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Abstract

This paper deals with the asymptotic behaviour of the solutions of linear
initial boundary value problems with constant coefficients on the half-line and
on finite intervals. We assume that the boundary data are periodic in time
and we investigate whether the solution becomes time-periodic after sufficiently
long time. Using the Fokas’ transformation method, we show that for the linear
Schrodinger equation, the linear heat equation and the linearised KdV equation
on the half-line, the solutions indeed become periodic for large time. However,
for the same linear Schrodinger equation on a finite interval, we show that the
solution, in general, is not asymptotically periodic; actually, the asymptotic be-
haviour of the solution depends on the commensurability of the time period T
of the boundary data with the square of the length of the interval over .

1 Introduction

This paper deals with the asymptotic behaviour of the solutions of linear initial
boundary value problems (IBVP) with constant coefficients on the half-line and
on finite intervals when the boundary data are periodic. Following the recent
investigation of Bona and Fokas [4], our main concern is the existence of a peri-
odic asymptotic profile for the solutions of such problems. As we shall see, the
situation is rather different on the half-line and on finite intervals, because in the
case of a finite interval, the “waves” can be “reflected” from one boundary to the
other.

We first look at linear problems on the half-line written in the form

O + w(—idz)g =0 t>0, >0
q(0,z) = qo(z) x>0 (1.1)
92q(t,0) = f;(t) t>0, 0<j<N-1,



where w is a polynomial of degree n € N*, ¢qg is a smooth initial datum, N €
{1,...,n} is the number of boundary data such that the problem is well-posed
(see [10]), and (fj)o<j<n—1 are N given smooth functions that are compatible
with gg. We assume that fy,..., fy_1 are periodic functions of time with the
same period and we look for a smooth asymptotic profile ¢, such that

o for all x > 0, t — qp(t,x) is a periodic function of time,

- _ .
o forall x>0, |q(t,z) = gp(t,2)| — 0

In [4], the existence of a periodic profile for the solution of the linear KdV equa-
tion on the half-line (corresponding to w(—id,) = —ik?) is stated, provided that
the initial datum ¢g is homogeneous (¢o = 0) and that the boundary datum fjy is
periodic (N =1 in that case). The proof is based on the new general transform
method developped by A.S. Fokas [6]. In this paper, we use the Fokas’ method
to derive the asymptotic behaviour of the solutions of such equations with peri-
odic boundary data. More precisely, for the solutions of the linear Schrodinger
equation, of the linear heat equation and of the linear KdV equation on the half-
line, we prove the existence of an asymptotic periodic profile when the periodic
boundary data are periodic and we provide explicit formulae for these profiles
involving the Fourier coefficients of the boundary data.

We also investigate the asymptotic behaviour of the solutions of linear PDEs
with constant coefficients on bounded intervals with periodic boundary data of
the form:

Orq + w(—10y)qg =0 t>0, z€(0,L)

q(0,2) = qo(v) z € (0,L) 12)
rq(t,0) = fi(t) £>0, 0<j<N —1

Ozq(t, L) = g;(t) t>0, 0<j<N;—1,

where L > 0 is given, w is a polynomial of degree n € N*, ¢ is a smooth
initial datum, Ny, Ny € {1,...,n} are the numbers of data at x = 0 and z = L
respectively such that the problem is well-posed (see [9], Appendix A, and [12]),
and (fj)o<j<n,—1 and (gj)o<j<n,—1 are N1+ Ny given smooth functions that are
compatible with go. We assume that fy,..., fy,—1 and go, ..., gn,—1 are periodic
functions of time with the same period and we look for a smooth asymptotic
profile g, such that

e for all x € [0, L], t — ¢,(t, ) is a periodic function of time,

e forall z € [0, L], |q(t,x) — gp(t,z)] — O.

t—-+4o00
In the case of the linear Schrédinger equation, we use the formula derived in [9]
to obtain results on the long-time behaviour of the solution. In particular, this
formula allows us to give sufficient conditions depending on the link between the
length L of the interval and the period T of the boundary data to obtain periodic
solutions, as well as solutions that do not have any asymptotic profile.



