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Abstract

We consider exponential Runge-Kutta methods of collocation type, and use
them to solve linear and semi-linear Schrodinger Cauchy problems on the d-
dimensional torus. We prove that in both cases (linear and non-linear) and
with suitable assumptions, s-stage methods are of order s and we give sufficient
conditions to achieve orders s + 1 and s + 2. We show and explain the effects
of resonant time steps that occur when solving linear Schrodinger problems on
a finite time interval with such methods. This work is inspired by [14], where
exponential Runge-Kutta methods of collocation type are applied to parabolic
Cauchy problems. We compare our results with those obtained for parabolic
problems and provide numerical experiments for illustration.
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1 Introduction

Exponential integrators are specific geometric integrators. They have become
very popular recently for the numerical integration of first order in time problems
(see for example [15], where their multiple discoveries from the 60’s are recalled).
For example, some specific exponential integrators have been used for solving
the non-linear Schrédinger equation (see for example [3] where the numerical
analysis is made in one periodical space dimension).



Exponential Runge-Kutta methods are particular exponential integrators.
These methods have been derived and analysed for semi-linear parabolic Cauchy
problems (see for example [14] for collocation methods and [13] for explicit meth-
ods).

This article deals with such exponential Runge-Kutta methods applied to the
linear and semi-linear Schrodinger equations, namely

Ouu(t, x) — tAu(t,x) = f(t, x) (linear)
and Opu(t, x) — tAu(t,x) = f(t,u) (semi-linear),

considered as Cauchy problems in time (no space discretisation is made). Of
course, ¢ stands for the imaginary unit (1> = —1). The analysis in these cases
is different from the one performed for parabolic problems since the spectra of
the linear operators are different. We provide a numerical analysis of exponen-
tial Runge-Kutta methods of collocation type applied to linear and semi-linear
problems on the d-dimensional torus (d € N*). We show that s-stage collocation
methods are of order s for suitable Sobolev norms. Moreover, we give algebraic
sufficient conditions on the collocation points of an s-stage method to achieve
orders s+ 1 and s+ 2 when solving Schrédinger Cauchy problems. These results
need additional assumptions, for example on the non-linear term of semi-linear
problems. These assumptions are fulfilled in many cases of interest, for exam-
ple in the case of the cubic non-linear Schrédinger equation. We also mention,
quantify and explain the effects of resonant time steps that appear when solving
linear Schrodinger problems on a finite time interval.

Many other results for the finite-time integration of highly oscillatory (dis-
cretisations of ) PDEs exist in the literature. For second-order in time problems,
like wave equations, we mention the mollified impulse method analysed in [8] and
generalised in [16], the Gautschi-type methods analysed in [12] and the analysis
carried out in [9] based on a one-step formulation.

This paper is concerned with the numerical integration of Hamiltonian PDEs
over a finite time interval. For results on numerical integration of Hamiltonian
PDEs over long times, the reader may refer for example to [4, 5, 10] for results
on the non-linear wave equation obtained via modulated Fourier expansions and
to [7] for results on splitting methods applied to the linear Schrodinger equation
with small potential.

Let us mention that many other geometric integrators exist to integrate nu-
merically Schrodinger Cauchy problems. For example, some of them take advan-
tage of the conservation of phase space properties by considering multisymplectic
formulations (see for example [2]).

This article is organised as follows: in Section 2 we deal with exponential
Runge-Kutta methods of collocation type applied to linear Schrédinger Cauchy
problems. We first introduce some notation for these methods applied to linear
problems. Then we look at order conditions for s-stage methods. We show that
these methods are of order at least s and give sufficient conditions to achieve
orders s+1 and s+2. Moreover, we study the effect of resonant time steps on the



order constants. In section 3, we look at exponential Runge—Kutta methods of
collocation type applied to semi-linear Schrodinger Cauchy problems. We set up
some notation for these methods applied to non-linear problems. We prove, with
suitable assumptions, that s-stage methods provide unique numerical solutions
and are of order at least s. Moreover, we give sufficient order conditions for
s-stage methods to be of order s + 1 and s + 2. We conclude the article with
numerical experiments and some comments.

2 Linear problems

2.1 Notation

We denote by T the one-dimensional torus R/(27Z). For all given positive inte-
gers d, we denote by T? the d-dimensional torus. For z = (z1,...,z4) € R? and
y=(y1,...,94) € R? we denote by z.y the real number 219, + - - - + z4y4 and by
2|5 the non-negative real number (z%+---+x2)1/2. For k € Z%, we denote by py,
the function on T¢ defined for = € T¢ by py(z) = e**. L2(T?) (or simply L?) de-
notes the set of (classes of ) complex functions f on T? such that [r, |f(z)[*dz <

+00, endowed with the norm ||f||L2(Td) = ((2m)™ [1a |f(x)|2dx)1/2. An un-

bounded linear operator A acting on L? is said to be diagonal if for all k € Z¢,
pr is in the domain of A and there exists a A\, € C such that Apy, = Aips.
For example, the Laplace operator A acting on L?(T?) is diagonal since for all
k€ 74, Apy = —|k|3pg. Another example is the identity operator on L? denoted
by Id. For all such A and all functions ¢ from C to itself, we denote by ¢(A)
the unbounded diagonal linear operator acting on L? whose domain is the set of
linear combinations of functions (p)eza defined for all k € Z?¢ by

(A)pk = ©(Ak)Pk- (2.1)

For all functions f € L? and all k € Z¢, we denote by fk the Fourier co-
efficient (2m)~% [, f(z)e"***dz. For a € RT, we denote by H*(T?) (or sim-
ply H®) the space of (classes of) complex functions f € L?(T¢) such that
> kezd\ (0} | fx]?|k[3% < 400, endowed with the norm

; A /
7o = (15 + 32 1APRE) "

kezd\{0}

Note that L2 = HY with the same norm. With these notations, if ¢ is a function
from C to C bounded by M > 0 on (R, then for all h > 0 and o > 0, p(thA)

is a bounded linear operator from H® to itself with! [p(hA)] 1o o <M. In

LOf course, for all a > 0 and all linear operators A from H® to itself, we denote

1Al = sup =
He - H« Uffoa H’UHHQ



particular, we have for all a > 0, ||e*2|| = 1.

