed [15, 4, 1, 14]. Moreover, the presence of boundary terms in the
Hamiltonian-Jacobi equation for the quasi-potential modifies entirely the analysis
of thermodynamic transformations of non-equilibrium states carried out in [7] in the
case of Dirichlet boundary conditions. This is left for a future work, together with
the emergence of dynamical phase transitions [5] and the static large deviations
[10, 17, 22, 18].
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2. NOTATION AND RESULTS

The model. We consider one-dimensional, symmetric exclusion processes in weak
contact with boundary reservoirs. Fix N > 1, and let ey = 1/N, vy = 1 — (1/N),
An = {en,..., (N —2)en,ty}. The sate space is represented by Qx = {0, 1}~
and the configurations by the Greek letters 7, £ so that 1., x € Ay, represents the
number of particles at site x for the configuration 7.

Fix throughout this article, 0 < o« < g <1, A > 0, B > 0. The generator of the

L%’A’B’B, is given by

Markov process considered here, represented by Ly =
Ly = Ly + LY + LY.
In this formula, for every function f: Qny — R,
(LR™)m) = N> Y7 [fe™" ) — f(n)],

zEAY,

where A%, represents the interior of Ay, A% == Ayx \ {ta} = {en,. ..., (N —2)en},

and
TN = [ -ne)a + (1 —a)ney ] [F0n) — f)] |

1
(ERA) = % [ =n0) B+ (1= B)mey | [ 7o) — f(m)]

From now on, we omit the subindex N of ¢p. In the formulas above,

Ty fy#x
1—n, ify==x.

T, r+e

My = {Nete fy=2z and  (0"n), =
Na fy=xz+e

(o

My fy#zz+e {

For a metric space X, denote by D([0,7],X), T > 0, the space of right-continuous
functions ¢: [0,7] — X, with left-limits, endowed with the Skorohod topology and
its associated Borel o-algebra. The elements of D([0,T], Q) are represent by n(-).

For a probability measure p on Qu, let Pf) be the measure on D([0,T], Q)

induced by the continuous-time Markov process associated to the generator £y
starting from g. When the measure p is the Dirac measure concentrated at a
configuration n € Qy, that is p = 6,,, we represent ]P’gg simply by ]P’ﬁiv . Expectation
with respect to IP’ZY , IF’,J;[ is denoted by Eflv , Eflv , respectively. When the context
permits we remove the index N from the notation.
Hydrodynamic limit. Denote by M the set of non-negative measures on [0, 1]
with total mass bounded by 1 endowed with the weak topology. Recall that this
topology is metrisable and that, with this topology, M is a relatively compact space.
For a continuous function F : [0,1] — R and a measure 7 € M, denote by (r, F)
the integral of F' with respect to u:

(r,F) = /F(:c)w(dx).

Given a configuration 7 € Qu, denote by m = m(n) the measure in M obtained
by assigning a mass N ! to the position of each particle:

1
T =m(n) = NZ%%

TEAN

The measure 7 is called the empirical measure.
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Denote by = : D([0,7],Qn) — D([0,T],M) the map which associates to a
trajectory 7(+) its empirical measure:

x(t) = 7)) = 3 n()6, .

rz€EAN

For a probability measure p in Qp, let @fy be the measure on D([0,T], M) given
by Qﬁf = IP’{Y onm L

The first result, due to [2], establishes the hydrodynamic behavior of the empir-
ical measure.

Theorem 2.1. Fiz T > 0, a density profile v: [0,1] — [0,1], and sequence (vV :

N > 1) of probability measures on Qn associated to «y in the sense that

N—o00

lim Z/NH<7r,G> - /Olfy(x)G(x)dx‘ > (5] =0

for all continuous functions G: [0,1] — R and § > 0. Then, the sequence of
probability measures (@JVVN converges to the probability measure Q concentrated on
the trajectory w(t,dz) = u(t,x) dz, where u is the unique weak solution to the heat
equation with Robin’s boundary conditions (1.1).

We refer to Appendix B for the definition of weak solutions to equation (1.1)
and some of its properties.

Dynamical large deviations. For T' > 0 and positive integers m,n, denote by
C™ ([0, T] % [0,1]) the space of functions G: [0,T] x [0,1] — R with m derivatives
in time, n derivatives in space which are continuous up to the boundary. Denote
by Ci""([0,T] x [0,1]) the set of functions in C"™" ([0, T] x [0, 1]) which vanish at
the endpoints of [0,1], i.e. G € C™"™([0,T] x [0,1]) belongs to Cy""([0,T] x [0, 1])
if and only if G(t,0) = G(t,1) =0 for all ¢ € [0, 7).

Denote by M, the subset of M of all measures which are absolutely continuous
with respect to the Lebesgue measure and whose density takes values in the interval
[0,1]: Mae = {m € M : 7(dx) = v(x)dx and 0 < ~(z) < 1}.

For T' > 0, let the energy Qo,r) : D([0,T], Mac) — [0, 00] be given by

Q[O,T](Tr) =
T 1 T 1
sgp{/o dt/o u(t,z) (VG)(t, ) dz — %/O dt/o o(ult,z)) G(t, )2 d:c},

where 7(t,dx) = u(t,x) dr and the supremum is carried over all smooth functions
G :[0,7] x (0,1) — R with compact support.

Remark 2.2. Hereafter, we abuse of notation writing v € My to mean that the
measure y(x) dx belongs to M,e. Moreover, for functionals ®: D([0,T], M,e) = R,
W : Mae — R, we often write ®(u), W(y) instead of ®(n), W(u) when w(t,dx) =
u(t,x) dx, p(dx) = v(x) de.

Notational convention: For a function v : I x[0,1] — R, where I is a subset of R,
vy and v(t), t € I, represent the function w : [0,1] — R defined by w(z) = v(t, ).
We use the letters 7, ¢, ¥ to represent densities [elements of Myc], u, v, w for
trajectories of densities [elements of D(Ri,M,.)], and F, G, H for external fields,
usually functions in C'(Ry x [0, 1]).
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By [8, Lemma 4.1], the energy Qo7 is convex and lower semicontinuous. More-
over, if Qo rj(u) is finite, u has a generalized space derivative, denoted by Vu,

and
e L (Vuy)?
0 0

o (uy)

Fix a trajectory m € D([0,T],Mac), 7(t,dz) = u(t,z)dx, with finite energy,
Qo,r)(u) < oo. In particular, fOT dt fol(Vut)2 dr is finite. By [27, Assertion 48,
page 1030], the trace of u at the spatial boundary of the cylinder Q¢ = [0, 7] x [0, 1]
is well defined. That is, the maps t — u(t,0), t — u(t, 1) are well defined and belong
to £2([0,T]). Moreover, since for almost all ¢t € [0, 7], fol(Vut)2 dx is finite, for
these values of ¢, u(t, -) is Holder-continuous and u(t, 0) and wu(t, 1) are well defined.

Denote by (-, -} the usual scalar product in £2([0, 1]):

1
(f.g) = / f@)g(@)de, f.g € £2([0,1]).

Fix a function v: [0,1] — [0, 1], which corresponds to the initial profile. Denote by
Dg([0,T], M,e) the set of trajectories in D([0, 7], M,.) with finite energy, and by
D., £([0,T], M,c) the set of trajectories with finite energy and which start from -,
uo(-) = (") as.

Recall, from (1.3), the definition of b, p(a, M) and, from Remark 2.2, the conven-
tion on notation. For each H in C12([0, T] x [0,1]), let Jr g : Dg([0,T], Mac) — R

be the functional given by
JT’H(’U,) = <’LLT,HT> - <u0,H0) - / <ut78th> dt
T T ’ T
—/0 (ue, AH,) dt +/0 w (1) VH, (1) dt —/O s (0) V H, (0) dt
_ /0 (o(uy), (VH,)?) dt
T
~ [ {0 200) + 855 (w)). 7)) far.

(2.1)

The right-hand side is well defined because the functions wu(-,0), u(-,1) belong to
£2(0,7)).

Since trajectories in Dg([0, T], M,.) have generalized space-derivatives, we may
integrate by parts the second line and write the functional Jp g (-) as

T
JT,H(U) = <UT,HT> — <UO,H0> — /0 <ut,8th> dt
T T
+ /O (Vur, VH,) dt /0 (o(ur). (VH,)?) dt (2.2)

T
_ / {baa(ue(0), Hi(0)) + bs.5(u(1), Hi(1)) bt .
0
Let Ijo,71: De([0,T], Mac) — [0, 400] be the functional defined by

I[O,T] (7T) = sup JT,H(T‘-) .
HeC'2(]0,T1%10,1])
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Fix a density profile v in M., and let Ijg 7y(-[v): D([0,T], M) — R be given by
I[oyT](ﬂ') if T € D%g([O,T],MaC) s

oo otherwise .

Loy (mly) = { (2.3)
We review in Section 4 some properties of the functional Ijg 7(:|v) obtained in [19].
Next result is the main theorem in [19].

Theorem 2.3. Fiz T > 0 and a measure w(dz) = y(x)dzx in My.. Consider a
sequence N of configurations associated to v. Then the measure Q,~ satisfies a
large deviation principle with speed N and rate function I r(-|v). Namely, for
each closed set C C D([0,T], M) and each open set O C D([0,T], M),

1
lim sup N logP,nv[meC] < — 71TI€1fC Ito (7| p)

N —o0

| :
1}\r[ri>1£10f i logP, ~[m € O] > —T}relzfg Iio 1 (7lp) -

The quasi-potential. Denote by V : M, — R, the quasi-potential associated to
the rate function Iy 7y(-|7). It is given by

V(y) = inf inf ] b 2.4
() = b inf Tiomy(u]p), (2.4)

where the infimum is carried over all paths u in D([0,T], M,.) such that «(0) = p,
u(T) = 7. The quasi-potential V() measures the minimal cost to produce a profile
v starting from p.

Denote by C* ([O, 1]) the space of once continuously differentiable functions F' :
[0,1] — R endowed with the norm [[F[c1 := sup,¢jg ] {|F(z)|+ |VF(2)|}. Let F
be the space of monotone C' functions:

F={FeC' (0,1]):a< F)<p,VF(@)>0Vzel0,1]}. (2.5)
Denote by Gpuk, §: Mac X F — R the functionals given by

Spuk (7, F) == /0 {7(x) log ;((?) + [1 = ~(z)] log 11: v(x) + log VF(z) } dx ,

F(z) (8 —«a
57, F) = Goun(, F) + Alnf;((g)__;; + Bln g(_ﬁ}i(;)) .
Define So, §: Mac — R, by
So(7) = ;1;1;9(%11), S(y) = So(v) = So(p) - (2.6)

Main results. The first main assertion of the article, Theorem 5.2, affirms that, for
each v € M,, the non-linear boundary-value problem (1.6) has a unique solution
in F. Its precise statement is left to Section 5 because it requires some notation.

Theorem 2.4. The functional S: M, — R defined in (2.6) is bounded, conver and
lower semi-continuous. Moreover, So(y) = G(v, F(v)), where F(v) is the solution
to (1.6).

Remark 2.5. When v = p, F = p is the solution to (1.6). Replacing F by p in
the formula for G yields that So(p) = —(1+ A+ B) log(1 + A+ B).
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Next theorem asserts that the functionals defined through the variational prob-
lems (2.4) and (2.6) coincide. In particular, it gives an “explicit” formula for the
dynamical variational problem (2.4) defining the quasi-potential.

Theorem 2.6. For each v € M., V(v) = S(v). In particular, the functional S is
non-negative. That is, the functional Sy attains its minimum at p.

Remark 2.7. Theorems 2.4 and 2.6 formalize the arguments presented in [14],
where Derrida, Hirschberg and Sadhu derived the steady state large deviations func-
tional by representing the steady state as a product of matrices.

Remark 2.8. If a = (3, the exclusion dynamics is reversible and the stationary
state is the Bernoulli product measure with density a. In particular, in this case

1

V(x) 1—~(x)
S(y) = / {'y(x) log + [1 — 7(3@)} log } dx
0 (0% 1 —

The same strateqy as in the proof of Theorem 2.6 yields that V = S. The arguments
are much simpler because the adjoint dynamics coincides with the original one as
the process is reversible.

The method of the proof of Theorems 2.4 and 2.6 is the one proposed in [3] and
carried out in [4] for exclusion processes with strong interaction with the reservoirs.

The fact that the densities are not fixed by the dynamics at the boundary and
the presence of exponential terms at the boundary in the dynamical large deviations
functionals (cf. the definition of b, p), introduce many new difficulties. The proof
of the uniqueness of solutions to (1.6) is one of them (cf. Proof of Theorem 5.2).