The outline of the paper is the following. In Section 2, we consider the
linear Schrodinger equation on the half-line (i.e. a problem of the form (1.1)
with w(k) = ik?) with homogeneous initial datum (go = 0) and smooth periodic
boundary datum fy. We recall the Fokas’ method (see [8]), we prove the exis-
tence of a periodic profile ¢, and we provide an explicit formula for that profile
involving the Fourier coefficients of f; (see Theorem 2.4, Theorem 2.7 and The-
orem 2.14). Section 3 is devoted to another illustration of the efficiency of the
integral representation method for the analysis of linear IBVP on the half-line
with periodic boundary data through two examples : the linear heat equation
(w(k) = k?) and the linearised KdV equation (w(k) = —ik3). In both cases,
we follow the method we used in Section 2: we use the integral representation
method, we prove the existence of an asymptotic profile for the exact solution
of the problem and we provide explicit formula for these profiles (see Theorem
3.1, Theorem 3.5 and Theorem 3.6). In Section 4, we consider problems of the
form (1.2) on a finite interval (0, L) with w(k) = ik?. If fo and go are T-periodic
smooth functions, we show that, if L?/7 and T are linearly dependent on Q, the
solution of these linear Schrédinger equations can have, for example, unbounded

L?-norm (Hq(t)HB(O’L) e +00) and hence they cannot be asymptotically pe-

riodic in general. If 7' and L?/r are linearly independent on Q, we show that
the solution is not asymptotically periodic in general as well. Finally, we provide
numerical experiments in Section 5 for illustration.

2 The linear Schrodinger equation on the
half-line

In this section, we consider the linear Schrédinger equation on the half-line with
a periodic boundary datum and we apply the Fokas’ method (see [8]). We first
look at the asymptotic behaviour of the solution when the boundary datum is a
sine function, we prove the existence of a periodic profile in that case and give
an explicit formula for that profile using contour deformations of the involved
integrals and Cauchy’s residue theorem. Then, we apply the same method to the
case of a general periodic boundary datum. We prove the existence of a periodic
profile in that case and provide an explicit formula for that profile involving the
Fourier coefficients of the boundary datum. Recall that we provide numerical
experiments in Section 5 for illustration.

2.1 The problem

Following [4], we consider the linear Schrodinger equation on the half-line written
in the form of the inital-boundary-value problem:

10tq 4+ Ozzq = 0 t>0,z>0
q(0,z) = 0 x>0 (2.1)
q(t,0) = fo(t) t > 0.



This problem is of the form (1.1) with w(k) = ik?. Note that N = 1 in that case.
Since the problem is linear, we restrict ourselves to the case gy = 0. Moreover,
we assume that fjy is a smooth periodic function of time.

2.2 The Fokas’ method

We apply the method described in [4] to Problem (2.1). Our goal is to prove the
integral representation formula (2.8) of the solution ¢ in terms of the boundary
datum fy.

2.2.1 Step 1: Write (2.1) into a divergence form

The first step of the method consists in rewriting the evolution partial differential
equation in (2.1) as a family of linear partial differential equations in divergence
form. In order to do that, we define for ¢t > 0, z > 0 and k € C

X(t,z, k) := —kq(t,x) +i0:q(t, x),

where ¢ denotes the exact solution of Problem (2.1). Then we derive that for all
t>0,z>0and k €C,

Oy [e_ikz+“’(k)tq] — Oy [e‘ikar“(k)tX(t, x, k)} =0. (2.2)

2.2.2 Step 2: Obtain a global relation from (2.2)

The next step of the method consists in deriving a global relation involving
transforms of the boundary datum fo(t) = ¢(¢,0) and the Neumann derivative
of the solution at the boundary 9,¢(t,0). In order to do that, we consider the
Fourier transform of the solution of Problem (2.1): for all t > 0 and all k € C
such that Im (k) < 0, we define

+o0o )
q(t, k) = / q(t,m)e_mdm,
0

and for all t > 0 and all kK € C,

folt, k) = /Ot e"™q(s,0)ds and filt,k) = /Ot e"*0.q(s,0)ds. (2.3)