He—Hox
Following [14], we set for all k£ € N*
1 k—1 P
Vz € C¥, gpk(z)zz_k(e _Z;H)’ (2.2)
p:

and ¢k (0) = % We also set ¢y = exp. Note that for all & € N, ¢ is holomorphic
on C, and is bounded on (R. For all unbounded linear diagonal operator A and
all h > 0, we have

L at

In order to compute numerical solutions of the following Cauchy problem

owu(t,x) + Au(t,z) = f(t,z) (t,x) € [0,T] x T¢
d (2.4)
u(0,z) = wo(x) x e TY,
where T' > 0, A = —1A, ug and f are given, we consider the following numerical

methods, called exponential Runge—Kutta methods of collocation type; we refer
to [14] for a derivation of such methods for semi-linear problems based on the
variation-of-constants formula:

t, = nh

vn € {0,...,N}, (2.5)

U1 = € "uy + B> bi(—hA)f(ty + cih),
=1

where h > 0, s € N*, (¢1,...,¢5) € [0,1]° are given and N = |T'/h]. We assume
that for all (i,7) € {1,...,s}?, ¢ # c¢; if i # j. The operators b;(—hA) are
defined by

1 h
vie{lonh bi(—hA) =4 / e~ P=AL(7)dr, (2.6)
0
where for all i € {1,...,s}, [; is the i-th Lagrange polynomial with respect to
the points (cjh)j€{17...,s}:

S T _ .
Vie{l...s), un= [[ P2 (2.7)
S GG
J=15#i
Note that for all s € {1,...,s}, b; € span(po, ..., ps—1). We therefore derive that
b; is holomorphic on C and is bounded on ¢R.
In the case A = 0, the linear PDE (2.4) reduces to the collection of linear
ODEs for z € T¢
du

E(t,x):f(t,x) te[0,T7],



with initial conditions u(0,z) = ug(x). Moreover, the exponential Runge-Kutta
method (2.5) reduces to a classical Runge-Kutta method called the underlying
Runge-Kutta method with coefficients (b;(0));e(1,... sy since for all i € {1,..., s},
bi(—hA) = b;(0)Id.

2.2  Order of exponential Runge-Kutta methods for
linear problems

2.2.1 An s-stage method is of order s

Our first result shows that an s-stage exponential Runge-Kutta method of collo-
cation type (2.5) applied to a linear Schrédinger problem (2.4) is of order at least
s, provided that the right hand side of (2.4) is sufficiently smooth with respect
to the time, when considered as an L?(T¢)-valued function. This somehow nat-
ural result is very similar to the one obtained in the context of parabolic linear
equations in [14] (see Theorem 1). However, note that in the case of the linear
Schrodinger equation, the order constant C' does not depend on T'.

Theorem 2.1 An s-stage exponential Runge—Kutta method of collocation type
(2.5) applied to a linear problem (2.4) such that f € C*([0,T],L?(T%)) is of
global order s in the sense that there exists a positive constant C' depending only
on (c1,...,¢s) such that for all h > 0 and alln € {0,...,N},

tn
|mn—ummu2g0hsﬂ £ dr. (2.8)

Proof. Let us denote for all n € {0,...,N}, e, = u,, — u(t,). The variation-
of-constants formula for the exact solution u of problem (2.4) reads for h €]0, T
and t € [0,T — h],

u(t + h) = e "u(t) + /Oh e (=941 (t 4 5)ds. (2.9)

Using Taylor expansions of f in (2.5) and (2.9) and the properties of the Lagrange
collocation polynomials (2.7) involved in the functions (b;)ieq1,....s} (see (2.6)), one
has

h T _ s—1
€ntl = e e, + / e_(h_T)A/ %f(s) (tn + o)dodr
0 o (s=1)

S h cih (.1 o s—1
= /0 e~ (DAL (r)dr /0 % F(ty +0)do.  (2.10)
=1

Recall that He_hAHLQHL2 = 1. Denoting 0,11 = en41 — e "e,, we have that for
some constant C' depending only on ¢, ..., cs,

tn+1
wmﬂygcml £ )], dr.



This inequality and the relation

n—1
—phA
en = E e P,
p=0

complete the proof. ]

Remark 2.2 Notice that for all 7 > 0, estimate (2.8) holds true with the L?(T9)-
norm replaced by the H"(T%)-norm provided that f € C*([0,T], H"(T%)).

2.2.2 Achieving order s+ 1

If its underlying Runge—Kutta method is of order s + 1, then the exponential
Runge-Kutta method of collocation type (2.5) applied to the linear Schrédinger
problem (2.4) also has order s + 1, provided that we assume that the the right-
hand side of (2.4) has higher spatial regularity than just a standard L? one
(see Theorem 2.4 for a precise statement). This is a difference with the case of
parabolic linear equations studied in [14] (see Theorem 2). Let us first recall (see
[14], formula (12)) that

Lemma 2.3 If the underlying Runge—Kutta method is of order s+ 1, then
S

1
°b;(0) = . 2.11
>t = 55 (211)

We are now able to state the first result of this section:

Theorem 2.4 Assume r > 0 is given, the underlying Runge—Kutta method is
of order s + 1 and f € C**1([0,T), L>(T%)) is such that f*) € C*([0,T], H™+?).
Then, the exponential Runge—Kutta method of collocation type (2.5) applied to
the linear problem (2.4) is of order s+ 1 in the sense that there exists a positive
constant C' depending only on (c1,...,cs) such that we have for all h > 0 and all
n € {0,...,N},

tn
|wmwmwmsCTMHmwmwmﬁ+A\WHWﬂ@Mdﬂ.@m>

Proof. With the notation of the previous proof, using another Taylor series
expansion of f in (2.10), we write

1 2
Snst =y + 00,

h T s—1
(m _ —(h-na [T (7o)
Opi1 (/0 e /0 G- dodr
s h cih h— 0.)371
— —(h=1)A1 (H)d / (Czid Fe ¢
e i(T)dr o n)s
;;A (ryar [ 1= —ao) 1)

6
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and, after integration by parts,

h T _ s
55321 :/ e(hT)A/ L o) f(erl)(tn + o)dodr
0 0

s!
s h cih b s
-3 [Cettar [T e 4 0o (203
=170 0 '

Accordingly, we set

n—1 n—1
e,(ll) = Z e*phAé,(ll_)p and e,(f) = Z e*phAég_)p
p=0
Recall that ||eLhA|| = 1. On one hand, for some constant C; > 0 depending
only on (et ey have (601 oy € CLEEH [0 DL,
Therefore, we derive that
tn
P Y el A T T (2.14)
0
On the other hand, since
1 S S
6y = W (paga(—hA) ——Zcb FOta),
an Abel summation yields
e = B lpg 1 (—hA)
n—1
<( Z e_phA ) + Z Z _khA f(s (tn—p—2) — f(s)(tnfpfl))»
p=0 p=0 k=0

where ¥541(2) = @s1(2) — 5 ;- ¢ibi(z). Since the underlying Runge-Kutta
method is of order s+ 1, Lemma 2.3 and the fact that p,,1(0) = ((s + 1)!)~!
ensure that 1,41(0) = 0. Moreover, 1sy1 is a holomorphic function on C
and is bounded on (R. We derive that there exists a holomorphic function
Us41 that is bounded on (R such that Vz € C, thyr1(2) = 2ths41(2). Hence,
there exists a positive constant Cy depending only on (c1,...,c¢s) such that
stJrl(_hA)HHT(Td)—>HT(1rd) < Cy. We derive that

n—1
ey < Coh™ (|| = RACY e ) FOO) | e oy

p=0

n—2 p n—p—1

+ Z | = hA( Z e i) / FEr(r)dr| H(T9) >
p=0 k=0 tn—p—2
For all k € Z% and p € {0,...,N — 1},
(—Lh|k| Z —UhIRE] < (p+ D)AJK2 < Tk[2. (2.15)




Therefore, for all p € {0,...,N — 1} and v € H"*2,

p
[ ~hAY el < Tl
(=0

(2.16)

H'r+2 .

