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Abstract We prove a law of large numbers for the empirical density of one-dimensional,
boundary driven, symmetric exclusion processes with different types of non-reversible
dynamics at the boundary. The proofs rely on duality techniques.
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1 Introduction

This article provides partial answers to a question raised to us by Spohn. The stationary
states of boundary driven interacting particle systems have been extensively studied lately, as
solvable examples of nonequilibrium stationary states, cf. [2,3] and references therein. One
of the main goals is to derive in this context the nonequilibrium functional which plays a role
analogous to the entropy in the Onsager theory of nonequilibrium thermodynamics [11,12].

This program has been achieved for a class of boundary driven interacting particle systems
in two different ways. On the one hand, relying on Derrida’s formula for the stationary state
as a product of matrices, Derrida et al. [4] obtained an explicit formula for the nonequilibrium
free energy of one-dimensional boundary driven exclusion processes. On the other hand and
by the same time, Bertini et al. [1] derived the same formula for the nonequilibrium free
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energy by solving the Hamilton—Jacobi equation for the quasi-potential associated to the
dynamical large deviations principle for the empirical density.

Both approaches rely on the deduction of a large deviations principle for the empir-
ical density under the stationary state. The proof of this result depends strongly on the
non-conservative boundary dynamics which models the interaction of the system with the
reservoirs, and it has been achieved only for dynamics which satisfy the detailed balance
conditions with respect to some Gibbs measure. If this dynamics is slightly perturbed, Der-
rida’s formula for the stationary state as a product of matrices is no more available, and a
bound for the entropy production, one of the fundamental ingredients in the proof of the one
and two blocks estimates, is no more available.

We examine in this article the asymptotic behavior of the empirical density under the
stationary state of boundary driven exclusion processes whose boundary dynamics do not
satisfy a detailed balance condition. We consider three classes of interaction. The first one
consists of all boundary dynamics whose generator does not increase the degree of functions
of degree 1 and 2. The second class includes all dynamics whose interaction with the reser-
voirs depends weakly on the configuration. Finally, the third class comprises all exclusion
processes whose boundary dynamics is speeded-up. Using duality techniques, we prove a
law of large numbers for the empirical measure under the stationary state for these three types
of interaction with the reservoirs.

Asymmetric exclusion dynamics on the positive half-line with complex boundary dynam-
ics have been considered by Sonigo [13].

2 Notation and Results

Consider the symmetric, simple exclusion process on Ay = {1, ..., N — 1} with reflecting
boundary conditions. This is the Markov process on 2y = {0, 1}*¥ whose generator, denoted
by L n, is given by

N-2

Lo ) = Y _(f @) — fam). @n

k=1
In this formula and below, the configurations of Q2 are represented by the Greek letters n, &,
so that gy = 1 if site k € Ay is occupied for the configuration n and nx = 0 otherwise. The
symbol o%-¥*1y represents the configuration obtained from 1 by exchanging the occupation
variables 1y, Ni+1:

e+ i j=k
@ =it j=k+1
nj if jEAN\{k,k+1}.
This dynamics is put in contact at both ends with non-conservative dynamics. On the

right, it is coupled to a reservoir at density 8 € (0, 1). This interaction is represented by the
generator L, y given by

(Len )0 = (B = nn—1) + (1= Bonn— M@V ) — F), 2.2)

where o¥n, k € Ay, is the configuration obtained from 7 by flipping the occupation variable
Mk
1—m if j=k
(o = o
n;j if jeAn\{k}.
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On the left, the system is coupled with different non-conservative dynamics. The purpose
of this paper is to investigate the stationary state induced by these different interactions.

2.1 Boundary Dynamics Which Do Not Increase Degrees

The first left boundary dynamics we consider are those which keep the degree of functions
of degree 1 and 2: those whose generator, denoted by L, y, are such that for all j # k,

Linnj = ol +3 aln,
l

i .k ik
BIE N b e+ Y by nem
J4

,m

2.3)
Linnjnk

for some coefficients a/, aé, bik, b‘{’k, béfn
Fix p > 0,and letA:‘, ={-p,...,0}, Q; = {0, I}A;. Consider the generators of Markov
chains on €27, given by

(LefH) = Y rile;d=np) +n;(0—ap]ifein) — f).
Jens
(L = D Y ciu[m =np) +n;(0 = n)](fe/m) — fD},

JEAL keAy,

LaH) = D aju[meny + A =0 —n0)]{f@/n) — F)}.

JEAL ke,

In these formulae and below, 7, ¢ x and a; ; are non-negative constants, 0 < «; < 1, and
Cjj=4aj,;j =0forj e A;.

The generator L g models the contact of the system at site j with an infinite reservoir at
density ;. Atrate r; > 0, a particle, resp. a hole, is placed at site j with probability o, resp.
I — ;. The generator Lc models a replication mechanism, at rate c;; > 0, site j copies
the value of site k. The generator L4 acts in a similar way. At rate a;; > 0, site j copies
the inverse value of site k. We add to these dynamics a stirring evolution which exchange the
occupation variables at nearest-neighbor sites:

-1
(LsHm) = Y {f@/F ) — fm).
j==p
The evolution at the left boundary we consider consists in the superposition of the four
dynamics introduced above. The generator, denoted by L;, is thus given by

Li=Ls+Lg+Lc+ La.

Denote by L¢ the generator of a general Glauber dynamics on £27;:

0
(LeH) = Y eif@ n) — fl, (24)
k=—p
where ¢y are non-negative jump rates which depend on the entire configuration (n—, .. ., 1o).

We prove in Lemma 3.2 that any Markov chain on €27 whose generator Lp is given by
Lp = Lgs + Lg and which fulfills conditions (2.3) can be written as Ls + Lg + Lc + L a
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[we show that there are non-negative parameters rj,c; x,ajx suchthat Lg = Lr+Lc+Lal.
Therefore, by examining the Markov chain whose left boundary condition is characterized by
the generator L; we are considering the most general evolution in which a stirring dynamics
is superposed with a spin flip dynamics which fulfills condition (2.3).

We prove in Lemma 3.3 that the Markov chain induced by the generator L; has a unique

stationary state if
SRS 3P ITIE) e
jeA*;, jeA;‘, keA’;7
Assume that this condition is in force. Denote by u the unique stationary state, and let
p(k) = Eulnkl, k€ A}, (2.6)

be the mean density at site £ under the measure p. Clearly, 0 < p(k) < 1 forall k € A;‘,.
Since E,[L;n;] = 0, a straightforward computation yields that

0= rjle; — p(N1+ (CP)()) + (Ap)(j) + (TP)(j). j € A} 2.7)
where
Cp)(J) = Y cixlp®) —p(D]. (Ap)(j) = Y ajxll — p(k) = p()],
keA*[‘, keA;‘,
p(=p+1) — p(=p) if j=-p,
TP)(J) = {p(=1) = p(0) if j=0,

p(j+1D+p(—1) —2p(j) otherwise.

We prove in Lemma 3.4 that (2.7) has a unique solution if condition (2.5) is in force.
LetAy,p = {—p, ..., N—1}.Consider the boundary driven, symmetric, simple exclusion
process on Qy , = {0, 1}A~.r whose generator, denoted by Ly, is given by

Ly =L+ Loy + LpN+ Ly, (2.8)
where L represent a stirring dynamics between sites 0 and 1:

(Loi Hm) = f@ ) — f@).

There is a little abuse of notation in the previous formulae because the generators are not
defined on the space 2, but on smaller spaces. We believe, however, that the meaning is
clear.

Due to the right boundary reservoir and the stirring dynamics, the process is ergodic.
Denote by uy the unique stationary state, and let

pN (k) = Epynel, k€ An p, 2.9

be the mean density at site k under the stationary state. Of course, 0 < py (k) < 1 for all
k € Ay,p, N > 1. We prove in Lemma 3.5 that under condition (2.5) there exists a finite
constant Cy, independent of N, such that

lon (k) — p(k)| < Co/N, forall —p <k <0,

where p is the unique solution of (2.7).
The first main result of this articles establishes a law of large numbers for the empirical
measure under the stationary state uy.
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Theorem 2.1 Assume that ) iri > 0. Then, for any continuous function G : [0, 1] - R,

. 1 N—-1 .
Jim Eyy HN > G*k/N)Imi — u(k/N)]H =0,

k=1

where u is the unique solution of the linear equation

0= Au, (2.10)
u(0) = p(0), u(l) =8B.

‘We refer to Sect. 3 for the notation used in the next remark.

Remark 2.2 We believe that Theorem 2.1 remains in force if ) jeasTj = 0 and
k p
> keas @jk > 0. This assertion is further discussed in Remark 4.5.
’ p

Remark 2.3 Thecase Y ;jcpx 7+ renr @)k = 0provides an example in which at the left
P ’ P

boundary sites behave as a voter model and acquire the value of one of their neighbors. One
can generalize this model and consider an exclusion process in which, at the left boundary,
the first site takes the value of the majority in a fixed interval {2, ..., 2p}, the left boundary
generator being given by

(Lif)(m) = f(Mn) — f(n),

where (Mn)r = ni for k > 2, and (Mn); = 1{225j521; nj = p}. In this case it is
conceivable that the system alternates between two states, one in which the left density is
close to 1 and one in which it is close to 0.

The proof of Theorem 2.1 is presented in Sects. 3 and 4. It relies on duality computations.
As the boundary conditions do not increase the degrees of a function, the equations obtained
from the identities £, [Lyn;] = 0, E;,,[Lnn;ni] = 0 can be expressed in terms of the
density and of the correlation functions.

2.2 Small Perturbations of Flipping Dynamics

We examine in this subsection a model in which the rate at which the leftmost occupation
variable is flipped depends locally on the configuration. Consider the generator

Ly=L+ Lyn+ Lyn, 2.11)

where L, y and L, y were defined in (2.1), (2.2). The left boundary generator is given by
(Lif)() = O, ... np)Lf 0 ) — F)l.

for some non-negative function ¢ : {0, 1}7 — R,.
Let
A = min ¢(0,§), B = mi 1, 2.12
min c(0,%) snelg}; c(1,8) (2.12)

“;:E P
be the minimal creation and annihilation rates, and denote by
AM0,8) == ¢c(0,8)— A, A(l,n) = c(1,§) - B

the marginal rates. We allow ourselves below a little abuse of notation by considering X as a
function defined on 2y and which depends on the first p coordinates, instead of a function
defined on €21 . With this notation the left boundary generator can be written as

(Lif)m) = [A+ A =nDA] LFT ') — fFD]+ B+ mrm] LF(Tn) — f(],
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where fora =0, 1,
a if k=1,

TN =
(") nx otherwise.