Using the divergence form (2.2) of Problem (2.1), we obtain the following global
relation: for all ¢ > 0 and all k¥ € C such that Im (k) <0,

Wt k) = kot w(k)) — ifi (¢ w(k)). (2.4)

2.2.3 Step 3: Inverse the global relation (2.4)

Assuming sufficient smoothness and decay on the exact solution ¢ of the Problem
(2.1), we derive from (2.4) using the inverse Fourier transform that

Vi, >0,  q(t,z) = % /_ o ehr=w W (k fo(t,w(k)) — ifi(t,w(k)))dk. (2.5)



2.2.4 Step 4: Eliminate unknown boundary conditions

Following [4], we denote
D={keC | Re(w(k)) <0},
and we note that for all z € C, we have
z€D < —z€cD.
Therefore, we use the transformation z — —z in (2.4) to get that
VE e R, VE>0, WGt —k) = —kfo(t,w(k)) — ifi(t,w(k)). (2.6)

This yields

~ 1(t, k) + q(t, —k
VEERVES 0, filt,w(k)) = it dE )+2q( k) (2.7)
Hence, using Jordan’s lemma, we have
V>0, [ ke (k) = q(t, )
’ T . He g\

Eventually, plugging this result into the integral representation of the solution
formula (2.5) yields

1 +oo L e
Vo >0, gltr) = o / 2R f (4 w(k))dE. (2.8)

—0o0

2.2.5 The integral representation of the solution of (2.1)

In order to sum up our previous calculations, we state the following:

Theorem 2.1 Assume fy is a given smooth periodic function of time. Then the
solution q of the corresponding problem (2.1) is given by formula (2.8).

The remaining parts of this section are devoted to the use of the integral
representation formula (2.8) for the description of the asymptotic behaviour of
q. In Section 2.3, we look at the asymptotics when the boundary datum is a sine
function. Then we look at the long time behaviour when the function fj is any
smooth periodic function in Section 2.4.

2.3 Sine functions as boundary data for Problem (2.1)

Inspired by [5], we look at the exact solution ¢ of Problem (2.1) with the simple
periodic boundary datum:

fo(t) = sin(bt), (2.9)



for some b > 0. We are interested in the long time behaviour of the function
q. Our goal is to prove Theorem 2.4 that provides an explicit formula for the
asymptotic profile of q.

Using the definition of the time-transform of the boundary datum fy (see
(2.3)), we derive that

b+ keFtsin(bt) — beM cos(bt)
k2 + b2 '

We split the corresponding integrand in the integral representation formula (2.8)
in the following way. We define for all £, > 0 and all k € C such that b*> —k* # 0,

fO(ta k) =

be —ik2t
b2 — kY’

Fi(t,z, k) = 2ke*®

and
ik? sin(bt) — b cos(bt)

b2 _ fA4

Fy(t, o, k) = 2ke'™™
This way, we have
2]{: ZkIE —w fo(t UJ( )) ey Fl(t,ﬂj, kf) +F2(t7$7k)

Note that that k& — Fi(t,x,k) + Fy(t,z,k) is a holomorphic function on C
(singularities in +i./[b] and +./]b] are removable), but k ~— Fi(t,x, k) and
k — Fy(t,z, k) have singularities in +i+/]b] and £4/]3].

Now, we perform two contour deformations on the integral (2.8) in order to
derive the asymptotic behaviour of ¢. Firstly, we define the following complex
paths:

Vr <0, [i(r) =
0 € (—,0), Ty(0) = f(1+ew)
Vr > 0, Fg(T)—2\/_+T

This way, the exact solution of Problem (2.1) reads, after contour deformation
in formula (2.8)

q(t,z) =
1 /0 -
3 (Fy(t,z,T1(r)) + Fa(t,x,T1(r)))e *2dr
I ,
+ 5o [ (Fi(ta,Ta(0) + Fa(t, 2, T2(0)))i be'?do
™ —Tr
1 [T
+ % (Fl(t,x,Fg(r)) +F2(t,:L’,P3(T’)))dT’. (2.10)
0
Secondly, we use the two following complex paths
Vr >0, Id(r) = Wb+ reld,
Vr >0, I5(r) =2vb+ re 7,

6



to derive that

I 1 [T

o ), Fi(t,z,T3(r))dr = o Fl(t,m,I’g(r))e_i%d"r’,
1 +oo 1 +o0 .
o ), F(t,z,T3(r))dr = o/, Fy(t,z,T'5 (r))e'1dr,

and we can plug these formulae in the last line of (2.10) to get another expression
for the exact solution ¢ of Problem (2.1).