The proof of the upper bound for the quasi-potential is a second example. As
the boundary conditions are not fixed, to prove that the solutions to the adjoint
hydrodynamic equations are bounded away from 0 and 1, we need to investigate the
behavior of the solutions at the boundary. This is done in the proof of Proposition
6.7.

The article is organized as follows. In Section 3 we present a heuristic derivation
of Theorem 2.6 based on the Hamiltonian formalism of rational mechanics. This
argument explains the strategy adopted in the following sections. In Section 4, we
recall some properties of the dynamical rate function Ijg r(-|y) obtained in [19].
Theorems 2.4, 2.6 are proved in Sections 5, 6, respectively. In Appendices A and B
we present some results on the Robin Laplacian and on solutions to heat equations
with mixed boundary conditions needed in the proofs of the main theorems.

3. SKETCH OF THE PROOF OF THEOREM 2.6.

The arguments below are formal, but explain the idea of the proof. We follow
the strategy proposed in [4], in the context of boundary driven symmetric simple
exclusion processes with strong interaction with the boundaries, to derive a formula
for the quasi-potential based on the Hamiltonian formalism. We also introduce the
hydrodynamic equation of the adjoint process, which describes how the dynamics
acts to create an anomalous density profile. This section also serves as a road map
to prove Theorem 2.6 in other contexts.

Recall from (1.2) the definition of the Hamiltonian . With this notation and
an integration by parts in time, the functional Ijp 7} can be written as

T
Iory(7ly) = Sgp/o { (Byue, Hy) — H(ug, Hy) } dt . (3.1)
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Hence, the functional Ijo 7j( - |y) corresponds to the action functional associated to
the Hamiltonian J.

A variational calculation yields that the quasi-potential satisfies the Hamilton-
Jacobi equation: for every v € M,

v
Y 5y
where 01/ stands for the functional derivative of V.

Fix v € M, and let ' = log[v/(1 — 7)] — log[F/(1 — F)| for some function F'
taking values in the interval (0,1). Lemma 6.2 asserts that, if v is smooth and
bounded away from 0 and 1, I" solves the Hamilton-Jacobi equation

I(3,T) = 0 (3.3)
if F' is the solution to (1.6), that is, if F' = F() with the notation introduced in
the statement of Theorem 2.4. By (3.2) and (3.3),

oV v F
— = log—— — log ——— . 3.4
5 g7 ~loeT—p (3.4)

To build a functional S which satisfies (3.4), we look for a functional W(vy, F),

with two properties:

H( ) =0. (3.2)

(a) For every v € M,

oW ~

—(y,F) =1
57(% ) e p— T

(b) For each v € M,, the solution F(v) of equation (1.6) is a critical point of
Under these assumptions, defining S(y) as W(~, F(v)), we have

ﬁ(v) - %(%F(v)) + %(%FW))%(V) = %(%FW))-

The last identity follows from property (b) of the functional W [0W/§F = 0
at (v,F(vy))]. By property (a), the right-hand side is equal to log[y/(1 — )] —
log[F(7)/(1 — F(v))], proving that (3.4) is fulfilled.

This computation explains the introduction of the functional G(v, F'), defined
below (2.6). It is obtained by integrating (3.4) in v and adding terms which depend
only on F' to match condition (b). The functional G satisfies properties (a) and (b),
as it is easy to show that (1.6) corresponds to the Euler-Lagrange equation of the
functional G(vy, -).

We turn to the proof that V = S. Fix v € M,., T > 0 and a trajectory uy,
0 <t < T, such that ug = p, ur = 7. Let F; be the solution to (1.6) with u,
replacing v, F; = F(u:). By (3.1), (3.3),

— log

T
Lo,y (mly) > / (Oyuy, Ty) dt
0
where T'y = logfu:/(1 — ut)] — log[F:/(1 — F})]. In view of (3.4), replacing I'; by
(6S5/07)(uz) yields that
Iiory(mly) = S(ur) — S(uwo) = S(v) — S(p),

so that
V(v) = Sv) = Sp) .
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We proceed with the upper bound. By [3], the optimal trajectory for the vari-
ational problem (2.4) is the hydrodynamic trajectory of the adjoint dynamics re-
versed in time. Moreover, according to [3], the adjoint dynamics is given by

0S
O = —Av + QV(O'(’U)VE)
In view of (3.4), replacing 6.5/dv by log[v: /(1 — v;)] — log[F}/(1 — F})], where Fy is
the solution to (1.6) with v; in place of ~ yields the equation

O = Av — 2V(U(U)V10g1fF) .

Adding the boundary and initial conditions, as well as the equation for F', the
previous equation becomes the system of equations

vy = Avg — 2V (o(v) VRy)  (t,x) € (0,00) x (0,1)
Vur(1) = 20(v (1)) VR(1) = p1-g s (vi(1), R(1)) ,

(3.5)
Vi (0) — 20(ve(0)) VR(0) = —p1-a,a(v:(0), Ri(0))
vo(-) = (), w€[0,1],
_ (VR)®
AF; = (v — Ft)m (t,z) € (0,00) x (0,1), (3.6)

VF,(0) = A7 [F(0) —a] , VF(1)=B '8 - F(1)].
In this formula, R; = log[F;/(1—F;)] and, for0< o<1, D >0,0<a <1, M € R,

Po.o(a, M) = %{[1—@@@”1 —all—ge™}. (3.7)

The first part of the proof of the upper bound consists in showing that this
trajectory is indeed the optimal one. Lemma 6.5, whose proof relies on the explicit
expression for the rate functional presented in Lemma 4.4, states that this trajectory
is optimal provided the solution v(t) to this equation relaxes to p as t — co.

To prove that v; relaxes to p or any other property of the non-local system of
equations (3.5)—(3.6) looks hopeless. It turns out, however, that these equations
can be expressed in a simple form. The reason is that F; in (3.5)—(3.6), which
corresponds to the momentum in the Hamiltonian formalism, evolves according to
an autonomous equation, a remarkable and unexpected property.

Fix v € Mae, and denote by F() the solution to (1.6). Let th be the solution
to the heat equation (1.1) with initial condition F(*) instead of . Define vp) as
AFM(¢)

v () .= FO) (€0 _FOy =/
(@) 1= PO + FO) 1= FO0) o

(3.8)

By (1.6), v(0) = 7. Actually, 5 = F(u\") for all t > 0, where F(v"’) is the

solution to (1.6) with ~ replaced by v{".

Proposition 6.7 asserts that for each v € C*([0, 1]) the pair (v£7), th) solves the
system of equations (3.5)—(3.6). This result provides, therefore, an alternative and
simple formulation of these equations. Moreover, by Lemma 6.10, lim;_, oo v () =

p, and, by Lemma 6.12, the optimal path which solves the variational problem (2.4),

(v)

represented by u; (t), defined on the time interval (—oo, 0] instead of [0, +oc) as in
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(2.4), is given by u) (t) = v (~t). Note that u(()';)t(O) =, limy,_ ug’g)t(t) =p.

opt
()

opt connects p to 7 in a infinite time window.

Hence, u

Remark 3.1. The boundary conditions in (3.5) can be written as

Vu(0) — 20(v(0)) VR,(0) = ar [v(t,0) —ay ] .
1 (3.9
Vur(l) = 20(ve(1)) VR(1) = = [ —v(t 1],
t
where
1 1 _ . eRe(1)
B} - E{(l_ﬁ) et 4 gem il b B = (1 5)(61%(1) + Be Re(D)
1 . . . (1 — a)eft(0)
r A{ (1-a)e™® + ae”™O}  af = 1 a)ef® § qe ()

In view of (3.9), equation (3.5) corresponds to the hydrodynamic equation of
the weakly asymmetric exclusion process with weak interactions at the boundary
(cf. [19]). Note that this equation carries a positive drift to the right because
Viog[F/(1 — F)] > 0. Moreover, the boundary densities and the intensity of the
interactions o, B, A, B are time-dependent and given by of, By, A}, B}, respec-
tively.

Remark 3.2. As mentioned above, equations (3.5)—(3.6) represent the adjoint hy-
drodynamic equation [that is, the PDE which describes the evolution of the den-
sity under the adjoint dynamics]. Hence, in the adjoint dynamics, the density
evolves according to a weakly asymmetric exclusion process. The drift at time t is
log[F;/(1 — F})], where Fy is the solution to (1.6) with  replaced by the density
profile at time t. The boundary densities and intensities are given by the equations
below (3.9).

Remark 3.3. Notwithstanding the fact that the boundary densities have been mod-
ified and a drift added, a straightforward computation shows that the stationary
profile of equation (3.5) is still p, the stationary profile of the hydrodynamic equa-
tion (1.1). More precisely, as Fy = F) solves equation (1.1), F; — p as t — oc.
Replace in equation (3.5) R; by log[p/(1—p)] and consider the associated stationary
equation [that is, replace Opvy by 0, consider this equation in the space variable only
and remove the initial condition]. It’s easy to check that p fulfills this stationary
equation.

4. THE DYNAMICAL RATE FUNCTION

For the reader’s convenience, we recall here some properties of the rate functional
Iio, (- |y) proved in [19].

The first estimate asserts that the cost of a trajectory in a interval [0,7] is
bounded by the sum of its cost in the intervals [0,.S] and [S, T

Let 7,u : Ry x[0,1] — R, r > 0, be the function defined by 7,u(t, z) = u(t+r, ).
For all w(t,dz) = u(t,z) dz in D([0,T],M,.) and 0 < S < T,

Lo(uly) < Ios(uly) + Ior—s)(Tsu|u(S, -)) . (4.1)

Theorem 4.1. Fiz T >0 and v € Myc. The function Ijo r)(-|y) : D([0,T], M) —
[0, 00] is convez, lower semicontinuous and has compact level sets.
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Definition 4.2. Given v € My, let I, be the collection of all paths w(t,dz) =
u(t,z)dz in D([0,T], Mac) such that

(a) There exists t > 0, such that u follows the hydrodynamic equation (1.1) in
the time interval [0,4. In particular, u(0,-) = y(-).

(b) For every 0 < 6 <T, there exists € > 0 such that € < u(t,z) <1—¢ for all
(t,x) in [6,T] x [0,1];

(¢) u is smooth on (0,T] x [0,1].

Theorem 4.3. Fiz v € Mae. For all m in D([0,T], M) such that Ijor)(7|y) <
00, there exists a sequence {m™ : n > 1} in IL, such that m™ converges to T in
D([0,T],M) and I 7 (7"|y) converges to Ijo r)(m|y). Moreover, if there exists g >
0 such that e < v <1 — €g, condition (b) in Definition 4.2 can be replaced by the
existence of € > 0 such that e < u(t,xz) <1 —e€ for all (t,z) € [0,T] x [0, 1].

Let Qp be the cylinder (0,T) x (0,1). Fix 7 in D([0,T],Mac), w(t,dz) =
u(t,z) dz. Let H'(Qr) be the Hilbert spaces induced by the sets C*°(Qr) endowed
with the scalar products, (G, H))1,2 defined by

T 1 T 1
(G, HY 1 :/ dt/ Gy H, da +/ dt/ VG, VH, dz
0 0 0 0

Recall from (3.7) the definition of p, p(a, M). For 0 < o<1, D >0,0<a <1,
M € R, let

1
con(a M) = - {[ka] oll—eM+ MeM] + a[l—g] [1—e™™ — MeM] } . (42)
Note: for a trajectory u; such that § < u(t,z) <1—46 for all (¢t,z) € [0,T] x [0,1],
the space H!(Qr) introduced above coincides with the space H!(o(u)) introduced
in [19].

Lemma 4.4. Fiz a trajectory m in D([0,T], Mac), 7(t,dx) = u(t,z)dx. Assume
that uw € CY2([0,T] x [0,1]), there exists § > 0 such that § < u(t,z) <1 -6 for all
(t,x) € [0, 7] x [0,1] and Ijo.1)(u|~) is finite, where v = ug. Then, there exists a
function H in H'(Qr) such that u is the unique weak solution to

Ou = Au — 2V{o(u) VH}

Vuy(1) = 20(ue(1)) VH(1) = pp,p(u(1), H(1)) ,

(4.3)
Vuy(0) — 20(us(0)) VH(0) = —pa,a(u:(0), H(0)) ,
u(0,-) =~(-) .
Moreover,
T T
Fom(uln) = [ ot (VH) di+ [ an(u(), m) i
0 0 (4.4)

+/O ca,a(ue(0), Hy(0)) dt .

