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Abstract. Motivated by the study of the Facilitated Exclusion Process (FEP), which has attracted significant scrutiny in recent years,
we introduce a new particle system that we call the SSEP with traps. It is nonreversible, attractive, and has a transient regime, which
makes its study more challenging than that of the classical SSEP. We study its transience time, meaning the time after which the system
is no longer in a transient state with high probability. We show that both the transience and the mixing time exhibit a cutoff at time
L K?log K for a system of size K.

We further define a new mapping between the SSEP with traps and the FEP. We expect that this mapping will be a very useful tool
to study the FEP’s microscopic and macroscopic behaviour. In particular, it enables us to show that the FEP’s transience time undergoes
a cutoff at time ﬁN 2log N. Notably, our results show that for a FEP with particle density p > % the transient component is exited
in a diffusive time. This allows to extend to any initial configuration the upper-bound from Ayre and Chleboun for the mixing time of
the FEP.

Résumé. Pour étudier le Processus d’Exclusion Facilité (FEP), qui a suscité beaucoup d’intérét ces dernieres années, nous introduisons
un nouveau systeme de particules que nous appelons SSEP avec pieges. Il est non-réversible, attractif et a un régime transient, ce qui
rend son étude plus complexe que celle du SSEP classique. Nous étudions son temps de transience, c’est-a-dire le temps au bout
duquel, avec grande probabilité, le systeme n’est plus dans un état transient. Nous montrons que ce temps ainsi que le temps de
mélange présentent un cutoff au temps %K 2log K, pour un systeme de taille K.

Nous définissons ensuite un couplage entre le SSEP avec pieges et le FEP. Ce couplage nous semble étre un outil trés prometteur
pour I’étude du FEP, aussi bien macroscopique que microscopique. En particulier, il nous permet de montrer que le temps de transience
du FEP a un cutoff au temps ﬁN 2]og N. Nous montrons aussi que pour un FEP ayant une densité de particules strictement supérieure
a %, la composante transiente est quittée en un temps diffusif. Ceci permet d’étendre a toute configuration initiale la borne supérieure
sur le temps de mélange du FEP d’ Ayre et Chleboun.
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Introduction

In recent years, multi-phased and multi-type interacting particle systems have attracted a lot of attention from the statis-
tical physics community as toy models for phase separation. Some of these models belong to the family of lattice gases,
whose particles evolve and interact on a discrete lattice [23]. Under particular scrutiny in the last ten years, the Facilitated
Exclusion Process (FEP, see e.g. [4, 6, 10, 16]), as well as the Activated Random Walks (ARW, e.g. see [9, 22, 26, 27, 30])
model, can be seen as active/inactive multi-phased lattice gases. Because they are conservative, such models do not belong
to the classical Directed Percolation universality class [28].

In one dimension, the FEP, first introduced by physicists in [5], is a standard exclusion process, except that particle
jumps to an empty neighbouring site can only occur if the jumping particle’s other neighbouring site is occupied. This
constraint makes the FEP non-reversible and non-attractive. Under this dynamics, isolated particles cannot move until
another particle comes around, whereas isolated empty sites remain isolated forever. In particular, after a transience
time, the FEP either freezes because all particles become isolated (which can happen at density p < 1/2) or becomes
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ergodic and diffusive if all empty sites become isolated (p > 1/2) [6]. The Facilitated Exclusion Process has rich mapping
features: in the periodic setting, its evolution can be paired with an attractive and degenerate Facilitated Zero-Range
Process (FZR, see [6]), in which any number of particles can occupy a site, and at rate 1, a particle jumps away if it is
not alone on the site. Activated random walks (as well as the particle-hole model introduced in [9]) have roughly the
same behaviour as the FZR, except that particles jump independently, and become inactive at a given rate, rather than
instantly, when they are alone on a site. In these models, diffusion or particle displacement is facilitated by the presence
of other particles close by, so that both are roughly diffusive at high densities, and frozen at low densities. The strong
local interaction of these activated/facilitated models makes the derivation of their macroscopic and microscopic features
challenging. For activated random walks, the particle’s discrete trajectories are independent random walks, opening up
the way to multi-scale arguments [27] to study the macroscopic spread of particles. For the FEP, this is not the case, but its
local stationary states have explicit expressions charging the ergodic and frozen components, so that the classical theory
of hydrodynamic limit can be adapted to obtain extensive results on its phase-separated macroscopic behaviour, both in
symmetric and asymmetric cases [0, 7, 13, 14]. However, obtaining sharp quantitative estimates on the transience and
mixing properties of such models is by no means straightforward.

The FEP’s transience time (after which it either becomes frozen or ergodic) on the ring T of size N > 1 was first
studied in [6, 7], where it is shown that starting from a product state with density p # 1/2, the transience time is w.h.p.
at most of order (log N)? for some explicit constant ¢ > 0. The case of a deterministic initial configuration was then
considered in [2, Section 4.3], where it is shown that if in the initial configuration, a fixed number m of ergodic segments
contain more than N — K particles, the transience time is O(N 2log N ). As exploited in [2, 16], after its transience time,
the supercritical FEP (meaning a FEP with more than N/2 particles) becomes ergodic, at which point it can be mapped
to the standard SSEP. For this reason, estimating the FEP’s transience time is a crucial step to understand its mixing time,
since the SSEP’s mixing time has been thoroughly studied [20].

In this article, we introduce a new phase separated model, that we call SSEP with traps (SWT), in which particles
evolve on Tk according to a SSEP until they fall into a trap where they become inactive. Each trap can only contain a
fixed number of particles, so that traps can ultimately disappear and then behave as regular SSEP empty sites. Our SWT
model is attractive, and until either all particles or all traps have disappeared, it remains in a transient state where both
particles and traps coexist. We are interested in the transient properties of the SWT, and show that its transience time
undergoes a cutoff at time ¢}, := K?log K /m%. This means that the probability p¢(¢) for the SWT to remain transient up
to time ¢, starting from the worst possible transient configuration £, goes from 0 to 1 in a sharp window of size dx < t},
around t7,. Our proofs rely on delicate coupling arguments between the periodic SWT and the non-periodic SSEP in
contact with empty reservoirs. Note that, unlike the latter, the SWT does not preserve negative dependence (see Appendix
(), so that arguments in the spirit of [29] cannot be straightforwardly adapted. However, we are able to make use of
attractiveness to compare SWT with different numbers of particles and traps.

Once in the ergodic phase, the SSEP with traps behaves exactly like a SSEP. Because of that, we can study the
SWT’s mixing time by combining our transience time estimates with SSEP mixing time estimates from [20]. Strikingly,
we show that transience time and mixing time after the transience time balance each other out (cf. Remark 3), in the
sense that a transient supercritical SWT configuration with high transience time ¢ ~ ¢}, (e.g. a critical configuration
with K — 1 particles) will have a low mixing time 7 = O(K?) once it reaches the ergodic component, and a supercritical
configuration with low transience time t = O(K?) (e.g. a configuration with § K excess particles) will have a long mixing
time 7 = O(K?log K) afterwards. In other words, being far from criticality shortens the transience time, but lengthens
the mixing time. From this detailed study we can control the mixing time starting from any SWT configuration of size K
and find that the mixing time also exhibits cutoff around time 7.

Then, developing a mapping between the SWT and the FEP’s trajectories, we show that the transience time for the
Facilitated Exclusion Process on the ring Ty, also exhibits cutoff at time t%; ,. This is a significant improvement on the
previous estimates of the FEP’s transience time [2, 6, 7], since we lift all assumptions on the initial state, and obtain a
sharp estimate, through the explicit constant 1/47% appearing in iy /2 Like the mapping to the zero-range process, this
new mapping to the SWT is very useful: it also maps the FEP to an attractive process, however with the added upside that
the SWT behaves in many ways similarly to the SSEP. In particular, unlike in the FZR, individual particles in the SWT
behave as rate 1 symmetric random walkers, for which very precise estimates are available.

Our mapping generalises to the circle the lattice path construction developed in [2] in the following sense. In [2], a
FEP on a segment is transformed into a height function that has corner-flip like dynamics, and by monotonicity it can
be compared to the maximal and the minimal possible height functions: once they have joined, the height function has
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coupled with the stationary law. In [2], this construction is only used on the segment, indeed this kind of argument would
fail on the circle, since height functions can move up or down, and in the critical case the maximal and minimal height
functions don’t necessarily meet. On the other hand, our mapping from the FEP to the SWT is robust enough to deal with
the case of the circle. It also gives a new interpretation of the lattice path from [2] as the height function associated with
the SWT.

The transience of the FEP is equivalent to the transience of the corresponding SWT. However, the mapping from the
FEP to the SWT doesn’t allow us to directly obtain the FEP’s mixing time from the SWT’s, as opposed to the transience
time. Indeed, as laid out in Section 2.4.3, some information is lost as one goes through the mapping, so we can easily
obtain a lower bound on the FEP’s mixing time but not an upper bound. Although we don’t have an upper bound for
general starting configurations, we can generalise [2, Theorem 2.3.] and show that for all sequence of number of particles
K(N) such that K(N)/N — p > 1, the mixing time for all FEP configurations with K (N) particles is less than
C,.N?log N. Controlling the mixing time of the FEP for any initial configuration would require a more detailed study,
and we leave this for future work.

The SWT introduced here is of deep interest in its own right, and is easily defined in more general settings (higher
dimension, general lattices, any particle jump kernel). It can be seen as a generalisation of a phase-separated model
introduced by Funaki [15], and is reminiscent of another trap model introduced in [11], with the important difference that
particles cannot leave traps, so that our model is non-reversible. To the best of our knowledge, the cutoff phenomenon has
so far been identified overwhelmingly in the context of Markov process’s mixing time. It was first discovered in [1, 12]
while studying card shuffling, and the cutoff of mixing time for many Markov chains has been established since, see [21,
Chapter 18] for an introduction to this phenomenon. We study here a novel, and natural, instance of cutoff, which affects
kinetically constrained models with a transient regime.

This article is organised as follows. In Section 1, we introduce the SSEP with traps model that will be studied through-
out. We also present our first main results, Theorems 1.1 and 1.2, which state that the SWT’s maximal transience time is
of order O(K 2 log K') and undergoes cutoff at time ¢}, and Theorem 1.3, which states that the SWT’s mixing time also
exhibits cutoff at time ¢},. We also present some important properties of the SWT. In Section 2, we define the Facilitated
Exclusion Process, translate our transience time cutoff results to the latter (Theorem 2.2) and state our upper bound on
the mixing time, Proposition 2.4. We then present our mapping between SWT and FEP, which is the main argument to
obtain Theorem 2.2 from Theorem 1.2. In Section 3, we introduce a labelled SWT that will be used throughout, prove
with it Theorem 1.1, show Theorem 1.3 and fully estimate the SWT’s mixing time in Proposition 3.3. We prove the cutoff
for the SWT’s transience time in Section 4, based on coupling arguments with the non periodic SSEP in contact with
empty reservoirs, and fully estimate the super-critical transience time in Lemma 4.5. Finally, in Section 5, we introduce
the Facilitated Zero-Range process, and use both the latter and the SWT to extend our transience time cutoff results to the
FEP.
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Notation and conventions
Throughout this article, we will repeatedly map processes into each other. In order to give as clear an exposition as

possible, we will whenever possible always use the same notational conventions for the three main processes we will
investigate. We present those notations here for reference.

Process SSEP with traps | Facilitated Exclusion | Facilitated Zero-range
Acronym SWT FEP FZR

Scaling parameter K N P

Discrete variable k T Y

Discrete configuration | & = ({k)keTy N=(N)weTy w = (Wy)yeTp
Statespace Ik YN Qp

Law of the process Pg ]P’f;’ PP




Furthermore, to ease reading, whenever a new notation that is relevant throughout is introduced inside of a paragraph, it
will be coloured in blue. Other notation conventions will be used throughout;

* We use ”[” to delimit sets of integers, meaning for example that [a,b] = {a,a + 1,...,b— 1,b}, whereas [[a,b][=
{a,a+1,...,b—1}.

* We denote by N:={0,1,...} the set of non-negative integers.

* We will consider various time-dependent processes throughout this article. As a general rule, for {~(t), ¢
will simply denote by v := (0) its initial state, and by ~y(-) the whole process. For example, P? (&) =
probability, starting from &, to be in a state £ at time ¢.

>0}, we
&') is the

1. The SSEP with traps: model and results
1.1. Definition

We introduce our model, that we call SSEP with traps, and for which we use the abbreviation SWT. We fix a positive
integer K > 1, and define the SWT on the periodic ring Tk :={1,... K}, and define its statespace as

(1.1) T'x ::{nEZ,nSl}TK.

As represented in Figure 1, a configuration £ = (£ )ker, € 'k is interpreted as follows:

e For k € Tk, & = 1 indicates that site k is occupied by a particle.

e Similarly, £, = 0 indicates that site £ is empty. An empty site can alternatively be interpreted as a trap of depth
Zero.

* Finally, & < 0 indicates that at site k, there is a trap of depth |£|.

The SWT &(+) :={£(t), t > 0} is a continuous time Markov process on I' -, whose dynamics is analogous to that of
the classical SSEP. Particles jump symmetrically at rate 1 to a neighbouring site with no particle (exclusion rule), with
the following exception; as represented in Figure 1, when a particle jumps towards a trap of positive depth, it falls into
it, becomes inactive forever, and the trap’s depth reduces by one. Since they play no further roles in the dynamics, once
the trap’s depth’s decrease has been recorded, inactive particles are considered dead, so that when referring to a particle
in the SWT, unless otherwise specified we will always be talking about a live particle, meaning the single live particle
present at a site k where &, = 1. According to this dynamics, traps get progressively filled up by successive particles
falling into them, until they are full, at which point they start behaving as empty sites. Since dead particles are inactive,
trap depth can only decrease, in particular the SWT is non-reversible. The SWT is therefore driven by the generator

(1.2) L= Y Lgmre <o) {FE) = F(O),
keTx z==%1
where
0 ifk' =k
(1.3) Kbtz — Qb+ 1 iR =k+2
£ if k' £k k+ 2.