The Markov chain with generator L y has a unique stationary state because it is irreducible
due to the stirring dynamics and the right boundary condition. Denote by wuy the unique
stationary state of the generator L, and by E,,, the corresponding expectation. Let py (k) =
E, vl k€ An.

Theorem 2.4 Suppose that

(p—1 D) M0.6)+1(1.8)} < A+ B. (2.13)

£eQ,

Then, the limit
o:= lim py(1)
N—o0

exists, and it does not depend on the boundary conditions at N — 1. Moreover, for any
continuous function G : [0, 1] — R,

1 N—1
lim Ey, [\N > G*k/N)Im — ﬁ(k/N)]ﬂ =0,
k=1

N—o00
where u is the unique solution of the linear equation (2.10) with p(0) = «.

Remark 2.5 There is not a simple closed formula for the left density «. By coupling, it is
proven that the sequence py (1) is Cauchy and has therefore a limit. The density py (1) can
be expressed in terms of the dual process, a stirring dynamics with creation and annihilation
at the boundary.

Remark 2.6 A similar result holds for boundary driven exclusion processes in which particles
are created at sites 1 < k < g with rates depending on the configuration through the first p
sites, provided the rates depend weakly [in the sense (2.13)] on the configuration.

Remark 2.7 One can weaken slightly condition (2.13). For ¢ € {0, 1}4,0 < g < p — 1, let
A(Z) = ming c(¢, &), where the minimum is carried over all configurations & € {0, 1}779.
Fora =0, 1,and ¢ € Up<y<p—1{0, 1}9,let R(¢,a) = A(¢,a) — A(¢) = 0 be the marginal
rate. The same proof shows that the assertion of Theorem 2.4 holds if

V4
Y@-1 Y R <A+B.
q=2

¢e{0.1}¢

Remark 2.8 In[5], Erignoux proves that the empirical measure evolves in time as the solution
of the heat equation with the corresponding boundary conditions.

The proof of Theorem 2.4 is presented in Sect. 5. It is based on a duality argument which
consists in studying the process reversed in time. We show that under the conditions of
Theorem 2.4, to determine the value of the occupation variable n; at time 0, we only need to
know from the past the behavior of the process in a finite space-time window.
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2.3 Speeded-Up Boundary Condition

Recall the notation introduced in Sect. 2.1. Fix p > 1 and consider an irreducible continuous-
time Markov chain on 27, p > 0. Denote by L; the generator of this process, and by  the
unique stationary state. Let

p(k) = Eulnkl, k€ A}, (2.14)

be the mean density at site k under the measure u. Clearly, 0 < p(k) < 1forallk € A;. The
density can not be O or 1 because every configuration has a strictly positive weight under the
stationary measure.

Fix a sequence £y — 00, and consider the boundary driven, symmetric, simple exclusion
process on 2y, whose generator, denoted by Ly, is given by

Ly =4¢NyL;+ Loy + Lp N+ Ly,

where Ly | represent a stirring dynamics between sites 0 and 1, introduced below (2.8). Note
that the left boundary dynamics has been speeded-up by £y.

Due to the right boundary reservoir and the stirring dynamics, the process is ergodic.
Denote by .y the unique stationary state, and let

pn (k) = Epylmd, k€ Ay p,

be the mean density at site k under the stationary state.

Theorem 2.9 There exists a finite constant Cy, independent of N, such that | pn (0) — p(0)| <
Co/~/tN. Moreover, for any continuous function G : [0, 1] — R,

. | V-l i
dim Ey || D7 G/Nine — i/ 1| | =0,

k=1

where u is the unique solution of the linear equation (2.10).

Remark 2.10 The proof of this theorem is based on duality computations, and does not
requires one and two-blocks estimates. There is an alternative proof relying on an estimate
of the entropy production along the lines presented in [6, Proposition 2], [9, Proposition 3.3].
This proof applies to gradient and non-gradient models [8], but it requires £y to grow at least
as N.

The proof of Theorem 2.9 is presented in Sect. 6. As the boundary condition has been
speeded-up, each time the occupation variables 7g, n; are exchanged, the distribution of the
variable 7 is close to its stationary distribution with respect to the left-boundary dynamics.

3 Proof of Theorem 2.1: One Point Functions

We prove in this section that the density of particles under the stationary state wupy is close
to the solution of the linear parabolic equation (2.10). We first show that the left boundary
dynamics we consider is indeed the most general one which does not increase the degree of
functions of degree 1 and 2.

For A C A, let Wy : Q) — R be given by Wa(n) = [[;c4 nk- Clearly, any function
f: Q; — R can be written as a linear combination of the functions W4. A function f is
said to be a monomial of order n if it can be written as a linear combination of functions W 4
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where |A| = n for all A. It is said to be a polynomial of order » if it can be written as a sum
of monomials of order m < n.

Recall the definition of the generator Lg given in (2.4). Fix —p < k < 0, and write the
jump rate ci as

Ck = Z Ri,aWa,
ACA?,

where the sum is carried over all subsets A of A;.

Lemma 3.1 The functions Lg WV}, resp. LcV¥{jx), —p < j # k < 0, are polynomials of
order 1, resp. of order 2, if and only if there exists constants R ¢, Ry (m), I, m € A; such
that

cj(m) =Rj o+ Rjm; + Z R iy (1 —2n;). (3.1)
k:k#j

Proof Fix j € AJ,. A straightforward computation shows that

LoWijy =) RjaVa— Y (Rja+ Rjau)¥auy)-
A%j A%j

Hence, LWy} is a polynomial of order 1 if and only if R; p = R; py(;} = Oforall B C A’;
such that |B| > 2, j ¢ B. This proves that LgW(;} is a polynomial of order 1 if and only if
condition (3.1) holds.

If the rates are given by (3.1), for all j # k € A*,

(Le¥)() = Rjg(l=2n;) = Rijm;+ Y Rjne.
iy

and

(L)) = Rjg(1—2n))m + Ri,o(1 = 2n0)nj — (Rj.(jy + Re.y)nimk

+ Z Rj1eymine + Z Ry ymjne,
Ge£)k Ge£jk

which is a polynomial of degree 2. This proves the lemma. O
Note Observe that at this point we do not make any assertion about the sign of the constants

Rj o, Rj k-

The next result states that a generator L whose rates satisfy condition (3.1) can be written
as Lg + Lc + L. Denote by P;, resp. N;, —p < j < 0, the subset of points k € A’;, \ {j},
such that R; (x) > 0, resp. R (x; < O.

Lemma 3.2 The rates cj(n) given by (3.1) are non-negative if and only if

pj = Rjz+Rjjj— Y Rim=0,
kEPj
qj = Rj’g + Z R_,"{k} > 0.
kEN_,’
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In this case, there exist non-negative ratesr;, ¢ i, a;  and densitiesaj € [0, 1], k # j € A%,
such that for all j € A%, n € QF,

cim = rifajd =)+ A —aj)n;]+ Z cik[ni( =m0+ m(1=np],
keA*;,

+ ) aja[mime+ A =n)d —np).
keA*I‘,

Proof The first assertion of the lemma is elementary and left to the reader. For j # k € A%,
define

Cjk = Rj,{k}l{k S P]‘} > 0, ajk = —Rj,{k}l{k € Nj} > 0,
q;
ric=pi+4q; >0, o = ——1{r; #0} € [0, 1].
J J J J P +4; J
It is elementary to check that the second assertion of the lemma holds with these definitions.
]

Lemma 3.3 The Markov chain induced by the generator L; has a unique stationary state

if ZjeA; rji + Zj,keA’;, ajr > 0. In contrast, if ZjeA’;, ri + Zj,keA;; ajr = 0 and

> jkear Cik > 0, then the Markov chain induced by the generator L; has exactly two
ke

stationary states which are the Dirac measures concentrated on the configurations with all
sites occupied or all sites empty.

Proof Assume first that ZjeA; rji > 0. Let j € A} such thatr; > 0.If aj > O, the
configuration in which all sites are occupied can be reached from any configuration by moving
with the stirring dynamics each empty site to j, and then filling it up with the reservoir. This
proves that under this condition there exists a unique stationary state concentrated on the
configurations which can be attained from the configuration in which all sites are occupied.
Analogously, if &; = 0, the configuration in which all sites are empty can be reached from
any configuration.

Suppose that Zj-e,\; rj =0and Zj,ke/\; ajx > 0. We claim that from any configuration
we can reach any configuration whose total number of occupied sites is comprised between
L and [A}| — 1 = p. Since the stirring dynamics can move particles and holes around, we
have only to show that it is possible to increase, resp. decrease, the number of particles up to
|A;| — 1, resp. 1.

Letk # j € A}, suchthata; > 0. To increase the number of particles up to |A}| — 1,
move the two empty sites to j and k, and create a particle at site j. Similarly one can decrease
the number of particles up to 1. This proves that under the previous assumptions there exists
a unique stationary state concentrated on the set of configurations whose total number of
particles is comprised between 1 and |A}] — 1.

Assume that ZjeA; rj =0, qukeA; ajr = 0and ijkeA,; cjx > 0.1In this case, the
configuration with all sites occupied and the one with all sites empty are absorbing states.
Letk # j € A}, suchthatcjx > 0. If there is at least one particle, to increase the number
of particles, move the empty site to j, the occupied site to k, and create a particle at site j.
Similarly, we can decrease the number of particle if there is at least one empty site. This
proves that in this case the set of stationary states is a pair formed by the configurations with
all sites occupied and the one with all sites empty. O
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Lemma 3.4 Supposethat ) jeAx ri+ jkenx jk > 0.Then, there exists aunique solution
57 kens @
to (2.7).