Weak solutions to equation (4.3) are introduced in Definition B.7. Theorem B.8
states that for each v € M, there exists one and only one weak solution.
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5. THE EULER-LAGRANGE EQUATION FOR S

The Euler—Lagrange equation associated to the variational problem (2.6) is given
by the non-linear equation with Robin boundary conditions (1.6). In this section,
we provide a precise meaning to this equation, prove existence and uniqueness of
solutions, and prove Theorem 2.4. The approach is taken from [4], but there is a
serious technical difficulty in the proof of uniqueness. The idea there is to extend
the problem to the interval [—A, 1 4 B], see Lemma 5.5 and the proof of Theorem
5.2.

Recall the definition of F introduced in (2.5). For F' € F, let

Rofo) = RolFia) = [4(0) = FO)] g cpy o O
With this notation, equation (1.6) takes the form
AF = VFR,
1 . (5.2)
{VF(O) =A"'F00)—«], VF(1)=B [g—F(@1)].

To prove the existence and uniqueness of a solution to (1.6), following [4], we
formulate (5.2) as the integro—differential equation

A+ [Jexp{[) R\ (F;2)dz}dy

A+ fo exp{ [y R+(F;z)dz} dy +B exp{fo L(F3y) dg(;} |
5.3

Remark 5.1. If v = p, then F = p solves (1.6) and (5.3). Moreover, if F €
C?([0,1]) is a solution to the problem (1.6) such that VF(z) > 0 for x € [0,1], then
F is also a solution to the integro—differential equation (5.3). Conversely, if F €
C1([0,1)) is a solution to (5.3), then the boundary conditions in (1.6) are satisfied.
Moreover, VF(x) > 0, AF(z) ezists for almost every x and the differential equation
in (1.6) holds almost everywhere. Furthermore, if v € C([0,1]), then F € C*([0,1])
and (1.6) holds everywhere.

Flz) =a+ (-

Theorem 5.2. For each v € M., there exists a unique F' € F which solves (5.3).

The existence is proven by applying Schauder’s fixed point theorem. The ar-
gument requires some notation. For each 7 € M, consider the map K, : F —
C'([0,1]) defined by

K, (F)(z) = a+ (f~a) A+ [y exp{[y Ry(F;2)dz}dy

A+f0 exp{fo L(F;z)dz} dy+B exp{f0 ;yz dy% .
5.4
Let p and g be given by
_ _aB-a 1-5 ,_ (1-a)(B-a) 8
P darBr1f1-a 17T Al—a)+B+)1-H) a"
Note that 0 < p < g because

p 1 1-p 1 B q

(5.5)

f-a = A+(B+1B/) 1-a = A+ B+O-p/1-a]a  f-a
The inequality above follows from the fact that (1 — 8)a < (1 — «) as a < .
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Denote by By the subset of functions in C*([0,1]) which satisfy the boundary

conditions of the Euler-Lagrange equation (1.6):
Bye == {FeC'[0,1]): VF(0) = A~'[F(0) —a], VF(1)=B'[B-F1)]},
and by B the subset of By given by
B :={Fe€By:p<VF(z)<qVzel0,1]}.
Note that By, B are closed and convex, and that B is contained in F. To establish
this last assertion, write that F'(z) > F(0) = a + AVF(0) > a + Ap > « because
VF(z) > p > 0. A similar argument shows that F(z) < F(1) = 8 — BVF(1) <
B — Bp < . In particular, for every F' € B,
o+ Ap < F(z) < 8- Bp. (5.6)

Lemma 5.3. Fix v € M,.. Then,

(a) The functional Ky is a continuous map;

(b) K, (7) € B;

(¢) There exists a finite constant Cy, such that

| VIS (F)(z) = VEL(F)(y) | < Colz —y|
forall F € B, z, y € [0,1].

Proof. Assertion (a) follows from the definitions of R., and K,. We turn to (b).
Fix F € F. It is easy to show that IC,(F) satisfies the boundary condition of

(1.6). It remains to derive the bounds on the derivative of /Oy (F). As 0 < <1,

—F <~v—F <1—F. Therefore, as VF >0 and a < F < 3,
—VF VF
Y <R, < —.
1-F - 7 - F

It follows from these inequalities that

1=5 - exp{/Owa(F;y)dy} < g

l-a
for all 0 < z < 1. Reporting these bounds in the definition of K. (F) yields that
p < K, (F) < g, as claimed.
The proof of the last assertion of the lemma relies on the previous two bounds
and the bound p < VF < ¢ which holds for all functions in B5. (]

Corollary 5.4. The integro-differential equation (5.3) has a solution in B.

Proof. By Schauder’s fixed point theorem, it is enough to show that IC,(B) has
a compact closure in C*([0,1]). By Ascoli-Arzela theorem, this property holds
provided VI, (F) is Lipschitz continuous, uniformly for F' € B. This is the content
of assertion (c) of the lemma. O

We turn to uniqueness. The proof relies on an argument used to prove uniqueness
of solutions to equation (1.6) with Dirichlet boundary conditions. First, inspired by
[14], we turn the pair (v, F') defined on the interval [0, 1], of solutions to (5.3) [that
is, with Robin boundary conditions] into a pair (7ext, Fext) defined on the interval
[-A,1+ B, of solutions to (5.2) with Dirichlet boundary conditions.

Fix v € My, and let F € F be a solution to equation (5.3). We extend v and
F to the interval [—A,1 4 B] as follows. Fey coincides with F' on [0, 1], is linear
in the complement and Foxi(—A) = @, Fext(1 + B) = . ~ext coincides with v on
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[0,1] and is equal to Fext in the complement. Hence, Fext, Yext : [-A4,1+ B] = R
are given by

a+ VF(0)[A+z] for x € [-A,0),
Foxi(z) = ¢ F(x) for z € [0,1] ,
8+ VFQ1)[x—B-1] forxze (1,1+ 5],

and

Yext (T) = {’7(1’) for x € [0,1],

Foxt(z) otherwise .

Note that Fey belongs to C1([—A,1 + B]), Fox(—A) = a, Foxs(1 + B) = 8.
Moreover, since F' = IC,(F) and K, (F) C B, on the interval [0,1], p < VFo(z) <
q. Hence, p A a < VFui () < qV B, and Feyq belongs to the set Byt defined by

Bocext == {GEC([-4,1+B]):G(-A)=a, G(1+B)=3},
Boxt = {GEBbC,eXt:p/\a§VF(z)§q\/ﬂ Vxe[fA,lJrB]}.

Fix ¢ in M,.([—A, 1+ B]). With Dirichlet boundary conditions on the interval
[-A, 1+ B], the problem (5.2) becomes the integro-differential equation

JEyexp{ [, Ry(G;2) dz} dy
fl—;Be p{[’, R,(G;z) ydz}dy

Glz) = a+ (f—aq) (5.7)

where R, (G; z) is given by (5.1).

Lemma 5.5. Fiz v € My, and let F € F be a solution to equation (5.3). Then,
Fext is a solution to (5.7) for ¢ = Yext-

Proof. The assertion follows from a straightforward computation. The result holds
for the following reason. On the interval [0, 1], the identity (5.2) is in force because
F is a solution to (5.3). On the other hand, On the complement, (5.2) holds because
both sides of the identity (5.2) vanish. The left-hand side because Fiy is linear on
[0,1]¢, and the right-hand side because Yoxt = Fext. O

Proof of Theorem 5.2. Fix v € M,.. Existence has been proven in Corollary 5.4.

To prove uniqueness, consider two solutions F1), F(2) and recall the definition of

er(Qv Fe(xt)’ j=12
By Lemma 5.5, F.\), F%) are solutions to (5.7), with ¢ = ’yc(,lcz, ’yc(xz, respectively.

extr ~ext
Therefore, since these functions solve (5.2) almost everywhere,

(VES)(x) = (VES)(~4) + / (VEID) @) Ry(FLy) dy  (5.8)
—A

forj:1,2andallxin[ A,1+ BJ.
Assume that (VFext)( A) = (VF(2))( A). In this case, by definition of ~9)

ext ext
'ye(,l(%( )= ’y,f(% (x) for all x € [—A,0). Since this identity always holds for = € [0, 1],

fyéxz( ) = %gxi( ) for all z € [-A,1]. By (5.8), elementary bounds and Gronwall’s

inequality, (VE))(z) = (VF(Q))(x) for all z € [—A, 1] so that F{})(z) = F)(x)

ext ext ext ext
for all « in this interval due to the boundary condition satisfied by Fe(it), F( 3 at
—A.
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Since (VFS)(1) = (VEL) (1), 74 (x) = 72 («) also for & € [1,1 + B. The
= F(2)(:c) tox €

ext

same Gronwall’s argument permits to extends the identity Fc(ig (z)
)

[1,1 + B]. This concludes the argument in the case (VFe(it))(—A = (VFe(ft))(—A)
Assume, by contradiction, that (VF&E)(—A) < (VFe(ft))(—A) The argument in

this case relies on the following identity. As Fe(it) is strictly increasing, (5.2) yields
that 0 0
\V4 Feit [1 _‘Feg(t] - 1 F(Jg _ ,Y(J)t

VF(J) ex ex

holds almost everywhere. Hence, as Fe(iz(—A) = q,

(4) T () z all —a x ) )
el = S s [ 1R —Bwla 59

for all z in [-A,1+ B].
Let zp := inf{y € (-A,1+ B] : F(J)(y) = F(z)(y)}. The point zy belongs

ext ext

to (4, 1+ B] because Fii)(~4) = F(~4), (VEG)(-4) < (VEZ)(~4) and
Fe(it)(l + B) = Fe(ft)(l + B). Actually, it can not belong to [—A, 0] because the
functions FY) are linear in this interval.

Suppose that zo € (0,1]. By definition of o, F(l)(x) < F(2)(;U) for all x €

ext ext
(—A,zp). Thus, 'yg(%(x) < 72,2(2(90) for all = in this interval. On the other hand,
Fe(it) (zg) = Fe(ft) (z9) and (VFéit))(xo) > (VFe(it))(xo) Therefore, by (5.9),
Feg (@0)[1 = Fid(wo)] _ Fegd(wo)[1 = g (wo)]
(VES) (o) (VES) (o)

or, equivalently, (VFe(it))(xo) < (VFe(ft))(xo), which is a contradiction.

We turn to the case where zo € (1,14 B]. By definition of o, Fe(ig () < Fe(fz(m)
for all z € (—A, x0). Since the functions Fe(f(t) are linear in [1, 1+ B], this entails that

xg = 1 + B and that ’yc(,lcz(x) < ’yc(iz(m) for all x € [-A,1+ B]. We may repeat the
argument of the previous paragraph to conclude that (VF(l))(l +B) < (VF(2))(1 +

ext ext

B), which is a contradiction. This completes the proof of the theorem. [

Proposition 5.6. For each v € M,., denote by F = F(v) the unique solution in
F of (5.3). Then,

(i) If v € C([0,1]), then F(vy) € C?([0,1]) and it is the unique solution in
FNC%([0,1]) of (5.3);

(ii) If vn converges to v in Ma. as n — oo, then F,, = F(v,) converges to
F = F(y) in C'([0,1]);

Proof. Existence in assertion (i) follows from Theorem 5.2 and identity (5.3), which
holds for all points x in [0, 1] because v is continuous. Uniqueness follows from
Theorem 5.2.

To prove (ii), let v, be a sequence converging to v in M,. and denote by F, =
F(vy,) the corresponding solution to (5.3). By Lemma 5.3.(c) and Ascoli-Arzela
theorem, the sequence F,, is relatively compact in C*([0,1]). It remains to show
uniqueness of its limit points. Consider a subsequence n; and assume that F,,
converges to G in C’l([O, 1]) Since 7y,; converges to v in M, and F),, converges
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to G in C'([0,1]), by (5.4) Ky, (Fn,) converges to K,(G). In particular, G =
lim; F; = lim; Ky, (Fn;) = K,(G). Hence, by uniqueness of the solutions to
(5.3), G = F(v). This shows that F() is the unique limit point of the sequence
F,,, and concludes the proof of (ii). O

Fix a trajectory u(t,-), and denote by F(t,-) the function given by F(¢,x) =
F(u(t,))(z). In the next lemma, we derive smoothness properties of F' in terms
of the ones of u. To prove this result, it is convenient to introduce a new variable.
Let o_ := logla/(1 — )], ¢y := log]3/(1 — B)] and denote by F be the space of
monotone C! functions given by

Fi= {cpe CH[0,1]) : o < p(x) < ¢4, @' (2) >0 Vaecl0,1] } (5.10)

Denote by ® : F — F the map given by

O(F) = log (5.11)

1-F
Clearly, @ () = e¥/[1 + ¢¥]. The advantage of working with ¢ = ®(F') instead
of F' lies in the fact that, as a function of ¢, the functional Gy, defined above
(2.6), is concave. This property plays a crucial role in the sequel.