Given a configuration £ € ', we define its total trap depth, (resp. its number of particles), as the quantity

(1.4) == min(@.0)  (resp. (€= D Tggmy):

keTk keTxk

We also define its number of excess particles S(§) =3, cr, & = [§7] —|§7| € Z. Note that the number of excess
particles S(&) is conserved throughout the dynamics, because the process loses a particle iff it loses one trap depth. It can
also be negative if the configuration has more total trap depth than particles.

The SWT can be seen as a generalisation of a model previously introduced by Funaki in [15], in which sites can either
be occupied by water ({, = 1) or ice (§x = —/), and water is destroyed by ice but melts it after ¢ visits by water. That
process, whose macroscopic limit derived in [15] is a free boundary problem, is actually a SSEP with traps, but started
from a distribution where only occupied sites and traps of depth exactly ¢ are allowed.
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Fig 1: A local configuration of the SWT, with two jumps represented: the jump of the blue particle to an empty neighbour,
and the jump of the red particle to a neighbouring trap, killing it and reducing the trap’s depth by 1.

For our purpose, we introduce the SWT as a symmetric process on the 1-dimensional ring T x. However, this model
readily extends to more general setups, namely to different lattices, and to general local jump rates (e.g. asymmetric or
weakly asymmetric).

1.2. Transient, frozen and ergodic states for the SWT

Because of the presence of traps, depending on the sign of its number of excess particles S(£(0)), the SWT will eventually
either freeze, because all of its particles are trapped, or become a SSEP, because all its traps have been filled up.

We call critical (resp. subcritical, supercritical) configuration a configuration £ with S(£) = 0 (resp. S(£) <0, S(§) >
0). Note that we identify critical configurations as both subcritical and supercritical. According to the previous remark,
we distinguish two categories of subcritical configurations;

A configuration with no particles is frozen, and we denote by
(1.5) FT:={¢ €Tk such that & <0, Vk e Tk}

the set of frozen configurations.
* Any subcritical configuration that is not frozen will be called subcritical transient, and we denote by

(1.6) T = {¢ €Tk \ F'" such that S(£) <0}

the set of subcritical transient configurations.

We have an analogous classification for supercritical configurations.

e Once all traps have been filled up, the process becomes a classical SSEP, and in particular becomes ergodic and
reversible. We therefore define the ergodic component for the process, which is the set

(1.7) EXT.={¢ €Tk suchthat & >0, Vk € Tg} ={0,1}7%

of classical SSEP configurations.
* Finally, any supercritical configuration that is not ergodic will be called supercritical transient, and we denote by

(1.8) % ={6 ek \ &X' such that S(¢) >0}

the set of supercritical transient configurations.

Note that the only configuration that is both ergodic and frozen is the empty configuration £ = 0. We call transient state
any configuration that is neither ergodic nor frozen, and denote by

(1.9) TN ={€ €Tk such that [¢7] >0, |€7] >0}

the set of transient configurations.



1.3. Transience and mixing time for the SWT

Given an initial configuration £ € I'i, we denote by P? the distribution of the SSEP with traps £(-) on Tg, driven by
the generator .Z;" defined in (1.2) and started from the initial configuration &.

1.3.1. Transience time
We introduce the SWT’s transience probability at time ¢, starting from &,

(1.10) pe(t) =P (E(t) € TRY).

Note that since it is encoded implicitly in the initial configuration £, we do not make the scaling parameter K appear in
pe(t). We now define the maximal transience probability, and the e-transience time,

(1.11) pRT(t) = sup{pg(t) :§€FK} and 037 (e) ::inf{tZO:p?'T(t)gs}.

It is not hard to check that p§¥" = [0, 4+00) — [0,1) is differentiable and strictly decreasing, so that 85" is its inverse
function. However, we rather define 65" (¢) as in (1.11), since it is the standard presentation for cutoff phenomena and
allows us to avoid proving the last statement. Our first result is an estimate of the transience probability for the SWT,
uniformly in K.

Theorem 1.1. We have

1.12 li SWT(t K2 log K) = 0.
(1.12) t;%;uz%px( ogK)=0

We now state our second main result, namely that the transience time for the SWT undergoes a cutoff around time

_K210gK

(1.13) th .

™

Theorem 1.2 (Cutoff for the transience time of the SSEP with traps). There exists C' > 0 such that for all K € N* and
O<exl,

log K
(1.14) |9§¥T(e)—t}|<CK2<1+1og o8 )

eN(l—e¢)
In particular, the transience time exhibits cutoff, meaning that for all 0 < e < 1,
0 (e) _

m =
Ko ()

(1.15)

Theorem 1.1 will be proved later in Section 3.2. The proof of Theorem 1.2 is the purpose of Section 4.

Note that Theorem 1.1 could be obtained straightforwardly using Theorem 1.2. However, we choose this presentation
of both results because the proof of Theorem 1.1 will lay the foundation for the (harder) proof of Theorem 1.2. Roughly
speaking, the first theorem states that on time scales t K2 log K, the transience probability goes from 1 to 0 over long
times. Theorem 1.2 states that this evolution actually occurs brutally, and at an explicit time ¢ := 1 /72

Remark 1 (Worst configurations and optimal cutoff window). We point out below in Remark 6 that the maximal transience
time for the SWT is actually achieved for critical configurations, meaning for configurations with as many particles as
total trap depth. Among critical configuration however, it is not clear which one is the worst case scenario.

Simulations suggest that the configuration with a single deep trap is the worst one, and proving this claim would

allow us to improve the upper bound and obtain a cutoff window of O(K?) instead of O(K?loglog K). However, no
straightforward argument so far proves that the unique case trap is the worst one, so this is all left as a conjecture at this
point.
Remark 2 (Transience time for independent random walks). If the particles’ trajectories until they are trapped are in-
dependent random walks, it is possible to show, following the same steps, that Theorem 1.2 is also true: the transience
time exhibits cutoff at the same time ¢7,. This comes from the fact that the time for a SSEP with reservoirs with K — 1
particles to lose s particles is of the same order as the time for s independent random walks out of K — 1 to reach empty
reservoirs, so (4.23) is also true for this process.
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1.3.2. Mixing time

Our third main result concerns the mixing time of the SWT. We denote by dyy the total variation distance be-
tween two probability measures. Given two integers 0 < s < K, denote by I'x s :={{ €'k, S(€) =s} (resp. by
Sk,s i ={£€{0,1}7%, |¢] = s}) the set of SWT configurations (resp SSEP configurations) with s excess particles. We
then define

K\ L
(1.16) WK,S(E)—(S> Licesn. )

the uniform distribution on X ,, which is invariant law of the SWT on Tx with s excess particles. For € > 0, the
e-mixing time of the SWT is defined as

(1.17) IYT(e) =inf{ t>0: sup dy (P?(g(t)e.),m(,s)gs
s€[0,K]
EGFK‘S

Then we have the following result:

Theorem 1.3 (Cutoff for the mixing time of the SWT). There exists C > 0 such that for all K € N* and 0 < e < 1,

log K )

SWT < 2
(1.18) T (e) — tx| < CK (1+10g5/\(1_€)

In particular, the mixing time for the SWT also exhibits cutoff at time t},, meaning that for all 0 < e < 1,

SWT
(1.19) fim )

Remark 3. At a first glance, it might appear surprising that the cutoff for the SWT’s mixing time occurs at the same time
% as the one for its transience time, even though to enforce mixing, one must surely first exceed the transience time.
Actually, there is no contradiction here, because the upper bound ¢7 for the transience time is achieved (cf. Remark 1)
for critical or close-to-critical configurations for which S(§) = O(1). For those, once the ergodic component is reached,
mixing requires a time O(K?), and therefore has no influence on the SWT’s overall mixing time, whose dominant
contribution is simply the transience time of order O(K?log K ).

Conversely, SSEP configurations with mixing time of order O(K?log K) need to have O(K) particles, and must
therefore stem from a SWT configuration with S(£) = O(K) excess particles. But according to Lemma 4.5 below, any
such SWT configuration reaches the ergodic component in a diffusive time of order O(K?). In this case, the mixing time
starting from the ergodic component is the dominant contribution to the SWT’s overall mixing time. Detailed estimates
on the behaviour according to S(§) are given in Proposition 3.3.

Remark 4 (Mixing time for independent random walks). As we did for the transience time, we compare the mixing time
of the SWT to the mixing time of the process where particles perform independent random walks until they get trapped.
We can show, see Appendix B, that the mixing time of s independent random walks when there are no traps is less than
2[;—22 log s, so in particular the mixing time for independent random walks with traps is less than ¢7%. Since the mixing time
of this process is lower bounded by its transience time ¢}, (see Remark 2), it is equal to ¢}, the mixing time of the SSEP
with traps. This result is quite interesting, since for the regular SSEP, [17, 25] have explored the link between the mixing
time of the SSEP and of independent random walks on general graphs, and it is conjectured by Oliveira in [25] that they
should be of the same order. In our modified version of the SSEP, this appears to be true.

Remark 5 (No negative dependence for the SWT). As the SSEP and the SSEP in contact with reservoirs both preserve
negative dependence [29, 32], and since traps behave in some ways as empty reservoirs, one would expect that the SWT
does preserve negative dependence. Surprisingly, this is not the case, as detailed in Appendix C, and prevents us from
exploiting the tools used in [29] in the context of the SSEP in contact with reservoirs.

Theorem 1.3 is proved in Section 3.3. Its proof is actually easier than estimating the transience time, since we just
combine estimates on the transience time of the SWT and on the mixing time of the SSEP.
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1.4. Attractiveness and monotonicity of the transience probability

The SWT is attractive, meaning that given two SWT configurations £ < &’ there exists a coupling ng/ between two
SWT &(+), &'(+) respectively started from &£, £ such that for any ¢ > 0,

(1.20) Peo () <€ (1) =1.

This coupling is easily defined, and is very similar to the classical basic coupling for zero-range processes [19, Chapter
2, Section 5]. It is enough to equip both processes with the same Poisson clocks associated with the system’s edges, and,
whenever a clock rings on an edge e € Ty, make any possible particle jump over e in both £ and &’. More precisely,
shorten

(1.21) Oke=1{g=16.<0p Ok =Lig=1¢, <o}

which is either 0 or 1 depending on whether a particle can jump from k to k + z in &, . The basic coupling Pg ¢ is then
defined as the distribution of a Markov process on I'%, started from (£,¢’) and driven by the generator

LI = T (b {74 €4 - ple.6))

keTk z==+1
0o (1 = 0 {56 = 16,60+ (1= 6020 {16, (€)F+5) = f<s,§'>}),

To see that order between configurations is preserved under this coupling, fix k, k + z, and assume that locally & < &,
Ektz <&, attime 7, and that at time ¢ a clock triggers a jump from k to k + z. Because the two configurations are
locally ordered, only three cases are possible

o If §,.(t7) = &,,..(t7) = 1, nothing will happen at time ¢ in ¢’, so that & (t) = &, .(t) = 1 and order is clearly
preserved since for any £/, &, < 1 by definition.

« If §(t7)=1and &, (t7) <0, then we must have & .(t7) <&, . (t7) <0 as well. Then, either {(t7) =1
and then a particle jumps in both processes at time ¢ towards site k + z, preserving the order, or £ (¢~) < 0, and
at time ¢ a particle only jumps in &’'. If the latter occurs, after the jump, we have &, (¢t) =0 > & (t7) = £x(¢), and
$oqr(t) =&y (t7) + 1> &(t7) = &x(2), so that order is preserved as well.

« If §.(t7) <0and § . (t7) <0, nothing happens in either configuration, so that order is preserved as well.

Remark 6 (Attractiveness and monotonicity of the transience probability). Attractiveness is a very useful property, and
particularly so regarding the transience time of the SWT : indeed, attractiveness yields that adding particles or removing
traps to a supercritical SWT decreases a.s. its transience time. Similarly, in a subcritical configuration, removing particles
or adding traps decreases a.s. its transience time. In particular, recalling the notations introduced in Section 1.2, and
defining the subcritical, supercritical and critical transience probabilities,

(1.22) Yk (t) :=sup {pf(t) e TEK} and p}"g(t) :=sup {pg(t),f elg:5()= O}.

Then, the SWT’s attractiveness yields (See Lemma 4.4 below)

(1.23) PR (1) = p2 i (1) = PR (1)

2. The facilitated exclusion process: model and results

The SWT described above can be mapped into the Facilitated Exclusion Process (FEP) whose macroscopic behaviour was

studied in [6, 7]. In particular, although Theorems 1.1 and 1.2 are interesting in their own right, they also yield analogous
estimates on the (symmetric) FEP, which we now define.
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(a) A frozen configuration (b) A subcritical transient configuration
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(c) An ergodic configuration (d) A superecritical transient configuration

Fig 2: Examples of the different types of configuration of the FEP on T,

2.1. The facilitated exclusion process

We define the FEP on the periodic lattice Ty = {1,..., N}, it is an exclusion process with state space is given by
Y :={0,1}T~. We denote by 1 € X its configurations, i.e. collections (1, )Ty, Where 77, = 1 means that site x is
occupied by a particle, and 7, = 0 means that site x is empty. Dynamically speaking, in the FEP each particle jumps at
rate 1 to a neighbouring site, with two constraints:

* an exclusion constraint, meaning that particles cannot jump on sites that are already occupied,

* a kinetic constraint, meaning that a particle at site = can jump to a neighbouring empty site & 1 if and only if
its other neighbouring site = F 1 is occupied. In the rest of the article, particles satisfying the kinetic constraint,
i.e. with a neighbouring particle, will be referred to as active particles, as opposed to isolated particles, which
are surrounded by empty sites and for this reason cannot jump. Note that we choose a different terminology (ac-
tive/isolated particles) than for the SWT (live/dead particles), because no one-to-one mapping will be available
between SWT particles and FEP particles.

Given these two constraints, the FEP on Ty is characterised by its Markov generator %y, acting on function f : ¥y — R
as

@.1) L) = cowrr{F™"T) = F()},

z€T N
where the jump rate ¢, 11 is given by

(2.2) cz,x+1(77) = 77171771(1 - 771+1) + (1 - 77x)771+177x+2a

x,x+1

and is the configuration where sites « and x + 1 have been inverted in 7, namely

Ne ify=x+1
2.3) ettt =Sy ify=2
Ny ify#£x,x+1.