This way of writing the exact solution, though it is maybe not the simplest
one, has two important features. First of all, it decouples the quantities that have
different behaviours (some of them tend to 0 when ¢ tends to +0o0 (See Lemma
2.2) whereas the others carry the information about the profile of the solution
when t tends to +o0o (See Lemma 2.3)). Second of all, the integrals involved
in this expression of the exact solution are suitable for numerical computations
since they are either integrals of smooth functions over a finite interval, either
integrals of smooth exponentially decaying functions over a half-line.

A precise statement on the asymptotic behaviour of the solution ¢(¢,z) of
Problem (2.1) with boundary datum (2.9) when z > 0 is given and ¢ tends to
+o0 will be derived from the two following lemmas.

Lemma 2.2 For all x > 0, the following limits hold:

0 .

/ Fl(tvxvrl(r))e_zzdr - 07
0 |
Fi(t,z,T2(0))ivbe?dd  — 0,

—T

+oo o
/ Fi(t,z,T'5(r))e *adr — 0.
0

Lemma 2.3 The residue theorem ensures that

1 izvb,—ibt _ —a/b ibt
—_— FQ(t,fE,k)dk = ¢ ¢ ¢ ¢
2im F1+F2+F;r 2
Proof. For all ¢,z > 0, we have
bcos(bt) — ik? sin(bt) girvbeibt

(k — Vb)Fy(t, z, k) = 2ket*™

R0kt vh) hovs 2

and similarly,

beos(bt) — ik? sin(bt) e—xVbeibt

k—ivVb)Fy(t, z, k) = 2ke'™™ — -

Finally, we derive the following result on the asymtpotic behaviour of the
solution ¢ of problem (2.1) with boundary datum (2.9):

7



Theorem 2.4 For allb > 0, let q be the solution of Problem (2.1) with boundary
datum (2.9). The following estimate holds for all x > 0:

jeieVbo—ibt _ i —aV/b bt
q(t,z) e 5 . (2.11)

Proof. Use the results of Lemma 2.2 and Lemma 2.3 in expression (2.10). m

2.4 General periodic boundary data

In this section, we look at the asymptotic behaviour of the solution ¢ of Problem
(2.1) when the boundary datum fy is a smooth periodic function of time. Our
goal is to prove Theorem 2.7 and Theorem 2.14 that prove the existence of a
periodic profile for ¢ and provide explicit formulae for that profile involving the
Fourier coefficients of f.

2.4.1 Zero-mean periodic boundary data

Since Equation (2.1) is linear and posed on the half-line, we can assume without
loss of generality that the periodic boundary datum fy has period 27. Since fy
is smooth, we write

VEER,  folt) =) fe™, (2.12)

nez

where the Fourier coefficients (f,)nez tend to 0 rapidly as |n| tends to +oc.
We assume that fj is compatible with the homogeneous initial datum at ¢t = 0.
In other words, we assume that

fo(0)=>_fu=0. (2.13)
nez
Moreover, we assume that fy has zero mean-value:

2
fo(t)dt =2m fy = 0. (2.14)
0
With these hypotheses on the boundary datum go and following the method
introduced in Section 2.3, we rewrite the exact solution ¢ of Problem (2.1) (see
Lemma 2.5). We first define the three complex paths 71,72 and 3 as follows:

Vr € (—o0,V2), Y (r) = re % (2.15)
Vr e (1,400), Yo(r) = —i+r
Vr € (V2,+00), y3(r) = re %, (2.16)

Lemma 2.5 Let q be the exact solution of Problem (2.1) with 2m-periodic smooth
boundary datum fo written in the form (2.12) and satisfying (2.13) and (2.14).
The following identity holds for all t,x > 0:

int _ —ik3t

1 A e e
q(t,x) = — fn/ D) T ——, | (2.17)
2w nze:z Y1+72 (n + k2)



Remark 2.6 Note that for all t,x > 0, every integrand is a smooth function of
k since the singularities (in k = +v/—n if n < =1 orin k = +i\/n if n > 1) are
removable.