This allows us to bound the H"-norm of 6511). Together with estimate (2.14), this
ensures that inequality (2.12) holds true. ]

Note that the order constant in the previous result depends on 7T'. This is
also the case when the exponential Runge-Kutta method (2.5) is applied to a
linear parabolic problem (see [14], Theorem 2). In the case of linear Schrédinger
problems (2.4), if the underlying Runge-Kutta method is of order s + 1, it is
possible to get an order s 4+ 1 constant that does not depend on T, with a
restriction on the values of the time step. The latter has to be non-resonant in
the following sense:

Lemma 2.5 Assume the following non-resonance condition on the time step
h > 0: there exists v > 0 and v > 1 such that

1— eLhN y
NeN > —. 2.1
Then we have for all n € {0,...,N}, for all ¥ > 0 and all u € H™t?+2(T%),
n—1 9
[ =hAD e ull gy ey < Zlullgrsnvin oy (2.18)
p=0

Proof. With the help of (2.17), we get for k € Z%\ {0},

n—1
2h|k|3
‘ — ih|k2 Ze—LphUﬂ% < Lk
p=0

1— e_Lh|k‘%

|

< ZRpe.
-

Therefore, estimate (2.18) holds true. ]

Note that the set of time steps h € (0, hg) that do not satisfy (2.17) has a
Lebesgue measure in o(hgy) as hy tends to 0. See for example [11], Chapter 10,
Lemma 6.3.

In addition to the restriction on the values of the time step, a higher spatial
regularity of the right-hand side f of (2.4) is assumed to prove the following:

Theorem 2.6 Assume that r >0, v >0 and v > 1 are given. Assume that the
underlying Runge—Kutta method is of order s+1 and f € C*T1([0,T), L*(T%)) is
such that ) € C1([0,T], H™+?*2). Then the exponential Runge-Kutta method
of collocation type (2.5) applied to the linear problem (2.4) is of order s + 1
for non-resonant time steps in the sense that there exists a positive constant C
depending only on (c1,...,cs) and vy such that if h > 0 satisfies (2.17), then we
have for all n € {0,...,N},

tn
Hu(tn)_unHHr < Chtt <Hf(s)(O)HHr+2u+2 +/0 |’f(s+1)(7-)HHr+2u+2 dT)- (2.19)



Proof.  With the help of Lemma 2.5, estimate (2.16) can be replaced with
estimate (2.18) in the proof of Theorem 2.4 to get

02 s s tn1 s
e e < 220 (OO ramia + [ 1O i) (220
0
In addition to (2.14), we derive that (2.19) holds true. ]

The effect of resonant time steps on the global error over the finite time
interval [0, T is illustrated by numerical experiments in Section 4. In particular,
one can see the difference between time steps satisfying (2.17) for which estimate
(2.19) is sharp and those that do not satisfy (2.17) for which estimate (2.12) is
sharp.

2.2.3 Concerning order s+ 2

As in the case of exponential Runge-Kutta methods applied to linear parabolic
problems studied in [14] (see Theorem 3), if its underlying Runge-Kutta method
is of order s + 2 and one has sufficient spatial regularity in the right-hand side
of (2.4), then the exponential Runge-Kutta method (2.5) applied to the linear
problem (2.4) also has order s+ 2. Before giving precise statements, let us recall
the following: (see [14], Lemma 3)

Lemma 2.7 If the underlying Runge—Kutta method is of order s + 2, then

1

s, = 2.21
2O = g (2.21)

S , 1
; Sh(0) = GINGTY (2.22)

We are now able to prove the following:

Theorem 2.8 Assume that r > 0 is given, the underlying Runge—Kutta method
is of order s+2 and f € C*t2([0,T], L*(T%)) is such that ) € C2([0,T], H™+%).
Then the exponential Runge—Kutta method of collocation type (2.5) applied to the
linear Schridinger equation (2.4) is of order s+ 2 in the sense that there exists
a positive constant C' depending only on (c1,...,cs) such that for all h > 0 and
alln €{0,...,N}, we have

luttn) = tnll o < CTHF2 (SO O] s + 1FD O 1

tn tn
=[Ol st [Ty dr).

(2,2)

Proof. Let 6,(521 be defined by (2.13) and write 55321 = 555’:1) + 0,7 with
21) _ ps LN s
5L = pot2 <%+2(—hA) “ eI ZciJrlbi(—hA))f( D (t,),
i=1



and

h T _ s+1
o) = [t [ 1 o+ oyaoas

S h c;h s+1
_ ~(h-m)Ap, (cih = o)™ (at2)
;/0 e ZZ(T)dT/O G f (tn + o)do.

One deduces that there exists C' > 0 depending only on (c1,...,cs) such that

tn+1
2,2 s s
1622, < Chet? / 1P+ ()] dr

Therefore,
N _ (2,2) s s
HZ shas22) < cwz/ IFE+2 ()], dr
p: tn— p—1
< Copt / 17D, dr. (2.23)
to

Since the underlying Runge-Kutta method is of order s + 2, Lemma 2.7 en-

sures that 3.5, ¢ T1p;(0) = ;12 (see (2.21)). Moreover, p,12(0) = ((s +2)!)~!

Therefore, there exists a holomorphic function (542 on C such that
1 - s+1 _
vz € C, Gl izlci bi(2) — pst2(2) = 2(s42(2).