2.2. Transient, ergodic, frozen configurations

The FEP is conservative, meaning its number of particles is preserved by the dynamics. Given a configuration n € Xy,
denote by K := || its number of particles and P := N — || its number of empty sites. As for the SWT we distinguish
four possible types of configurations, summarised in Figure 2, depending on their number of particles. The sets of con-
figurations are named in analogy to Section 1.2.

First, we distinguish two categories of subcritical configurations, i.e. such that K < N /2.

* Because of the kinetic constraint, a configuration with no two neighbouring occupied sites is frozen. We denote by
(2.4) Fi={neXnN: nuNes1 =0,V € Tn}

the set of frozen configurations. The configuration in Figure 2a is frozen.



* Any configuration with K < N/2 particles that is not frozen will be called subcritical transient, and we denote by
(2.5) T% = {ne Sw \ Fi: In| < N/2}

the set of subcritical transient configurations. The configuration in Figure 2b is subcritical transient. Starting from
a subcritical transient configuration, the process ultimately reaches a frozen configuration.

We now turn to supercritical configurations, i.e. such that K > N/2

* Once again, because of the kinetic constraint, the process can break up pairs of neighbouring empty sites, but
not create them. Indeed, in order for an empty site to “jump” next to another would require a particle in-between
jumping out, which is not possible for the FEP. For this reason, we define the ergodic component for the process,
which is the set

(2.6) ENTi={neXn: 1—n,)1—nys1)=0,Vz €Tn}.

We call ergodic configurations its elements, which are the set of configurations with isolated empty sites. The
configuration in Figure 2c is ergodic.

Finally, any supercritical configuration (X > N/2) particles that is not ergodic will be called supercritical transient,
and we denote by

27) = {neSv \ R Inl > N/2)

the set of supercritical transient configurations. The configuration in Figure 2d is supercritical transient. As in the
subcritical case, starting from a supercritical transient configuration, the process ultimately reaches the ergodic
component.

In the case where NN is even, note that the alternated configurations oece ---ce and eceo - -- o (o representing empty
sites and e representing occupied sites) are critical, in the sense that they are both ergodic and frozen. In general, we call
transient state any configuration that is neither ergodic nor frozen, and denote by

2.8) TN =T NUTIN
the set of transient configurations for the FEP.

2.3. Transience time for the FEP

Given an initial configuration 1 € X, we denote by Pév the distribution of a FEP with generator 5" and started from
the configuration . We denote by Ef;’ the corresponding expectation.

As we were for the SWT, we are interested in the time the FEP takes to leave the transient component. Given 1) € X,
as for the SWT we denote by

(2.9) p(t) =B (n(t) € TA™)

the probability that the process started from 7 is still transient at time ¢. Note that this notation is the same as in (1.10),
but this will not be an issue because of our use of different letters to represent the SWT (&) and the FEP (7). Consider the
FEP’s maximal transience probability and e-transience time

(2.10) P (t) :=sup {pn(t) i€ EN} and O%"(e) =inf {t > 0:pF(t) <e},
analogous to the equivalent quantities for the SWT defined in (1.11). We start with a uniform estimate of the transience

probability analogous to Theorem 1.1 for the SWT, which will be proved at the end of the section.

Theorem 2.1. Uniformly in N and in the initial configuration, if t is large, the FEP is w.h.p. no longer transient at a
time tN?log N, meaning that

(2.11) lim sup py*(tN?log N) = 0.
t—o00 N>2
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Using the analogous estimate for the SWT, we prove this result at the end of the section. Our next result is that the

function p* (+) also goes through a cutoff at time ¢}, /2 (see (1.13)).

Theorem 2.2 (Cutoff for the transience time of the FEP). There exists C' > 0 such that for all N e N* and 0 < e < 1,

log N )

* 2

In particular, the transience time exhibits cutoff, meaning that for all 0 < e < 1,

On"(e) _

N (1)

(2.13)

Theorem 2.2 is proved below in Section 5.3.

Remark 7 (Monotonicity and critical configurations). Given those uniform estimates of the maximal transience proba-
bility at time ¢, it is natural, as for the SWT in Remark 6, to try and identify the configuration(s) with yields the largest
transience probability, meaning the n* such that p,« () = p*(t). However, the answer to this question is by no means

straightforward, mainly because of the lack of montonicity in the FEP’s dynamics.

To illustrate this point, consider the effect of adding or removing particles on the transience probability. Removing
particles in a subcritical configuration, one expects, should likely help reaching a frozen state, in the same way that
adding particles to a supercritical configuration should likely help reaching the ergodic component. However, in the
absence of attractiveness arguments, those statements cannot be supported, and it is not clear, although we conjecture it,
that the initial configuration that maximises the transience time should be a critical configuration, meaning |n*| = N/2
(for N even).

Another tricky question is that of the influence of the size of the system over the transience probability. Once again,

we expect that as size N of the system increases, the maximal transience probability pi¢" at fixed time ¢ should grow as

well. This statement is not straightforwardly proved either, and is also left as a conjecture at this point.

What is true however, and at the core of our proof of Theorem 2.2, is that the transience probability starting from a
configuration 1 can be compared to the one started from a critical configuration 77, but on a smaller ring of size N =
2(K(n) A P(n)), where K and P are respectively n’s number of particles and empty sites.This yields in particular that
for any time ¢,

(2.14) Pan () <py'(t) < sup piiR (1)
N'<N
N’CVEI‘I

However, because of the lack of monotonicity, it is not clear that the left and right-hand side above are equal.

Remark 8. Although the “worst” transience phase lasts longer than the typical diffusive timescale (of order N?2), we
can show (see Remark 9 below) that for macroscopically supercritical configurations (ie K (1) = 0N with § > %), the
transience time is indeed diffusive instead of O(N?log N).

The proof of Theorems 2.1 and 2.2 for the FEP strongly rely on their counterparts for the SWT, thanks to a new
mapping that we now formally introduce, and whose full construction will be detailed in Section 2.4.

Theorem 2.3. Forany N > K > 1, a FEP taking values in

(2.15) vk ={n€Xn:|n =K}

can be mapped to a SWT on T i, meaning that there exists a deterministic dynamical mapping

(2.16) IT* : D([0, +00), XN i) = D([0,+00), Tk )

between trajectories 1(-) and &(+), such that

(2.17) n()~By = I~ Pl

Furthermore, this mapping preserves ergodic, frozen and transient components, meaning in particular that

(2.18) n(t) € Ti" <~ I [n)(t) e TRN".



Not that in order to keep notations simple, we denote the mapped trajectory by II*[n] rather than IT*[5(-)], but, of
course, the latter depends on the whole trajectory 7)(+) and not only on its initial configuration. We also denote by

(2.19) II(n) :==11*[5](0)

the statical mapping between initial configurations.

Proof of Theorem 2.1. Clearly, (2.11) is a consequence of Theorem 1.1. Indeed, given a trajectory n(-) of the FEP,
according to Theorem 2.3, £(+) := I1*[n] is a SSEP with traps on K = || < N sites. Then, using that tK?log K <
tN2log N and (2.18), we have

(2.20) n(tN?logN) € TiF =  £(tN%logN) e TPV = ¢(tK?logK) € TRV,

In particular, for any initial configuration n € X g

py(tN?log N) = Pff,  (£(tNlog N) € TR™T)
<P, (E(tK?log K) € TRM)

< sup p¥T(tK?log K).
K>0

Taking the supremum over all configurations n € ¥y proves Theorem 2.1. O
2.4. Mapping of the FEP to a SWT

We now build a mapping between the SWT and the FEP, and prove Theorem 2.3. We start by the statical mapping that
will allow us to map initial configurations, and then define a dynamical mapping between trajectories. This mapping
generalises the “lattice path” construction, developed in [2, Section 3.1] for the FEP on a segment, to the FEP on the
circle. Indeed, Equation (2.22) bears some resemblance with Equation (3.1) in [2], which transforms a FEP on a segment
into a height function. The novelty of our mapping is that we define it on the circle, and interpret it as a particle system (a
SWT), which allows to study the FEP on a circle, when the height function approach could only be used on the segment.

2.4.1. Statical mapping

Fix an exclusion configuration 7, that we will map to a SWT configuration £. Recall that we distinguish between the
space variable z for the FEP, and & for the SWT. Assume that € ¥y is a non empty configuration of the FEP on Ty,
meaning that its total number of particles K = K () := |n| > 1 is not zero. We tag arbitrarily the first particle at or to
the right of the origin in 1 and denote by X; € Ty its position, meaning that 779 = --- = 1x, 1 = 0. Denote similarly
X < X9 < X3 <--- < X the successive positions in 7 of particles to the right of the origin. Note in particular that we
can trivially rewrite

K
(2.21) M= 1{x,=a}>
k=1

since in the right-hand side at most one indicator function is not 0.

As illustrated in Figure 3, we build the configuration & € ZT% by letting for all k € T,

(2.22) =2+ X — Xpq1.

Note that & is worth 1 minus the number of consecutive empty sites after Xy, in 7, i.e. after the k-th particle in the
FEP. Because of the exclusion rule in the FEP, there can be at most one particle at each site in £, so £ € I'x. We thus
interpret £ as a SWT configuration on Tg.

The application 1 — (£, X1 ) is clearly 1-to-1 : the configuration £ is uniquely defined by 7, and similarly, given £ and
a (suitable) position X of the first particle right of the origin, the full configuration 1 can be recovered using (2.22) and
(2.21). In what follows, for any 1 < K < N we will denote by

(2.23) MI:{neXn,|n|=K} — 'k xTx
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Fig 3: Illustration of the statical mapping 1 — £, which associates particles in n with sites in £. Particles that are followed
by another particle in the 7 are represented in blue and become occupied sites in £. Particles that are followed by one or
more empty sites in 7 are represented in red and become empty sites or traps in &.
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| — L1 L1

PR
Qe @

1 23 45 6 7 8

SSEP

Fig 4: When a FEP configuration 7 is ergodic, the mapped configuration £ = I1(7) is a SSEP configuration.

. !@l !@| !@| ] !Gl IQI I Frozen FEP

SSEP with traps

Fig 5: When a FEP configuration 7 is frozen, the mapped configuration £ = II(n) only has traps, no particles.

the previous mapping, meaning that given a configuration n and a tagged occupied site X7 in ), we define II(n) = (£, X3),
where ¢ is defined through (2.22). For the sake of brevity, we will abuse our notation, and simply write £ = II(7), ignoring
the position of the tagged particle, since we are interested in the transient properties of both processes, that do not depend
on the starting point of the mapping.

As illustrated in Figure 4, an ergodic configuration (see (2.6)) of the FEP is mapped to a SSEP configuration without
traps, i.e. an ergodic SWT configuration, meaning

(2.24) nelx, Inl=K = &:=1I(n) el =%k

This mapping in the ergodic case was already known, and was successfully exploited in previous works [2, 3]. The
mapping to the SWT, however, in the general case, is to our knowledge a novelty of our work. Similarly, as illustrated in



14

0O @ e O __@Qtl_@__ﬁ__é&__
k k+1 k

(a) Rightward jump to an empty site (b) Rightward jump to a trap
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(c) Leftward jump to an empty site (d) Leftward jump to a trap

Fig 6: Examples of jumps through the mapping. In each subfigure, The FEP is represented on the left and the corresponding
SWT on the right.

Figure 5, a frozen FEP configuration (see (2.4)) is mapped into a configurations with no particles, so a frozen SWT (see
(1.5)), meaning

(2.25) neFy, Inl=K = ¢&:=1(n)eFR".

In what follows, both for 1 and &, we call a particle cluster of size n a sequence of n consecutive occupied sites,
surrounded on both sides by empty sites or traps. Analogously, we call empty sites cluster of size n a sequence of n
consecutive empty sites in 7, surrounded by two particles. It is straightforward to see that a cluster of n particle in &
correspond to a particle cluster of n + 1 particles in 7. Analogously, a cluster of n empty sites in 7, surrounded by the
k-th and k + 1-th particles, corresponds to site &k being a trap of depth n — 1in &, i.e. § = —n + 1.

2.4.2. Dynamical mapping

We now describe the effect of the FEP dynamics started from 7 on the mapped configuration started from II(#). Dynam-
ically speaking, given a cluster of at least 2 particles in 7, the possible jumps of the cluster’s particles are the rightmost
particle jumping to the right (resp. the leftmost particles jumping to the left). We will see that this corresponds exactly to
a jump of the rightmost particle to the right (resp. the leftmost particle to the left) in the corresponding cluster in &.

More precisely, we now account for all possible jumps in the facilitated exclusion process 7, and consider their effect
on the mapped configuration £ :=II().

i) We first take the case, illustrated in Figure 6a, in which in 7, the k-th particle and %k + 1-th particles are neighbours,
and followed by an isolated empty site. When the k + 1-th particle jumps rightwards to the neighbouring empty site
in 7, the particle on site k in & jumps to site k + 1.

ii) Next, we assume that the k-th particle and k + 1-th particles in 7 are neighbours, but the following site is empty and
is the first of a cluster of n > 2 empty sites. When the k + 1-th particle jumps rightwards in 7 to the neighbouring
empty site, the particle at site k in £ jumps towards a trap of depth n — 1, and fills it up by 1 : the particle disappears,
and the trap is now of depth n — 2. This is illustrated in Figure 6b.

iii) Third, we consider the case where the k-th particle and k + 1-th particles in 7 are neighbours, and preceded by an
isolated empty site. Then, as illustrated in Figure 6¢, when the k-th particle jumps leftwards in 7 to the neighbouring
empty site, the particle on site k in & jumps to site & — 1.

iv) Finally, the last case to consider is the one represented in Figure 6d, where the k-th particle and & + 1-th particles in
7 are neighbours, and preceded by a cluster of n > 2 empty sites. Then, when the k-th particle jumps leftwards in 7
to the neighbouring empty site, the particle at site k in £ jumps leftwards towards a trap of depth n — 1, and fills it
up by 1 as in case ii).