Theorem 2.7 We have the following asymptotic periodic profile for the exact
solution of Problem (2.1) with smooth 2m-periodic boundary data fo written in
the form (2.12) and satisfying (2.13) and (2.14): for all z > 0,

£ —x\/n int ¢ ixy/n —int

q(t,x) e z_; (fne €™+ fpetVeT ). (2.18)

Proof. Using identity (2.17) of Lemma (2.5), we write that for all n € Z\ {0},
int e—ik%

oketr S C g
/714-72 (n + k2)
—ik2t

int e

- okeFr gk — / ket S qk.
[/1+V2 (n + k2) Y1+72 (n + kz)

Note that, by contour deformation,

—ik2¢ e-z’k%

. e .
) oA —", | - / ket —__dk,
/Y1+’Y2 (n + kz) Y1+73 (n + k2)

and for all z > 0, this quantity tends to 0 when ¢ tends to +oo, uniformly in n.
Moreover, using Jordan’s lemma, we get
1 pint { elry/—ngint ifn<-—1

ket ———dk =

2 Sy 4y (n +&2) e~ eVneint ifn>1.

Remark 2.8 Note that, setting b =1 in (2.9), Theorem 2.7 implies

1 . 1 ..
Yz > 0, q(t,x) ety <Ze_xelt _ Zezxe—zt).

This result is exactly the corresponding relation (2.11) of Theorem 2.4.

Remark 2.9 Formula (2.18) of Theorem 2.7 ensures that the Sobolev reqularity
(in time) of the asymptotic profile of the exact solution of Problem (2.1) is the
same as that of the periodic datum fy (recall that fy is assumed sufficiently smooth
anyway).

ika e~ iK%t
1+73 2ke (n+k2)
shows that the convergence in (2.18) is uniform in x on bounded sets.

Remark 2.10 Further analysis of the convergence of fy dk to 0



2.4.2 General periodic boundary data

In order to get rid of the somehow artificial condition (2.14), we compute the
limit as t tends to +oo of the formal exact solution of Problem (2.1) obtained
using formula (2.8) with boundary datum fo(¢f) = 1 in Lemma 2.12. Before that,
we define the following complex paths (note that they are a shifted version of
the family (71, 7v2,73) defined in section 2.4.1):

Vr € (—o00,0), Ty(r) = —i+re'd
Vr € (0, +00), [y(r) =—i+r
Vr € (0, +00), T3(r) = —i +re 4,

and provide us with another lemma:

Lemma 2.11 The following equality holds:

1 e—z’z2

2w 1403 z

Proof. Using contour deformation, the left hand side of the identity reads

1 -1 —ik? 1 0 o 1 +oo ,—ik?
©  dk+— z’e—w”d9+—/ ‘ -
1

2w | ok 2im | . 2im
The left and the right term cancel out and the double of the last term is
1[0 1 [T e 1 [e
—_— i6_262 Gde + —/ ie_ZE2 Gde = —/ € dk’,
2im J_, 2im Jo 2im Jo kK

where C stands for the positive unit circle. Hence the result is proved using
Cauchy’s residue theorem:

1 —iz? 1 —ik?
2 g [ ) =g [t
2im Jpi4r, 2 2w Jo kK

We are now able to prove the result about the asymptotic behaviour of the
formal exact solution of Problem (2.1) obtained using formula (2.8) with bound-
ary datum fy(t) = 1:

dk.