Moreover, (512 is bounded on ¢R. Hence, we have
SEY = —hARTCyo(~hA) FE (1),

and by an Abel summation,

n—1 n—1
Z e*phA(s?(l?;;) - hs+2CS+2(_hA)( — hA( Z e*phA)f(sH)(o)
=0 p=0

p

n—2
+ 30 —hA(D A (F - yn) = S (b)) ).
= k=0

We derive with estimate (2.15) that there exists a positive constant Cy depending
only on (cy,...,cs) such that

n—1
—phA<(2,1)
Iy e 4520,

p:

tn—1
< ATRE(IO g+ [ I e dr). (220
0

To complete the proof, since the underlying Runge— Kutta method is of order
s+2, we get by Lemmas 2.3 and 2.7 that > 7, ¢fb;(0) = +1 and Y 7, ¢5bi(0) =

i=16G Y%

m (see relation (2.22)). Therefore, there exists a holomorphic function

kst2 on C such that ¢si1(2) — 5 ZZ 1Ebi(2) = 2?Ksy2(2). Moreover, kg o is

10



bounded on (R. As before, we get

n—1 n—1
St~ —hh5+lns+2(—hA)< —hA(Y ey 4§ (0)
p=0 p=0
n—2 D
+Y —hA(D e A(F) (tp2) — f<8><tn_p_1>>)-
p=0 k=0

Therefore, using inequality (2.15), there exists a constant positive Cy depending
only on (¢y,...,cz) such that

n—1 W
—phA (1

1> e P52,

p=0

tn—1
< TER(fOO g+ [ IO padr). (225)
0

The conclusion follows by adding (2.23), (2.24) and (2.25) together. ]

In the previous theorem, the order constant depends on T'. As in the previous
section (see Theorem 2.6), if the underlying Runge-Kutta method is of order
s + 2, then the exponential Runge-Kutta method (2.5) applied to the linear
Schrédinger problem (2.4) is of order s + 2 with an order constant independent
of T provided that the time step is non-resonant and the right-hand side f of
(2.4) has higher spatial regularity. A precise statement is the following:

Theorem 2.9 Assume that r > 0, v > 0 and v > 1 are given as in Theorem
2.6. Assume that the underlying Runge—Kutta method is of order s+ 2 and that
f € C*t2([0,T), L*(T%)) is such that ) € C%([0,T], H'+***4(T%)). Then the
exponential Runge—Kutta method of collocation type (2.5) applied to the linear
Schrédinger equation (2.4) is of order s+ 2 for non-resonant time steps in the
sense that there exists a positive constant C depending only on (ci,...,cs) and
v such that if h > 0 satisfies (2.17), then we have for all n € {0,...,N},

[|u(tn) — unHHr < C het? <Hf(s)(O)HHr+2u+4 + |’f(s+1)(0)”Hr+2u+2

tn tn
"’/0 Hf(SJrl)(T)”HrHuH dr + /0 Hf(SJrz)(T)”Hrmuﬂ dT)-

Proof. With the help of Lemma 2.5, estimate (2.24) can be replaced by the
following estimate

n—1

—phA (2,1
1> e 46&))
p=0

C S S fn—1 S
< 2RO ynat [ IOl nadr) . (220

to

11



where C7 > 0 depends only on (cy,...,¢,). The same lemma yields the existence

of a positive constant Cy depending only on (c1,...,cs) such that
n—1
- 1
132 e 4850
p=0
< G2 ()50 e dr). (227
=7 £+ )HHT+2V+4 + ) IIf (T)HH’F+2V+4 7). (2.27)
0

This estimate replaces inequality (2.25). As in the proof of the previous theorem,
the conclusion follows by adding (2.23), (2.26) and (2.27) together. ]

3 Semi-linear problems

3.1 Notation

We consider the following semi-linear Cauchy problem

Owu(t,r) + Ault,x) = g(t, u(t,x)) (t,r) € [0,T] x T¢

u(0,x) = uo(x) reT? (3-1)

where T > 0, A = —1A, r >0, ug € H"(T%) and g are given. In the following and
in many applications, for all ¢ € [0, T, g(t) comes from a non-linear function from
C to C. For example, for the so-called cubic non-linear Schrodinger equation,
g(t,u) = g(t)(u) = i|lu/>u. In order to solve numerically the problem (3.1),
we consider the following numerical methods, also called exponential Runge—
Kutta methods of collocation type. We also refer to [14] for a derivation of such
methods for semi-linear problems based on the variation-of-constants formula.
We assume that s € N*, ¢q,...,¢s € [0,1], h > 0 are given and set N = |T'/h].
We also assume that if (i,5) € {1,...,s}? are such that i # j, then ¢; # c;.
We denote for all n € {0,...,N}, t, = nh. For such n, if u, € H"(T?) is a
given approximation of the exact solution wu(t,) of the problem (3.1), then we
construct an approximation w1 of u(t,41) by first solving the non-linear system
consisting of the s following equations
S
Up s = e My, + hZai7j(—hA)g(tn +cjh, uy j), ie{l,...,s}. (3.2)

)

j=1

The s unknown quantities are up1,...,Uns € HT(']I‘d) and the s? coefficients

(ai,j(_hA))(i,j)e{Lm’s]j are defined by
1 cih
aij(—hA) = E/ e~ C@h=mAL (7)dr.
0

We recall that the (Ij);eq1,.. 53 are the Lagrange polynomials defined in (2.7).
Then, we define

Un+1 = eihAun +h Z bZ(_hA)g(tn + cih? umi)' (33)
i=1

12



Recall that the coefficients (b;)icqy,....s} are defined in (2.6). Note that for all
(i,5) € {1,...,s}% aij(—hA) € span(po(cihA), ..., ps—1(c;hA)) and the co-
efficients in each linear combination depend only on the choice of the points
(c1,...,¢s). Hence, each coefficient a; j(z) is bounded on tR by a constant de-
pending only on the choice of (¢p,...,¢s). In the following, C denotes a bound
of the functions (b;(2))ieq1,....s} and (aij(2)) (i )eq1,...,s3> on ¢R depending only on
the choice of (¢, ...,¢s).

In the case A = 0, the non-linear Cauchy problem (3.1) reduces to the col-
lection of non-linear ODEs for € T¢

d
() = g(t u(t,x)), t€[0,7),
with initial values u(0,z) = wg(x). Moreover, the exponential Runge-Kutta

method of collocation type (3.2)-(3.3) reduces to a classical Runge-Kutta method
whose coefficients are (a; ;(0)) jyeq1,...,s32 and (bi(0))seq1,....s3, since in that case
for all (i,j) € {1,...,s}?,

ai7j(—hA) = am(O)Id and bl(—hA) = bi(O)Id.

This method is called the underlying Runge—Kutta method.

For t € [0,T], we denote f(t) = g(t,u(t)), the right-hand side of (3.1), where
u denotes the exact solution of the problem.