We can therefore define a dynamical mapping between 7)(-) and the corresponding SSEP with traps. To do so, consider
a trajectory {n(t), ¢t > 0} of the FEP started from an initial configuration 1(0) € ¥ with K := |n(0)| particles. We tag,
as in the statical mapping, the first particle at or to the right of the origin. We denote X (0) its initial position, and we
keep track of its trajectory throughout the process, and denote by X () its position at time ¢. Since particles cannot cross
eachother, we can do the same for all consecutive particles, and define

(2.26) X1(t) < Xa(t) <+ < Xk (t)
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Fig 7: Tllustration of the dynamical mapping n(¢) — £(t). A pair of neighbouring particles in the FEP corresponds to a
particle in the SSEP with traps. When the right particle of the pair jumps to the right in the FEP, it corresponds to a jump
to the right of the particle in the SSEP with traps. Notice the blue particle in the FEP joins a new pair of particles, so in
the SSEP with traps the particle doesn’t disappear. However, the red particle becomes isolated in the FEP, so in the SSEP
with traps it falls into a trap.

as the trajectories of the K particles in the system. As in (2.22) we can then define
(2.27) §e(t) =2+ Xg(t) — Xps1 (1)

Given a FEP trajectory n = {n(t), t > 0}, we denote by IT*[n] := {£(¢), t > 0} the trajectory defined by the dynamical
mapping (2.27). Note that unless at time ¢, the tagged particle is still the first particle at or to the right of the origin, we do
not have TI(n(t)) = IT*[n](t). It is straightforward to check that, as represented in Figure 7, the process {£(t), t > 0} =
IT*[n] is a SWT, started from £(0) :=II(n(0)), and with generator (1.2).

Note that in the FEP, the length of a cluster of empty sites can only decrease, because of the kinetic constraint, which
corresponds to the fact that in the SSEP with traps, the depth of traps can only decrease. This construction proves Theorem
2.3.

2.4.3. Mixing time for the FEP

Given the sharp estimate on the SWT’s mixing time and the previous mapping, it is natural to consider the mixing time
of the FEP on the ring. In [2] the latter is studied for a subclass of initial configurations, limited by the estimation of the
transience time. Since this limitation is lifted by Theorem 2.2, we expect that in the general case, the FEP’s mixing time
on the ring should be obtainable.

It is not hard to show that the mixing time of a FEP on T with K > N/2 particles is lower bounded by the transience
time of a SWT on T i with 2K — N excess particles. However, upper bounding the mixing time of the FEP by that of the
SWT is not straightforward, because our mapping is defined up to the position of a tagged particle (or, symmetrically, up
to the current crossing the origin in the SWT). This is not an issue for the transience time, which is not affected by this
translation of the system. This is, however, an issue for the mixing time, over which the translation of the system by a
random quantity could a priori have an impact. To overcome this issue, and translate the estimation of the SWT’s mixing
time to the FEP’s, one would need to get detailed understanding of the joint distribution of the SWT’s configuration and
its current through the origin up to time ¢. This interesting question is at this point left for future work.

Still, even though a sharp estimate is not immediately achievable, our refined transience time estimates yield straight-
forwardly the following result.

Proposition 2.4 (Mixing time for the macroscopically supercritical FEP). Let K(N) a sequence such that for all N,
K(N)>N/2and lim K(N)/N=pe (1,1).

— 00
Then, for all € € (0,1), setting TN K (N) (€) the e-mixing time for the FEP on Ty with K(N) particles, there exists
Ce,p > 0 such that

228 li k() _
>0 N W log N = o

This upper-bound generalises [2, Theorem 2.3(b)], since we make no assumption on the initial configuration, whereas
the result in [2] holds for configurations in which a fixed number of ergodic regions contain enough particles. It can be
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straightforwardly obtained by combining [2, Proposition 4.2], which bounds the log-Sobolev constant of an ergodic FEP
on Ty with K particles, and Remark 8 which upper-bounds the transience time of the FEP.

3. Proof of Theorem 1.1

We now prove Theorem 1.1, the uniform estimate for the SWT’s transience time, that we used in the previous section to
prove Theorem 2.1.

3.1. Labelled SSEP with traps

In order to estimate the transience time for the SWT and prove Theorem 1.1, we will use a union bound to consider the
trajectory of each individual particle, and estimate the probability that they have explored the whole ring. For Theorem
1.2, we will also consider the trajectory of each particle, to know if the particles have reached the traps. However, this is
not very convenient under the exclusion rule, because particles cannot cross each other, so that any given tagged particle
has a heavily constrained and non-diffusive trajectory in general. For this reason, we consider instead the following
construction for the SSEP with traps with distinguishable particles, in which each particle is labelled, and neighbouring
particles exchange their positions at rate 1. Doing so, individual particles perform (dependent) symmetric random walks,
until they reach a trap where they get killed as expected. We now formalise this construction, which can be interpreted as
a generalisation of the so-called interchange process introduced in [31].

Fix £ € 'k a configuration of the SSEP with traps, and denote by
3.1 n:={keTk:& =1}

its number of particles, and give each particle an arbitrary label j = 1,...,n. Let us define =;(0) € Ty as the initial
position of the particle labelled j. We also define variables d;(0) = 1, which are initially set to 1 to indicate that each
particle is initially live. We will set instead 6; = 0 whenever particle j is killed by a trap. We denote by

(32) 6(0) = (57513 cee 7En7517 ce 76n)(0) €l'k x ’]TTIL( X {07 1}71

this initial labelled SWT configuration, and define a Markov process

(33) g(t):(nglaaEna51575n)(t)

whose evolution we now describe.

In f , & is a SSEP with traps, that we assume defined by a set of independent Poisson clocks {.7}; : k € Ty} ringing at
rate 1, each describing the times at which the edge (k, k + 1) is activated. Each variable =, (¢) represents the position at
time ¢ of the particle labelled j, and d;(t) is equal to 1 if the particle labelled j is live at time ¢, and O otherwise. The
process f ’s time evolution is then determined by these Poisson clocks, with the following rules; when the clock .7, rings,
the following happens depending on the value of £ at sites k£ and k + 1;

* [Two frozen sites] if both &, <0 and €41 < 0, nothing happens.

e [Particle jump to a trap] If &, =1 and {41 < 0, the particle at site k, labelled j, jumps to the trap at site k£ + 1 and
remains dead there forever, keeping its label. More precisely, Z; jumps from & to k + 1 and §; from 1 to 0, and
both keep those new values forever. The trap loses 1 depth, so that & changes from 1 to 0 and £ increases by 1.
The same construction holds if instead &, < 0 and £4+; = 1, but with opposite roles for k£ and k£ + 1.

e [Particle jump to an empty site] If £, = 1 and £, 1 = 0, the particle at site &, labelled j, jumps to k + 1, once again
keeping its label but this time remaining live, so that §; remains unchanged, =; jumps from k to k£ + 1, and £, and
&1 exchange their values. As before, is instead £, = 0 and £,41 = 1, the same construction holds with opposite
roles for k and k + 1.

* [Two particles swap positions] Finally, if &, = &x4+1 = 1, the particle at site k, labelled j and the one at k£ + 1,
labelled j’ exchange their positions, meaning that £ remains unchanged, =; jumps from & to k + 1 and =/ from
k+1tok.

It is not hard to check that the following affirmations are guaranteed by this construction:
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i) if §;(t) = 9, (¢t) = 1, then =;(t) # =,/ (¢); in other words, two live particles cannot coexist on the same site.
ii) The sets {k € Tk : & (t) =1} and {Z;(¢),1 < j <n:6;(t) = 1} are identical: the set of occupied sites in ¢ is at all
time the set of live labelled particles.
iii) Trivially, the value of £, at time ¢ is given by the initial depth of its trap (which can be 0), plus the number of labelled
particles which are currently there, which translates as the identity

(3.4) &k (t) = &k (0)Lie, y<oy + Y 14z, ()=k}-

Jj=1

Forgetting in £(t) the labels Z;(t)’s and the §;’s, the resulting process £(t) is clearly a SSEP with traps, driven by the
generator Z3"" defined in (1.2). The upside of this construction is that, for any 1 < j < n, the trajectory {Z,(t), t > 0}
of the particle labelled j is a random walk, jumping at rate 1 to either of its neighbours, and interrupted only when it falls
in a trap of positive depth. Of course, those trajectories are not independent from one another, because two of them cannot
be at the same time at the same site. Nevertheless, they behave as random walkers, which is what we needed.

3.2. Proof of Theorem 1.1

We now have the tools we need to prove Theorem 1.1. Recall that we wish to bound from above the probability for a
SSEP with traps to be transient.

We first couple a labelled SWT £(t) = (£,Z1,...,Zn,081,...,0,)(t) with a labelled SSEP 6(-), by removing all the
traps from the initial state, but using the same Poisson clocks 7 and the same initial labels for both processes. More
precisely, fix an initial SWT configuration £, and define an initial SSEP configuration 0 € X by o, =0V, for k € Tk.
Choose the same initial labels (Y;) in ¢ and £, meaning Y;(0) = Z;(0) for j € {1,...,n}. Since there are no traps in
o, we have no need, in &, for the auxiliary variables 6j(t) which remain constant equal to 1, and we can proceed as in
Section 3.1 to build a labelled SSEP

(3.5) 6(t) = (0, Y1,....Y,)(t) €T x T

started from (o, Y7, ...,Y,,)(0), where {Y;(¢), t > 0} represents the trajectory in T of the particle labelled ;. Note that
the trajectories (Y7,...Y;,)(+) form an interchange process, studied in [18, 31] and used in [24, 32].
Define the moment 7; at which the particle labelled j falls into a trap, namely

(3.6) 7; :=inf{t >0:0;(t) =0}.

Since the SSEP with traps is attractive (see Section 1.4), {(t) < o(t) for any ¢ > 0, and the only discrepancies between
the two processes are particles that fell in a trap in £. Indeed, since we used the same labels and the same clocks, the only
way for particle j to be in different positions in o () and £(¢) is to have fallen into a trap, therefore for any ¢, any j,

3.7 Ej(t):}/j(t/\Tj).
In particular, we claim that given a trajectory é of the labelled SSEP with traps, and the associated SSEP &,
(3.8) @) eTRNT == 3j: {Yj(s), s <t} #Tk.

Indeed, assume that £ is in a transient state at time ¢, there must exist, up to time ¢, at least one live particle, labelled j, and
one trap with positive depth at some site k € T . This means that the partial trajectory {Z,(s), s <t} does not contain
k, otherwise particle j would have fallen in the trap (which has positive depth since time 0) at its first visit at site k. But
since the particle is still live, according to (3.7), we must have ¢ < 75, so that

(3.9) k¢ {=;(s):s <t} ={Y;(s):s<t},

which proves (3.8). For simplicity, we still denote by P the distribution of the labelled SSEP on T started from the
configuration ¢ with arbitrary initial labels, thanks to (3.8), to prove Theorem 1.1 it is enough to show that

(3.10) lim sup sup PX (34, {Y;(s):s<tK?logK}#Tg)=0.
1=00 K>0 ceS g



Let now o € ¥ be an initial configuration with n < K particles. Further denote by P the distribution of a rate 1
random walk {Y'(¢), ¢ > 0} on Tk started from the origin (Y'(0) = 0). Then, by union bound, since n < K,

(3.11) PE(3j <n {Y;(s), s<tK’log K} # Tk) < KP({Y(s), s <tK?log K} # Tg).

By a standard estimate on random walks, given in Appendix A for completeness, there exists a positive constant ¢ such
that applying Corollary A.2 at time tK?log K,

(3.12) P({Y(s), s<tK?log K} #Tg) <cK "
Injecting this bound into (3.11) proves (3.10) and concludes the proof of Theorem 1.1.

3.3. Mixing time for the SWT

In this Section, we show Theorem 1.3 and also derive specific bounds on the SWT mixing time for different numbers of
excess particles, which proves cutoff in some regimes. To obtain Theorem 1.3, we study the mixing time according to the
number of excess particles. For s > 0, recall that 7  is the invariant law of a SWT on T'x with s excess particles. For
5 =0, we set T , the Dirac measure on the empty configuration. We can now define the e—mixing time for the SWT
configurations with s excess particles:

(3.13) () = inf {t >0:VE €T, S(6) =s, dry(PE(E(t) €),7x5) < 5}.

Recall that a SSEP with traps with s > 0 behaves in two phases: first the transient phase, then once in the ergodic set
of configurations it behaves like a SSEP with s particles. So, denoting by

(3.14) 7% (c) = inf {t >0:V0 € Sk, |o] = s, duy(PE(a(t) € ), mx.s) < g}

the e—mixing time of the SSEP on T g with s particles, it follows immediately that

(3.15) ks () VTR (€) ST (€) S O35 (e/2) + 7R (/2).

The lower bound is quite straightforward, and the upper bound comes with applying the Markov property at time
0327 (e/2).

)8

Estimates on the transience and mixing times. 'We show in Lemma 4.5 the following estimates for the transience time:

(3.16) K.s(e) SO0%(e) <OK (o),

where the bounds are given by

1
(3.17) Ra(e) = EKQ log + O.(K?),

sV1

1
(3.18) Rale)= ﬁKQ log + 0. (K?loglog K),

sV1
where O, means the constant depends on . In the case where s is of order O(K'), we actually have 83} (¢) = O (K?),
see Remark 9.

In order to prove Theorem 1.3, according to (3.15), we will use the following upper bound on the SSEP’s mixing time,
that we show in Appendix B:

Proposition 3.1 (Upper bound on the mixing time of the SSEP). Forall K > 1and 0 <s< K,
2

(3.19) TEX(e) < 2[(—2 <log w +logd/m+ 0(1)> :
! ™
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s 0% (e) TR (€) Cutoff?
0 1 K?log K 4 O (K?loglog K) 0 Yes
O(1) W%KQIOgK/erOE(KzloglogK) Oc,s(K?) Yes
s=K<5 | L2 K2log K + O (K2 loglog K) 25 K2 log K + Oc(K?) ?
s=0K < & 0. (K?) ez K2 log(0K) + O (K?) Yes
s=0K>% 0:(K?) oz K2log((1 — 6)K) + O (K?) Yes
s=K—- K% 0 (K?) 255 K2 log(K) + 0= (K?) Yes
s=K—0(1) 0:(K?) Oc,s(K?) ?

TABLE 1
Behaviour of the mixing time of the SWT on T  with s excess particles.

Proof of Theorem 1.3. To obtain a uniform mixing time, over all values of s, we choose for all K a number of particles
5% such that

(3.20) T (€) = max {TIS(WJ( ),0< s < K} (),

where the former was defined in (3.13) and the latter is the overall SWT mixing time defined in (1.17).