Lemma 2.12 For all z > 0,

1 oo . 1.2 toa
2ketkr =ik t/ e*sdsdk — 1.
0

27T —00 t——+00

Proof. Note that for all ¢,x > 0, one has

k2
1 e leikxe_ith /t eikQSdsdk = i o 26ikwﬂdk.
0

2 oo T J_oo k

10



2
ikx 1—e k7t
k

Moreover, since the function k +— e is analytic, we have

12 12
/ T ke L= e gkl =€
—oo k Ty 4T, k

Using the linearity of the integral, we derive that

/+oo ik 1— e-z’k%dk / 9 etk " / Qeikx—z’kzt "
et —dk = — —, Y Y
—00 k I1+l2 k I1+l2 k

The quantity we want to compute is now the sum of two contributions. Using
Jordan’s lemma, we compute directly the first contribution:

1 2€ik:c

A% 14Ty k

dk = 2.

Then, we compute the second contribution using another contour deformation:

9 ikz—ik2t 9 ikz—ik2t
/ € qk= / € gk
r4r, Kk r+rs Kk

We have, setting z = kv/t,

—ik2t —iz

e " . e i T
/ — ) :/ e Vidz.
ri4+rs K 4Ty 2

Note that .
eV — 1,
t—+o0
and for all t > 1 and r € R,
o AT V2 V2
—i(re'T—4)?2  m . —Q—T(l—i-r—)
€ 4 i(re'4 _Z)W e 2 2 emax(0,1+§r)m'
re”'d —1

<

= /o 1/2
(4+ )

Since this bound is integrable on R and independent of ¢ > 1, we derive that

)

—iz? —1z
e iz L e
/ ——e Vidz — dz.
INES =400 Jri4ry 2

This last integral is equal to iw by Lemma 2.11. Finally,

1 2eikm—ik2t
- ) R
2 Ty+Ts k t—-+4o00

and the result is proved.

Remark 2.13 This lemma even allows us to consider boundary data fo that do
not satisfy the compatibility condition (2.13).

Finally, we are able to use the linearity of the problem to combine Theorem
2.7 with Lemma 2.12 to obtain the following theorem:

11



Theorem 2.14 Assume fy is a given sufficiently smooth 2m-periodic complez-
valued function written in the form (2.12) and satisfying (2.13). We have the
following result for the asymptotic behaviour of the exact solution q of Problem
(2.1): for all z > 0,

00
q(t,x) t_::;_oo fO + Z (fne—:c neint + f_nei:c\/ﬁe—int).
n=1

Remark 2.15 This result gives an explicit description of the asymptotic profile
of the exact solution of the linear Schrodinger equation on the half-line (2.1) for
homogeneous initial datum and periodic boundary datum.

3 The linear heat equation and the linear
KdV equation on the half-line

This section is devoted to another illustration of the efficiency of the Fokas’
method for the analysis of the asymptotic behaviour of the solutions of linear
initial boundary value problems on the half-line. As we did in Section 2, we apply
this integral representation method to the solutions of linear evolution partial
differential equations with constant coefficients of the form (1.1) on the half-
line with periodic boundary data and we use contour deformation and Cauchy’s
residue theorem to derive the existence of periodic profiles and obtain explicit
formulae involving the Fourier coefficients of the boundary data (see Theorem
3.1, Theorem 3.5 and Theorem 3.6). Since the method is very similar to the
one used in the previous section (Section 2), the results are presented in a more
concise form. We first look at the linear heat equation in Section 3.1. Then
we investigate the case of the linear KdV equation in Section 3.2, providing an
explicit description of the periodic profile whose existence was stated in [4].

3.1 The linear heat equation on the half-line

In this section, we investigate the long time behaviour of the solutions of the
linear heat equation on the half-line with periodic boundary data. This problem
is of the form (1.1) with w(k) = k2. Using the linearity of the problem, we
restrict ourselves to the case of homogeneous initial data gg = 0. Moreover, we
assume that fy is a smooth function of ¢ and is 27-periodic.