Proof Equation (2.6) provides a solution and guarantees existence. We turn to uniqueness.
Suppose first that ZjeA; rj > Oand Zj’keA; ajx = 0.Inthis case, the operator A vanishes.

Consider two solution p“), p(z), and denote their difference by y. The difference satisfies
the linear equation

0=—riy()+ECNGH+ TV, JjeA,
Let 7 be the unique stationary state of the random walk on A} whose generator is € + 7.
Multiply both sides of the equation by y (j) w(j) and sum over j to obtain that
0=— Y riy(M)7() +(E€C+Dy, »),

Jjens

where (f, g) represents the scalar product in L2(7). As all terms on the right-hand side are
negative, the identity ((C + T)y, y) = O yields that y is constant. Since, by hypothesis,
> iri> 0, y = 0, which proves the lemma.

Suppose next that ZjeA; rj > 0 and Zj’,(eA; ajr > 0. Define the rates ¢, > 0,

Jj # k € A%, so that
THU = Z tik Lf (k)= fF(DL j €A,
k:k#j

Let A‘;’“ = {—1, 1} x A}, Points in A‘;,’“ are represented by the symbol (o, k), 0 = + 1,
—p =< k < 0. We extend the definition of a function f : A}, — R to A‘;’“ by setting
f(,k) = fk), f(-1,k) =1— fk), k € A’;,. This new function is represented by
f: A‘;’“ — R.

With this notation we may rewrite Eq. (2.7) as

0=rajleqy—p0 NI+ €D AN+ AL )H+TH A j). jen; (B2

where ra,j) =7rj,0q,j) = oj,

AP, )= ajlp(=1,k) =51, )],

keA;

and /G\, T are the generators of the Markov chains on A;’“ characterized by the rates ¢, 7 given
by

(L), E L] =cjk, clEL D (F1L,H]=0,
TIEL ), E LRI =tk THEL ), (F1,6] = 0.

Multiply Eq. (2.7) by —1 to rewrite it as
0=rcijlaci -1, NI+ CH(=1, )+ A1, ) +TH(-1,j) (3.3)

foranyj S A*,Where r(—1,j) =Tj,0(-1,j) = 1 — oy, and

AD(1 ) =Y ajx B, k) = 5(=1, ).

ke,
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Since the operator@+ﬁ +7 defines an irreducible random walk on A‘;’“, we may proceed
as in the first part of the proof to conclude that there exists a unique solution of (2.7).

Finally, suppose that ZjeA; rj = 0and Zj,keA; ajx > 0. Let p be a solution to (2.7).
Then, its extension p is a solution to (3.2), (3.3). The argument presented in the first part
of the proof yields that any solution of these equations is constant. Since p(1, k) = p(k) =
1 —p(—1, k), we conclude that this constant must be 1/2. This proves that in the case where
ZIEA; rji =0, Zj,keA;; aj > 0, the unique solution to (2.7) is constant equal to 1/2. O

Recall from (2.9) the definition of py.
Lemma 3.5 Suppose that Y ;cp« 7j + 3 renr @jk > 0. Then, for 0 <k < N,
P ’ 14

N —k
N

Moreover, there exists a finite constant Cy, independent of N, such that

k
py k) == B+ P (0). (3.4)

| on(k) — pk)| < Co/N, —p <k <0,
where p is the unique solution of (2.7).

Proof Fix 1 < k < N. As uy is the stationary state, E,,[Ly nx] = 0. Hence, if we set
PN(N) = B, (Anpn)(k) == py(k—1)+ py(k+ 1) —2pn (k) = 0. In particular, py solves
the discrete difference equation

(Anpn)(k) =0, 1 <=k <N, py(N) =8, pn(O) = pn(0),

whose unique solution is given by (3.4). This proves the first assertion of the lemma.

We turn to the second statement. It is clear that py (j) fulfills (2.7) for —p < j < 0. For
Jj = 0 the equation is different due to the stirring dynamics between 0 and 1 induced by the
generator Lo 1. We have that

0 =rolao — pn(0)] + (Con)(0) + (Apn)(0) + (Anpn)(0).

By (3.4), we may replace py (1) by [1 — (1/N)] pn(0) + (1/N) B, and the previous equation
becomes

1
0 =ro[ao — pn(0)] 4+ (Con)(0) + (Apn)(0) + (Ton)(0) + M [B-ovO)] (35

This equation corresponds to (2.7) with rj = ro + (1/N) and ), = (aoro + B/N)/[ro +
(1/N)].

By Lemma 3.4, Eq. (2.7) for j # 0 and (3.5) for j = 0 has a unique solution. Let
YN = pN — p, where p is the solution of (2.7). yy satisfies

1
0= v~ pN(O]1d0,; — rjyn(j) + Cym() + (Arm () + Tyn) (),

where &g, ; is equal to 1 if j = 0 and is equal to O otherwise.

We complete the proof in the case A = 0. The other cases can be handled by increasing
the space, as in the proof of Lemma 3.4. Denote by 7 the stationary state of the generator
C + T. Multiply both sides of the previous equation by 7 (j)yy (j) and sum over j to obtain
that

S rn(DPr(G) + (= C+ T yn. yi) = Oy v (0) 7(0),
Jeny
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where Oy = (1/N) [B — pn(0)]. Letk € A”I‘7 such that r; > 0. Such k exists by assumption.
Rewrite yn (0) as Zk<j§O[VN (7)) —y~n(j — 1]+ yn (k) and use Young’s inequality to obtain
that there exists a finite constant C¢, depending only on p, 7 and on the rates c; ¢, r; such
that

Oy YN (0) T (0) < (1/2) re yn (K)? (k) + (1/2) (— (€ + D)y, yn) + Co 0.

Here and throughout the article, the value of the constant Cy may change from line to line.
The two previous displayed equations and the fact that |8 — px (0)] < 1 yield that

C
> riwGPAG) + = @+ Dy yw) < 1 -
JEN

In particular, yy (k)? < Co/N? and [yn (j + 1) — yn(j)]? < Co/N? for —p < j < 0. This
completes the proof of the lemma. O

4 Proof of Theorem 2.1: Two Point Functions

We examine in this section the two-point correlation function under the stationary state .
Denote by Dy the discrete simplex defined by

Dy ={(,k):—p<j<k=<N-—1} andset Ey ={—1,1} x Dy.
Let
Tm =1=nm, pnm)=1—pn(m), me Ay p,
and define the two-point correlation function gy (o, j, k), (o, j, k) € By, by
on(Lj k) = Euy[{nj — on (D} e = v ()} ],
on (=1, j, k) = Euy[{7j — on (DY} ik — pn (K} .

Note that gy (1. j. k) = — gy (1, j. k). Theidentity Ey,, [Ly{n;—pon ()} (n—on ()] =
0 provides a set of equations for ¢y . Their exact form requires some notation.

Denote by L7} the generator of the symmetric, nearest-neighbor random walk on Dy.
This generator is defined by the next two sets of equations. If k — j > 1,

4.1)

(Ag)(j, k) ifj>—pk<N-1,

Vi) (—p, k Ard)(—p, k if j=—p,k<N-—1,
L) k) = ( 1¢)(. p.k) +( 2¢2( P ) ifj==pk<

(AD)(j, N =D+ (Vy0)(j,N = 1) ifj>—-pk=N-1,

Vi¢)=p. N =D+ (V) (=p,N=1) if j=-pk=N-1,
while for —p <k < N — 2,
LNP Kk k+1) = (Vi) k. k+ 1)+ (VIp) (k. k+ 1),
LN (=p,—p+1) = (V3¢)(=p,—p+ 1),
LNOWN —2,N—-1) = (VPN —2,N —1).
In these formulae, Vfc, resp. A;, represents the discrete gradients, resp. Laplacians, given by

(ViR G k) = ¢(+ 1L,k = (k). (Vo). k) =G k+ 1) — ¢, k),
(A19)(J. k) =¢(j = L)+ ¢ +1.k) =2¢(j. k),
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(A2)(j. k) = (j. k= 1)+ &0, k+1) —2¢(j. k),
(AD)(j. k) = (A1$) (. k) + (A2)(j, k).

Let L§} be the generator givenby LS} = L+ Lo,1+Lp, n. A straightforward computation
yields that for (j, k) € Dy,

Euy[LY nj — on (DY e = pv(R)} ] = (CR ow) (L, j, k) + Fn (1, j, k),

where it is understood that the generator L acts on the last two coordinates keeping the
first one fixed, and

Fyn(o, j. k) =—0alonG + 1) — pn(DI* 1k = j + 1. 4.2)
Similarly,
Euy[LY (1 — oD} e — on ()} ] = (LW on) (=1, j. k) + Fy (=1, j, k).

For the next generators, we do not repeat the computation of the action of the generator
on the product {n; — pn(j)} {nk — pn(k)} because it can be inferred from the action on
(nj = v}k — pn (K)}.
We turn to the remaining generators. Extend the definition of the rates 7, ¢ x and a; x to
Ay, p by setting
rj =cjk=ajk =0 ifj¢ Ajork¢A}.

To present simple expressions for the equations satisfied by the two-point correlation function,
we add cemetery points to the state space Ey. Let Ey = By U d En, where

3By ={(0.b):o=%1, —p<k <N} U{@ kk:o==%1 —p<k=<0}
U{(o.k,N):o0 ==%1, —p <k <N —1} (4.3)

is the set of absorbing points.
A straightforward computation yields that for (j, k) € Dy,

Euy[Lr (= v (D} — on (0} ] = (Cf on) (1, i ),
where
LR ). j. k) =rjlpn (. k) = ¢n (o, j. 0] + riclgn (0. j) = on (0, j k)]
provided we set
on(o,m) =by(o,m) =0, —p <m < N, o==1. 4.4)
Similarly, an elementary computation yields that for (j, k) € Dy,
Epy[Lrv {nj — pn (DY i — on 00} ] = (L] v on) (1, j, k),

where
Ll yen)(o. j. k) =1k =N — 1} g (0. j. N) — on (0. j. k).

provided we set
on(o,m,N)=by(oc,m,N) =0, —p <m <N-2, o==1. 4.5)
We turn to the generator L. An elementary computation yields that for (j, k) € Dy,

Euy[Leini — v (DY e — on (0} ] = (L8 o), j, k),
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where

Led)ojk) = 3 ejmlde.m.b) = b(o ). )

m:mzj
+ ) amle, j,m) — ¢, j, k),
mim#k
provided we set
on(o,m,m) =by(o,m,m) := o pym)[l —pym)], —p <m<0. 4.6)

Finally, we claim that for (j, k) € Dy,

Eun[Latn; —on(D} e — on ()} ] = (L] o) (1, j, K),

where
i) 0. j k) = D ajmle(—o.m. k) — (0. j. b))
m:m#j
+ Y anlp(—o, j.m) — ¢(o, j k),

m:m#k

and ¢y (0, k, k) is given by (4.6). Hence, the generator LTA acts exactly as Lz, but it flips the
value of the first coordinate. Note that it is the only generator which changes the value of the
first coordinate.