Clearly, 73" (¢) > 75 () = 0% (e) > ti + O.(K?) according to (3.17).
For the upper bound, using (3.19), we have 73" (¢) < t}; ( — %lﬁ)ggsf(() + 0. (K?loglog K ), which is less than t% +
O.(K?loglog K). This yields (1.18) and the cutoff. O

Mixing time for different values of s. ~ We are now able to give precise estimates on the mixing time of the SWT with
s excess particles depending on the value of s. For this, we need precise estimates on the SSEP mixing time from [20],
given by the following Proposition.

Proposition 3.2 (Bounds on the mixing time of the SSEP [20]). If sk A (K — sk ) — +00,

1

(3.21) @I@ log(sk A (K — sk)) + O (K?) < 3% ().
1

(3.22) T (6) < =5 K log(sk A (K — sk)) + O (K?),

~ 87
The lower bound comes from [20, Equation (2.1)] and is in fact true for all s, and the upper bound is obtained from [20,

Propositions 3.2, 3.3 and Equation (3.13)]. Hence, denoting by ©%" () the adequate upper-bound for 7227 (¢), given
either by (3.22) or (3.19) depending on the value of s, and 7955?"( £) the lower bound in (3.21), (3.15) becomes

(3.23) K.s(6) VIR (e) <75 (e) < Ok ((e/2) + O (e/2),

which directly yields the following bounds on the SWT mixing time according to the number of excess particles s.

Proposition 3.3 (Bounds on the mixing time of the SWT in different regimes). For all sequence (sy ) such that 0 < sx <
K, setting sf( = sx A (K — sk ), then the mixing time of the SWT with sy excess particles has the following behaviour.

. Ifsﬁ goes to infinity with K,

K? K logs? K? K logs?
(3.24) 2 1og v 2BEK ) 4o, (K?) <7"(e) < =5 [log — + 989K + O.(K?loglog K)
w2 SK 8 w2 SK 8

e In all cases,

2

K K K? K 1
(3.25) —log — + O (K?) <13 (e) < = (log — + = logs¥ ) + O.(K?loglog K)
7T2 SK 71'2 SK 2
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Fig 8: On the left, a critical SSEP with traps with only one trap. On the right, a corresponding SSEP with empty reservoirs.

These bounds allows to estimate 73T quite precisely, and obtain cutoff for some behaviours of (sx ), see Table 1 for

a summary. The SWT transience time exhibits cutoff for small s and the SSEP mixing time exhibits cutoff for big s, and
the transience time and the SSEP mixing time have roughly opposed monotonicities in s, and balance each other out.
More precisely, when s is small, the transience time dominates and the upper and lower bound in (3.25) are both of order

t}; when s is big enough, the SSEP mixing time dominates and the upper and lower bound in (3.24) are both of order

SSEP
TR -

4. Proof of Theorem 1.2
4.1. Critical transience time with a unique trap

Notice that traps act as empty equilibrium reservoirs on neighbouring particles (meaning those get removed at rate 1),
until they are filled up, at which point they no longer have any effect. For a critical configuration, the moment when
all traps have filled up coincides with the moment when the configuration is completely empty, which makes estimates
simpler. For this reason, we start by considering the simpler case, represented in Figure 8, where the initial configuration is
critical and has a unique trap. We obtain in Lemma 4.1 below a sharp estimate for the SSEP in contact at both extremities
with empty equilibrium reservoirs, which directly translates as an estimate for the transience time of a critical single-trap
SWT.

Leté e 7;5"1? be a critical SWT configuration, so that starting from &, £(-) stops being transient when it is identically
0. By attractiveness, we can further assume without loss of generality that every site except the trap is initially occupied,
since we want to estimate the largest transience probability at time ¢, and that removing particles will only lower the
transience time. The position of the trap does not matter, therefore we consider a SWT &(¢) with initial configuration

(4.1) & =lp<k<r—13 — (K = D) lg—gy.

Since there are exactly K — 1 particles in the system &£(¢)’s particles behave as if the trap at site K was infinite,
which breaks the system’s periodicity. In particular, defining A := [1, K — 1], as represented in Figure 8, the restricted
process o (t) := |z (t) behaves like a regular SSEP on A i in contact at both extremities with empty reservoirs, meaning
particles are deleted at rate 1 at sites 1 and K — 1. We will strongly rely on the work of [32] about cutoff of the mixing
time for the SSEP with reservoirs, and adapt it to the simpler case of empty reservoirs in the following. In what follows,
we denote by QX the law of a SSEP in contact at both extremities with empty reservoirs started from o € {0,1}4%
and by EX the corresponding expectation. We choose this different notation for the law to emphasise that the dynamics
takes place on the slightly smaller and non-periodic set A i . This process’s invariant measure is the Dirac measure on the
empty configuration on A g noted &y x, therefore for any initial configuration o, and any time ¢,

(4.2) drv(QE (o(t) € -),00,x) = QX (|o(t)] > 0),

where the left-hand side is the total variation distance between the distribution of the SSEP at time ¢ and its invariant state,
whereas the right-hand side is the probability that at time ¢, there is still at least one particle in o (¢). With this identity,
we can therefore define for all ¢ € (0,1) the e-mixing time

(4.3) 0¥ (e) =inf {t > 0: Vo € {0, 1}, Q¥ (|o(t)| > 0) < e}
(4.4) =inf{t>0:Qf (|o(t)| >0) <e}
4.5) =inf {t>0:PE(E(t) e TRY") <e},
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where 1 € {0,1}*% is the full configuration 1 = 1. The second identity holds by the SSEP’s attractiveness, whereas the
third holds because ¢ is transient iff ¢ has at least one particle. Define

(4.6) T =inf{t > 0:EX [|o(t)|] < 1}.

We first link 77 and the e-mixing time.

Lemma 4.1. There exists a constant C > 0 such that for all ¢ € (0,1),
* 2 1 MIX * 2 1

Furthermore, recalling the definition (1.13) of t}., we have
4.8) |75 — the| = O(K?).

The proof of Equation (4.8) can be straightforwardly adapted from [32, Section 5] where a slightly different definition
of T} is considered, therefore we do not reproduce the proof here. To prove (4.7), we use the following results.

Lemma 4.2. ([32, Proposition 6]) The SSEP with reservoirs preserves negative dependence, in particular, for any initial
configuration o, for all t >0, VarX (|o(t)|) <EE[|o(t)]).

We will also use a classical estimate on the hitting time of random walks, taken from the same article.

Lemma 4.3. ([32, Lemmas 8 and 12]) Let (Y (t))¢>0 a continuous time simple symmetric random walk on {0, ..., K }.
Let Ty = inf{t > 0:Y (t) = 0}. Then there exists a constant ¢ > 0 independent of K such that for all 0 < i < K,

4.9) P;(Tp > 2K?) <e™“.
In particular, for any initial condition o on Ak,
(4.10) EX[lo(20)] < e~L7 o

We will not prove these two results, and refer to the original article for the proofs. The first claim in Lemma 4.3 is [32,
Lemma 8], whereas the second is [32, Lemma 12], and is a consequence of a union bound over all particles initially in
the system, and Markov’s property applied to the sub-trajectories {Y (¢),¢ € [2jK?,2(j + 1) K?]}, j > 0 of each particle.

Proof of Lemma 4.1. We now use the two previous Lemmas to prove our estimate on the mixing time of the SSEP with
empty reservoirs, following the same steps as [32, Theorem 2].

Upper bound of (4.7): By Markov inequality, we start by writing

(@.11) Qf (lo(t)| = 1) <Ef [Jo(t)]].

Now we choose ¢ = 75, + 2K ?m with m = Llog (1), ¢ being the constant introduced in Lemma 4.3. We write by Markov

property, (4.10), and the definition of 77,

“.12) EXlo(ric +2K%m)|| = Bf [EE ;) [lo(2K%m)]

o(ri)
< e EY [lo(ri)]

<e.

In particular, for any t > 75 + 2K?log (1), drv (QF (a(t) € -), 00,k ) < €, therefore

2 1
(4.13) X (e) < T + EK2 log —.
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Lower bound of (4.7):  Recall that by Lemma 4.2, Var¥ (|o(t)|) < EX[|o(#)]] at all times. We also have, by the second
moment method, and Jensen’s inequality

Ef[|lo(t)]]? Varf (|o(t)])
(19 Q1> 0= g 2 U R fom
so that
1
4.15) dry (QF (o(t) €4),00,5) > 1 — EFTo @l

By the same reasoning as in equation (4.12), for m € N, EX[|o(75)|] < e “™EE||o (1) — 2K%m)
lower bound

|, which gives the

(4.16) ]EfHU(T}} — 2K2m)\] > ecmEfHU(TI*()H =M.

By choosing m := 1 log < ) +1> Lllog (1—;), we obtain using (4.15)

1
1—¢
4.17) dry (Qf (o(th — 2K?m) € -),00.k) > €,

so that, 0%*(¢) > 75 — %K 2log (i) — 2K? which gives us the lower bound. Setting C' = % V 2 concludes the proof

of (4.7).
O

4.2. Generalisation to all initial configurations

Now that we have solved the case of a critical configuration with a single trap, we wish to consider a general configuration
and get back to the single trap case. Because of attractiveness, solving the critical case immediately yields estimates for
the supercritical and subcritical transience time. More precisely, given a SWT configuration £ € I', and recalling the
definition of the number of excess particles S (&) (see Section 1.1), define

(4.18) T ={€e TR S(€) =0}

the set of transient critical configurations of the SWT on T . Recall from (1.22) the definition of the maximal critical

transience probability p3™“t (¢), and define the associated e-transience time

(4.19) i (e) =inf{t >0:pMg(t) <e}.

We claim the following;

Lemma 4.4. The maximal transience time for the SWT is the critical one, meaning
(4.20) 0" () = 027k (2)-

Proof. The proof is straightforward thanks to the attractiveness of the SSEP with traps. Given a supercritical configuration
& € Xk, we associate it with a critical configuration £* < £ e.g. by removing particles in £ and keeping the same traps.
Then, under the basic coupling introduced in Section 1.4, at any time ¢, we have £*(t) < £(¢), so that if £ is transient at
time ¢, then £* is as well. In particular, pe« (t) > pe(¢). The exact same argument works for a subcritical configuration &,
which we couple with a critical one £*, for example by adding particles. In the same way, if £ is still transient at time ¢,
then so is £*. Putting these two cases together yields as wanted

(4.21) Pr (1) =pPik (1),
which proves the Lemma. O

Because of this Lemma, we now only need to estimate the critical transience time. However, we present here a more
detailed estimate for supercritical configurations depending on the value of S(£), which will be of use later on. For this
purpose, define for s € [0, K]

(4.22) p?}x’z = sup {pg (t):5(¢) = s} and 9?‘/;{(6) =inf{t>0 :pigfg(t) <e},

which are the transience probability and transience time for the SWT with s excess particles.
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Lemma 4.5. There exist C' > 0 such that for all K € Z, forall 0 < e < 1,
(4.23) Uk,s(e) <OR5(e) < Ok s(e)

where t5; was defined in (1.13), and

K2 ) 1
(4.24a) Ui s(e) = 7 log Vi CK <1 + log = 5)
K? 3log K
(4.24b) Ok s(¢) i= —5 log L CK? <1 +log 228 ) .
’ ™ sV1 €

Note that for s = 0 (critical case), the leading term in both ¥k o and O  is exactly t}, defined in (1.13).

Remark 9 (Transience time for macroscopically supercritical and subcritical configurations). In the case where s = 6 K
for 0 < § < 1, one can obtain an upper-bound C’K?log(1/4) instead of (4.24b). This can be achieved by choosing for
example a = K /2 in (4.61). So there exists a constant ¢5 such that

(4.25) limsup p3 i’ x (t5 %) = 0.

K—oo

This estimate shows that in the presence of a macroscopic amount of excess particles, the transience time’s scaling
changes and becomes diffusive (of order K?2), rather than O(K?log K).

For macroscopically subcritical configurations, however, the transience time remains of order K2 log K. To illustrate
this point, it is enough to consider two configurations, one with a single trap of depth K and the other with a single trap
of depth K + 0 K, which will have exactly the same transience time.

In light of (4.20), Theorem 1.2 is a direct consequence of Lemma 4.5 with s = 0. To prove the lower bound in (4.23),
it is enough to have an estimate for the case with a single trap and s excess particles. For the upper bound, we also need to
couple the SWT with a non-periodic SSEP in contact with empty reservoirs. The setup, however, is much more involved,
because in the general case, provided the configuration is still transient at time ¢, the position of the remaining traps is
random, so that we split T'x in smaller boxes that can contain the remaining trap.

Proof of Lemma 4.5. Lower bound. For S(§) =0, (4.24a) is the lower bound in Lemma 4.1. For S(§) = s > 0, the
arguments are very much the same as in the proof of the lower bound in Lemma 4.1, but we choose instead of (4.6), the
reference time

(4.26) Th.o i =inf{t >0 =E{[|o(t)]] < s}.

The latter can be estimated through very similar calculations as in [32, Section 5], and we can show that

K? K
(4.27) sup |Tx , — —5 log — = O(K?),
s<K ’ ™ s

which yields (4.24a) for S(£) > 0.

Upper bound. Let Q = [log K| and ¢ = (f := ng and split Tk into () + 1 disjoint sets Ay, ..., Ag41 of size at
most ¢, defined for i € {1,...,Q}

(428) AZ:{(Z—l)f—l—l,M} = {ki,...,ki+1—1}, and AQ+1:{Q£+1,,K}
If £ is transient at time ¢, one of the A;’s must still contain a trap of positive depth, so that by union bound

Q+1
(4.29) P (£(t) is transient) < Y " PE (k€ Ay, & (t) <0).

i=1

Now it remains to upper bound the probability that there is a trap in a given sector A; at time ¢. This will be achieved by
coupling the SWT with SSEPs with empty reservoirs, which is the purpose of Section 4.3. Then, using Corollary 4.12,
applied to ¢/(Q + 1), we conclude that for ¢t > ¥ 5(¢), the transience probability is less than €.