3.1.1 The transformation method

We are interested in the long time behaviour of the solution of the following
problem:

04q—0pzq = 0 t>0,2>0
q(0,z) = 0 x>0 (3.1)
q(t,0) = fo(t) t >0,

12



where fj is a smooth 27-periodic function. Applying the Fokas’ transformation
method (see Section 2.2), we obtain the following representation formula for the
exact solution of Problem (3.1):

1 +oo . -
Vt,z >0,  q(t,z)= o / e TR f (¢ w(k))dE, (3.2)

where w(k) = k2 and
t
r ’ — KS ds.
fo(t, k) /0 €™ fo(s)ds

3.1.2 Periodic boundary data with zero mean

Theorem 3.1 We have the following asymptotic periodic profile for the exact
solution of Problem (3.1) with smooth 2m-periodic boundary data fo written in
the form (2.12) and satisfying (2.13) and (2.14): for all z > 0,

o

V3 [~ . N N . N

dta) | v 3R (fi iRty f g (3
n=1

Moreover, the convergence is uniform with respect to x.

Proof. By a straightforward calculation, we get, for n € Z \ {0},

int k2t

~ ee 1
t k) = ———
Jo(t, k) k2 +in
Hence, defining for all ¢,z > 0,
—k%t
o —€
Fi(t,z,k) = 2ke'*® ———
1t 2, k) “ ¥t
and -
m
Fy(t, o, k) = 2ke'® =
(b, k) = 2ke™
we get,

ke e K fy (4, w(k)) = Fi(t, m, k) + Fy(t, x, k).
Using (3.2), we derive that for all ¢,z > 0,

L[t 1 [t
q(t,z) = —/ Fi(t,z, k)dk + T Fy(t,z, k)dk.

Zim J_ 1T o
One easily checks that

1 [t
— Fi(t,z,k)dk — 0,
t——4o00

2im J_

uniformly in n and x. Moreover, using Jordan’s lemma, we have
1 [t e mY2 _inymYZE
Fy(t,z, k)dk =e oV/ny o miey/ng et

2 J_ o

13



if n>1 and

“+oo
L Byt o, k)dk = e~V "% iny g gint
2im J_
if n < —1. This completes the proof. |

Remark 3.2 One observes in Theorem 3.1 the following smoothing effect of the
heat equation: for any periodic boundary datum fo with (sufficient) Sobolev-type
reqularity, for all x > 0, the asymptotic profile of the exact solution of Problem
(3.1) at point x has a Gevrey-type regularity.

3.1.3 General periodic boundary data

As we did for the Schrodinger equation in Section 2.4, we investigate the asymp-
totic behaviour of the solution of Problem (3.1) with boundary datum go = 1.

Lemma 3.3 Let I" be the complex path defined for r € R by I'(r) = r —i. One
has

1 2 1
—Q € dz = —.
2w Jr oz 2
Proof. The proof is similar to that of Lemma 2.11. [ |

Lemma 3.4 For all x > 0,

1 e 2, (12
— 2kethT o=kt e sdsdk — 1.
2im J_ o 0 t—4-00

Proof. The proof is similar to that of Lemma 2.12. The above integral reads
by contour deformation

k2 2
L oo eikxl_ektdk:L ikxl_ektdk
2 oo k 2 Jp k ’
where I is the complex path defined for » € R by I'(r) = r — i. Note that
1 ikx
b 26 dkf == 2,
2 T k
by Jordan’s lemma and
—k%t
R L TR
2im Jr k t—-+o00
by Lemma 3.3. This completes the proof. [ |

These lemmas allow us to generalise Theorem 3.1 to the case of general peri-
odic boundary conditions:
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Theorem 3.5 We have the following asymptotic expansion for the exact solution
of Problem (3.1) with smooth 2m-periodic boundary data fy written in the form
(2.12) and satisfying (2.13): For all x > 0,

00
~ V2 [ A . V2. A . V2 .
q(t,x) t : fo+ 2 :e—x\/ﬁ—; (fne—zm\/ﬁ—; eint + f_nezm\/ﬁ—; e—znt>. (34)
——+o00
n=1

Proof. The proof consists in adding Lemma (3.4) to Theorem (3.1) by linearity.
|

3.2 The linearised KdV equation

In this section, we investigate the long time behaviour of the solutions of the linear
Korteweg-de Vries (KdV) equation on the half-line with periodic boundary data.
This problem is of the form (1.1) with w(k) = —ik3. Using the linearity of the
problem, we restrict ourselves to the case of homogeneous initial data gg = 0.
Moreover, we assume that fj is a smooth function of ¢ and is 2m-periodic.