The space H"(T9)® is a Hilbert space when endowed with the norm

- 2 1/2
lur.. . u)l,, = (2; il iy ) (3.4)
For R > 0, we denote by B(0, R) the set of u € H"(T%)* such that [ul| <R

3.2 Existence and uniqueness of the numerical solu-
tion

This section is devoted to the proof of existence and uniqueness of the numerical
solution (uo,...,uy) provided by the exponential Runge-Kutta method (3.2)-
(3.3) of the semi-linear problem (3.1) for h sufficiently small and with some
suitable assumptions on the exact solution and the right-hand side of (3.1). We
will also give a first bound for the numerical error.

Our assumptions on the exact solution u of (3.1) and the non-linearity g are
the following:

Hypothesis 3.1 The function g satisfies:

vte [0,T],  g(t,0) =0.

13



Hypothesis 3.2 The non-linearity g in the right-hand side of (3.1) is Lipschitz-
continuous in the sense that there exists L > 0 and p > 0 such that for all
t € [0,T) and for all u,v € H"(T?) satisfying ||u|| < p and ||v|

we have

HT(Td) Hr('ﬂ‘d) S P’

ot w) = 90t 0 o may < Ellw= vl o gy (35)

Hypothesis 3.3 Equation (3.1) admits an evact solution w : [0,T] — H"(T%)
that s sufficiently smooth. In particular, there exists R > 0 such that for all
€ 0.7]. [ut)] o) < B
Hypothesis 3.4 The mapping f : [0,T] — H"(T?) is sufficiently smooth.

In applications, Hypothesis 3.4 will often be a consequence of Hypothesis 3.3
and of the regularity of the function g.

Note that these assumptions are fulfilled in many cases of interest, for example
in the case of the cubic non-linear Schrodinger equation, at least when r > d/2
and r — d/2 ¢ N. This can be seen, for example, by adapting classical results
of non-linear analysis (see for example [1], Chapter II, Proposition 2.2). Precise
statements of the adaptations can be found in [6].

Under these assumptions, if p is sufficiently big (see (3.7)) and h is sufficiently
small (see (3.6)), then for all n € {0,..., N} the non-linear system (3.2) has a

unique solution (up,1, ..., uns) € H"(T)” such that ||[(un,1,. .., uns)ll < 3RV/s.
Moreover, the approximation w1 defined by (3.3) is such that [[upi1] . (T4 <
2R. To prove these assertions, we start with the following lemma:
Lemma 3.5 Assume that hg > 0 is such that
ho < (3CLs*)71, (3.6)
and
p > 3R\/s. (3.7)
Then for all h € (0,ho), t € [0,T — h] and y € H"(T?) such that HyHHT(Td) <

2R, the non-linear system

v = e Myt Z a1,;(=hA)g(t + cjh,vj)
j=1

vs = e My hy ag(~hA)g(t+ cjh,v;),
j=1

admits a unique solution v = (v1,...,vs) € B(0,3R/s).

14



Proof. For h € (0,hg), t € [0,T — k], y € H"(T%) such that ||y||
we define the function

ey < 2R,

H(TY® — H™(T7
fh,tvy : (Ui)lgigs — (efcihAy +h Z;=1 aid‘(—hA)g(t + th, Uj)) I<ics .

Hypothesis 3.2 and inequality (3.7) ensure that for all (vy,...,vs) € B(0,3R/s),
we have

Hft,h,y(vh e 7v8) - (eiclhAy7 e 7echhAy)Hr’S < Ch$3/2L(3R\/§)

Since H(e*clhAy, ... ,e*cshAy)”rs < 2R+/s, the triangle inequality and (3.6) im-
ply that ’
”ft,h,y(vh s 77)5)“7’,3 < 3R\/g

Therefore, fin,(B(0,3R/s)) C B(0,3R\/s).
On the other hand, for v = (vy,...,vs) € B(0,3Ry/s) and w = (w1,...,ws) €
B(0,3R+/s), by Hypothesis 3.2 we have

[ feny(©) = feny(w)l, o < CLAs|lv —w]| |
Hence, using (3.6), one derives that

[fthy (V) = feny(w)]]

Since hhy' < 1, equation = = f; 1, ,(z) has exactly one solution in B(0,3R/5)
by the classical Picard fixed-point theorem. [ |

h
—H'v—'w

r,s — Hr,s'

We are now able to prove that if hg satisfies another smallness condition,
then, for all h € (0,hp), the exponential Runge-Kutta method of collocation
type (3.2)-(3.3) provides a unique numerical solution with for all n € {0,..., N},
[(un,1,- s uns)l € B(0,3Ry/s) and [lun| . (T4 < 2R. Moreover, such an s-
stage method is of order s when applied to the semi-linear Schrédinger problem

(3.1).

Theorem 3.6 Assume Hypotheses 3.1, 8.2, 8.3 and 3.4 are satisfied with (3.7).
Set ks = (s+1) (% + (s 1) ) Assume that hg > 0 satisfies (3.6), and

2CsTL 4 -1
< R(ee? T [0y 0y ) (38)

Then, for all h € (0,hg), the exponential Runge—Kutta method (3.2)-(3.3) pro-
vides a unique numerical solution such that for allm € {0,..., N}, ||uy,]]

2R and |[(un,, ..., uns)ll < 3R\/s. Moreover, for alln € {0,...,N},

Hs(T4) <
tn
o = 0t ey < 2T [N g (39)

15



We recall that for all n € {0,...,N}, 0<t¢, <T.

Proof. Let h € (0,hp). We prove the result by induction. Assume n €
{0,...,N — 1} is such that HunHHT(Td) < 2R. Lemma 3.5 ensures that the non-
linear system (3.2) has a unique solution (uy1,...,uns) € B(0,3R\/s). More-
over, Hypotheses 3.3 and 3.4 ensure that, for the exact solution, we have

U(tpy1) = e Mut,) +h Z bi(=hA) f(tn + cih) + Opi1, (3.10)
with -
. /Oh o—(h=r)A /OT %f@(f” + o)dodr
“h Z; bi(—hA) /0 " %ﬂs) (tn +7)d7,
using the quadrature rule properties. Similarly, for all ¢ € {1,...,s}, we have
u(ty, + c;h) = e~ “Mu(t,) + h Zs: ai j(=hA) f(tn + cjh) + Ap i, (3.11)
=1
where ]

cih T _ +)s—1
A= / e—(cih—T)A / &f@) (tn + o)dodr
0 0

(s—1)!
Sy [P =T
h; i hA)/O ) FE (t, + 7)dr. (3.12)