Let Lj\, be the generator on Zy given by
L =L+ Lh + L]y + L5+ &l

Ify j > ik @jk =0, the generator LL vanishes, the first coordinate is kept constant by the
dynamics and we do not need to introduce the variable o. Note that the points in d Ey are
absorbing points.

As E; [Lyn{nj — pn(j)} {nk — pn(K)}] = 0, the previous computations yield that the
two-point correlation function ¢y introduced in (4.1) solves

LY. j k) + Fy(o, j.k) =0, (o, ].k) € By,
YN (o, j, k) = by(o, j, k), (o,j,k) €dE,

4.7)

where Fy and by are the functions defined in (4.2), (4.4), (4.5), (4.6).

As L;rv is a generator, (4.7) admits a unique solution [on the set {(1, j, k) : (j, k) € Dy}
if LL vanishes]. This solution can be represented in terms of the Markov chain induced by
the generator L}L\,.

Denote by ‘/)1(\})’ resp. ‘/’1(5)’ the solution of (4.7) with by = 0, resp. Fy = 0. Itis clear that
ON = (pf\}) + (p](&). Denote by Xy (¢) the continuous-time Markov chain on Ep associated

to the generator Ljv. Let P (5, j k) be the distribution of the chain Xy starting from (o, j, k).
Expectation with respect to P (4, j x) is represented by E (5 j k).
Let Hy be the hitting time of the boundary d Ey:

Hy =inf{r>0:Xy() €08y}
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Fig. 1 Lemma 4.1 states that a
random walk (red trajectory) p
started from the green segment m —4—
has a probability at most of order

1/n of hitting IL in the red

half-line (Color figure online)

m—p'n—

It is well known (cf. [7, Theorem 6.5.1] in the continuous case) that

Hy
wﬁ%aﬂk)zEw¢m[A ENXNQqu.
It is also well known that
2 .
03 0, j k) = E ju[bn Xy (Hy))]-

To estimate ‘/’1(\}) and ‘/’1(\%) we need to show that the process Xy () attains the boundary
d By attheset{(o, k, k) : 0 = %1, —p < k < 0} with small probability. This is the content
of the next two lemmata.

For a subset A of By, denote by H(A), resp. H+(A), the hitting time of the set A, resp.
the return time to the set A:

H(A) =inf{t >0: Xy@) € A}, HT(A)=inf{r>1: Xn() € A},

where 7 represents the time of the first jump: 71 = inf{s > 0 : Xy (s) # Xn(0)}.

The next lemma, illustrated in Fig. 1, translates to the present model the fact that starting
from (1, 0) the two-dimensional, nearest-neighbor, symmetric random walk hits the line
{0, k) : k € 7} at a distance n or more from the origin with a probability less than C/n.

Let Q(l m) be the law of such a random walk evolving on 7? starting from (I, m). Denote
by B, (I, m) the ball of radius » > 0 and center (/, m) € 72, and by L the segment {(o, 0, a) :
o ==x1, 1 <a < N}. Represent the coordinates of Xy (t) by (on (1), X}\, (1), X12v 1)).

Lemma 4.1 Let p’ = p + 1. There exists a finite constant Cy such that for all n,

C
max max P 1. [H(L) = 0o or X3 (H(L)) <m — p'n] < =2,
o=+x1 I,m n

where the maximum is carried over all pairs (I, m) such that 1 < 1 < p/, {(a,b) €
By, (0,m):a>0}C D% ={(a,b)eDy:a>0}.

Proof Let L, = {(0,1) : —r < [ < r}. By [10, Proposition 2.4.5], there exists a finite
constant Cq such that for all n > 1,

0 C
0.0 [HB, 0,08 < HIL, ] < 70 .

LetL,(I,m) = {(o,l,a) : 0 = £1, m —r < a < m + r}. By the previous displayed
equation, if IL,, (/, m) is contained in D(I)v’

Pt [HBL (1, m°) < HL,(,m) ] < =2
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Iterating this estimate i times yields that
Coi
Po1sim [ HBin(.m)) < HLin@,m)] < ==

provided all sets appearing in this formula are contained in D(])\,. The assertion of the lemma
follows from this estimate and the following observation:

(H(L) = 00 or X3 (H(IL)) <m — p'n} € {H(By,©0.m)°) < H(Ly,(0.m))}.
o

The next lemma presents the main estimate needed in the proof of the bounds of the
two-point correlation functions. Recall from (4.3) that we denote by (o, k), (o, k, N) some
cemitery points. Let

Y ={(0,[,0):0==%1, —p <1 <0},
v ={.k):o=%1, =p<k <N} U{(0,k,N):o ==%1, —p<k <N—1}.

Lemma 4.2 Forall § > 0,

lim max P ipnlHXE) < H( =0.
N pax (l,],k)[ () (N)]
j>8N

Proof Fix § > 0 and (j, k) € Dy such that j > §N. Let
N ={0,0m:o=x1,0<m<N}U {(0.k,N):o=%1, —p<k <N-—1},

andsett = H (8](\),). Clearly, T < H(X). Hence, by the strong Markov property, the proba-
bility appearing in the statement of the lemma is equal to

E(],,-,k)[PXN(,)[H(E) < H(oy)] ] (4.8)

Up to time 7, the process X evolves as a symmetric random walk on Dy

Let £,y be a sequence such that £y < N. We claim that for all § > 0,

NILHIOO max Paim[ X3 (@ <ty] =0, 4.9
where the maximum is carried out over all pairs (I, m) € Dy such that/ > §N. The proof
of this statement relies on the explicit form of the harmonic function for a 2-dimensional
Brownian motion.

Up to time 7, the process Yy (1) = (lev (1), Xzzv (t)) evolvesontheset Ay = {(a,b) : 0 <
a<b<N}LetOy={0,...,N— 1} x {1,..., N}. Denote by Zy () = (Z}, (1), Z3,(1))
the random walk on [y which jumps from a point to any of its neighbors atrate 1. Let ®y :
Ly — Ay the projection defined by ®y(a, b) = (a, b) if (a,b) € Ay, and Oy (a, b) =
(b — 1,a + 1) otherwise. The process @ (Zy(#)) does not evolve as Yy (¢) because the
jumps of @y (Zy(¢)) on the diagonal {(d,d + 1) : 0 < d < N} are speeded-up by 2, but the
sequence of sites visited by both processes has the same law. Therefore,

P(1,1,m)[X12V(r) < EN] = Q(l,m)[ZN(?) c ZN],

where Q; ) represents the law of the process Zy starting from (/, m), 7 the hitting time of

the boundary of Oy and Zy the set {(0,a) : 1 <a <Ley}U{(b,1):0=<b <ty —1}.
Denote by B(r) C R2, r > 0, the ball of radius r centered at the origin. In the event

{Zn(T) € Ly}, theprocess Z y hits the ball of radius £ y centered at the origin before reaching
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the ball of radius 2N centered at the origin: {Zy(T) € Zy} C {H(B({y)) < H(B(2N))},
so that
QumlZv® € Ln] < Quum[ H(BWUN)) < H(BQN)) ].

By [10, Exercise 1.6.8], this later quantity is bounded by

log2N — log (1, m)| + C¢y!
log2N —logty

for some finite constant independent of N. This proves (4.9) because |(/, m)|] > §N and
Iy < N.

We return to (4.8). If Xy (t) € 9y, the probability vanishes. We may therefore insert
inside the expectation the indicator of the set X y (t) ¢ dy Itis also clear that oy (¢) does not
change before time 7. Hence, by (4.9), (4.8) is bounded by

Eq 0| UXn(0) € LT () Pxyo[H(E) < HOw] | +on (1)
< nax Pom[H(E) < HOn)] +on(1),

where LT (r) = {(0,0,1) : 0 = %1, [ > r}, on(1) converges to 0 as N — oo, uniformly
over all (j,k) € Dy, j > 6N, and £y is a sequence such that £ << N. Hence, up to this
point, we proved that
max P jn[H(Z) < HOy)| < max P om[H(Z) < HOn)] +on(1), (4.10)
ZLEN

(j.k)eDy
Jj>8N

where oy (1) converges to 0 as N — o0, and £ is a sequence such that £y < N.
It remains to estimate the probability appearing in the previous formula. If m > p/, starting

from (1, 0, m), in p’ jumps the process Xy (¢) can not hit X. Hence, if (k) stands for the
time of the k-th jump, by the strong Markov property,

Piom[H®) < HO] = Paom[HOW > 1(), HE) < HEy)]
= Eqom| WH@N) > 7(0)) Py [HE) < HO] |-

Leto = P,0m[H@N) > t(p)] = P1,0m[H@y) > t(p')]. Note that this quantity
does not depend on m in the set {(c,0,b) : 0 = £1, b > p’}. Moreover, as Z,» rj >0,
o < 1. With this notation, the previous expression is less than or equal to
max max P H(Z H@Oyn)|,
@ max max @ab[H(E) < HOy)|
where the maximum is carried over all (a, b) which can be attained in p’ jumps from (0, m).
This set is contained in the set {(c,d) : —p <c<p',m—p <d <m+ p'}.
Recall the definition of the set L introduced just before the statement of Lemma 4.1. If
a > 1, the process X (¢) hits the set L. before the set X. Hence, by Lemma 4.1, if gn is
an increasing sequence to be defined later, by the strong Markov property, for 1 < a < p/,
b > qn,

P(a,a,b)[H(E) < H(BN)]

Co

< e + Poap|XN(HIL) = b — p'gy. H(E) < H@y)]
Co

< —+4 max Pgopm[H(E) < H@ON)].
gN  b'=b-pqn
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On the other hand, ifa < —1,1let Cy = {(0,¢,d) : 0 =+ 1, —p < ¢ < 0}. In this case,
starting from (a, b), in p’ jumps the process X x () may hit the set L. Hence, by the strong
Markov property, fora < 0, b > np/, P(g,a,b)[H((Cb_np/) < HL) A H(BN)] < of for
some o1 < 1. Therefore, by the strong Markov property, fora < 0 and b > gy,

Pan[H(E) < Hn)]
< Pian|[HIL) AH@ON) < HCppgy). HE) < HOn)] + of"

< max max P N H(X) < H(@0 + 4qN .
= I | bsbepay (o’,0,b )[ ( ) ( N)] 01
Let

Ty(b) = max max P.0.0[H(Z) < HON)].