In terms of the variable ¢ the Euler-Lagrange equation (1.6) becomes

1 1
_V(%)+1+64p =7 fOI‘ xG(O,l)

Ve(0) = - % {1+e?)a - (1-a)1+e’0)}; (5.12)

Vo) = {1+ *W)5 — (1 - ) (1 +e7M) ).

By Lemma 5.3(b), there exists a constant C; = Ci(a, 5, A, B) € (0,00) such

that
1
o < (Vo)(z) < ¢4 for all z € [0,1] , v € My - (5.13)
1
Fix T > 0 and a trajectory u(t,-), 0 <t < T, in C19([0,T] x [0,1]) such that
0 < u(t,z) <1 for all (¢,z). Denote by F(t,z) the function given by F(t,z) =
F(u(t,-))(x). By Proposition 5.6, F belongs to C%2([0,T] x [0,1]). Next result
asserts that F € C12([0,T] x [0,1]). Let

F(t, x)

T FiD) (t,z) €[0,7] x [0,1] .

p(t,x) = @(F(t,-))(z) = log

As F belongs to C%2([0,T] x [0,1]) and solves (5.2), an elementary computation

yields that ¢ € C%2 ([0, 7] x [0,1]). Moreover, for each t € [0,T], ¢(t) is the unique

strictly increasing (w.r.t. z) solution to the problem (5.12) with v = u(t). By (5.13),
there exists a constant C; = Cy(a, 8, A, B) € (0,00) such that

1
oA < (Vo)(t,z) < Cy V(t,x) €[0,T] x [0,1] . (5.14)
1
Lemma 5.7. Fiz u € C10([0,T
]

x [0,1]) and let ¢ be the corresponding solution
to (5.12). Then ¢ € C12 (|0, [

] 1
x [0,1]) and for each 0 <t < T, 9 := Oyp is the



18 A. BOULEY, C. ERIGNOUX, C. LANDIM

unique classical solution to the linear boundary value problem

v[(w ]—( “ y=du  xe(0,1)

Vsﬁ)z 1+ e¥)
Vi = %{(l—a)e“" + ae*‘P}@[; =0 (5.15)
Vo= —{a-pe rperte w=1

Proof. Fix t € [0,T]. For h # 0 such that t + h € |
h,x) — p(t,x)]. By Proposition 5.6, ¥p(t,-) € C?(
(0,1), v, solves

Vb (1) e?(®) eh¥n(®) _ 1
Vgp(t) Vgﬁ(t —+ h) :| N (1 + e‘P(t)) (1 + e‘P(t"‘h)) h

where up(t) = h™! [u(t + h) — u(t)]. At the boundary x = 0,

0,7 let o (t,x) == h=t [p(t +
[0,1]), and, by (5.12), for x €

= up(t)  (5.16)

1 —hn(t) _q hn(t) _ 1
Vi, = -7 {ae"m) e T (1 —a)e"p(t) GT } ,
and at the boundary x =1,
1 e—hn(t) _ 1 ehvn(®) _ 1
- —pt)y> - _ pty =~ ~
Vin = = {8e (1-B)e T

Claim 1: The sequence ¥p(t) is relatively compact in C([0,1]).

To prove this claim, multiply equation (5.16) by — v, (¢) and integrate by parts
the first term. Since Y (a) := a (e“—1) > 0 for all @ € R and in view of the expression
for Vi, at the boundary, the boudary terms resulting from the integration by parts
are positive. Therefore,

V'l/}h /1 o) hon(t) _ 1
d Nt W
./ VQO t+ h) T + 0 (1 + €‘P(t)) (1 + esa(t+h)) 'szh( ) h €T

—/ wh(t)uh(t) d(E
0

As T(a) > 0 for all @ € R, by (5.14), there exists a finite constant Cp, which
depends only on the parameters, such that

1

/ Vont)?de + = [ T(hon(t)) de < C’o‘/lz/}h(t)uh(t) dr|. (57)

0

On the right-hand side, adding and subtracting fol Yp(t) dx fo up (t) dz inside the
absolute value, we estimate this term by

Collan®le{ [ 190n@1do + [ [000)] ar (515)

for some finite constant Cy which depends only on the parameters and may change
from line to line. We estimate each term separately. By Young’s inequality 2ab <
Aa? + A7, A > 0, the first one is bounded by

1 1
3 | 10O do + Colunt)]
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To bound the second integral in (5.18), let C; = Cp ||up(t)]|eo, and & > 0 be
such that Y(a) > da? for |a| < 1, and Y(a) > §|a| for |a| > 1. Rewrite the second
integral as

Gy ! 1
m{/ | hpn () [ X hgn () 1<1 dae + / | B () | X b (2) |21 dm} ’
0 0

where x4 stands for the indicator of the set A. By Young’s inequality and the
definition of §, the previous expression is bounded by

CigA 1 [t I
ﬁ{i + ﬂ/o |1 (®) |° X ha ey <1 de + 5/0 T(hn(1)) da }

for all A > 0. By definition of § and choosing A = |h|C; /4, the previous expression
is less than or equal to

c; o1 {% N 016|h| }/Olr(mph(t)) dx .

20 ' K2
Therefore, (5.18) is bounded above by
I ) , O} 11 Cilhy [T
h b W T
5 [ 1V00 P dr + ol + G+ g5 {5+ 5 ) [ T de.

where C = Cp ||up(t)]]co-
Reporting this estimate in (5.17) yields that

1 1
3| venrde + g [ () e < o (14 55 ) a0l (519

for |h| < 6/4Ch.
This shows that the sequence ¢y, (t) is uniformly Lispchitz continuous, and thus
relatively compact in C([0, 1]), proving the assertion.

Claim 2: The sequence ¥p(t) converges in C([0,1]) to the unique classical solution
to (5.15).

Recall from Appendix B the definition of the Sobolev space H!([0,1]) and of the
associated norm. Fix a subsequence (¢px) : k > 1), still denoted by vy, which
converges to a limit, represented by . By (5.19), ¥ belongs to H!'([0,1]) and
Vi (t) converges weakly in £2([0,1]) to V.

Fix a function v in H#*([0,1]). Multiply both sides of (5.16) by v and integrate
by parts to get that

Clh(l) ’U(l) th(t, 1) — Clh(O) U(O) Vior(t,0)

1 1 ehvn(t) _q 1
—/ ap Vo Vi, (t) dz —|—/ bhvfdx = / up(t)vdex ,
0 0

0
where a, = [Vo(t) Vot +h)]7 by = —e?® /(1490 ) (1 + M) Replace
in this equation Vi, (¢,0), Vi (t,1) by the expressions appearing in the equations
below (5.16). As ap, by, 1, converge in C([0,1]), and since Vi), converges weakly
to Vi in £2([0,1]), passing to the limit in the previous equation yields that

a()v(1) er (¢, 1) — a(0) v(0) co (¢, 0)
—/0 aVqup(t)dac—i—/o buyder = /0 (Opu)(t) vdx



20 A. BOULEY, C. ERIGNOUX, C. LANDIM

where ¢; = — B~H{(1-8) etV 4 e #tD Y g = A~ (1—a) e?t0) 4 e ¢t0) 1,
Hence, according to [23, IV, Section 1], ¢ is a generalized solution to (5.15). By [23,

Theorem IV.1.2], the generalized solution is unique, which proves that ¢y, converges

in C(]0,1]) to the unique generalized solution to (5.15). As dyu(t,-) € C([0,1]), by

[23, Theorem IV.2.1], the generalized solution belongs to C?([0, 1]) and is a classical

solution to (5.15). This proves the claim.

It remains to prove the continuity ¢ — (¢,-). According to [23, Theorem
IV.1.2], there exists a constant Cy, independent of d;u, such that |[v(t)[[31(j0,1))
Co [[(O¢u)(t)|l £2([0,1)- Since there exist a finite constant Cy such that [[v]|ee
COHUHHl([O,l]) for all v € 7—[1([0, 1])7

l(t +h) = () oo < Co || @)t +h) = (@eu)(t) || g0y, -

This proves that 1 belongs to C%2([0,T] x [0, 1]), and therefore that ¢ belongs to
C12([0,T] x [0,1]), as claimed. 0

ANVAN

Proof of Theorem 2.4. For each F' € F, §(-, F') is a convex, lower semi-continuous
functional on M,.. The functional Sy(-) inherits these properties. By choosing
F = pin (2.6) we obtain that for every v € M,,

5(7v,p) = Seq(v) — 1+ A+ B)log(l+A+B),

where Seq: Mye — R is the convex and nonnegative functional

= ' x) 10 V(x) - €T O 1777(@ X
Sa) = [ {10 38 + [1 = 9(@)] s T2 } d

As Seq is non-negative, Sp(y) > — (1+ A+ B) log(1+ A+ B). On the other hand,
as a — loga is concave, by Jensen’s inequality and since o < F(z) < §3, for every
FeF,ve My,
1
1-p
Hence, there exists a finite constant Cy = Cy(av, 8, A, B) such that So(y) < Cp for
all v € M,.. This proves the first assertion of the theorem. We turn to the second.
Recall from (5.11) the definition of ¢ = ®(F) € F, and that F = &1(p) =

e /[1 + e%]. Set Shui(7,©) = Gouik(v, () so that

1
Spuk(7, F) < loga + log

/

¥
08—«

1
o) = [ {0) + (1=)¢ —log[14+¢] + log 22—} o, (520)
0
where h(a) = aloga + (1 — a)log(l — a).
To prove the second assertion of the theorem, we have to show that for each
v € M, the supremum over the set F of
o 3 FO) -« p—-F(1)
= Spu(?, Aln——— + Bln———=
S(v.9) Gbu (7, ) + A6 o) + " BB =a)
is uniquely attained at ¢ = ®(F'(7y)), where, recall, F(y) represents the unique solu-
tion to (5.3). In the previous equation, F'(z) stands for exp{¢(x)}/[1 +exp{¢(z)}],
z=0,1.
Since the functions a — loga, a — —log(1 + e%), a — —log{[e®/(1 + )] — a},
a — —log{B — [e*/(1 4+ €*)] } are strictly concave, the last two in the interval
(¢p—,p4) defined above (5.10), for each v € My, the functional G(v,-) is strictly
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concave on F. Moreover it is easy to show that §(’y, -) is Gateaux differentiable on
F with derivative given by

5~ 1 / 1
(P52 0y = [ {5+ [mw o}
n Ag(0) n Byg(1)
(1=a)1+e7@) —a(l+e#O) = (1= B)(1+esM)) = f(1 +evW)
for all g in C*([0,1]). By (5.12), the right-hand side vanishes for ¢ = ®(F(7)).
By [16, Proposition 1.5.4] and since §(v, -) is strictly concave, for any ¢ # ¢ in
F,

500) < Se) + (B ).

Since 5?(7, ©)/8p = 0 for p = ®(F (7)), the supremum on F of 5(7, -) is uniquely
attained when ¢ = ®(F(y)). O

Remark 5.8. Fiz v € My, and consider a sequence 7y, € M. such that

(i) For each n > 1, there exists §,, > 0 such that 0 < 6, < y,(z) < 1—106, for
all x € 10,1];
(ii) ~yn converges to v a.e.
Then, by the dominated convergence theorem and Proposition 5.6. (ii),

6. THE QUASI-POTENTIAL
Let 9 > 0 be such that 6g < a < 8 <1 —dg. For § € (0,p] and T > 0, let
Ms = {yeC?*[0,1]) : 6<y(z)<1-6}
Drs == {ueC"?([0,T] x [0,1]) : 6 ut,z) <1-6}.
Unless otherwise stated, throughout this section, 7' > 0 and 0 < § < §y are fixed.

(6.1)

Lemma 6.1. Fiz u in Dr s and denote by F(t,z) = F(u(t,-)) (z) the solution to

the boundary value problem (1.6) with v replaced by u(t). Set
u(t, z) F(t,x)
T'(t = log——— — log ———— - 2
(t,) Ogl—u(t,m) Ogl—F(t,x) (62)

Then, for each T > 0,

T
So(u(T)) — So(u(0)) = /O (Buu(t), T(t)) dt . (6.3)

Proof. Recall that F(t,-) is strictly increasing for any ¢ € [0,7]. By Lemma 5.7,
F belongs to C*#([0,T] x [0,1]). By Theorem 2.4 and the dominated convergence
theorem,

Lso(u(t)) = 2 S(ult), F(1)

_ F(t) -
= (Owu(t), T)) + <8tF(t),m> + <VT(t)’atVF(t)>
+ A (8,5F)(1f,0) + B (atF)(t71> .