O
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4.3. Coupling with SSEPs in contact with reservoirs

In order to complete our proof, we wish to couple a SSEP with traps £ with a non-periodic SSEP in contact with empty
reservoirs, on the event

(4.30) Ea(t):={3k € A, &(t) <0},

appearing in (4.29), on which there remains a trap in a fixed segment A at time ¢. Our main result of this section is
Corollary 4.12 below, which estimates the P? -probability of F 4(t). The presence of a trap in A breaks the periodicity
of the system, in the sense that no particle can have fully crossed A before time ¢. In particular, we couple the SWT
on T with SSEP-like processes on the non-periodic segment [1, K + a], where a := | A|, with empty reservoirs at the
boundaries. The main idea behind this coupling it to “unroll” T (with A on one side) and an additional copy of A on the
other side. We then couple particles’ trajectories in [1, K + a], modulo K, with the periodic trajectories in the SWT. The
survival of a particle in the unrolled process will imply that of the corresponding one in £, and will allow us to estimate
the survival probability in €.

More precisely, we will couple & with three unrolled processes, depending on the initial positions of the particles:
outside of A, in the left copy of A and in the right copy of A. This construction will help us keep track of the survival
of individual particles, and each of the three resulting processes will be upper-bounded by a SSEP in contact with empty
reservoirs, provided £(t) has a trap in A.

We place ourselves in the setting of distinguishable particles defined in Section 3.1, in order for individual particles to
behave as symmetric random walks until they get trapped. Once again, forgetting the particle’s labels, we obtain a SSEP
with traps. Consider therefore a labelled SSEP with traps

(431) §=(5751,-~-En,517~-~5n)(t)

on Tx with n > 1 particles defined as in Section 3.1. Recall that this means there are n labelled particles, the position
of particle p at time ¢ is given by Z,(¢) and J,(¢) is O if the particle has been trapped before time ¢, 1 otherwise. Fix a
segment A C Tx. Up to translation, we can assume that A = [[1, a], and we denote by I the set of labels that were not
initially in A,

(4.32) I:={pe[l,n], 5,(0) ¢ A}.

We will use repeatedly our general convention that v := ~(0) represents the inifial state of a time process ~(-), so that for
example, =,(0) will simply be denoted by =,,.

Central unrolled coupling. The aim of this first coupled process is to track the particles that were initially outside of
A. Given £(-) we build a coupled process T 4(t) := T 4(&(+),t) through its labelled particles’ trajectories, so that we
introduce

(4.33) Ta(t)= {(E;,,é;)(t), pEI}.
Initially, T 4 only contains particles that were not present in A in £, so we initially set for p € T

(4.34) = =F,ela+1,K] and & =4,=1

—p

Once again, Z,,(t) € [1, K + a] represents the position at time ¢ of the particle labelled p, whereas d;,(t) will be 1 if the
particle labelled p is still alive in the system at time ¢, and O if it has been killed before time ¢. This initial mapping is
illustrated in Figure 9.

As in Section 3.1, we define f by equipping each edge (k,k + 1) with a clock .7, that can trigger jumps or swaps
of the labelled particles present at the edge. To ensure that trajectories in Y 4(-) can be compared to that of é , Tals)
is defined with the same clocks. This means that for any % € [0, K + a], we associate to the edge (k,k + 1) the clock
Tk mod K » as shown in Figure 10.

In this description, the boundary edges (0,1) and (K + a,K + a + 1) will represent reservoir interactions at the
boundaries. Note that in particular, a single clock ring can affect two associated edges in T 4(+) if the clock’s edge
intersects A C T, so this process will not a priori behave as a classical exclusion process, because two distant particles
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Fig 9: Illustration of the initial mapping of é to T4, Y% and T, where A is in red. The difference between these three
processes lies in the placement of initial particles.
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Fig 10: Illustration of the mapping of the Poisson clocks from £ to T 4 and T/ ¥, with A represented in red. This ensures

that the trajectories of particles in the auxiliary processes are the same as in £. Notice that the Poisson clocks associated
to the red zone in ¢ are sent to both red zones in the new process.
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Fig 11: Illustration of the case where 2 distant particles could be moved by the same Poisson process in Y 4(-). This can
happen if a particle, here the blue one, reaches the red zone arriving from the right, another one, the purple one, reaches
the red zone by arriving from the left. These particles end up being neighbours in f (+). For this to happen, there must be
no trap in the red zone, otherwise these particles couldn’t become neighbours.
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Fig 12: Illustration of the joint evolution of £(-), Y 4(-) Y% (-) and T";(-) with different sorts of jumps. The blue particle
jumps to a trap in é (+) so it is killed in Y 4(-), which is symbolised by an explosion. The yellow particle simply jumps
to an empty site in £(-), so the same jump occurs in Y 4(-). The purple particle jumps from site 1 to K in £(-), so the
corresponding particle in Y% (-) jumps to the left and is killed by the reservoir, while in T (-) it simply jumps to the left.

could jump at the same time. However we will see that on the event E4(t) (defined in (4.30)), there remains a trap in A
so this doesn’t occur, as illustrated in Figure 11.

Given these Poisson clocks, the evolution of T 4 is coupled to that of £, in the following way. We only describe here
T 4(-)’s evolution, since £(-)’s was described in Section 3.1. Assume that for some k € Tx a clock ., rings at time ¢.
Then, at each associated edge ¢’ := (k’, k' 4+ 1) in [0, K + a + 1], as illustrated in Figure 12, we proceed in the following
way:

i) If there is no p € I such that Z),(¢~) € €, nothing happens in T 4(t).

ii) If there is at least one live particle labelled p € I in ¢’, and = (t7) = k' (resp. Z},(t~) = &’ + 1), then the particle
jumps over €', so that we set = () = k' + 1 (resp. Z,,(t) = k'). In particular, if another live particle labelled ¢ € T
was on the other site of the edge, the two particles swap positions in Y 4 (¢).

iii) If at time ¢, a particle labelled p € I gets trapped in &, then we also kill it in T 4 (t) by setting () = 0,(t) = 0.

iv) If k¥ =0 or k' = a + K, then the clock is associated with one of the boundaries. Then, if a particle labelled p € T
is alive (0, = 1) at the corresponding boundary site k' =1 or k" = a + K then it is killed as well, still by setting
Gy (t) =

These dynamics are summarised in Figure 12. Note that, according to the last two rules, we must have at all times
d,,(t) < 0,(t). Further note that, by construction, if a particle is alive in both £(t) and Y 4(t), it has had exactly the same
trajectory in both processes (same jump times and directions) at least up to time ¢.

If 0 < k < a, then when the clock .7}, rings, it affects two edges (k,k + 1) and (k + K,k + K + 1) in Y 4(-), and
we denote Tﬁ{lﬂ'k the resulting configuration after both edges have been updated. If instead a < k < K — 1, then the
single edge (k,k + 1) in Y 4 was affected, and we denote by T* the resulting configuration after the update. Similarly,
we denote by é k¥ the configuration after edge (k,k + 1) € Tk has been updated. Then, with these notations, the pair
(€, 4)(t) is a Markov process with joint generator

a K—

(435) ZHET) =Y {HE R € f+ D {FET - FED]

k=0 k=a+1

,_.

We claim the following.

Lemma 4.6. Consider a labelled SSEP with traps £(-) and a segment A. On the event E 4 (t) defined in (4.30), a labelled
particle initially in T \ A survives in £(t) iff the corresponding particle survives in Y 4(t).
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Proof of Lemma 4.6. First notice that by construction, for any p € I, () < ,(t), so that if a particle survives in

T 4(t), it also survives in £(t). Assume now that there exists a particle p € I such that d,(t) =0 and 6,(t) = 1, we prove
that £4(t) cannot hold.

The only discrepancies between & and ¢’ occur when a particle is killed by a reservoir in T 4 () and not in £ (+) therefore
particle p reached a reservoir before time t. By assumption, initially, E; € [a+ 1, K] and the reservoirs are at sites 0 and
K + a+ 1, this means particle p fully crossed either the box [0, a] (leftwards) or the box [K, K + a + 1] (rightwards) in

T 4 (&) before time ¢. Recall that trajectories =, (-) and Z;,(-) are identical as long as 6, (s) = d,,(s) = 1. Therefore, before
time ¢, in é , particle p was able to fully cross A without dying, which proves E 4 (¢) cannot hold. O

Lemma 4.7. On the event E4(t), for all s <t, for any particles labelled p, q € I such that §,,(s) = 0,(s) = 1, |Z(s) —
2, (s)| < K — 1. In particular, on E(t), for 0 < k < a and s <1, a clock ring of T, never affects two distant particles
inY(s).

Proof of Lemma 4.7. Let t > 0 and assume that E4(¢) holds. Then, there exists k € [1, a] such that £ (¢) < 0. So, for
all s <t, for all particle labelled p alive at time s, k < E;(s) < K + k (otherwise, particle p would have crossed the trap
at site k before time s and therefore could not be alive). This is true for any other particle labelled ¢ alive at time s, so
|=5(s) — Eq(s)| < K — 1.

Let k € [0, a] and s < ¢. For clock .7}, to affect two distant particles in Y'(s), there should be two live particles p and ¢
such that = (s) € {k,k+ 1} and = (s) € {K +k, K + k + 1}, but then we would have |=,(s) — ={ (s)| > K — 1, which
contradicts the previous result. O

We now define the other couplings.

Right unrolled coupling (with suppression in A). The aim of this second coupled process is to track the particles that
were initially in A, to the right of a remaining trap. We therefore define

(4.36) I':=[1,n]\I={pe[l,n], E,(0) € A},

namely the set of labels of particles that were initially in A. Given é we now build a second coupled process Y5 ()
through its particle’s labelled trajectories, so that we define

(4.37) () = {(Z5,0)(t), peI'}.
Initially, Y% only contains the particles that were present in A in £, so that we initially set for p € I’

(4.38) E; =Z=,€[1,d] and 5; =0p,=1.
The initial mapping is illustrated in Figure 9. Once again, Eg(t) € [1, K + a] represents the position at time ¢ of the
particle labelled p, and 0, (¢) is 1 or 0 depending on whether the latter has been killed before time .

As for Y 4(-), to ensure that trajectories in T (-) can be compared to that of &, for any k € [0, K + a], we associate
to the edge (k,k + 1) the clock 9% mod Kk, as shown in Figure 10. The evolution of Y% (-) follows the same rules i)-iv)
above as Y 4(-), except that the set of affected labels [ is replaced by I’. However, on top of those rules, we need to make
sure that no two distant live particles can be affected by the same Poisson ring, which, as illustrated in Figure 13, can
happen even if there is still a trap in A. In that case, the two particles are neighbours in é (t), although they are distant in
T* (¢). To prevent this issue, we add the following rule to i)-iv) to complete the description of the evolution of Y% (-):

v) [Suppression in A] If after a jump at time ¢ has been performed, there exist two live particles labelled p, ¢ € I’ such
that = () = Z5(t) + K — 1, then we kill the particle labelled p by setting d;(¢) = 0. Note that this can only happen
if 25(t) € A=[1,q].

Adding this rule ensures that there will be no simultaneous jumps of far-away live particles in Y% (-). Notice that, if
&(t) has a trap in A, a particle that was killed by rule v) before ¢ is necessarily to its left. Indeed, there can be no trap
between site 1 and this particle in £(t), since another particle was able to cross this zone in £ to become its left neighbour.
Furthermore, we still have at all times 655 (¢) < 6, (¢), and by construction, if a particle is alive in both £(t) and TR (t), it
has had exactly the same trajectory in both processes (same jump times and directions) at least up to time ¢.
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Fig 13: Illustration of the case where 2 particles become neighbours in £(-) while being distant in Y% (¢). When this
happens, the particle in the left red zone (here, the purple one) is killed in Y% (¢) by applying the map s, , and if there
remains a trap in A then this particle was necessarily to its left.

In order to write down Y% (-)’s Markov generator, define a “suppression in A” map sy as follows:
(4.39) srt (Eps Op)per — (25,0, )per

where for p € I’

(4.40) by =0, (1 — Lz <av1,3ger: E';:E‘;,+K—1,<S§:1}) :

As wanted, this map kills any live particle with label p in [1,a + 1], provided there is a live particle ¢ at position
Ep + K — 1. Using the same notations as before, the pair (§, T% )() is a Markov process with joint generator

a K—-1

(441) Ll (€0) = 3 { FEF s X)) — fEN ]+ Y0 {51 — 61}

k=0 k=a+1
Lemma 4.8. For k € A, we have foranype I',t >0

(4.42) Fg () ={k<B,<a, &(t) <0, 6,(t) =1} = dy(t)=1.

In other words, if particle p was initially to the right of k, and at time t it is still alive in é and there is a trap at site k,
then particle p is also alive in T (t).

In particular, defining k7, (t) = inf{k € A, &,(t) <0} the leftmost trap in A at time t,

(4.43) Es)NFR (1) = &(t)=1.

kA (t),p

Proof of Propositions 4.8. Assume that 6, (t) = 1, if §;(t) = 0 only two things can have happened:
* Either particle p was killed by a reservoir at time s < in Y% (-), but this is not possible on Fy (%) because particle
p has the same trajectory up to time s in both é (-) and Y5 (), so that due to the trap at site k, we must have Vs’ < s

(4.44) k<ZX(s) < K +k.

¢ Or at time s < ¢, particle p was suppressed in A by another live particle labelled ¢ € I’, but this is not possible
either on Fj¢ (). Indeed, on F (t), E¢ must also have been to the right of k initially (otherwise it would have
been killed by the reservoir or the trap before reaching site K'), so that by the same argument as in the previous
case, for any s’ < s,

(4.45) k<Zp(s) and Ep(s) <K +k,

and we cannot have Z{(s') = Z5(s") + K — 1.

The second implication (4.43) is a direct consequence of the first. O

We now perform a similar coupling but with particles initially in the right copy of A.
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Left unrolled coupling (with suppression in [K + 1, K + a]). We finally build a third coupled process Y () which
will be very similar to Y% (+). Its aim is to track the particles initially in A, but to the left of a trap. It is defined with all
particles starting in the right copy of A, namely A= [K 4 1, K 4 a] and an analogous “suppression in A” mechanism.
More precisely, define

(4.46) Tht) = {(Z},6;)(t), peI'}.

Initially, Y only contains in A the particles that were present in A in &, so that we set for p € I’

(4.47) EE=K+Z,€A and &;=4,=1.

