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The purpose of this research project is to study different forms of the Landau-Lifshitz
equation that constitutes a fundamental equation in the magnetic recording industry [12].
The evolution in time for the magnetization ~m : R × RN → R3 is given by the Landau-
Lifshitz (LL) equation

∂t ~m + ~m×Heff(~m) = 0, ‖~m‖ = 1.

The effective field Heff(~m) is determined by the characteristics of the material (exchange
energy, anisotropy, magnetostatic interactions, etc) [9]. This equation describes a precession
of the magnetization around the effective field. A related equation is the Landau-Lifshitz-
Gilbert (LLG) equation that includes a dissipative term to take into account some possible
damping effects due to some intrinsic loss in the material.

As special cases of these equations, we have the heat-flow for harmonic maps and the
Schrödinger map equation onto the sphere S2. Using some changes of variables, the LLG
equation can be seen as a nonlocal cubic Schrödinger equation as well as a cubic quasilinear
Schrödinger equation [8].

The LL equation is highly nonlinear due to the cross product in the equation and the
constraint ‖~m‖ = 1 and it provides a source of rich nonlinear phenomena. Depending on
the nature of the interactions, this equation exhibits several types on nonlinear structures
(solitons, breathers, spin waves).

In the physical literature there are formal arguments showing that, depending on the types
of the materials, the LL equation can be approximated by the cubic NLS or by the Sine-
Gordon equation [7]. In a recent paper A. de Laire and P. Gravejat have proved a result in
this direction [5] and they have given estimates of the difference in Sobolev norms between a
solution of the LL equation and a solution of the Sine-Gordon equation. These differences are
small in biaxial ferromagnetics with a strong easy-plane anisotropy and the proofs are valid
until a certain time. This result holds in any dimension. It will be interesting to perform
some numerical simulations to see if these estimates and the time of validity are sharp or if it
is possible to improve them. The same questions arise in the NLS approximation of the LL
equation. In this case there is still no rigorous work, and we propose to address this problem
from both numerical and theoretical points of view.

Another possible branch of investigation is the study of solitons of the LL equation in
dimension two. Using formal developments and numerical simulations, N. Papanicolaou and
P. N. Spathis [11] found, in dimensions two and three, nonconstant, finite energy, localized,
traveling waves, propagating with speed c ∈ (0, 1). The existence of these solitons has been
established rigorously in [10], but only for small speeds. In a recent work, D. Chiron and C.
Scheid [6] have found numerically solitons with more energy and with more vortices in the
context of the Gross-Pitaevskii equation. It is possible that these kinds of solitons also exist
for the LL equation, and some numerical simulations could enlighten the situation.

The LLG equation has also close relationship with motion of a vortex filament (see [1]).
In this context, the solutions have singularities and infinite energy. Therefore they do not lie
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in classical Sobolev spaces and their rigorous study requires a careful choice of the functional
framework. In [2, 3], A. de Laire, in collaboration with S. Gutierrez has shown the existence
of expander self-similar solutions to the LLG equation and their stability in the BMO space.
These solutions are related to the long time dynamics of the solutions of the LLG equation. As
part of this research project, we propose to study theoretically and numerically the existence
and stability of shrinker self-similar solutions, related to the formation of singularities and
the existence of finite time blow-up.
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