F(t,0) — « F(t,1)-p
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As F belongs to B it satisfies mixed boundary conditions at z = 0, x = 1. An
integration by parts yields that the previous expression is equal to

F(t) — u(t) AF(t) >
FOI-F0] * (ve@) '

To conclude the proof, it remains to recall Remark 5.1, which asserts that F' solves
(1.6) almost everywhere. U

(Owu(t), T(t)) + (9 F(1),

Recall the definition of the Hamiltonian 3, given in (1.2), and the one of My,
introduced at the beginning of this section.

Lemma 6.2. Fiz vy € Ms, and let F = F(v) be the solution of the boundary value
problem (1.6). Set

_ () F(z)
I'(z) = logm - logm.
Then,
H(v,T) =0.

Proof. By Corollary 5.4 and Proposition 5.6, F' € Ms. By definition of I" and since
F belongs to B,

ba,a(7(0), T(0)) + bgp(~(1),T(1))
B (VF)(©) (VEF)(1) (6.4)
= [F(0) —v(0)] m = [F(1) —~(1)] m ’
On the other hand, a straightforward computation yields that

(1 =), (VI)") = (v, VI)
2
- <7(1_7)’ (F(lva)> > - <W’ F(lva)>'
Rewrite the second term as
(o= ma )~ (P )

and integrate by parts the first expression. The boundary terms cancel with the
ones appearing in (6.4).
Up to this point, we proved that
VF 2 VF VF
H r) = 1— —_— —F, V———"r)—(VF, —— ).
(v, T) <7( 7 (F(lfF)) >+<7 ’VF(lfF)> <V ’ F(lfF)>
Since y(1 —v) = F(1 = F) = (y — F)(1 — v — F), we may rewrite this sum as
VF 2 VF
-F,1l—-y-F)|=- - F, V-
<7 (1= )(F(l—F)) > T <7 ’vF(l—F)>
On the other hand, as V{VF/F(1-F)} = AF/F(1-F)—(1-2F)[VF/F(1-F))?,
the previous expression is equal to
VF 2 AF
<7_F’ (F_V)(F(lfF)) > + <7_F’ F(lfF)>

This sum vanishes because F' is the solution to (1.6). O
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Remark 6.3. Lemma 6.1 identifies I' as the functional derivative of S,
450 08

"5 T h
and Lemma 6.2 states that this derivative T' = 65/ satisfies the Hamilton—Jacobi
equation.

6.1. Lower bound for the quasi-potential. In this subsection, we prove that
V>S5.

Lemma 6.4. For each v € M,e, V(v) > S(7).

Proof. In view of the variational definition of V| we have to show that S(vy) <
Iio,1)(ulp) for any T' > 0 and any path u € D([O,T];M) which connects the sta-
tionary profile p to 7 in the time interval [0,T]: w(0) = p, w(T) = 7.

Fix such a path u and assume first that » belongs to Dr s for some 6 > 0.
For 0 <t < T, let F(t) = F(u(t)) be the solution to the elliptic problem (1.6)
with w(t) in place of 7. In view of the variational definition of Ijg rj(u|p) given
in (2.3), to prove that S(v) < Ijo7)(ulp) it is enough to exhibit some function
H e CY2([0,T] x [0,1]) for which S(v) < Jr g (u). We claim that I' given in (6.2)
fulfills these conditions.

Note that T' belongs to C1:2([0,T] x [0,1]) because, on the one hand, u belongs
to this set as it is assumed to be in D7 s. On the other hand, by Lemma 5.7,
F e ch2([0,T] x [0,1]).

Recall the definition of the Hamiltonian H introduced in (1.2). By (2.2), inte-
grating by parts in time yields that

T
Jrr(u) :/0 [(u(t), T(®)) — H(ult), T()) } dt .

By Lemmata 6.1 and 6.2, Jprr(u) = So(u(T)) — So(u(0)) = So(y) — So(p) = S(v).
Up to this point we have shown that S(v) < Ijprj(ulp) for smooth paths u
bounded away from 0 and 1. We extend this result to arbitrary paths
Fix a path u with finite rate function: Ijp r)(u[p) < oo. Since a < p < 3, by
Theorem 4.3, there exists a sequence {u", n > 1}, u” € Dy, for some §, > 0,
such that u,, converges to u and I}y 1)(un|p) converges to o 7)(u|p). Therefore, by
the result on smooth paths and the lower semi continuity of S,

Lo (ulp) = HILH;O Lo,y (unlp) > hnlgio%fs(un(T)) > S(u(T)) ,
which concludes the proof of the lemma. O

6.2. Upper bound, the adjoint hydrodynamic equation. The following lemma
explains which is the right candidate for the optimal path for the variational prob-
lem (24). For0<o<1,D>0,0<a<1, M €R,let
1 _
Qo.p(a, M) = 5{[1—a]g[eM ~M—1] +all—g[e™+ M —1] } . (6.5)
Note that q, p(a,-) is a nonnegative, convex function which vanishes at the origin.
Recall the definition of p, p(a, M), introduced in (4.2).

Lemma 6.5. Fiz a profile ¢ € My, and a path uw € Dy s with finite rate function,
Iior)(ult) < oo. For 0 <t < T, denote by F(t) = F(u(t)) the unique solution
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to the boundary value problem (1.6) with ¢ replaced by u(t). Then, there exists a
function K € HY(Qr) such that u is the weak solution to

Ou = —Au + QV(U(u)V[log +K]) , (t,z) €10,T] % (0,1)

F
1-F
Vuy(1) — 20(u(1)) VGi(1) = pgp(u(1), Gi(1)) , (6.6)
Vui (0) — 20(u(0)) VGi(0) = —pa,a(u(0), Gi(0))

U(O’I) = 1/)(1') y T E [07 H .

where Gy =Ty — K; and Ty is given by (6.2). Moreover,

T
Iio ry(ul) = So(u(T)) — So(v) + /0 (o(u), [VE®)?)
(6.7)

T T
+/ e g (ua(1), Ko(1)) dt +/ €G0) 1 (ua(0), K4 (0)) dt .
0 0

Strategy of the proof of the upper bound: We present below the main steps
of the proof in light of Lemma 6.5. Fix a density profile v € M, and denote by
(v, F) the solution to the time-reversed equation (6.6) with K = 0 and starting
from ~:

v = Av — 2V (o (v) Viog ) (t,z) € (0,00) x (0,1),

1-F
V(1) = 20(v(1)) VH:(1) = pg,p(v:(1), Hi(1)) , (6.8)
Vi (0) — 20(v¢(0)) VHL(0) = —pa,a(v:(0), H(0)) ,

v(0,-) =~(-), =z€[0,1],
(VF)’
F(-F)
VF;(0) = A7 F(0) —a], VF(1)=B'B - F(1)].

AFt = (’Ut — Ft) (t,l’) € (0,00) X (O, 1) s

In equation (6.8), H; = log[v;/(1 — v;)] — log[F;/(1 — F})] and p, p has been intro-
duced in (4.2). Equation (6.8) will be shown to be equivalent to (3.5). Proposition
6.7 provides a precise meaning to the coupled equation (6.8)—(6.9).

The second step comnsists in proving that the solution v,g’Y) of equation (6.8)
converges to p as t — oo. This is the content of Lemma 6.10, where we prove that
this convergence takes place in £°.

Fix Ty large enough for v(¥)(T}) to be close to §in £>. Reverse in time the path
v by setting wM (t) = v (T} —t), 0 <t < Ty. The path w() satisfies equation
(6.6) with K =0 and ¢ = v()(T}). Therefore, by Lemma 6.5,

oy (0w [0(T1)) = So(v) = So(v(T1)) -

It remains to replace in the previous formula v(Y)(T}) by p, keeping in mind
that v(*)(T7) is close to p in the £ norm. This is done in Lemma 6.11, where we
show that if ¢ is close to p in £°°, then there exists a path w§2), 0 <t <1, which
connects p to ¢ and such that Ij1)(w® |p) < Co [|¢ — pl|3.

Define the path w(t), 0 <t < Ty + 1, by w(t) = w@(¢) for 0 <t < 1, w(t) =
wM(t —1), 1 <t < Ty + 1. By definition w(0) = p and w(Ty + 1) = . Moreover,
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by the previous bounds of the rate functional, and since w(1) = v (T}),
Lor4y(wl|p) = Ipy(w w®|p) + Iy (w w1+ ) [v(11))

< So(7) = So(wN(T1)) + Co lv(Ty) = A3 -

The first identity says that the cost of a path in the time-interval [0, T; + 1] is equal
to its cost in the interval [0,1] plus its cost in the interval [1,7} + 1]. Equa-
tion (4.1) states that the inequality holds, which is enough for the argument.
By lower semicontinuity of Sp, and since v (T}) — p as T1 — oo, So(p) <
liminfz, 00 So(v()(T1)). Hence, for all € > 0, there exists T} large enough such
that
Iorry(wlp) < So(y) — So(p) + €.

This proves that V(y) < S(v), as claimed.
Proof of Lemma 6.5. Denote by H the function in H'(Q27) introduced in Lemma
4.4, and recall from (6.2) the definition of I'. Set K :=T — H, so that G = H. The
function K belongs to H!(Qr) because, by hypothesis, u € Dr s and, by Lemma
5.7, F € CY2([0,T] x [0,1]). Then (6.6) follows easily from (4.3).

We turn to the identity (6.7), Note that d;u = Au — 2V(o(u) V[T — K]). In
(6.3), replace du(t) by the right-hand side of this identity and integrate by parts
to get that

T
So(u(T)) — So(w) = — /0 (Vu(t), VI()) dt
T
+ 2/0 (o(u(t)) V(T(t) — K(t)), VI(t) ) dt
T T
+/ pa.p(ue(1), Hy(1)) Te(1)dt +/ Paa(u(0), Hy(0)) T4(0) dt .
0 0

By Lemma 6.2, the previous expression is equal to
T

— [ o) (2 de + 2 [ (o) VT - K@) IO de
T T

_/ bB,B(ut(l),Ft(l))dt—/ ba,a(ue(0), T¢(0)) dt
0 0

+/ po.p(ue(1), Hy(1))Ty(1) dt +/ Pa,a(ue(0), Hy(0)) Ty(0) dt .
0 0

Up to this point, we expressed the difference So(u(T)) — So(v) as a sum of
t

many terms. Add on both sides of this identity fOT (o(u(t)) (VK(t))?) dt. Add
and subtract on the right-hand side
T

/ Cﬁ,B(Ut(l) , Ht(l)) dt + / cayA(ut(O), Ht(O)) dt .
0 0

Recall that H = T'— K = G and, from (4.4), the identity satisfied by Ijo rj(uly),
to get after these summations that

T
So(u(T)) — So(w) + / (o(u(t)) (VE(t))?) dt

T T
= Toy(ule) — / M) g g (ur(1), Ko(1)) dt — / M0 g, 4 (ur(0), Ko (0)) d
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as claimed [because H = G]. O

We turn to the proof of the upper bound for the quasi-potential, as described in
the Strategy of the proof. We first simplify the boundary conditions in equations

(6.8)—(6.9).
As Hy =log[ve /(1 —vy)] — log[Ft/(l — F})], the boundary terms are given by
o(vt) _ 2
— Vv, + 2 o(E) VF, = BU &) {Bo[1-F]? - (1-8)(1—w)F}, o0
— Vo, + 2 ((Ft)) VE, = A;(;} {av[1-F] - (1-a)(1—v)F?},

for z = 1, 0, respectively. Let R = log[F'/(1 — F')]. With this notation, equation
(6.8) can be written as

o = Av — 2V(o(v)VR) (t,z) € (0,00) x (0,
V’Ut(l) — QU(Ut(l))VRt(l) = pl—B,B(vt(l)a Rt(l
Vui(0) — 20(v4(0)) VR(0) = —p1—q.a(ve(0), Ry
v(0,")=~, x€][0,1],

N

where F; is the solution to (6.9). Note that this equation corresponds to equation
(3.5).

Proposition 6.7 provides a precise meaning for the system of equations (6.8)—
(6.9), or, equivalently, (6.11)—(6.9). This proposition requires an estimate on the
solutions to equation (1.1). Denote by u("), v € M,., the solution to (1.1) with
initial conditions 7, and by F' = F(v) the solution to (1.6). Recall the definition of
the constant p and ¢ introduced in (5.5).

Lemma 6.6. For cveryy € Mae, (t,z) € Ry x[0,1], a+ Ap < uFO)(t,z) < g —
Bp. Moreover, for every T > 0, there exists a constant ¢y = ¢1(4, B,a, 5,T) > 0
such that ¢; < VuFOD(t,z) < et for all v € My, (t,x) € [0,T] x [0,1].