Hence, if we denote e, = u, — u(t,) and e, ; = u,; — u(t, + ¢;h), then we have

eni =€ “Men + 0> aij(—hA)(g(tn + cjhytn ) = f(tn +cjh)) — Aps. (3.13)

j=1
For all i € {1,...,s}, we have ||e_cihAHHT_)HT = 1 and hence
S
lenill e nay < el oty + HCL( D Nenll gy ) + 18l oy - (3:14)
j=1

Summing these s inequalities and using (3.6), we get

S S
Z HenJHHr(Td) S QSHenHHr(Td) + 2 Z ”An7i”Hr('H‘d) : (315)
j=1 i=1

On the other hand, subtracting (3.10) from (3.3) yields

entl = e e, +h Z bi(—hA) (g(tn + cih, up ;) — f(tn + c,h)) — Opt1- (3.16)
i=1
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Hence,

Hen+1||Hr(']1‘d) S ||6nHHr('Ed) + hCLZ Hen,iHHr('Ed) + ||6n+1HHr('Ed) : (317)
=1
Using (3.15), we thus get

”€n+1 H Hr(Td)

< Hen”H'r(’]I‘d) + 2h6L<S”enHHr(Td) + Z ”Amj”Hr(Td) > + |’5n+1HHr(Td)

j=1
S (1 + 2hCSL)Hen”HT(Td) + Z HAnyj”HT(’]I‘d) + ”5n+1HH’"(Td)
j=1
< 3208 (D 18l o gy + 1ns1 -0 o))
p=0 7=1
< VLS (S i gy nay + 1m0l gy )
p=0 j=1

using also (3.6). Using relation (2.10) (which still holds for non-linear problems)
and relation (3.12), we get that for all j € {1,...,s} and all p € {0,...,n},

1 Cs bn—p+1
A il s (s)
HAWNWWVMMwMW%s@+@_DWKLw 1O v gy A
(3.18)
We derive

s 1 Cs s tnt1 R
H€n+1||Hr(Td) < €2th L(S + 1)<_ + m)h /2; Hf( )(T)HHT(’]Td) dr.
0

s!

In view of (3.8), we derive that ||e,+1]| < R. Hence, by triangle inequality,

Hr (T4)
we got [t |y gey < 1)l gy + nstll oy < B+ B and estimate
(3.9) holds true. ]

3.3 A sufficient condition for order s+ 1

As in the linear case (see Theorem 2.4 and Theorem 2.6), the exponential Runge—-
Kutta method of collocation type (3.2)-(3.3) applied to the non-linear Schrodin-
ger equation (3.1) is of order s + 1 provided that the underlying Runge-Kutta
method is of order s + 1. A precise result is stated in Theorem 3.8. Note that
this result is very similar to the one obtained in [14] in the case of semi-linear
parabolic problems (see [14], Theorem 5). Let us start with a discrete Gronwall
Lemma:

Lemma 3.7 Let X be a subset’ of Rt. Assume that T > 0 and a > 0 are
given. There exists a positive constant C such that for all non-negative functions

ZNamely, X will be (0, hg) or the set of h € (0, hg) satisfying (2.17).
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b defined on X and all sequences (e, )nen of non-negative real numbers satisfying
forallh e X andn e N with 0 <nh <T, g, <ah ZZ;& er + b(h), we have

en < Cb(h).

Theorem 3.8 Under the hypotheses of Theorem 3.6, if f*) € C1([0,T], H™1?)
and the underlying Runge-Kutta method is of order s + 1, then there exists a
positive constant C' > 0 depending only on (c1,...,¢s), L, and T such that for
all h € (0, hy), we have for all n € {0,...,N},

it = wta) | e < CB (17O O) 00

T T
[ yadr+ [ OO, dT).

Proof. By induction, relation (3.16) becomes

n—1 n—1
e, =h (Z B_khAdn_k_1> _ Z —khA(Sn_ b

k=0 k=0
where d, = Y7, bi(—hA)(g(ty + cih,ug;) — f(tk + cih)). As in the proof of
Theorem 2.4, there exists a constant C; > 0 depending only on (cy,...,cs) such
that
n—1 tn_1
I3 48,y < CR (1FO O]y + /0 FAICoTEES R
k=0
(3.19)
On the other hand, with Hypothesis 3.2, we have
n—1 s
||Z e Ml SCLY Y llerll -
k=0 i=1
Then, using (3.15), we deduce
n—1 s
| Z e Ayl < 280132 lexll g +2CLY > 1Al . -
k=0 i=1

Estimate (3.18) provides the existence of a constant Cy > 0 depending only on
(c1,...,cs) and s such that

n—1 s tn
S5 Akl < Cab® / 1FO@ . dr.
k=0 i=1 0
Hence,
n—1 T
leall, < 25hCLS lexl . + b <QCLC'2 /O O, dr
k=0

T
(OO s+ [ IO yzar) )
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We conclude with the help of Lemma 3.7 with &, = |len| ., a = 2sCL and b
equal the term multiplied by ~**! in the previous estimate. [ |

Remark 3.9 Note that in this non-linear case, the order constant C appearing
in Theorem 3.8 depends a priori exponentially on T. This contrasts the linear
case (see Theorem 2.4 and Theorem 2.6).

Remark 3.10 We could write a counterpart of Theorem 3.8 for non-resonant
time steps with suitable assumptions on f essentially by modifying inequality
(3.19). However, we would still get an order constant depending on T (see The-
orem 2.6 for the corresponding result for linear problems) and the fact is that we
did not manage to observe resonances for non-linear problems (see section 4 for
numerical experiments).

3.4 Achieving order s+ 2

In order to give sufficient algebraic conditions on the coefficients of the under-
lying Runge-Kutta method for the s-stage exponential Runge-Kutta method of
collocation type (3.2)-(3.3) to be of order s+2, we reinforce our hypothesis on the
smoothness of the non-linearity g. The function g is assumed to be smooth in the
sense of functions from R? to R2. For convenience, we denote, for example, for
v eC =R? %(t, v) the R-linear mapping from C = R? to C = R? corresponding
to the first derivative of g(¢,u) as a function of u € R2. For v € H"(T4), we also
denote by %(t,v) the induced mapping between functions on T¢ defined for a
function w on T? by

0
veeT!, St v)(w)() = 5ot v(a) (w().
Our additional hypotheses on the non-linearity g are the following:

Hypothesis 3.11 Assume that there exists positive constants Ly and f)l such
that

, Jg
vte[0,T], Yve H'(TY, IIQ(t,U(t)) g pay < Lalloll g pay »
and
Ve 0.T), Yoe BT, 1520 u(t)oll ey < Erllol s

Hypothesis 3.12 Assume that there exists a positive constant Lo such that for
all t € [0,T] and u,v,w € H"(T?) satisfying max{|ul| vl lw| .} < 2R,
one has

Hr’ Hr?‘

g
lg(t,v) = g(t.w) = 52 (¢, w)w=w)l < La(lu=oll o + lu=1wll . ) o =wll .
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Hypothesis 3.13 Assume that there exists positive constants L3 and Ls such
that for all t € [0,T] and v,w € H™t?(T%), one has

0%g
\IW(RU(@)(%W)HHT < Lsll[ ;. lwll 4, 5

5 b el g, < Lafloll .