The initial mapping is illustrated in Figure 9. We adopt similar notations as in the previous paragraph, and Y, (-) follows

the same rules as T, (-), with the exception that rule v) is replaced by

v’) [Suppression in A If after a jump at time ¢ has been performed, there exists two live particles labelled p,q € I’
such that =;(¢) = Z;(t) + K — 1, then we kill the particle labelled p by setting 6;(¢) = 0.

Again, this situation could happen even if there is a trap in A, as illustrated by Figure 13. This time, if £(¢) has a trap
in A, a particle that was killed by rule v’) before ¢ is necessarily to its right. Indeed, there can be no trap between this
particle and site K + a in £(t), since another particle was able to cross this zone in £ to become its right neighbour. We
define accordingly a “suppression in A7 map sp

(4.48) s (25,05 per — (E5,05)per

where forp e I’

(4.49) o, =0, (1 — Iz > K 3ger: E;:EZ+K71,6}1:1}) :

There again, at any time ¢, §,,(t) < 0,(t), and by construction, if a particle is alive in both £(t) and Y% (t), it has had
exactly the same trajectory in both processes (same jump times and directions) at least up to time ¢. As for Y% (¢), and
using the same notations as before, the pair (£, Y')(¢) is a Markov process with joint generator

a K-1
(4.50) LS ET) =D {FE s () — rE ) b+ 30 {FE s (TR - FEM]
k=0 k=a+1

For this left coupling, we can state an analogous result as for the right coupling, namely:

Lemma 4.9. For k € A, we have for any p > m, t >0
4.51) Fp, () ={1<Z, <k, &(t) <0, 6,(t) =1} = d;(t)=1.

In other words, if particle p was initially to the left of k in {C and at time t it is still alive in é and there is a trap at site k,
then particle p is also alive in T ().

In particular, defining ki (t) = sup{k € A, &.(t) < 0},
(4.52) EA(t)N 15X< w(t) = () =1

By symmetry, Lemma 4.9 is proved in the exact same way as Lemma 4.8, we do not repeat the proof. Recall that the
indicator 0;,() was defined for p € I, and that both 05 (¢) and d;;(¢) were defined for p € I’. We extend for convenience
both these definitions to the whole segment [1,n], by setting V¢ > 0

(4.53) 6,(t)=0 for pel’ and op(t)=0,(t)=0 forpel.

We can now estimate the survival chance in f w.r.t. the one in the three auxilliary processes:
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Corollary 4.10. For any p < n, and any segment A C Tk
(4.54) EA(t) = Op(t) < 0,(t) 4 05 (t) + 0,(1).

In other words, provided there is still a trap in A in £(t), if particle p is still active in f (t), it is also active in at least one
of the three auxiliary processes (Y 4, T%,T4%)(¢).

Proof. This result is a straightforward consequence of Lemmas 4.6, 4.8 and 4.9. Assume that E 4 (t) holds and §,(¢t) = 1,
otherwise there is nothing to show. If initially =, € T \ A, then according to Lemma 4.6 we have J,,(¢) = 1. Otherwise,
Ep € A, and we must have either 5, > k (t), or Ep < k:j (t), or both of these are true. In the first case, according
to Lemma 4.8, J5(t) = 1, whereas in the second, according to Lemma 4.9, 0;;(¢) = 1. In the third case, using both
propositions, we have d5(t) = 6, (t) = 1. Ultimately, in all cases one of the auxiliary processes’ ¢, must be 1, which
concludes the proof. O

Now, only remains to estimate the survival chances in the auxiliary processes. For this purpose, given Y 4 (), T% (),
and Y% (-), define for k € [1, K + d]

(4.55) )= 6Oz =k, o) =D S5Oz =k}, TEE) =D 65(t) L=y )=k

pel pel’ pel’

the associated unlabelled exclusion configurations o (t), o®(t), o-(t) € {0,1}5+¢ defined by the live particles in each
process.

Proposition 4.11. There exists a coupling © between

« the labelled SWT £(-) (and in particular the three coupled processes o(-), o®(-), o"(-) defined by (4.55))

o three unlabelled SSEPs 6 (-), 6" (-),6"(:) on [1, K + a] in contact with empty reservoirs at the boundaries. These
three processes have distribution Q5+9+1 defined in Section 4.1, and respectively start from the same initial
configurations

(4.56) a(0) :== o (0), a®(0) :=o®(0) and a"(0) := o~(0).

This coupling is such that ©-a.s.

(
4.57) Ea(t) = o R (s) Vs <t.
o

Proof. Note that in order to define a SSEP with reservoirs on [[1, K + a], it is enough to define an initial state, and, for
k € [0, K + a] independent, rate 1 Poisson clocks . each associated with an edge (k,k + 1) in the system (including
the boundary edges (0,1) and (K + a, K +a+ 1) linking to the reservoirs). Recall that é (and its auxiliary processes) was
built using a set of Poisson clocks J}, for k € Tk, and that this set was extended to k € [0, K 4+ a] by % := Tk mod k-
Consider now a second set of rate 1, independent clocks .%%, this time defined on the extended set k € [0, K + a]. Given
the auxiliary processes o(-), o®(+), o"(+), we define for k € [0, K + a], and for « € { ,R,L}

(4.58) 9;*;:{te%;EA(t)m{a,:(t)Jra,:H(t)21}} {teyk Ea(t)° U{oh(t) +of 4 ( ):o}}

In other words, while an edge e := (k, k + 1) contains at least one live particle in o*, and there is still a trap in A in &, it
is affected in 6* by J, and by ., otherwise. Let us now check that Equation (4.58) defines for x € { ,R,L} three sets
of rate 1, independent (for £ € [0, K + a]) Poisson clocks. Because £ 4(¢) and the o};(-) are all observables at time ¢ of a
Markov process, each fc* is indeed a rate 1 Poisson clock. We now only need to check that they are indeed independent
in k € [0, K + a]. But to do so, it is enough to use the fact that the (7% )rer, and the (% )refo, K +aq] are i.i.d. clocks,
together with the observation that on E 4(t), by construction, one cannot have both

(4.59) op(t) +op(t)>1 and Orax(t) Fopigi(t) > 1
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The last statement is true because of Lemma 4.7 and because of the suppression mechanisms in A and A, since (4.59)
means in particular that two live particles in ¢* have before time ¢ been at distance less than 1 in £, but at a distance
greater than K — 1 in one of the auxiliary processes.

We can therefore define the three SSEPs in contact with reservoirs &(-), 6%(+),&"(-), following respectively the three
sets of clocks defined by (4.58), and started from the initial configurations (4.56). We then denote by O the joint distribu-
tion of the (J% )ket, and the (7% )refo,kx+aq]- Note that in the three processes 7 (-), G°(-),5"(-), particles can only get
killed once they reach the reservoirs. In particular, on the event E 4(t), live particles in o () and &(-) have exactly the
same behaviour up to time ¢, so that the upper bounds (4.57) follows straightforwardly, and the only discrepancies are
due to particles that have been killed in o*(-) but not in &*(-). O

We are now able to derive the wanted control on the SWT, started from a configuration with S(£) > 0 excess particles.

Corollary 4.12. For any SWT configuration £ € Tk, for any segment A C T, denoting by a := |A
t>0

, we have for any

(4.60) PL(Ea(t) <3QF T (Jo(t)] > S(€)/3),

where as before QL " is the distribution of a SSEP on [1, K’ — 1] in contact at the boundaries with empty reservoirs, and
started from the full configuration 1 = 1.

In particular there exists a constant C' such that, for K large enough, for any £ > 0,

(4.61) PY(Ea(t) <e,  Vt>

(K +a)? K 2 3
3 10gS(§)\/1+0K 1—|—log€ ,

Proof. We use the labelled SWT construction, and denote by n := |£| the initial number of particles. For any set A, if
¢ has S(&) excess particles, then E 4 () implies in particular that |1 (¢)| > S(€), because at least one trap has not been
filled. But by construction, |£T(¢)] = 22:1 d,(t), so that by Corollary 4.10,

Ea(t) = SE<IEO|<lo@]+][o"@)]+]o" ()]
= max(jo(®)],[e* (D), 0" (B)]) > S()/3.

We now use the coupling of these three processes with the SSEPs with empty reservoirs laid out in Proposition 4.11,
together with a union bound, to finally obtain that

(4.62) PE(EA) < D QT (167 (1) > S(6)/3),

*€{ ,R,L}

where the initial configurations were defined by (4.34), (4.38), (4.47) and (4.55). The SSEP’s attractiveness then allows
to upper bound by the full initial configuration which proves (4.60).

Equation (4.61) for S(£) = 0 (the critical case) is a direct consequence of (4.60) and the upper bound in Lemma 4.1,
applied to a SSEP with empty reservoirs on [1, K + a].

For S(§) > 0, the arguments are the same as in the proof of the upper bound in Lemma 4.1, but we choose as a
reference time T;(A’S, defined in (4.26), instead of 77;. Then the estimate (4.27) yields (4.61) for S(§) = s > 0, which
completes the proof. O

5. Proof of Theorem 2.2
5.1. Crude upper bound for the FEP’s transience time

We now wish to convert our transience time cutoff result on the SWT to the FEP. The critical case for the FEP, meaning
estimating 0%}, (¢) (defined analogously to the one for the SWT) can be done straightforwardly using the critical case of
Theorem 1.2. However, in Theorem 2.2 we are dealing with the maximal transience time 05" (), rather than the critical
one. The problem is therefore that we are looking at a fixed ring size N estimate for the FEP, while our results on the
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SWT concern a fixed size of the ring for the SSEP with traps K, which corresponds to a fixed number of particles for the
FEP, rather than a fixed ring size.

More precisely, given a FEP configuration 1 on T 5, the mapped SWT has at most N particles, so that

51 QFEP < QSWT — SWT <
(5.1) N (5)—Kréﬁ?§v1] K (e P Lk (€) <ON(e),

where the last upper bound was defined in Lemma 4.5.

On the other hand, the e-transience time needs in particular to encompass critical configurations, for which K = N/2,
so that for even N (otherwise there is no critical state)

(5.2) ON"(€) 2 078 (€) = 07N 2 (€)-

For odd N, the bound must hold for any configuration with | N/2] particles, so that for any N, even or odd, we have
(5.3) ON"(€) = 03 /2 (€) = U )2 (€)

once again with the same notations as in Lemma 4.5. Given Lemma 4.5, (5.1) and (5.3) yield

log N
€

2
(5.4) tnje —CN <1 +log -

) <OV (e) <ty + CN? (1 + log
for some positive constant C.

Because the dominant terms tjv /20 7y on both sides are not the same, this bound is not enough to prove cutoff, so that
we need to sharpen our upper bound to match the lower bound at the dominant order. Unfortunately, the SWT does not
allow us to do so, because the mapping itself does not lend itself well to the supercritical case; in the supercritical regime,
adding particles in the FEP should kelp reaching the transient component faster, however adding particles in 7 increases
the SWT’s ring size, thus making our transience estimates worse. For this reason, to get a sharp supercritical bound for
the FEP’s transience time, we turn to a second mapping in which adding particles decreases the ring’s size.

5.2. Mapping to the facilitated zero-range process

Given an integer P > 1, we define the Facilitated Zero-Range process (FZR) on T p, which is a zero-range process with
rate function g(k) := 1y;>9), meaning a Markov process on Qp := NT7 with generator given by

(5.5) L @) =D L, s {F@PY ) + f?) = 2f(w)},
yeTp
where
wy —1 ify =y
(5.6 w;’i“z =Qwyt.+1 ify=y+z
Wy itk' £y,y+z.

The mapping from exclusion process to zero-range processes is very classical, and has been used repeatedly on the FEP
in particular, to derive its macroscopic properties [6, 7, 14]. For this reason, we simply sketch it, and refer the reader to
[14, Section 3] for details. To define the mapping, consider a FEP 7(-), define P = N — K its number of empty sites, and
arbitrarily enumerate their successive positions

(5.7) X1(0) < X5(0) < --- < Xp(0).
We follow the trajectories X (t) < Xa(t) < --- < Xp(t) of the empty sites as the FEP runs its course, and define
(5.8) wy(t) = Xyi1(t) — X, (t) —1 €N

as the number of particles between the y-th and (y + 1)-th empty sites in n(t). Similarly to the SWT mapping, we define
®(n) = w (resp. P*[n]) = w(+)) the statical mapping of the initial configuration (resp. the dynamical mapping of the
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trajectory). It is then straightforward to see (cf. [14, Section 3.2]) that if 7(-) is a FEP, then ®*[n] = w(-) defined through
(5.8) is a facilitated zero-range process started from ®(7) := ®*[](0) and driven by the generator (5.5).

Since the jump rate g(-) for this zero-range process is non-decreasing, it is also attractive under a similar basic coupling
as the one introduced for the SWT in Section 1.4. Note that the FZR is degenerate, in the sense that isolated particles
cannot jump. For this reason, the FZR also exhibits frozen (w < 1), ergodic (w > 1) and transient (non-ergodic and non-

frozen) configurations. We denote by P’ the distribution of a FZR started from w € Qp and driven by the generator
LER.

5.3. Transience time of the supercritical FEP

With this second mapping, we are now equipped to get a sharp estimate on the supercritical transience time for the FEP.
Let 7 a supercritical FEP configuration on T . Then 7 has P < N/2 empty sites, and w := ®(n) is a FZR configuration
on T p. Furthermore, by the dynamical mapping, for any w € Qp and any 7 such that ®(n) = w we have

(5.9) Po(t) =P (w(t) is transient) = p, (¢).

Since w is supercritical, by removing the right number of particles in w, there exists a critical FZR (with exactly P
particles) w* < w on Tp. By attractiveness, using the basic coupling between the two FZR started from w,w*, we see
that if w* () is ergodic then w(t) is too, hence

(5.10) Py(t) = pu(t) < pu-(t).

Note that any n* € ®~!(w*) is a critical FEP configuration on Ty p, with P < N/2, so that £* := I1(n*) is a critical SWT
configuration on T p. This, together with (5.10), yields

(5.11) Pr(t) < pus(t) = po+ (t) = pe- (t) < pJp (1),

where the right-hand side is the maximal critical transience probability for the SWT defined in (1.22). Since the upper
bound from Lemma 4.5 is increasing with K, for ¢t > @L N/2| (€) , then, we also have

(5.12) t>0p(e),

so that according to Lemma 4.5 p3“2 () < e. In particular, for such a ¢, p, (t) < ¢ for all supercritical FEP configurations
7.