Proof. By (5.6) and Corollary 5.4, a + Ap < F(y)(z) < 8 — Bp for all v € M,
x € [0,1]. The first assertion of the lemma follows from Theorem B.4.

By Corollary 5.4, F = F(v) belongs to B. Therefore, p < VF(z) < ¢ for all
0<z<1,v€ M. Let v=VulFO), Then, v solves the equation

O = Av

0(t,0) = A~ [uT)(£,0) — o]

o(t,1) = B71[B — uFM)(¢,1)] (6.12)
v(0,-) = VF(-).

The maximum principle, Theorem 2 of [24, Chapter 3], states that the maximum
and the minimum of v are attained at the boundary. The assertion of the lemma
follows from the bounds on w(¥() and VF obtained above. These estimates are
uniform over v € M. O

Proposition 6.7. Fiz vy € M,., and denote by FO)(t) = uFO)(t) the solution to
the heat equation (1.1) with initial condition F(0, -) = F(y)(-). Define v(?) =
v (t,z) by (3.8). Then, v(0,-) = ~(-), v is smooth in (0,00) x [0,1] and
(v, FO) satisfies (6.9), (6.11) in (0,00) x [0,1].
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Proof. Fix v € M,, and let F(v) be the solution of (1.6). By Corollary 5.4, F(v)
belongs to C1([0,1]) and there is a constant ¢y € (0,0), depending only on the
parameters, such that co < [VF(y)] (z) < ¢g* for all z € [0,1].

Let F()(t) be the solution to (1.1) with initial condition F()(0) = F(v). By
Theorem B.4, F) is smooth in (0,00) x [0,1]. By Lemma 6.6, for every T > 0,
there exists ¢; = ¢1(A, B,a,3,T) € (0,00) such that ¢; < (VEM)(t,z) < ¢;* for
all (¢,x) € [0,T] x [0,1].

Define v; " by equation (3.8) which we reproduce here:

AFt(W)

M _ M) (v)
v = FY + o(F )(VFt(V))27

t>0. (6.13)

For ¢t = 0, we may replace on the right-hand side Fév) by F(v) to get that v(()w =7,

as claimed.

In view of the regularity and the bounds obtained for F(?) in the previous para-
graph, v(?) is smooth in (0,00) x [0,1]. Moreover, by (6.13), the pair (v(?), F(?))
satisfies (6.9).

It remains to show that v(?) fullfils (6.11).

Claim 1: The function v,E'Y)

complies with the boundary conditions of (6.11).

We prove this assertion for © = 1, the other one being similar. By (6.13), at the
boundary, as VFt(V)(l) = (8- Ft(V)(l)]/B, taking a time-derivative on both sides
of the identity yields that (V3Ft(7))(1) = —(1/B) (AFt(A’))(l) because 9;F(") =
AF,

Compute, separately, the right and left-hand sides of the right boundary condi-
tion in (6.11). We start with the left-hand side of the identity. Since (V?’th)(l) =

—(I/B)(AFt(ﬂ’))(l), taking a space derivative in (6.13) yields that, at © = 1,

(AF(’Y))2
(VFM)3

AFO U(F(V)) AFO)

_ v — _ ) _ (19
Vo = —VF (1-2F )VF(7)+ B (VF(V))Q

+20(FO)

On the other hand, by (6.13) and a straightforward computation,

A CAULD s ™) (1)) _AFD (1)) (AFD))2
ey VE) = 2vF {1+ 0-2Fr") ooy~ “F) S b
Summing the previous two identities yields that, at z = 1,
(v)) AF
v 4 92207 Gpe _ gpm _ogpt 4 g2y _AFY
v A FEm) B =28+ (PO} ooy

A simple calculation gives that the right-hand side of the right boundary condition
in (6.11) is also equal to this quantity. This proves Claim 1.

Claim 2: The function vt(7) fullfils (6.11) in the interior.

The proof of this claim is identical to the one presented in [3, Appendix B] and
in [4, Lemma 5.5]. We reproduce it here in sake of completeness.
From (6.13),

/U(’Y)(l — U(v))

(AF(’Y))2
F(v)(l — F(v))

AF)
—F(W)(l — F(v)) T

=1+(1-2F")—
(VEM) (VEM)
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As FO) solves the heat equation (1.1), a long computation yields that

AF ()
(8, — A) (a(F(V))iz) - (”(” ) VFW) .
(VF™) o(FO)
By (6.13), v") satisfies the differential equation in (6.11), as claimed. O

Lemma 6.8. Under the hypotheses of Proposition 6.7, assume that v belongs to
C?([0,1]). Then, v belongs to C*2([0,00) x [0,1]) N C([0,00); Mac).

Proof. Assume that v belongs to C?%(]0,1]). By Remark 5.1 and (1.6), AF(y)
belongs to C2([0,1]). Taking time derivatives in (1.1) yields that AF()(t) is the
solution to (B.2) with initial condition AF(y). By Theorem B.2 (a), (t,z) —
AFO(t,z) belongs to C*2([0,00) x [0,1]). Therefore, by (6.13), v(?) belongs to
C12([0, 00) x [0,1])

Claim 1: The function v,gy) belongs to C(R4, Mac).

We have to show that 0 < v (¢,2) < 1 for all (¢,2). In view of (3.9), equation
(6.11) describes the macroscopic evolution of the density for weakly asymmetric
boundary driven exclusion processes with weak boundary interaction. The drift is
given by VR, where R; = log[Ft('Y)/(l - Ft(ﬂ’))]. By the first part of the proof and
Lemma 6.6, R; belongs to C12([0, 00) x [0, 1]).

As vév) =~ and 0 <y <1, by the hydrodynamic limit of theses systems, derived
in [19], this equation has a weak solution taking values in the interval [0, 1], cf.
Theorem B.8. Since v(?) belongs to C12([0, 00)x [0, 1]) and solves (6.11) pointwisely,
it is a weak solution to equation (6.11) in the sense of Definition B.7. Therefore,
by the uniqueness of weak solutions of (6.11), Theorem B.8, v(?) coincides with
solution obtained in the proof of the hydrodynamic limit which takes values in
[0,1]. This completes the proof of the lemma. O

Lemma 6.9. Under the hypotheses of Proposition 6.7, assume that 6 < y(z) < 1—46
a.e. for some § > 0. Then, there exists &' = §'(A,B,«,3,0) € (0,1), such that
8 < v (t,z) <1 =08 forall (t,z) € (0,00) x [0,1].

Proof. The proof is divided in several assertions. Fix ¢ > 0.

Claim 1: Tf v()(t,-) has a local maximum at z € (0,1) and v (t,z0) > 1 — a,
then 9,0 (t, ) < 0.

Assume that v() (¢, -) has a local maximum at 2 € (0,1). Since v(?) is a smooth
solution to (6.8), (Vu()(t,29) = 0. By (6.13) and a straightforward computation,
Alog{FM /(1—FM)} = (v +F —1) (VF)2 /o (FM)2. Therefore, by (6.11),
at the point (¢, xo),

(VF(’Y))Q

(v — (v _ (v) (v (M _y Yz 7
o'\ = Aw 20(0\) (v + F 1) o (F)2

As 1z is a local maximum, Av( < 0. On the other hand, since v(?) (t,x0) > 1—q,
and, by Lemma 6.6, « < FO, v 4 F(O) —1 > 0 so that 8,0 < 0, which proves
the claim.

The same argument shows that (9,v(")(¢,21) > 0 if z; € (0,1) is a minimum of
v (t,-) and v (t, 1) < 1 - B.
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We turn to the possibility that the maximum is attained at the boundary. By
Lemma 6.6, (") takes value in the interval [ 4 pA,  — pB]. Let

(1-B)?
max —

a+pA<p<B-pB 8 — 2B¢p + p?
As v < 1, there exists @ > 0 such that v/(1 —2a) < 1 and aBp < 1.
Claim 2: If UE’Y)(l) > v, := max{r/(l —2a), 1 — aBp}, then Vvtw)(l) < 0.

Since v(7) solves equation (6.11), in view of the definition of R, the first equation
in (6.10) holds with v("), F(¥) in place of v, F, respectively. At the boundary,
vFEY (1) = (1/B)[B — F(1)]. Therefore,

v =

1
V?)t("Y) — m {2 G(Ut(V)) [/8 _ Ft("Y)] +(1-8)(1- Ut("y)) [Ft(“/)]2 o IBUt(y) [1 _ Ftﬁ) ]2 }
= BU(_;’t(’Y)) {'Ut(’Y) {{ﬁ — QﬁFt('Y) + [Ft(’Y)P} - 2(1- Ut(’Y)) (8 — Ft(’Y))} — (1-p) [Ft(’Y)F } .

In these formulas, we wrote vtm, Ft(’Y) for vtm (1), Ft(v) (1), respectively. As v,gv)(l) >
l—aBpand Bp< (— Ft(y) , the last term is bounded by

-1 . 8 . o .
< Ba(;t('”){(l%) o B —28F 4 [F2Y} — (1-B) [Ft(v)]z}.

This expression is negative by definition of v and because we assumed that v,@ (1) >

v/(1 — 2a). This proves Claim 2.
Let )
, 1-Be
min —
a+pA<p<B—pB [ — 2B + ©?
Claim 3: It v (1) < pup, then Vo' (1) > 0.

Recall the formula for va) (1) presented at the beginning of the proof of Claim
2. Since 2(1 — vgv)) (8- Ft(’Y)) > 0 and v,fy)(l) < Uy,

{=BFP - (8267 + [FP} ).

My 1=

Vo > &
Bo(F")

As Ft(PY) takes values in the interval [« 4+ pA, 8 — pB], the right-hand side is non-
negative by definition of w,.. This proves Claim 3.

Similarly, one can be prove the existence of y; > 0 and v; < 1 such that
Vo (0) > 0if o{7(0) > v; Vol (0) < 0 if v (0) < .

This result together with Claims 1, 2, 3, yield that min{gu;, p,, 5,1 — 8} <
v (t,2) < max{y, v, 1—0,1—a} forall (t,z) € Ry x [0,1], which concludes
the proof of the lemma. O

Next result states that the solution to (6.8), as constructed in Proposition 6.7,
converges to p, as t — oo, uniformly with respect to the initial condition ~.

Lemma 6.10. Let v, v € My, be given by (6.13). Then,
lim sup H v () — ﬁ“oo =0.

t—o0 YEMac
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Proof. Write the solution F)(t) of (1.1) as FO)(t,x) = p(z) + ¥ (¢, x). Then,
T solves the equation (B.2) with ¢ = F(y) — p. In particular, by Theorem B.2,
V) (t) can be represented as ¥V (t) = Pt(R)\I/('Y) (0). Since ¥ (0) = F(y) — p
and the solution F(y) of (1.6) as well as p are contained in the interval [a, £], we
have that [|[¥()(0)||e < 8 — a < 1, uniformly over 7y € M,.. Therefore, expressing
TO(t) = t(R)\II(V)(O) in the basis (f; : j > 1) by standard arguments (see [26,
Corollary 2 of Section 4.4]),

Taking a time derivative at the boundary yields that AW () also solves equa-
tion (B.2). By (1.6), as F(7) belongs to B, AV (0)|| < Co(A, B,a, 3). Thus,
as Ap = 0, by the same argument,

lim sup [[ATVO) (1) = 0.
t—o00 ~YEMac

Expressing the derivative (V&™) (¢, ) as (VI )¢, 0)—|—f0z(A\I/(“’))(t, y) dy, and

since (VUM (¢,0) = A= WO (¢,0), we deduce from the two previous results that

lim sup |\(V‘I’(7))(t)||oo = 0.
t—»oo,),eMac

By (6.13), the assertion of the lemma follows from the previous estimates. [

Lemma 6.10 shows that we may join a profile v in M, to a neighborhood of
the stationary profile by using the equation (6.8) for a time interval [0, 7] which
at the same time regularizes the profile. As described in the Strategy of the proof,
it remains to connect v (T}) to p. In the next lemma we show that this can be
done by paying only a small price. Denote by || - ||z the norm in £2([0,1]), and
recall the definition of g, given at the beginning of this section, and of the set Dr s,
introduced in (6.1). In the lemma below, A\; represents the smallest eigenvalue of
the Robin Laplacian (cf. Appendix A).

Lemma 6.11. Lety € My be a smooth profile such that ||y —pllec < do min{(1/4),
(1/A)}, where A = 164/ A/A1. Then, there exist a smooth path w(t), t € [0, 1], with
00/2 < w(t) < 1—1080/2, w(0) = p, w(l) =~ and a finite constant Cy = Cp(dp)
such that

T (wlp) < Colly—pll5 -
In particular, for profiles v satisfying the hypotheses of this lemma, V(v) < Co ||y—
pli3.