Note that the first term appearing on the right-hand side of (4.10) is T () because the
probability does not depend on the value of . By the previous arguments, there exists a
finite constant C such that for all b > ¢y,

C
Tw®) < o |Tv b — plaw) + qu"}

because Q’l’ < 1/q for all g large enough. Iterating this inequality ry times, we get that for
all b > gNTN,

C C
Tv(b) < —fo + -+ 0™} + o'V = —2— =2 N,
qn l—o0gqn
In view of (4.10) and of the previous estimate, to complete the proof of the lemma, it remains
to choose sequences gy, ry such that gy — 00,7y — 00, 7y gy K €. 0

Lemma 4.3 Assume that y iri > 0. Then, for every § > 0,

. o) .
lim max 1,j,k)| = 0.
N—00 (j,k)eDy oy’ (1. 7.0 |

j>6N

Proof Fix (j, k) € Dy suchthatO < j < k.Denoteby Dy thediagonal, Dy = {(o,[,[+1) :
o ==1,—p <[ < N —1},and by Dy ) its restriction to A*, Dy, = {(o, 1,1 +1):
o ==1, —p <1 < 0}. By Lemma 3.5, there exists a finite constant C such that for all
(I, m) € Dy,

C
|Fy(o,Lm)| < N—Zl{DN}(o,l,m) + Col{Dy.,}(o, 1, m).

Therefore, recalling that Hy was defined as the hitting time of the boundary 9 E y,

o000 = B[ 108 Dyl a
oy (L, ], = vz Eain A N\ Dy p}(Xn(s))ds

Hy 4.11)
+ CoEqjp [/ 1{DN,p}(XN(S))dS]
0
‘We claim that there exists a finite constant C such that
Hy
Eq i 1{D D X ds| < CoN. 4.12
max (Mm)%N (,).k) [/0 {Dn \ Dy p}(Xn(s)) S] <Co 4.12)
0<j<k
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To bound this expectation, let Ry = {(6,0,m) : 0 =+ 1, 2 <m < N — 1}, and denote by

Gy the hitting time of the set Ry U 0 Ey. Note that starting from (j, k), 0 < j < k, only

the component {(U, I,N):—p<Il<N— 1} of the set d Ep can be attained before the set

Ry . Moreover, before G the process X y (¢) behaves as a symmetric random walk.
Rewrite the expectation in (4.12) as

Hy

Gy
E ik [/0 1{Dy \ DN,p}(XN(s))dsj| +E@ |:/(; {Dy\ DN,p}(XN(S))dS] .

(4.13)
Since before time Gy the process Xy (f) evolves as a symmetric random walk, the first
expectation can be computed. It is equal to j(N — k)/(N — 1) < Co N. By the strong
Markov property, the second expectation is bounded above by

N

Hy
max E5,0,m) [/0 H{Dny \ DN,p}(XN(S))dS:| .

2<m<N

Denote by Ty the previous expression and by G;(, the return time to Ry U d Ey. By the
strong Markov property, the previous expectation is bounded above by

Gy
E(5,0,m) f UDN \ Dy p}(Xn(s)ds |+ Yy max P om|[Gy < Hy ]
0 0<m’<N-—1

The first term vanishes unless the first jump of Xy (s) is to (o, 1, m). Suppose that this
happens. Starting from (o, 1, m), up to time GJ}(,, X n(s) behaves as a symmetric random
walk. Hence, by explicit formula for the first term in (4.13), the expectation is equal to
(N —m)/(N — 1) < 1. Hence,

1
Ty < max .
0<m’<N—1 P(gyo’m/)[HN < G;]

As Y iri > 0, Poo.m)[ Hy < Gﬁ ] is bounded below by the probability that the process
jumps to a site (o, [, m’) such that r; > 0 and then hits the set d E . Hence, there exists a
positive constant c¢q such that Py o .1 Hy < G;] > ¢o forall 2 < m’ < N — 1. This
proves that Yy < Cp. Assertion (4.12) follows from this bound and the estimate for the first
term in (4.13).

We turn to the second term in (4.11). Recall the notation introduced just before Lemma
4.2. Since the integrand vanishes before hitting the set Dy, and since the set X is attained
before Dy, for j > 6N

E(L/Jc)[/
0

= Eqj0[UH(E) < How)

Hy
Dy, p}(Xx () ds |

Hy
HDNWMXN@»dq.
H(Dny p)

Applying the strong Markov property twice, we bound this expression by

Hy
PujnlHE) < H(3N)]( max  Eqp) [/0 1{DN,p}(XN(S))dS]-

o.a,b)eDy

By Lemma 4.2 the first term vanishes as N — oo, uniformly over (j, k) € Dy, j > §N.
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It remains to show that there exists a finite constant C such that

Hy
‘max E i |:/ {Dy ,}(Xn(s)) dsi| < Cy. 4.14)
(0,j,k)eDy p 0

Denote this expression by Yy, and by J ; the return time to Dy . For (o, j, k) € Dy, ), the
previous expectation is less than or equal to

Co+ Ty P(o’yj,k)[.]]jj_ < HN].

As in the first part of the proof, since ) jrj > 0, the process hits d Sy before returning
to Dy, , with a probability bounded below by a strictly positive constant independent of N:
min(o,j,k)EDN”,, Pe vl Hy < J;,“] > ¢o > 0. Therefore, Yy < Cp. This completes the
proof of assertion (4.14) and the one of the lemma. ]

Lemma 4.4 Assume that iri > 0. Then, for every § > 0,

. ) .
lim max 1,j,k)| = 0.
N—00 (j,k)eDy lon' (1. 7.0 |

j>8N

Proof Fix § > 0 and (j, k) € Dy such that j > §N. Recall the notation introduced just
before Lemma 4.2. In view of the definition of by, given in (4.4), (4.5), (4.6),

00, 01 < P o[ HE) < How) |-

The assertion of the lemma follows from Lemma 4.2. O

Proof of Theorem 2.1 The proof is straightforward. It is enough to prove the result for con-
tinuous functions with compact support in (0, 1). Fix such a function G and let § > 0 such
that the support of G is contained in [§, 1 —§]. By Schwarz inequality and by (4.1), the square
of the expectation appearing in the statement of the theorem is bounded above by

A 2 C(G) N—1
c(G) (N Z | v (k) — it (k/N) |> + e Z G(j/N)GKk/N)on(, j, k),
k=1

jok=1

where ¢y has been introduced in (4.1) and C(G) a finite constant which depends only on G.
By Lemmata 3.5, 4.3 and 4.4 this expression vanishes as N — oo. O

Remark 4.5 Assume that ZjeA;g rj = 0and Zj,ke/\;; ajr > 0. The proof that the corre-

lations vanish, presented in Lemmata 4.3 and 4.4, requires a new argument based on the
following observation. Under the conditions of this remark, the boundary 9 Ey of the set
Ey is reduced to the set

{0, kk):o=%1, —p<k <0} U{(0,k,N):o ==%1, —p<k <N-—1}.
To prove that the correlations vanish, one has to show that by the time the process X y (¢) hits

the set {(0,k, k) : 0 = £1, —p < k < 0} its coordinate o has equilibrated and takes the
value + 1 with probability close to 1/2.
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5 Proof of Theorem 2.4

The proof of Theorem 2.4 is based on a graphical construction of the dynamics through
independent Poisson point processes.

Recall the definition of the rates A, B introduced in (2.12), that 2, = {0, 1}{1 """ =1 and
that A(0,&) =¢(0,8) — A, A(1,8) = c(1,§) — B, § € Q. Further, recall that we assume

(p—1 Y {r0.6)+1(1.6)} < A+ B.

£eQ,

The left boundary generator can be rewritten as

(Lif)(n) = ALFT ) — fFD] + BLAT ) — f()]

1
+ YD MaH UM = (a, YT ™) — fO),

a=0£&€eQ),

provided IT), : Qy — Q‘;, := {0, 1}11-P} represents the projection on the first p coordi-
nates: (IT,n)x = nk, 1 < k < p. Similarly, the right boundary generator can be expressed
as

(Lon ) = BLEES D) — FD] + (=B LF(Sn) — £,

where
a if k=N-1,
N, otherwise.

(8“mi = {

5.1 Graphical Construction

Let P := 2P~ = ‘Q p‘. We present in this subsection a graphical construction of the
dynamics based on N + 2P + 2 independent Poisson point processes defined on R.

— (N —2) processes M; j4+1(¢), ] <i <N —2, withrate 1.

— 2 processes MTL(r), M (¢) with rates A, B, respectively, representing creation and
annihilation of particles at site 1, regardless of the boundary condition.

— 2P processes N 6)(t), a = 0, 1, § € Q, with rates A(a, §) to take into account the
influence of the boundary in the creation and annihilation of particles at site 1.

— 2 processes M7 (¢), M ™" (¢), with respective rates B and 1 — 8, to trigger creation and
annihilation of particles at site N — 1.