For subcritical configurations 1 with K < N/2 particles, we can use directly the SWT mapping, and write
(5.13) Po(t) = pe(t) < pe- () < PR (1)-

where £ :=1I(7), and £* > £ is is a critical configuration obtained by removing trap depth in £ until it becomes critical.
Reproducing the same arguments as the ones following (5.11), since once again K < N/2, we obtain that for any ¢ >
©n/2(¢), and any subcritical configuration 7, p, (t) < . This finally yields

(5.14) ON"(c) < Onyale).

This bound now matches at the dominant order the lower bound already obtained in (5.4), and proves Theorem 2.2.

Appendix A: Exit time for random walks

We present here two classical results on the exit time of compact sets for symmetric random walks. Together, Lemma A.1
and Corollary A.2 prove (3.12). We follow the proof suggested by [33, Chapter 5].

Lemma A.1. Let K € N* and (S;);>1 be a discrete time, simple random walk on Z starting from x with |z| < K. Define

T =inf{i > 0:|S;| > K}. Then : ¥n € N, VO < A < 5,

cos(A)™
Al P, < )
(A1) (T > ) < cos \K
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Proof. Let 0 < A < 5= Ey[cos(AS1)] = 2 (cos(A(z 4 1)) 4 cos(A(z — 1)) = cos Acos(Az).
Then Z,, = ooy )\)n cos(/\S )isa martmgale. Note that for all z € [—K, K], we have that cos(A\xz) > cos(AK). The
stopping theorem between 0 and 7x A n gives:

(A2) cos(Axr) = cos()\STK/\n)] > cos(AK)E, {1] )

1
E, | —————
{ (cos \)TrAn (cos \)TrAN

1 cos(Az)
(cos)\)TK/\"} < cos(AK) "

Since cos(AK) >0, E,, {

By monotone convergence theorem, E,, [ (COSE\)TK } < CCSSS((;\JO\C[)) )
So by Markov inequality,
cos(Ax n

O

Corollary A.2. Let (Y;);>0 a continuous time simple random walk on Z starting from x with |x| < K: its jumps occur
at rate 1, and independently the jump is +1 with probability % For K > 1, let T = inf{t > 0: |Y;| > K}. Then there
exists C > 0 such that for all K, for all s > 0,

(A4) P, (Tx >s) < Ce &=,

Proof. Let s > 0, (N (t))¢>0 a Poisson process of intensity 1, and (Sn)n>0 a simple symmetric random walk, starting
from z, independent of V, so that Y; = S N forall £. Let A < 5. Then,

TK > S Z ]P (TK > n)
n>0
s8" (cosA)™
<
Z n! cos(AK)
n>0
1

A.5 - - —s(l—cos)\).
(A-5) cos(AK) ¢

If/\<lwehavec05/\<1—>‘;+§Sl—%—}y\?

24 1 . _ 1 :
By taking A = and setting C' = —CTVTE we then obtain
(A.6) P.(Tx >s) < Ce &2,

Appendix B: Upper bound for the mixing time of the SSEP

Recall that 7y s ~ U({o € {0,1}Tx : |o| = s}), and that Tiq (€) is the e-mixing time of the SSEP on Ty with s
particles. We will show that

Proposition B.1 (Upper bound on the mixing time of the SSEP).

(B.1) Try (€) < (1og +logd/m+o(1 ))

K?
S5

Consider a SSEP on Ty with s particles, with initial configuration o. Let ¢ a uniform SSEP configuration, so that
¢ ~ Tk s (the invariant law of the SSEP on T i with s particles). Our aim is to couple ¢(-) and o (-), so that we label the
particles of o and of ¢ from 1 to s, respectively denoting by X', ..., X® and Y'!,..., Y’ the positions of particles labelled
1to sin o and (.
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We equip the edges of Tk with rate 1 Poisson clocks (9 )rer,, and make the labelled particles of o on each side
of an edge swap positions when this edge rings. This labelled SSEP is in fact an interchange process, and removing the
labels, we obtain a SSEP o (¢). Notice also that the particle trajectories (X7 );>¢ are simple random walks.

We now equip ¢ with the following dynamics: consider a second, independent set of Poisson clocks (% )xeT,, - Con-
sider an edge (k,k + 1): if both particle 7 of {(¢) and particle 7 of o(t) are present on the same side of the edge (ie
Y} = X} € {k,k+ 1}), particles of ((¢) jump across (k, k + 1) when .7 rings in order to keep the two particles coupled.
Otherwise, particles of ((t) crosses (k, k + 1) when . rings.

It is straightforward to check that (Y;!, ..., Y;*):>0 is an interchange process and ¢(-) is a SSEP started from ¢, so that
at all times ¢, ((¢) ~ 7k 5. Under this coupling, once particle ¢ of {(-) meets particle ¢ of o(-), meaning after the first ¢
such that X = Y}, the particles’ trajectories are identical: V¢’ > ¢, X}, = Y,;. We denote by Q, ¢ the law of this coupled
labelled process. Then,

(B.2) dry (PE (0(t) € ), mrs) < Qoo (Fi < 5, X # V7).

To study the right hand side, we show this estimate on meeting times of random walks.

Lemma B.2. Let (X;)i>0, (Y)t>0 two independent random walks on Tk, that jump symmetrically at rate 1. Let T =
inf{t >0: X, =Y;}. Then forall € >0,

2

K 1 4
(B.3) Vt>_— (log—+log—+o0(1)), P(r>t)<e.
272 € ™

Proof. Denote by | X, — Y;| the length of the clockwise interval from X, to Y}, then | X; — Y} is a random walk in [0, K]
that jumps at rate 2 and is absorbed in {0, K'}. The time when X and Y meet is the time when | X; — Y;| reaches 0 or K,
so we need to estimate at what time a rate 2 random walk is absorbed by 0 or K. The following computations are for a
rate 1 random walk and we will divide time by 2 at the end, they follow the same ideas as [32, Section 5].

Consider a SSEP on [1, K — 1] with empty reservoirs at its boundaries {0, K}, started from 1 = 1 x5 (assuming that
K is even: if K is odd we can use the bound for K + 1). Then, let

(B.4) tr=inf{t > 0:E,[|n|(t)] <e}.

By Markov inequality, the probability for the SSEP to not be empty (or the random walk not to have reached {0, K'}) is
less than ¢ at times greater than ¢%, so all we need to do is upper-bound this time.
Fort>0and k € [1,K — 1], let

(B.5) u (k) =Ep[ni(2)).
Then by Dynkin’s formula, « is solution of

(B.6) T

(B.7) — (k) = Auy(k) Vk,

where Au(k) =u(k — 1) + u(k + 1) — 2u(k).
Setting for all k,! € [1, K — 1],

(B.8) ¢1(k) = V2sin (”lk) ,
K
then (gbl)lg i<K—1 is an orthonormal basis for the inner product
1 Kl
(B.9) (f9) =12 > f(R)g(k),
k=1

and for all [:

(B.10) A¢y = =N,
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where
l
(B.11) /\l=2<1—cosﬁK).

So,if =317 ey, with ¢ = (, ),

K—-1
(B.12) uy = Z ce My,
=1
We also have
K—-1
(B.13) Enllnl()] = ) wi(k) = K(ue, 1),
k=1
soif 1=3"11" ¢y, with ¢, = (1, ¢),
1 K—-1
(B.14) EEn[hﬂ(t)] = Z cice N,
k=1

f

We can show that for all [, ¢; = sin Z*, and cl % 2 (sin %) , so that

Tl
At 2 oMt sin 5

(B.15) cee” Mt = 2.
K? tan 5=
Since sin &+ = 0 if [ is even, 1 if I = 1[4] and —1 if [ = 3[4], we can rewrite the sum in (B.14) as
[K/4]-1
(B.16) (ue, 1) = Z (Vaj+1 — Vajt3) + vk 11K gaz,
3=0
where for all odd [, v; = %% Notice that for all [, v; — v;42 > 0, so, setting v; =0 for | > K,
2K
LK/4]-1
(B.17) (ug, dr) < Z (V441 — Vaj43 + Va3 — Vajis) k11 ggaz < v,
§=0

where the last inequality is obtained by distinguishing on K = 0[4] or K = 2[4].
So,

1 2 1
B.18 —=E ] < —e Mt——
(B.18) REAlO] < fore o
which gives that
2 1
B.1 t*<—1 — .
(B.19) € 1 0g(5Ktan>

Then, using that - = K 4 O(1) and tan 5% = & + O(54), we get that

2

K? 1 4
(B.20) tr < — <log —Hog +o(1 ))

To obtain (B.3), we divide this time by 2.
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@Q .OIQIOI o

(a) Case of Xy (1) = L{e, (t)>¢,(0)}: the presence of a parti-
cle between the two traps would imply that another particle
has been trapped.

(b) Case of X (¢) = Li¢,(t)=1}- The minimal number of
jumps to have & = &7 = 1is 10.

Fig 14: Counter-examples of negative dependence

We conclude by upper-bounding (B.2) thanks to the previous Lemma:

(B.21) Qoc(Fi<s,X;#Y)<s liqg Qo.c(|X{ — Y;}| has not reached {0, K} before t)
(B.22) <sP(r>t)

where 7 was defined in Lemma B.2. So taking ¢ > %t;/s, we have dry (PX (o(t) € ), mx.s) <e.

Appendix C: Absence of negative dependence for the SWT

Fix random vector X := (X1,..., X ) € {0,1}, and define for I C [[1, K] the o-algebra .#; := (X, k € I) of events
depending only on the I-coordinates of the vector. We also say that an event A is increasing if (X < X’ and X € A) =
X' € A. Following e.g. [8], we say that a the vector X is negative dependent if VI, J C [1,K],I N J =, and for any
increasing events A € % and B € %,

(C.1) P(ANB) <P(A)P(B).
Note that a negative dependent vector X is in particular pairwise negative correlated, meaning that
(C2) Vk £k, P(Xp=1,Xp=1) <P(X;,=1)P(Xy =1).

For a SSEP with or without reservoirs o(-), started from a negative dependant initial state o, negative dependence is
preserved through time (see [29, Lemma 12] and [32]), and in particular (C.2) holds at all times ¢ for X (t) = o (t).

We now show that, even though the SWT bears strong resemblance with the SSEP in contact with empty reservoirs,
negative dependence is not preserved by its dynamics. For a SWT &, since particles can get trapped, several choices are
available to define X. More precisely, one can consider

1. either Xy (t) = Ly¢, (1)>¢,(0)}, Which indicates if there is a particle, be it live or dead, at site k.

2. Or X (t) = 1¢, (+)=1}, Which indicates if there is a live particle at site i. Note that in this case, if the SWT is
supercritical, once in the ergodic component, it behaves as a SSEP, so if it is in a negative dependent state at this
point, this will be preserved by the dynamics.

We now show that in both cases, negative dependence is not preserved by the SWT, by considering deterministic initial
states, so that to prove that negative dependence is not preserved, it is enough to show that there is a time at which it does
not hold.

The first case is quite straightforward, starting from a configuration with an empty zone surrounded by traps. For
example , choose K =5, and { = (1,1,—1,0,—1), as illustrated in Figure 14a. Then, for a particle to have arrived at site
k = 4 in between the traps, the other particle must surely have fallen into one of the two traps, so that for any ¢ > 0,

Pe(Xa(t) =1, X3(t) + X5(t) 2 1) = Pe(X4(t) =1)
(C.3) > ]P’E(X4(t) = 1)P§(X3(t) + X5(t) > 1)
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and negative dependence is not preserved.

For the second case, we choose X{(t) = ]l{gi(t)zl}, and show there is no pairwise negative correlation with the fol-
lowing example. Set K = 7, and consider the initial configuration

(C4) &:=(-3,1,1,1,0,—1,0),

represented in Figure 14b, in which there is a big trap at site 1 (this breaks the periodicity), three particles at sites 2, 3, 4,
a trap of depth 1 at site 6 and two empty sites at sites 5 and 7. We show that for ¢ small enough,

(C.5) Pe(86(t) =&r(t) = 1) > Pe(&6(t) = D)Pe(&r (1) = 1),

so that negative correlation is not preserved by the dynamics.

In &, at least 5 jumps are required to have a live particle at site 6, by trapping at site 6 the particle initially at site 4 (it
jumps twice to the right), and then making the particle initially at site 3 jump thrice to the right. Similarly, it takes at least
6 jumps to have a live particle at site 7. Lastly, it takes at least 10 jumps to have live particles both at sites 6 and 7. Define
the functions

(C.6) F€) =Tg=1y,  9(§) =lge=y  and  R(§) = F(§)g($)-

Since all our jumps occur at rate 1, if f(£) =0, 22V f(£) gives the number of possible jumps in £ leading to a
configuration &’ satisfying £f = 1. More generally, if given £

* there exists no sequence of at most & jumps leading to a configuration £’ satisfying f(¢') =1,
* there exists a sequence of k + 1 jumps leading to a configuration &’ satisfying f(&') =1,

then for all [ < k, (ZSYT)! £(€) =0 and (LSVT)*+L () is the number of sequences of k + 1 jumps leading to f(¢') = 1.
The same goes for g and h.
We thus obtain

Vn <5, (L) f(€)
Vn < 6, (L5 g(€)
(C.7) Vn < 10, (LY h(€)

0
0
0

Define the semi-group P, = e'%7 = > n>0 tnn, (V)™ associated with Z2%", and note that the operator norm
|-ZENT|| of LN is less than 14. Then we have

i "

P(§) =5+ D (A" (©)
n>6
t6 tn SWT\n
Pg() = g + D o (A)"g(©)
n>7
(C.8) P + Z (£ h(e)
n>11 !

In particular, for ¢ < 1/14 small enough, we have P;h(¢) = O(t10) > P, f(£) Pig(¢) = O(t!!), which proves that nega-
tive dependence is not preserved by the SWT.

Notably, since both the SSEP and the SSEP with reservoirs preserve negative dependence, this means that the only
moments where the SWT breaks the preservation of negative dependence is the moment when a trap disappears. Indeed,
aside from these moments, in between traps, one observes exactly a SSEP in contact with reservoirs on each ergodic
segment delimited by the traps.
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