0%g ~
H—au2 (t,u®) (v, )| e < Lalloll i lwll iz s
and o2
g ~
I )l v < Bl s

Such hypotheses on g are coupled with (and may imply) the following one on
the exact solution u of problem (3.1) that reinforces Hypothesis 3.3:

Hypothesis 3.14 Equation (3.1) has an ezact solution u : [0,T] — H"+2(T%)
that is sufficiently smooth. In particular, uy € H™2(T%).

Notice that Hypotheses (3.11), (3.12) and (3.13) are satisfied in many cases
of interest, for example for the cubic Schrédinger equation when r > d/2 with
r —d/2 ¢ N provided that u is sufficiently smooth (see [6] for details).

Under these hypotheses, we prove that the exponential Runge-Kutta method
(3.2)-(3.3) applied to the semi-linear Schrodinger equation (3.1) is of order s + 2
provided that the underlying Runge-Kutta method is of order s + 2.

Theorem 3.15 Assume that r > 0 is given. Assume that the underlying Runge—
Kutta method is of order s+2, and that the hypotheses of Theorem 8.6, Hypothesis
3.11, Hypothesis 3.12, Hypothesis 3.13 and Hypothesis 3.1/ are fulfilled. If f €
C*+2([0,T), H™*%), then there exists a positive constant C > 0 such that for all
h € (0,hg) and alln € {0,...,N}, one has

[u(tn) = unll 5, < Ch*F2.

Remark 3.16 Of course, the constant C' appearing in Theorem 3.15 also in-
volves the final time T' > 0 and integrals of norms of the time-derivatives of f
over [0, 7.

Proof. Let us set for n € {0,...,N}

dg
In = au(tmu(t )

and 3
dn,i = g(tn + Ciha un,i) - g(tn + Ciha u(tn + Czh)) - Jnen,i-

As before, subtracting (3.10) from (3.3) yields

et = e e, +1+th hAJem—ithb hA)dn,;.
i=1
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By induction, we derive that for all n € {0,..., N — 1},

Cn+1 = — Z e_phA5n+1_p (320)
+ hY_bi(—hA) Ze’phAJ (en—pi + Dn_py) (3.21)
— R _bi(—hA)> e ML AL (3.22)

P o
+ th Z e PhAd, .. (3.23)
p=0

Since the underlying Runge-Kutta method is of order s + 2, one deduces, as in
the proof of Theorem 2.8 that there exists a positive constant C'; such that for
all h and n,

1> e P onripll,, < C hs“(llf(s)(o)llmﬂ + DO gy

p=0

T T
=[Ol st [P ) G290

To bound the error term (3.21), one uses (3.13) and then (3.15) to derive that

S
len—p,i + Dn—pill jr < llen—pll - + ChL Z llen—p,ill v
i=1

S
< (L+2ChoLs)llen—pll yr +2CLR Y 1 An—pll . -
j=1
Using Hypothesis 3.11 and estimate (3.18), we derive that?

Hh Z b hA Z eiphAJn —p,i en—p,i + An—p,i) ‘H

< cm(Z L ((1 +2ChoLs)|len—pll ;o + 2CLR > [ An—psll . ))

p=0 j=1

n T
< ChsLi(1+2ChoLs) > llepll ,, + QCQLLmShSH/ 1F O, dT
p=0 0
Hence, there exists positive constants Cy and Cj5 such that for all A and n, the
H"-norm of the term (3.21) is bounded by Coh Y70 [lel| . + C3h**.

3See the definition of ks in Theorem 3.6.
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In order to bound the H"-norm of the error term (3.22), we set

Yis+1(2) = psp1(ciz ,Z i

and write _
An*pﬂ' = hs+1¢i,s+1(_hA)f(S) (tn*p) + Anfp,ia
to get

h Z bi(—hA) Zn: e PhA g LA =
i=1 p=0

- th Z e P T b 1 (0) 1) () (3.25)
p=0
—h Z bi(—hA) Z; e P AT ph T (g1 (—hA) = 1i,511(0)) ) (bn—p) (3.26)
o -
- hz —hA) — bi( Ze‘phAJ SN o1 (0) O (E,y) (3.27)
p=0
+h Z b;(—hA) Z P A i (3.28)

Since the underlying Runge-Kutta method is of order at least s + 2, we derive

that
Z bi(0)i,s41(0) = 0,

and therefore the term (3.25) reads

hs+2zn:e*phAJ (Zb Ybis41(0 )f(( ) = 0.
p=0

On the other hand, there exists s holomorphic functions (V; s11)eqi,... s} such
that

Vie{l,...,s}, VzeC, Vi s41(2) — i s41(0) = 25 s11(2).

Note that the functions (¥;s11)icq1,....s} are bounded on (R. Let M > 0 be a
bound for these functions. For all ¢ € {i,...,s}, an Abel summation yields

n

Z e_phAJn—p\I’i,erl(—hA)( - hA) f(s) (tnfp) =

p=0
(e ) s ) (= 4) 10
n—1 p CahA tn—p ag .
(e )/ dt[a (b u(t) Wi g1 (=R A) (= hA) fO (1) |t
p=0 ¢q=0 tn—p—1
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On one hand,
| () doWisia (-hA) (= hA) FOO)| < TLMIFO O
p=0

On the other hand, since after differentiating and using Hypothesis 3.11 and 3.13,
one has

d ag (s

=52 u®) Wi (—hA) (= nA) O] |

< RLsM|fO @) iz + RLMR(fO )] s0 + LM fEHD (1))

Hr+2?

where R denotes the maximum of ||u/(¢)] ;- on [0, 7] (see Hypothesis 3.3), we
deduce that there exists a positive constant Cy such that for all A and n, the
term (3.26) has an H"-norm bounded by Cyh*+2.

The same kind of calculations yields, denoting (6;);c {1,...,s} the holomorphic func-
tions such that

Vie{l,...,n}, VzeC, bi(z) — b;(0) = 26;(z) = 0;(2)z,

S n

S ((=hA) = 5i(0) > P41 (0 (bay) =
=1 p=0
Giar1 ) 30 )0~ A)(— hA) Jo ) (0)
p=0

+ e (0 Z(fje-q’“‘) (= na) [ ST O]

If we also denote by M a positive constant bounding the functions (6;)ic(1,... s}
then

e*thai(—hA)( B hA) /tnp dt {gg( ’u(t))f(S) (t)}dtHHr

tnpl

S ) |
< Mh /t e [gg (t, u(t)) f(s)(t)”Hr+2dt.