The “straight path” w(t) = p (1—¢)+~ ¢ yields a bound in terms of the H1 ([0, 1])
norm of v — p. In contrast, the path below, similar to the one proposed in [4],
provides a bound in terms of the £2 norm. We assume in the proof below that the
reader is familiar with the notation and results presented in Appendix A.

Proof. Recall that we denote by {f; : j > 1} the orthonormal eigenfunctions of the
Robin Laplacian and by A; the associated eigenvalues.
We claim that the path w(t) = w(t, z), (¢, z) € [0,1] x [0,1] given by

et —1
w(t) = p + Zm@*ﬁ, Tr) fr (6.14)
k>1
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fulfills the conditions stated in the lemma. By [26, Corollary 2 of Section 4.4], this
sum is absolutely convergent, uniformly in x € [0, 1].
Clearly, w(0) = p, w(1) = v and w satisfies the boundary conditions

(Vw)(t,0) = A [w(t,0) —a], (Vw)(t,1) = BB —w(t,1)]. (6.15)

By the smoothness assumption on v, w € C*2(]0,1] x [0, 1]).
In order to show that §p/2 < w < 1 — §p/2, write w(t) as w(t) = p + q(—t).
Clearly, q(t) = q(t, ), (t,x) € [-1,0] x [0, 1] solves the equation

oq(t) = (t) -9

(Va)(t,0) = ql(t,O) (6.16)
(Va)(t,1 )=—B q(t, 1),

q(=1)=v—

where g = g(z) is given by

A
g = Zehfilw—ﬁ,fwfk-
E>1

Recall the definition of the Hpz-norm ||g||%, induced by the Robin Laplacian.
By definition of g and since a? < 2(e* — 1), a > 0, |7 — plloo < 0/A,

lgl5en = DA (%) (r=pfo)? < 5 Zv p. f)?

k>1 k>1

4 i 4 62
N v =»nllz < N Az

The solution ¢(t) of (6.16) can be expressed as Pt(+1)(’7 - D)+ f P(R)g ds.
Therefore, since, by hypothesis, || v—p ||c < 00/4, by (B.4), (A.11) and the previous
bound,

do

sup (gl < 17 =Plloc + lgllec < 7 +
te[—1,0]

2 4

AV =7

In particular, by definition of A, w belongs to D; 5, /2.

We turn to the cost of the path w. Since w is a smooth path such that w(0) = p,
in formula (2.1), integrate by parts twice in space and once in time to get that

JLH(w) = /0 <8twt — Awt, Ht> dt — /0 <O'(U)t), (VHt)2> dt
_ /1th(1)Ht(1) dt + /1th(0)Ht(0) dt
0 0
_/0 {ba,A(wt(O),Ht(O)) n bB,B(wt(l),Ht(l))}dt.

for all H in C*%(]0,1] x [0,1]). Recall the definition of q, p(a, M), introduced in
(6.5). As w satisfies the boundary conditions (6.15), we may rewrite the previous
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identity as
1 1
JLH(’UJ) = /0 <8twt — Awt, Ht> dt — /0 <O'(’U.)t), (VHt)2> dt
— [ {0 10)) + an (1) (1)) e

As 6p/2 < w < 1—80/2, o(wy) > (80/2)%. On the other hand, for §p/2 < a,p <
1—30/2, qp,p(a, M) > (2/D) (60/2)? [cosh M — 1] > (1/D) (60/2)* M?. Therefore,

T (w / (Oow, — Aw,, Hy) dt — (520>2/01<(VHt)2>dt

- (2 /0 [GHO7 + 50}

y (A.7), we may rewrite this inequality as

J (w)</1<8w ~ Aw H>dt(50)2/1||H||2 dt
1,H = Wy t, My ) ; t o

Since Qo,1)(w) < oo, the rate functional Iy 1j(w[p) is given by the variational
formula (2.3). Therefore, maximizing over H on both sides of the previous displayed
equation yields that

Lray2 2
1 w_S/ — sup h(t), G) — |G dt 6.17
o) < [ (5) s {0, 6) — 6l } (6.17)
where h(t) = Oywy — Awy.
By (6.14),
2eMt — 1 _
= Z)\kﬁW*Pa Ji) i
k>1
Hence, by Young’s inequality and (A.10), for all G € C?([0,1]),
2 2
(). G) = (0, 5 G £) < 31 ) + (G,
k>1 k>1
By the formula for h(t), the last sum is equal to
2eMt — 1 _ - _

72 (B =t) -, 0 < P M g2,

k>1

where J = (1 —e?1)71
Reporting the previous estimate to (6.17) yields that

Ijo,1(wlp) < / > ey —p f)? dt
0 gk>1
2J B 9 2J\2 _ 12
< — = [ — _
< (50) S =5, f) (50) Iy =713,
E>1
which concludes the proof of the lemma. (I

We can now prove the upper bound for the quasi-potential and conclude the
proof of Theorem 2.6.

Lemma 6.12. For each v € My, we have V() < S(y).
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Proof. Fix 0 < & < (dp/2) min{(1/4),(1/A)}, where A has been introduced in the
statement of Lemma 6.11. Let v € M., and recall that we denote by v(?) (¢, z) the
solution to (6.8) with initial condition v. By Lemma 6.10, there exists 71 = T} (¢)
such that |0 (t) — pl|o < & for any ¢ > Ty. Since v (T}) fullfils the hypotheses
of Lemma 6.11, let w be the path which connects 5 to v()(T}) in the interval [0, 1]
constructed in that lemma.

Let T :=T1 + 1 and w*(t), t € [0,T], be the path

v | w(®) for0<t<1
wi(t) = { vON(T —t) for1<t<T (6.18)

Recall the definition of Ms given in (6.1). Let (v,, n > 1) be a sequence such
that ,, € M, for some d,, > 0 and which converges to v a. s. Denote by v(™) the
solution to (6.8) with initial condition ~,.

Claim 1: vO)(Ty) converges to v (Ty) in C([0, 1]).

To prove this claim, let F' = F(v), F,, = F(v,), and denote by F(), F() the
solutions to (1.1) with initial conditions F, F,,, respectively.

By Proposition 5.6, F,, converges to F in C1([0,1]). Hence, by Lemma B.5,
FOm)(Ty) converges to FO)(Ty) in C%([0,1]). On the other hand, by Lemma 6.6,
there exists a constant ¢; > 0 such that ¢; < VFO)(Ty) < ¢;h, e; < VFON(T)) <
¢yt for all n > 1. Hence, by (6.13), vO)(T}) converges to v (T1) in C([0,1]), as
claimed.

Since ||v)(T1) — pllee < &, by Claim 1, there exists ng such that [|vO")(T}) —
Pllc < 2e for all n > ng. Fix such n, and let w™(¢) be the path joining p to
v(")(T}) in the time interval [0, 1] constructed in Lemma 6.11. Define the path
w™*(t), 0 <t <Ty+1as

w™(t) for0<t<1

w(t) = { vO)(T —t) for 1<t<T (6.19)

Claim 2: The path w™* converges in D([0,T], M) to w*.
Before proving this claim, we conclude the proof of the lemma. By the lower
semi-continuity of the functional Ijg 11(-|p),

Lio.r)(w*[p) < lim inf Jjo ) (w™"|p) . (6.20)
On the other hand, by definition of the rate function and (4.1),
To (W™ [p) < Toa(w"[p) + Ty (v0(T1 =) [0)(Th)) . (6:21)
By Lemma 6.11, for n > nyg
Toq(w™]p) < Co[l00)(T1) — pll3 (6.22)

for some constant Cy = Cy(dp).

By Proposition 6.7 and Lemmata 6.8, 6.9, (x,t) + v") (T} — t,z) belongs to
C12(]0,T1] x [0,1]) and is bounded away from 0 and 1, namely it belongs to Dr, 5,
for some §,, > 0. Hence, by Lemma 6.5, as v(») (T} — -) solves (6.6) with K =0,

Loy (00 (T1 =) [0(T1)) = So(yn) — So(w™)(T1)) - (6.23)
By equations (6.20)—(6.23),
Ipr)(w* |p) < liminf { So(7n) — So(0)(T1)) + Collo™)(T1) —plI3 } -
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By Remark 5.8, Sy(7,) converges to Sp(7). Thus, by the convergence of v(")(T7)
to v (T}) in C([0,1]), the lower semicontinuity of Sp, and the bound [[v™(T}) —
Plloe < €, the right-hand side is less than or equal to

So(7) = So(p) + Colv(T1) —pl3 < S(7) + Coc®.

To completes the proof of the lemma, it remains to show that Claim 2 is in force.

Proof of Claim 2. Tt is enough to show that w™* converges to w* in C([0,T],M).
Equivalently, to show that v(*») converges to v(?) in C ([0,T1], M) and w™ converges
to w in C([0, 1], M).

Fix 0 < ty < T7 small. By the arguments presented in the proof of Claim 1 and
since the convergence in Lemma B.5 is uniform for t > ¢, p(rm) converges to o™
in C([to, T1] x [0, 1]).

On the other hand, by Lemma 5.3, VF() (¢) and VF() () are uniformly bounded,
and, by Lemma 6.6, Vo) (t) and Vo) (t) are uniformly bounded in [0,7;]. As
vOm) v are weak solutions to (6.11), for each G € C([0,1]),

lim limsup sup ’(v(%)(t),G) - (v('Y)(t),GH =0.
00 n te[0,t0]

This concludes the proof that v(7) converges to v(?) in C([0,T], M).

By (6.13) and Remark B.6, we can extend the result obtained in Claim 1 and
show that v(")(T}) converges to v()(T}) in C2([0,1]). Hence, by the explicit
formula (6.14), w™ converges to w in C([0, 1] x [0, 1]). This completes the proof of
Claim 2 and of the lemma. O

APPENDIX A. THE ROBIN LAPLACIAN

We present in this section some results on the Robin Laplacian needed in the
previous section. Denote by Ap the Laplacian on [0, 1] with Robin boundary con-
ditions, sometimes called the Robin Laplacian [25, Section 4.3].

Consider the eigenvalue problem

—Af=Af,
(VH)(0) = A7 f(0), (A.1)
(VA1) = =B~ f(1).

The equation — Af = A f can be turned into a two-dimensional ODE which yields

that the solutions to (A.1) are given by f(z) = a[cos(v/Az)+b sin(v/Az) ] for some
a, b € R. The boundary conditions are satisfied if and only if

VA

tan\/X = (A+B)m,

(A.2)
in which case b = (Av/A)~!. This identity excludes A = 0 from the set of eigenvalues
of the Robin Laplacian.

An analysis of (A.2) shows that it has a countable set of solutions {\; : j > 1},
where 0 < Aj, Aj < Ajp1and Aj ~ 42 in the sense that there exists 0 < ¢g < ¢1 < 00
such that

ci’> <N < aj’. (A.3)
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Denote by {f; : 7 > 1} the associated orthonormal eigenvectors, which form a basis
of £2([0,1]). By the previous analysis,

= aj{ cos(y/Ajz) + 75111 x)}, A4
) { cos(v/Ajz) + Wev (V) } (A4)

where a; is chosen for f; to have £2-norm equal to 1. It can be shown that |a;| < Cp
for all j > 1, where Cj is a finite constant depending only on A and B. Therefore,
by (A.3),
I fille < Cov V" fillso < Co(X)™? < Coj" (A-5)

forall j >1,n>1.

A straightforward computation provides a formula for the Green function of the
Robin Laplacian: Let K : [0,1] x [0,1] — R be given by
1 {(B+1—x)(A+y), 0<y<az<1,

K e ——
B0V =TT \(Br1-y)(Ata), 0<z<y<l.

(A.6)
Denote by Kg the integral operator defined by

(Krf) (= /Kny y) dy .

Then, Kr = (—AR)_ .

Denote by H r the Hilbert space obtained by completing the space C% ;([0,1]) =
{f € C¥(0,1)) : (VF)(0) = A7 (0) , (Vf)(1) = — B~1f(1)} endowed with the
scalar product (-, - )y, defined by

<fag>7'l1?, = <fa (_AR)9>
= 31090 + [ (V@) (Voe) dr + 5 f(1)g(0).