Place arrows anddaggerson {1, ..., N—1} xR as follows. Whenever the process N; ;1 (¢)
jumps, place a two-sided arrow over the edge (i, i + 1) at the time of the jump to indicate
that at this time the occupation variables n;, n;+1 are exchanged. Analogously, each time the
process M, £)(¢) jumps, place a dagger labeled (a, ) over the vertex 1. Each time MEL (1)
jumps, place a dagger labeled + over the vertex 1. Finally, each time 91" (¢) jumps, place
a dagger labeled + over the vertex N — 1.

Fix a configuration ¢ € Qpu and a time #p € R. Define a path (), t > 1y, based on the
configuration ¢ and on the arrows and daggers as follows. By independence, we may exclude
the event that two of those processes jump simultaneously. Let 71 > £y be the first time a mark
(arrow or dagger) is found after time #. Set n(¢) = ¢ for any ¢ € [tg, 71). If the first mark is
an arrow labeled (i, i + 1), set n(r1) = o> *t1y(r;—). If the mark is a dagger labeled (a, &),
set n(t1) = T9n(ty—) if ,n(t1—) = (a, §). Otherwise, let n(z1) = n(r;—). Finally, if
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the mark is a dagger on site 1, resp. N — 1, labeled =, set 5(t;) = T+ U2 (71 —), resp.
n(r) = SUE2y(r ).

At this point, the path n is defined on the segment [f¢, 71]. By repeating the previous
construction on each time-interval between two consecutive jumps of the Poisson point
processes, we produce a trajectory (n(t) : t > tg). We leave the reader to check that n(t)
evolves as a continuous-time Markov chain, started from ¢, whose generator is the operator
Ly introduced in (2.11).

5.2 Dual Process

To determine whether site 1 is occupied or not at time ¢ = 0 we have to examine the evolution
backward in time. This investigation, called the revealment process, evolves as follows.

Let mark mean an arrow or a dagger. To know the value of 71 (0) we have to examine the
past evolution. Denote by 71 < 0 the time of the last mark involving site 1 before t = 0. By
the graphical construction, the value of 1 does not change in the time interval [z, O].

Suppose that the mark at time 7 is an arrow between 1 and 2. In order to determine if site
1 is occupied at time 0 we need to know if site 2 is occupied at time 71 —. The arrows are
thus acting as a stirring dynamics in the revealment process. Each time an arrow is found,
the site whose value has to be determined changes.

If the mark at time 7; is a dagger labeled + at site 1, n1(0) = n1(r1) = 1, and we do not
need to proceed further. Analogously, daggers labeled — or + at sites 1, N — 1 reveal the
value of the occupation variables at these sites at the time the mark appears. Hence, these
marks act an annihilation mechanism.

Suppose that the mark at time 7] is a dagger labeled (a, £). To determine whether site
1 is occupied at time O we need to know the values of 1(t1—), ..., n,(t1—). Indeed, if
Myn(ti—) = (a,8), m@©0) = m(r1) = 1 — a, otherwise, n1(0) = ni(r1) = ni(r1-).
Hence, marks labeled (a, &) act as branching events in the revealment process.

It follows from this informal description that to determine the value at time O of site 1, we
may be forced to find the values of the occupation variables of a larger subset A of Ay at a
certain time ¢ < 0.

Suppose that we need to determine the values of the occupation variables of the set
A C Ay attimet < 0. Let T < ¢ be the first [backward in time] mark of one of the Poisson
processes: there is a mark at time 7 and there are no marks in the time interval (7, #]. Suppose
that the mark at time t is

(a) an arrow betweeni andi + 1;
(b) adagger labeled + at site 1;

(c) adagger labeled + at site N — 1;
(d) adagger labeled (a, &) at site 1.

Then, to determine the values of the occupation variables in the set A at time 7 (and thus at
time ¢), we need to find the values of the occupation variables in the set

(a) o1 A, defined below in (5.1);

(b) A\{1};

(©) AN{N —1};

d AU{l,..., p}if1 € A, and A otherwise

at time T —. Since independent Poisson processes run backward in time are still independent
Poisson processes, this evolution corresponds to a Markov process taking values in Ey, the
set of subsets of Ay, whose generator £y is given by
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En=% + Lon + LN,

where

N-=-2
(ConIA) = D LF @A) = fA;
i=1
(LA = (A+B) {1 € A} (fF(A\{1) — f(A)
+ MO €A} (FAULL, ..., ph) — FIA);
e,
(LN IA) = FANIN — 1) = f(A).

In these formulae, A(§) = A(0, &) + A(1, £), and

AU+ 13\ (i} if icAi+1¢A
oA=L AU\ +1) if i¢Ai+leA (5.1)

A otherwise.

Denote by A(s) the Ey-valued process whose generator is £y and which starts from {1}.
If A(s) hits the empty set at some time 7 > 0 due to the annihilations, this means that we
can reconstruct the value of site 1 at time O only from the Poisson point processes in the time
interval [— T, 0], and with no information on the configuration at time — 7, n(— T).

On the other hand, it should be verisimilar that if the number of daggers labeled + is much
larger that the number of daggers labeled (a, &), that is, if the rates A(a, &) are much smaller
than A + B, the process A(s) should attain the empty set. The next lemmata show that this
is indeed the case.

Let
T =inf{s > 0: A(s) = o}

It is clear that for any s > 0, the value of n1(0) can be recovered from the configuration
1n(—s) and from the Poisson marks in the interval [—s, 0]. The next lemma asserts that n; (0)
can be obtained only from the Poisson marks in the interval [— T, 0].

Lemma 5.1 Assume that T < oo. The value of n1(0) can be recovered from the marks in
the time interval [— T, 0] of the N 4+ 2(P + 1) Poisson point processes N introduced in the
beginning of this section.

Proof Let B}, = {0, 1, u}™¥ , where u stands for unknown. Denote by ¢ the configurations
of E;v We first construct, from the marks of the Poisson point processes 91(¢) on [— T, 0],
a E;V—Valued evolution ¢ (s) on the time interval [(— 7)—, 0] in which the set B(s) = {k €
AN : Ck(s) # u} represents the sites whose occupation variables can be determined by the
Poisson point processes only.

Let ¢k ([— T]—) = uforallk € Ay.By definition of the evolution of A(s), T corresponds
to a mark of one of the Poisson point processes 0/, M+ We define ¢ (— T') as follows. If it
is a mark from 9%/ we set ¢ (— T) = [1 & 1]/2 and ¢y (— T) = u for k # 1. Analogously,
if it is a mark from 97" we set {y_1 (= T) = [1 & 1]/2and (= T) = u fork # N — 1.

Denote by — 7T =19 < 71 < -+ < Ty < 0 < 1141 the successive times at which a
dagger of type & occurs at site 1 or N — 1. If 7; corresponds to a mark from Nt we set
¢1(zj) = [1 £ 1]/2 and we leave the other values unchanged. We proceed analogously if 7;
corresponds to a mark from 91", There are (almost surely) a finite number of such times
because 7 < oo by assumption.
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In the intervals (t;, 7j4+1), holes, particles and unknowns exchange their positions
according to the marks of 91; ;41(¢). Each time o a dagger of type A(a, &) is found, if
(¢1(0—), ..., ¢p(0—)) = (a,&), we update the configuration accordingly. Otherwise, we
leave the configuration unchanged. This completes the description of the evolution of the
process £ (s).

We claim that

B(s) D A([—s]—) forall — T <s < 0. (5.2)

The left limit (—s)— in A([—s]—) appears because by convention the processes ¢(s) and
A(s) are both right-continuous and the latter one is run backwards in time.

We prove this claim by recurrence. By construction, B([—T]—) = A(T) = @ and
B(—T) = A(T—) = {1} or {N — 1}, depending on the mark occurring for A at time 7. It
is clear that if B(t—) D A(—7), where T € [— T, 0) is an arrow of type 91; ;41 or a mark
of type MEL NMET | then B(r) D A([—1]—). Observe that the inclusion may be strict. For
example, if T € [— T, 0) is a mark of type M+l and A([—7]—) does not contain 1. This mark
permits to determine the value of site 1 at time t, so that B(r) 3 1 but A([—7]—) # 1.

Similarly, suppose that B(t—) D A(—7) and that T € (— T, 0) is a mark of type M, ¢).
If 1 belongs to A([—7]—), then A(—7) contains {1, ..., p} and so does B(t—) because
B(t—) D A(—r1). Hence, all information to update site 1 is available at time t— and 1 €
B(t) = B(r—). Since A([—t]—) is contained in A(—7) [it can be strictly contained because
some points m € {2, ..., p} may not belong to A([—7]—)], B(r) D A([—t]-).

On the other hand, if 1 does not belong to A([—7]—), then A([—7]—) = A(—1), while
B(r) D B(tr—). [This relation may be strict because it might happen that 1 ¢ B(r—)
and there might be enough information to determine the value of site 1 at time 7.] Thus
B(t) D B(tr—) D A(—t) = A([—t]—). This proves claim (5.2).

Since A(0) = A(0—) = {1}, by (5.2), B(0) > 1, which proves the lemma. O

Denote by Qpu the probability measure on D(R4, Ex) induced by the process A(s)
starting from {1}. Expectation with respect to Qy is represented by Qu as well.

Denote by C(s) the total number of particles created up to time s. The next lemma provides
a bound for the total number of particles created up to the absorbing time 7.

Lemma 5.2 Let A = Zseﬂp{)‘(o’ &) + A(1, &)}. Then,

(p = DA
ICDN = =7

Proof Let X () be a continuous-time random walk on Z which jumps from k to k — 1, resp.
k 4+ p — 1, atrate A 4+ B, resp. A. Suppose that X(0) = 1, and let Ty be the first time the
random walk hits the origin. As X (¢ A To) + [A + B — (p — 1) A] (¢ A Tp) is an integrable,
mean-1 martingale,

[A+B—(p—DAME[tATy|=1-E[XtAT)] =1

Letting + — oo we conclude that E[Ty] < 1/(A+ B — (p — 1)A).