Hypotheses 3.11 and 3.13 ensure that
15 [t uE) )l o dt
- ~ tn—p - tn—p
< Lo+ B) [ IO geadt Iy [ OO0 dt

tnfpfl tnfpfl

if R stands for a bound of ' ()]l 1 on [0, T](see Hypothesis 3.14). Hence, the
H"-norm of term (3.27) is bounded by C5h**2 for some positive constant Cs.
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One can easily check by using Hypothesis 3.11 that there exists a positive con-
stant Cg such that for all h and n, the H"-norm of term (3.28) is bounded by
Cgh®T2. Hence, term (3.22) is bounded for all A and n by (Cy + Cs + Cg)h*+2.
Eventually, one can estimate term (3.23) by writing, for ¢ € {1,...,s}, h €
(0,hg), n€{0,...,N —1}, and p € {0,...,n}, using Hypothesis 3.12
l-pil e < Lo (Nt =ttn—pall g+ 1ltn—p) = ultnp i) | 7, )lenpill -
Therefore, we get that

n Z bi(—hA) i e PG, s
i=1 0

p=

n S 9 ~
< CLoh 3" (lenpill e + Rhllen il )

p=0 i=1
Note that we have using (3.15) and (3.18)

S S
2 2
Sllen-pally < (3 len-pill )
i=1 i=1

S
2 2
(s + 1) (45 en—pll 3 +4 3 180l )
i=1

HT

IN

IN

tn—
2 o noptl 2
< (s+ 1)(4s2||en,p\|Hr + 4sk2h? “/t [FARICallle dT)

n—p
In—p+1 9
< (54 (1% Reayly + s>t [ O, ar).
tnp
We derive that there exists a positive constant Cr7 such that for all A and n, the
H"-norm of term (3.23) is bounded by

oS Negl, + Coh**.
p=0

The conclusion follows using Lemma 3.7. [ |

4 Numerical experiments

We provide two kinds of numerical experiments to illustrate our results. Both of
them have been performed with s = 2 collocation points.

e The first method we choose is defined by ¢; = % and co = 1. This method
does not satisfy relation (2.11). Hence, its underlying Runge-Kutta method
exactly is of order 2.

e The other method we choose is defined by ¢ = % and ¢ = 1. This
method satisfies relation (2.11) but not relation (2.21). Hence, its underly-
ing Runge-Kutta method exactly is of order 3.

24



4.1 Linear problems

Firstly, we consider a linear problem (2.4) with dimension d = 1. The functions
ug and f are chosen in such a way that the exact solution of the problem is

2
u(t,z) = eL(%) sin(*)  We set the final time T = 27. We apply Methods 1 and 2
to this problem for different time steps h > 0 such that T'/h is an integer. We
plot in logarithmic scales the L?-norm of the final error er as a function of h
h

on Figure 1. Calculations are carried out with Fast Fourier Transforms with 28
modes.

One can see that, in both cases, the error plot lies between two different
straight lines with same slope. The upper line is reached when T'/h = 27 /h is
close to the square of an integer, that is to say when the time step is resonant
(for example, when T/h = 27/1071-2019 ~ 100 = 102, relation (2.17) does not
hold). In this case, inequality (2.12) of Theorem 2.4 holds and seems to be sharp.
On the other hand, for non-resonant time steps, estimate (2.19) of Theorem 2.6
holds and seems to be sharp. Of course, estimate (2.12) also holds, but it does
not seem to be sharp anymore.

- Method 1
* Method 2 ]

Final error (logarithmic scale)

_107 4

_117 -

_12 | | | | | | |
-1.7 -1.6 -1.5 -1.4  -13 -1.2 -1.1 -1
Time step (logarithmic scale)

Figure 1: Final error as a function of the time step for a linear Schrodinger problem.
Method 1 (upper dotted line) and 2 (lower starred line). Logarithmic scales.
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4.2 Semi-linear problems

Secondly, we consider a semi-linear problem (3.1) with dimension d = 1. The

non-linearity is g(u) = i|u|>u and the initial datum is ug(x) = 21;:2;;) We set
the final time T' = 2mr. We apply Methods 1 and 2 to this problem for different
time steps h > 0 such that T'/h is an integer. We plot in logarithmic scales the

L?-norm of the final error er as a function of h on Figure 2. Calculations are
h

carried out with Fast Fourier Transforms with 28 modes.

One can see that no resonance occurs for time steps between 1073 and 1071,
even when T'/h is the square of an integer, and that both methods have a nu-
merical order consistent with Theorems 3.6 and 3.8: the upper straight line has
a numerical slope close to 2, while the lower straight line has a numerical slope
close to 3.

-2r - Method 1 /* i
+ Method 2

Final error (logarithmic scale)

— | | | | | | |
§3 -28 -26 -24 -22 -2 -18 -16 -14 -12 -1
Time step (logarithmic scale)

Figure 2: Final error as a function of the time step for the cubic Schrédinger equation.
Method 1 (upper dotted line, numerical slope 1.9932) and Method 2 (lower starred
line, numerical slope 2.9874). Logarithmic scales.
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5 Conclusion

This paper provides a numerical analysis of exponential Runge-Kutta methods
of collocation type applied to the linear and semi-linear Schrodinger equations
on a d-dimensional torus. These methods have been studied in [14] when applied
to parabolic problems.

This paper shows how the results of [14] extend to the case of the Schrédinger
equation and provides sufficient conditions to achieve orders s, s+1 and s+2 using
an s-stage method (see Theorems 2.1, 2.4, 2.6, 2.8 and 2.9 for linear Schrédinger
problems and Theorems 3.6, 3.8 and 3.15 for non-linear Schrédinger problems).
Essentially, when solving Schrodinger problems, the methods behave as they do
when solving parabolic problems : under some suitable assumptions (on the
right-hand side or on the non-linearity), an s-stage method is of order s and can
achieve orders s + 1 and s + 2. However, the proofs of the results presented in
this paper require some hypotheses (for example on the regularity of the exact
solution of the problem, like Hypotheses 3.3 and 3.14) that seem more restrictive
in the Schrodinger context than the corresponding ones in the parabolic context.
Moreover, this paper points out a major difference between parabolic problems
and Schrodinger problems solved by such exponential Runge-Kutta methods: it
shows and explains the effect of resonant and non-resonant time steps over finite
time intervals when solving linear Schrodinger problems (see Theorems 2.6 and
2.9).
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