Denote by || f|l3, the norm induced by the scalar product (-, - )3,. We have that

(A7)

15, = DM (fs fi)? (A.8)
k>1
for all f € Hpg.
The norms || - ||x, and || - ||, are equivalent. There exist finite constants
0 < 7 < O3 < oo such that
Collfll < Ml < Collflln, (A.9)

for all f € C%([0,1]). In particular, the spaces Hr and H; coincide.
In terms of the eigenfunctions fg,

1F 1B, = DAl (fs fid) P (A.10)

k>1

Moreover, a straightforward computation yields that for all f € CE&, 5([0,1]),
15 < 2(AV)Ifl3, - (A11)

Fix a function f in H;. It is well known that there exists a continuous function
f©:[0,1] = R (actually Hélder continuous, |f()(y) — ) (2)| < || fll2ly — =|*/?)
such that f = f(°) almost surely. Moreover, for all h € C*(]0, 1]),

/lthdx = fO) 1) — f90) / Vfhde. (A.12)
0
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The next result provides an explicit formula for f(¢) in terms of the eigenvectors

-

Lemma A.1. There exists a finite constant Cy such that
ST I < Coll fllas
k>1

for all f € Hi. In particular, 37, (f, fr) fx(:) defines a continuous function,
and, for almost all x € [0,1],

f@) = > (s fu) frl) - (A.13)
k>1

Proof. By (A.9), f belongs to Hr. By Schwarz inequality,

<Z|<fafk>f)2 < Z)\k‘<f»fk>|2 Z)\ik

k>1 k>1 k>1

The second sum is finite by (A.3) and the first one is finite by (A.10). This proves
the first assertion.

Since each function fj is continuous, and a summable sum of continuous func-
tions is continuous, Y, <1 (f, fx) fx(-) defines a continuous function. As (fy : k> 1)
forms an orthonormal basis of £2([0,1]), f = > ,~,(f, fx) fx as an identity in
£2([0,1]). In particular, these functions are equal almost everywhere. O

Denote by (Pt<R) : t > 0) the semigroup in £2([0,1]) generated by the Robin
Laplacian: For any function f € £2([0,1]), t > 0,

BIF = 3 e i) i (A.14)
k>1
In particular, for each t > 0, Pt(R) is a symmetric operator in £2([0, 1]) and Pt(R)f €
C>([0,1]) for all f € £2([0,1]). Moreover, as Pt(R) is symmetric, by (A.10), Pt(R)
is a contraction in Hp and £2([0, 1]):

1P f 13 = S e 2N, f) P < 11 F 1R s

k>1
R _
1P FN3 = ST e 1, ) 2 < (1F13
k>1

Let f € £2([0,1]) be given by f = > k>1{f s fi) fx. For each t > 0, there exists

a finite constant Cy(t) such that

R R

1P FI2, < Co 12, IR FIZ, < Co)lIFI3. (A.16)

Indeed, by (A.10) and since Pt(R) is symmetric and Pt(R) fr=e Mty

1P F 1R, = S e ) |P < o) ST ) | = Co I £ 12

k>1 k>1

(A.15)

for some finite constant Cy (). On the other hand, by Schwarz inequality and (A.5),
2
PP = || e s i < ST Y P = G IS 1B
E>1 e E>1 E>1

for some finite constant Co(t).
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Lemma A.2. There exists a finite constant Cy such that

I PEF = Tllo < Cot | F Il
forallt >0, f € Hg.
Proof. Since (fy : k > 1) is an orthonormal basis of £2([0, 1]),

1P — 12 = S [e™ =17 [(f, S|

E>1
Fix kg > 1. Since the sequence \j increases, the right-hand side can be bounded
by
ko—1

[eot — 13" [(F, fi) | LSO A

k=1 ko k>ko

The first sum is bounded by || f ||3. In view of (A.10), the second one is bounded
by || f 13, so that

R — 2 1
e I N FA L o PR
0

As1—e ™ <z, x>0, and since, by (A.9), || fll2 < Coll f|ln, for some finite
constant Cy,

1
IP0f =713 < {CoOwt) + 5= HI T s -

To complete the proof, it remains to choose kg such that )\;03 ~ 12, (Il

Lemma A.3. There exists a finite constant Cy such that

I PE0F = Flloe < ot [ £l
forallt >0, f € C([0,1]) N HEg.
Proof. Fix x € [0,1]. Since f is continuous, by (A.13) and (A.5),
2
{PPf@) - 1@} < Co (X [1- e i fl)
k>1

for some finite constant Cy. By Schwarz inequality and (A.10), the right-hand is
bounded by

Co ZM e SN ) [P = Coll £ 13, ZA — e et)?
k>1 k>1 k>1

It remains to estimate the sum. Fix kg > 1. Since the sequence \; increases, as
1—e* <z, x>0, by (A.3), the sum is less than or equal to

Co[1 - e*Mot]Q + Z /\ik < CO{(kSt)2 + kio}

k>ko

for some finite constant Cy. It remains to choose ko such that k§ ~ 2. [
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APPENDIX B. HEAT EQUATIONS WITH MIXED BOUNDARY CONDITIONS

We present in this section some result on the initial-boundary value problems
(1.1), (4.3). Denote by H!' = H'([0,1]) the Hilbert space obtained by completing
the space C'*(]0,1]) endowed with the scalar product (-, - )41 defined by

Denote by || f|l#: the norm induced by the scalar product (-, - )41. Fix a function
# € £2([0,1]), and consider the initial-boundary problem

Ou = Au

(Vu)(t,0) = A= u(t,0)
(Vu)(t,1) = — B tu(t,1)
u(0,-) = é() .

Definition B.1. A function u in £2([0,T]; H') is said to be a generalized (or weak)
solution in the cylinder [0,T] x [0,1] of the equation (B.2) if

1 1 t 1
/uthdx—/quodx—/ds/ us OsHg dx
0 0 0 0
1

t 1 t 1
_ _/0 ds/o Vu, VH, dv — /O {5 us() Hy(1) + 7 us(0) Hy(0) } ds

for every 0 <t < T, function H in C12([0,T] x [0,1]).

(B.2)

Theorem B.2. For each ¢ € £L2([0,1]), there exists one and only one generalized
solution to (B.2). Moreover,

(a) The solution is smooth in (0,00) % [0,1] and can be represented as u(t,x) =

(Pt(R) ®)(x), where Pt(R) is the semigroup associated to the Robin Laplacian.
(b) For all (t,x) € Ry x [0,1],

min{ 0, essinf ¢ } < wu(t,z) < max{0, esssup¢}. (B.3)

(c) If p(x) < b for some b > 0, then, for each to > 0 there exists € > 0 such that
u(t,x) < b—e€ for all (t,x) € [to,00) x [0,1]. Analogously, if ¢(x) > a for
some a < 0, then, for each ty > 0 there exists € > 0 such that u(t,z) > a+e
for all (t,z) € [to, 00) x [0, 1].

(d) If ¢ belongs to C([0,1]) NH1, then the solution belongs to C([0,c0) x [0,1]).

Proof. Existence and uniqueness of generalized solutions, as well as their represen-
tation in terms of the semigroup Pt(R) is the content of Theorems 1 and 3 in [23,
Section VI.2].

We turn to (B.3). Assume first that ¢ belongs to H;. By (A.9), ¢ € Hg, and,
by Lemma A.3, u(t) converges to ¢ in £>°([0,1]) as ¢ — 0. Since the solution is
smooth in (0, 00) x [0, 1], by the maximum principle stated in Theorems 2 and 3 of
[24, Chapter 3],

min{ 0, inf wu(to,y)} < u(t,z) < max{0, sup u(to,y)}
0<y<1 0<y<1
for all (¢,z) € [to,00) x [0,1]. Letting to — 0, as u(tg) converges to ¢ in £°°([0, 1]),
yields (B.3).

To extend this result to ¢ € £2(]0,1]), we consider a sequence ¢,, € H; which

converges to ¢ in £2([0,1]) and such that essinf¢ < ¢,(z) < esssup¢ for all
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0 <z < 1. Denote by u™ the solution to (B.2) with initial condition ¢,,. Fix ¢ > 0.
By the result for initial conditions in H,

. < m .
min{ 0, essinf ¢ } < min{0, oglrylfgld)"(y)}

< u"(t,z) < max{0, sup ¢,(y)} < max{0, esssup¢}.
0<y<1
for all 0 < 2 < 1. By (A.16), u™(t) converges to u(t) in £°°([0, 1]). This completes
the proof of (B.3).
Assume that ¢(z) < b for some b > 0. By (B.3), u(t,z) < b for all t > 0,
0 <z <1 Fix ty > 0, and assume that maxo<z<1 u(to,z) = b. As b > 0, the
boundary conditions imply that the maximum cannot be attained at the boundary.
On the other hand, if it is attained at the interior, by Theorem 2 of [24, Chapter
3] and by the smoothness of the solution, u(t,x) = b for all (¢t,z) € (0,to] x [0,1].
This is not possible at the boundary. Therefore, maxo<z,<i1 u(to,z) < b. By the
maximum principle, this bound can be extended to all (¢, x) € [tp,00) x [0,1]. The
same argument applies to the lower bound.
Assertion (d) follows from Lemma A.3 and the representation of the solutions.
(I

It follows from the previous result that the operator Pt(R) is a contraction in
£2°(]0,1]): for all £ > 0, f € £>°([0,1]),

1P F lloe < 11 F lloo - (B.4)

Recall from (1.5) that we denote by p € M, the unique stationary solution to
the equation (1.1).

Definition B.3. Fiz v € £%([0,1]). A function u in £2([0,T];H') is said to be
a generalized (or weak) solution in the cylinder [0,T] x [0,1] of the equation (1.1)
if u(t,x) — p is a generalized solution to the initial-boundary problem (B.2) with
inatial condition v — p.

Therefore, a function u in £2([0,T]; H!) is a generalized solution in the cylinder
[0,T] x [0,1] of the equation (1.1) if

1 1 t 1 t 1
/ uy Hy dov — / v Hy dx — / ds / us O Hy do = —/ ds / Vus VH, dx
0 0 0 0 0 0

[ e - BT + 5 00) - H0) s

for every 0 < t < T, function H in C*2([0, 7] x [0, 1]).

Theorem B.4. Fiz v € £2([0,1]). There exists a unique generalized solution to
(1.1). The solution is smooth in (0,00) X [0,1] and satisfies the bounds

min{ «, essinfvy} < wu(t,z) < max{g, esssup~} (B.5)

for all (t,z) € [0,00) x [0,1]. Moreover, if v € My, for all 0 < to < T there exists
e > 0 such that € < u(t,z) < 1—€ for all (t,z) € [to,00) x [0,1]. Finally, the
solution is continuous in [0,00) x [0,1] if v belongs to C([0,1]) N H;.

Proof. The proof of this result is similar to the one of Theorem B.2. ([l
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Lemma B.5. Let v, (v, : n > 1) be a sequence of density profiles in My.. Assume
that 7y, converges to v in M. Let u, u™ be the weak solutions to (1.1) with initial
conditions 7y, yn, respectively. Then, for all tg > 0, u™(t) converges to u(t) in
C?([0,1]) uniformly in t € [to, 00).

Proof. Fix ty > 0. By Definition B.3, Theorem B.2.(a) and (A.14), for every ¢ > 0,
u(t) = ult) = PPy —7) = S e M iy — v, fu) f -

k>1
By this identity and the hypothesis, since +, 7, are bounded, " (t) converges to u(t)
in C([0, 1]), uniformly for ¢ > ¢y. Taking the Laplacian on both sides of this identity
produces on the right-hand side an extra factor — \;. Hence, Au™(t) converges to
Au(t) in C([0,1]), uniformly for ¢ > to. Uniform convergence in C?2([0,1]) follows
from the two previous convergences. O

Remark B.6. Fizk > 1. The same proof yields that, for allty > 0, u™(t) converges
to u(t) in C*#([0,1]), uniformly in t € [ty,00).

We conclude this section defining weak solutions to equation (4.3) and stating a
result on existence and uniqueness.

Definition B.7. Fiz v € £1([0,1]), H € C%'([0,T] x [0,1]). A function u in
L2([0,T); HY) is said to be a generalized, or weak, solution in the cylinder [0,T] x
[0,1] of the equation (4.3) if

1 1 t 1
/ us Gy do — / vGo dx — / ds / us 0G4 dx
0 0 0 0

t 1
- / ds / [ — Vu,VG, + 20(us) VH, VG, )} du (B.6)
0 0

+ /0 [pp.(us(1), Hy(1)) Go(1) + poa(us(0), H,(0)) Go(0) } ds

for every 0 < t < T and function G in C12([0,T] x [0,1]).
Next result is taken from [19]

Theorem B.8. Fiz v € M,. and H in C%L([0,T] x [0,1]). Then, there exists a
unique weak solution to (4.3). Moreover, 0 < u(t,z) <1 a.s. in [0,T] x [0, 1].

Acknowledgements: The last author wishes to thank D. Gabrielli for fruitful
discussions.
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