Let R(s) be the total number of jumps to the right of the random walk X up totime s. Risa
Poisson process of rate A so that R(s)—A s is amartingale. Hence, E[R(sATp)] = A E[sATp].
Letting s — 00, we obtain that

A
EIR(To)l =4 ETTol < = =1
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Consider the process A(s) associated to the generator £y. Denote the cardinality of a set
B € Ey by |B]|. |A(s)| only changes when the set A(s) contains 1 or N — 1. The Poisson
daggers at N — 1 may only decrease the cardinality of the set. When A(s) contains 1, Poisson
daggers of type &+ appear at site 1 at rate A 4+ B and they decrease the cardinality of A(s)
by 1. Analogously, the other daggers appear at site 1 at rate A and increase the cardinality by
at most p — 1. This shows that we may couple |A(s)| with the random walk X (s) in such a
way that |A(s)| < X (s) and that C(s) < (p — 1)R(s) for all 0 < s < Tp. The assertion of
the lemma follows from the bound obtained in the first part of the proof. O

As the total number of particles created in the process A(s) has finite expectation, and
since these particles are killed at rate A 4+ B when they reach site 1, the life-span Ty of A(s)
can not be large and the set of sites ever visited by a particle in A(s) can not be large. This
is the content of the next two lemmata.

Lemma 5.3 For any sequence £y — o0,

A}ErlmQN[T >Niy]=0.

Proof Fix asequence €y — oo, let my = /£y, and write
Q[T >Nen] < Qu[T > Nen, C(T) smy | + Qu[C(T) > my].

By the Markov inequality and Lemma 5.2, the second term vanishes as N — oo.

Denote by 77 the lifespan of the particle initially at 1, and by 7}, 2 < k < C(T), the
lifespan of the k-th particle created in the process A(s). By lifespan, we mean the difference
Tx — o, where oy, resp. T, represents the time the k-th particle has been created, resp.
annihilated. Clearly,

Set Ty, = 0 for k > C(T). The first term on the right-hand side of the penultimate formula is
bounded above by

my
my
T, 4 < Tr 1.
Qn |:Z k> N:| Sy ii[;@zv[ k]

k=1 N
It remains to show that there exists a finite constant Cg such that for all k > 1,
QnITk] < CoN. (5.3)

Particles are created at one of the first p sites. After being created, they perform a symmetric
random walk at rate 1 on A . Each time a particle hits site 1, resp. N — 1, it is destroyed
atrate A + B, resp. 1. We overestimate the lifespan by ignoring the annihilation at the right
boundary.

Consider a particle performing a rate 1 random walk on A y with reflection at the boundary
N — 1 and annihilated at rate A 4+ B at site 1. Denote by P, the distribution of this random
walk started from site k, and by Ej the corresponding expectation. Let 7y be the time this
particle is killed at site 1, and Y;, ¢ < T its position at time ¢. By the strong Markov property,
E[Ty] increases with k. Hence,

QnlTil = EplTyl.
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Divide the lifespan Ty in excursions away from 1. To keep notation simple, assume that
the random walk Y keeps evolving after being killed. Denote by {¢; : j > 1} the successive
hitting times of site 1: 7o = 0, and fori > 1,

ti=inf{r > :Y(@)=1land Y(1—) # 1}.
Denote by u;, i > 1, the time the random walk Y (¢) leaves site 1 after ¢;:
up =inf {r > 1; 1 Y (1) # 1},

and set ug = 0. Let o; = u; — t;, resp. s; = t; — u;_1, be duration of the i-th sojourn at 1,
resp. the duration of the i-th excursion away from 1.

Denote by Ay the event “the particle is annihilated during its k-th sojourn at site 1”. With
this notation we have that

Ty < (si401) + Y HATN--NA_ ) (s + o).

i>2

By the strong Markov property at time u;_1,
Ep[1AS NN AL ) i+ o | = PlASn N AL | Eafsi 4]

Since the particle is annihilated at rate A + B and leaves site 1 at rate 1, each time it hits
site 1 it is killed during its sojourn at 1 with probability (A + B)/(A + B + 1). Thus, by
the strong Markov property, the probability on the right hand side of the previous displayed
equation is equal to o’ ~!, where & = 1/(A + B + 1), so that

Ep[TY] < Ep[S1+01] + Ez[S1+01]-

A+ B

Onthe one hand, forany k € Ay, E¢[o1] = 1,Onthe other hand, E;[s;] < E [s1]. Since
the random walk is reflected at N — 1, by solving the elliptic difference equation satisfied by
f (k) = Eg[s1], we obtain that E ,[s;] < CoN for some finite constant C¢ independent of
N. This completes the proof (5.3) and the one of the lemma. O

The proof of the previous lemma shows that each new particle performs only a finite
number of excursions, where by excursion we mean the trajectory between the time the
particle leaves site 1 and the time it returns to 1. In each excursion the particle visits only a
finite number of sites. This arguments yields that during its lifespan the process A(s) does
not visit many sites. This is the content of the next result.

Lemma 5.4 For any sequence €y such that £y — oo, €y < N — 1,

lim @N[A(s) > Uy for some s > O] =0.
N—o0

Proof Fix a sequence £y satisfying the assumptions of the lemma. Denote by X (s) the
position at time s of the k-th particle created. Before its creation and after its annihilation
we set the position of the particle to be 0. The probability appearing in the statement of the
lemma can be rewritten as

C(T)

Qn U {Xi(s) = €y for some s > 0}
I=1
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Let my = /€y . The previous expression is bounded by

Cc(T)
Qv | |J1Xi(s) = e for some s > 0}, C(T) <my | + L quica.
=1 N

By Lemma 5.2, the second term vanishes as N — oo. Set X;(s) = 0 for any / > C(T),
s > 0. With this notation, we can replace C(T") by my in the union, to bound the first term
in the previous equation by

my

ZQN[X[(S) = £y for some s > 0].
=1

It remains to show that there exists a finite constant Cg such that for all / > 1,
Co

QN[XI(S) = ¢y for some s > 0] < 7
N

(5.4)

To derive (5.4), recall the notation introduced in the proof of the previous lemma. Clearly,
forany/ > 1,

QN[X[(S) = ¢y for some s > 0] < Pp[Y(s) = {y for some s < Ty].

Note that this is not an identity because the /-th particle may have been created at a site k < p.
Denote by Uy the event that the particle Y visits the site £ in the time interval [uy_1, #].
Hence,

{Y/(s) =ty forsomes =0} C U, UU(A?O---HAIQI ﬂU,-).
i>2
By the strong Markov property applied at time u;_1,
P,[Y/(s) =ty forsomes > 0] < Pp[UI] + D P,[ASN---NAS_ | Py[U) ]
i>2
If Y(0) = k, the event U corresponds to the event that a symmetric random walk starting
from k hits ¢ before it attains 1, so that P¢[U;] = [k — 1]/[€y — 1]. Since the particle is
annihilated with probability (A + B)/(1 + A + B) in each of its sojourn at site 1, by the
strong Markov property, the previous sum is equal to
—1 1 1
P N '
ly —1 A+ B ¢y —1

This proves assertion (5.4). ]
We have now all elements to show that the sequence py (1) converges.
Proposition 5.5 Suppose that conditions (2.13) are in force. The limit
o= lim py(1)
exists, and it does not depend on the boundary conditions at N — 1.

Proof The proof of this proposition is based on coupling a system evolving on Ay with a
system evolvingon Ays, I < N < M by using the same Poisson point processes to construct
both evolutions.
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Let (ME"2) : 1 e R}, b = 1, 2, be independent Poisson point processes, where b
has rate 8 and M0 rate 1 — B. Use the Poisson point processes N; j+1(¢), 1 <i < N —1,
NEL(r), Nia,e) (1), ME-1(r), € R, to construct trajectories of a Markov chain n" () whose
generator is Ly introduced in (2.11). Similarly, use the Poisson point processes 91; ;+1(¢),
1<i<M-=190), N, e (@), ME"2(1) to construct trajectories of a Markov chain
n™ (1) whose generator is L ;. Note that on the left boundary and on Ay the same Poisson
processes are used to construct both chains.

Denote by Ay (1), Ap(t), t > 0, the dual processes evolving according to the Poisson
marks described at the beginning of Sect. 5.2 with initial condition Ay (0) = Ay (0) = {1}.
By construction, Ay (1) = Ap(¢) forallt > 0if N — 1 ¢ An(¢) for all + > 0. Hence, since
the value of " (0) can be recovered from the trajectory {Ay(f) : t > 0},

{n™ () # 9™ ()} c {An(1) > N — 1 for some t > 0}. (5.5)

Denote by IP’N m the probability measure associated to the Poisson processes 9; j11(7),
l<i<M- 1, ‘ﬁi 1@, N6 (@), M4 (r). ExpectatlonWlthrespeetto IP’N M isrepresented
by EN - With this notation, py (1) = Ey\ [m1] = ]EN M[n1 (0)]. Hence,

| on (1) — o (D) | < ]EN,MH ' 0) — ' 0) | ].
By (5.5), this expression is less than or equal to
@N,M[AN(t) >N —1forsomes>0]=Qu[A®) >N — 1 forsomes >0].

By Lemma 5.4 the right-hand side vanishes as N — oo. This shows that the sequence py (1)
is Cauchy and therefore converges.

Since the argument relies on the fact that the dual process Ay (¢) reaches N — 1 with a
vanishing probability, the same proof works if the process n¥ (¢) is defined with any other
dynamics at the right boundary, e.g., reflecting boundary condition. O

In the next result we derive an explicit expression for the density py (k) in terms of 8 and
pn(1).

Lemma 5.6 Forallk € Ay,

W=k + =Ly

PN = N_1 PN N_1"

Proof Recall that we denote by A y the discrete Laplacian: (Ay f)(k) = f(k— 1)+ f(k+
1) — 2 f (k). Since uy is the stationary state, £, [Ly f] = 0 for all function f : Qy — R.
Replacing f by nx, 2 < k < N — 1, we obtain that

(Anpn)(k) =0 for 2<k <N —1,

provided we define py (N) as 8. The assertion of the lemma follows from these equations.
O

Fix k € Ay \ {1}, and place a second particle at site k at time 0. This particle moves
according to the stirring dynamics in A y until it reaches site 1, when it is annihilated. This
later specification is not very important in the argument below, any other convention for the
evolution of the particle after the time it hits 1 is fine. Denote by Z*(s) the position of the
extra particle at time s and by d(A, j), A C An, j € Ay, the distance between j and A.
The next lemma asserts that the process A(s) is extincted before the random walk Z k(s) gets
near to A(s) if k > +/N.
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Lemma 5.7 Let €y be a sequence such that £y — 00, ¢y/'N < N — 1. Then,

lim max QN[d(A(s), Zk(s)) = 1 for some s > 0] =0.
N—>o0 gy /N<k<N
Proof Recall that we denote by T the extinction time of the process A(s). The probability
appearing in the lemma is bounded above by

Qn[A(s) 3 enyv/N/3 for some s > 0] + Qu[sup |ZF(s) — Z¥(0)| = exv/N/3].
s<T
By Lemma 5.4, the first term vanishesas N — o0o. Letm y be a sequence such thatmy — oo,
my /E?v — 0. By Lemma 5.3, the second term is bounded by

Qn [ sup |ka>—-zk«»|z:eNVGV/3} + on(1),

s<Nmpy

where oy (1) — 0as N — oo. Since Z* evolves as a symmetric, nearest-neighbor random
walk and m y /E?V — 0, the first term vanishes as N — oo. O

To prove a law of large numbers for the empirical measure under the stationary state, we
examine the correlations under the stationary state. For j, k € Ay, j < k, let

pN k) = Eyylnil, on (. k) = Epylngnd — pn () pn (k). (5.6)
Lemma 5.8 Let £y be a sequence such that £y — o0, ¢n/'N < N — 1. Then,

lim max |90N(1,k)| =
N—00 ¢y /N<k<N
Proof The probability py(k) = un(mx = 1), k € Ay, can be computed by running the
process A(s) starting from A(0) = {k} until it is extincted, exactly as we estimated py (1).
Similarly, to compute E,,, [1n1 n«], we run a process A(s) starting from A(0) = {1, k}. In this
case, denote by A (s), A2 (s) the sets at time s formed by all descendants of 1, k, respectively.
Note that A1 (s) and A;(s) may have a non-empty intersection. For instance, if a particle in
A1 (s) branches and a site k < p is occupied by a particle in A (s).

To compare E,, [n1 ni] with E, [171] Euzv['?k] we couple a process A(s) starting from
{1, k} with two independent processes Al(s) Az(s) starting from {1}, {k}, respectively. We
say that the coupling is successful if A; (s) = A (s),i = 1,2, forall s > 0. In this case, the
value of the occupation variables 71, ni coincide for both processes.

Until d (Al (s), A2(s)) = 1, it is possible to couple A(s) and .A(s) in such a way that
Ai(s) = A (s),i = 1,2.Hence, by Lemma 5.7, since k > y+/N,the coupling is successful
with a probability which converges to 1 as N — oo. O

Lemma 5.9 For every § > 0,

i b =
W Iy [N
The proof of this lemma is similar to the one Lemmata :1.3, 4.4. As the arguments are
exactly the same, we just present the main steps. Denote by Dy the discrete simplex defined
by R
Dy ={(,k):2<j<k<N-1}

and by 8 Dy its boundary: Dy = {(1,k) : 3 <k <N —1JU{(j,N):2<j <N —2}.
Note that the points (1, k) belong to the boundary and not to the set.
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Denote by Ly the generator of the symmetric, nearest-neighbor random walk on Dy with
absorption at the boundary: For (j, k) € Dy,

Lnd)(j. k)
(LEng) (k. k+1)

(AP)(j, k), for k—j>1,
(Vig)yk, k+1) + (V2+¢)(k, k+1) for 1 <k <N-2.

In these formulae, Vl?t, resp. A, represent the discrete gradients, resp. Laplacians, introduced
below Eq. (4.1).

As E, [Ln{nj—pn()}Hnk — pn(k)}] = 0, straightforward computations yield that the
two-point correlation function ¢y introduced in (5.6) is the unique solution of

LYo k) + Fy(j, k) =0, (j, k) € Dy,

~ (5.7
Un(j. k) = bn(j. k), (j.k) € dDy,

where Fy : @N — R and by : BﬁN — R are given by

FyGok) =—=lonG+ D —pn(DP Uk =j+ 1}, by(i k) = en(, b 1{j =1}

Denote by <p1(\}), resp. <p1(3), the solution of (5.7) with by = 0, resp. Fy = 0. It is clear

that oy = ‘/’1(\}) + ‘/’1(\?)~ Let Xy(2) = (XI]V (1), XIZV (1)) be the continuous-time Markov chain
on Dy U9 Dy associated to the generator L. Let P (j k) be the distribution of the chain X y
starting from (j, k). Expectation with respect to P (j x) is represented by E (; x).

Proof of Lemma 5.9 The piece (p](\}) of the covariance has an explicit expression. In view of
Lemma5.6,forl <j <k <N,

_B=pnP G=DWN =k _Co
(N —1)2 N-=-2 - N

oy (k) =
for some finite constant Cp, independent of N. Thf/:\ piece <p1(3) requires a more careful analysis.
Let Hy be the hitting time of the boundary 0 Dy:
Hy =inf{t>0: Xy(1) € aDy }.
We have that
wg)(ﬁ k) = Ejo[bn (Xn(HN))]| = E o[en (Xn (Hy) X\ (Hy) = 1}].
Let k be a sequence such that ky < N. By (4.9), forall § > 0,

lim  max  Pgu[ X3 (Hy) <ky]=0.

N—ooSN<l<m<N
Therefore, setting ky = £x /N, where 1 < ¢ N K VN, by Lemma 5.8,

lim max (p(z)(j,k) < lim max on(1, k)| =0.
Nﬁoo(j,k)eﬁzv‘ N | N”“’ZN\/WQKN‘ ‘
Jj>8N

This proves the lemma. O

Proof of Theorem 2.4 The first assertion of the theorem has been proved in Lemma 5.6. The
proof of the second one is identical to the proof of Theorem 2.1. O
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6 Speeded-Up Boundary Conditions

Recall that we denote by u, resp. iy, the stationary state of the Markov chain on Q;, resp.
Qp,p- Fix a smooth profile u : [0, 1] — (0, 1) such that u(0) = p(0), u(1) = B, and let
vy, p be the product measure defined by

v pE ) = p@E) v (), &€ Q5 neQw,

where v,ﬂv is the product measure on 2 with marginals given by v,iv {nk =1} = u(k/N).
Denote by fy the density of 1y with respectto vy, p, and by Fiy : Q2 — Ry the density
given by

Fy(€) = / Fu(&m v dn).
QN

Lemma 6.1 There exists a finite constant Co such that

| v (0) = p(0) | < Co/+/tn
forall N > 1.

Proof Fix afunction g : Q; — RR. As uy is the stationary state, and since Lyg = €y L;g +
Lo1g
0=Euy[Lng] = Euy[tn Lig + Lo.1g].

sothat | E; [Lig]| < 2llglloc/¢nN- Since

EIJ-N [Lig] = /

Qn.p

(L18)(E) fn(E.m)vN, p(dE, dn) :/Q* (L18)(§) Fn(§) n(d8),

for every g : Q; — R,

‘/Q 86 (LT ) (©) 1(d8)| = 2lgllo /.

where L} represents the adjoint of L; in L2(w). Since p is the stationary state, L} is the
generator of a irreducible Markov chain on Q:‘, It follows from the previous identity that

/Q* | (L{FN)(§) | 1(d§) < Co/tn

P

for some finite constant Cy. Hence, since (§) > O forall £ € Q;, L Fylloo < Co/tn.In
particular,

- [ @@ e < ot [ e < coftw.

Note that the expression on the left hand side is the Dirichlet form. Hence, by its explicit
expression, maxg g/ Fyy &) — Fy (é‘;)]2 < Co/¢N, where the maximum is carried over all
configuration pairs &, " suchthat R(§, §")+R (&', ) > 0, R being the jump rate. In particular,
as the chain is irreducible,

| Fy—1]. = FN—fQ* Fn(® udg) | < Co//ey.

y

o0
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We are now in a position to prove the lemma. One just needs to observe that
o8O = pO)] = | By o) = Eutiod | =| [ soFw@ i)~ [ souas |

and that this expression is bounded by || Fxy — 1 ||co- ]

Let
on(j, k) = Epynjmd —on() onk), j, k € Anp, J <k

Lemma 6.2 There exists a finite constant Cq such that |y (0, k)| < Co/~/Ln forall 2 <
k < N.

Proof The argument is similar to the one of the previous lemma. Fix 0 < k < N, and denote
by Gy = GX,C) : Q’; — R, the non-negative function given by

Gn (&) = / ne fy &) o (dn).
QN
With this notation,

EyyInonil = /Q §o GN (8) n(dé). (6.1)

Fix g : Q; — Randk > 2. Ask > 2, Ly(gnk) = nx Lng + gLnng. Thus, since puy is
the stationary state,

0=Euy[Lngm)] = f (N Li+Lo)gnk fndvn,py + Euy[g Lynk |-
vy
By definition of Gy and since [Lyni| < 2, [Lo,1 gl < 21Iglloc»
[ o Gx© s | < @e gl
2

The argument presented in the proof of the previous lemma yields that

< Co/+/tn.

GN—/ G (&) u(dE)
2

o0

Therefore,

[ sfove - [ ove uas)|uae| < cori.
Q5 Q25

By definition of G and by (6.1), the expression inside the absolute value is equal to

E\y[no k] — p(0) pn (k).

The assertion of the lemma follows from the penultimate displayed equation and from Lemma
6.1. O

Proof of Theorem 2.9 The first assertion of the theorem is the content of Lemma 6.1. The
proof of Lemma 5.9 [with Dy defined as Dy = {(j, k) : 1 < j <k < N — 1}] yields that
for every § > 0,
li i, k)| = 0.
e Sl
A Schwarz inequality, as in the proof of Theorem 2.1, completes the argument because
pn (k) = (k/N) B+ 1 — (k/N)] pn(0), 1 <k < N. a
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