3.2.1 The transformation method

We are interested in the long time behaviour of the solution of the following
problem:

0tq+ Opng = 0 t>0,z>0
q(0,z) = 0 x>0 (3.5)
q(t,0) = fo(t) t >0,

where fj is a smooth 27-periodic function. Applying the Fokas’ transformation
method, we obtain the following representation formula for the exact solution of
Problem (3.5):

1 t+oo g
Vha>0,  qltr) = o / SRR 4 (k)R (3.6)

T J o0

where w(k) = —ik3 and
B t
t,k) = s ds.
fo(t, k) /0 €™ fo(s)ds

3.2.2 Periodic boundary data with zero mean

We denote by o the complex number % . We define the two following complex
paths for 6 € (0, §):

Vr € (—00,0), Iy (r) =re {579,
Vr e (0, +00), Ty(r) = refl5 70,

15



Theorem 3.6 We have the following asymptotic expansion for the exact solution
of Problem (3.5) with smooth 27-periodic boundary data fy written in the form
(2.12) and satisfying (2.13) and (2.14): for all z > 0,

oo

q(t, :I?) t_:_OO Z (fneia {‘/ﬁxeint + ]E_ne—ioz2 {‘/ﬁxe—int) ) (37)
n=1

Remark 3.7 Note that for all A € R, the complex conjugate of eiod jg g=ia*X,

If the boundary datum fq is real valued then for alln € Z, fn = f_n. Hence, the
asymptotic profile given by formula (3.7) is real valued as well.

Remark 3.8 Using the definition of «, relation (3.7) also reads

q(t,z) ~ Z ¢ % Vi (fne_i% Yz gint | f_nei% %we_mt) . (3.8)

n=1

Proof. By a straightforward calculation, we get, for n € Z \ {0},

int —ik3t _

. e™e 1
t,—ik?) = —— =
fO( y ) z'(n— kg)
Hence, defining for all ¢,z > 0,
5 ik _ez‘k3t
Fi(t,z, k) = 3k“e"™ —————
and ,
9 ik eznt
Btz k) =3k°e" ——-——
2( ,x, ) 3 € (kg _ n)’
we get,

—3ik2e et £ (1 w(k)) = Fy(t, 2, k) + Fy(t, 2, k).

Note that for all ¢,z > 0, F} + F» is an analytic function of k. Using (3.6) and
contour deformation, we derive that for all t,x > 0,

1 1
alta) = — / Fu(t, o, k)dk + — Fy(t, . k)dk.
2im Jr4r, 2im Jpi 41,
One easily checks that
1
—Q Fl(t,l',]{f)dkf — 0,
um 14Ty t——+00

uniformly in n and x. Moreover, using Jordan’s lemma, we have

1 . .
— Fy(t,x, k)dk = e v neint
20T J114T;
if n>1 and
1 g .
- Ey(t,z, k)dk = eio” %xemt,
20T Jry4y
if n < —1. This completes the proof. |
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4 IBVP over the finite interval

4.1 Introduction

In this section, we consider linear evolution PDEs with constant coefficients on
a finite interval (0, L) where L is a given positive real number. These problems
are of the form (1.2). Such problems have been studied in [9] by implementing
the Fokas’ transformation method.

We are interested in the long time behaviour of the solutions of these problems
when the boundary data are periodic in time. In particular, just as we did for
problems on the half line in the previous sections (see Section 2 and Section 3), we
investigate the existence of a periodic profile for the solutions of such problems.
More precisely, if ¢(t,z) denotes the solution of such a problem for ¢ > 0 and
x € [0, L], we define an asymptotic profile ¢,(¢,z) as a smooth periodic function
of t satisfying for all = € [0, L]

lq(t,x) — qp(t, )| e 0.

With the linear Schrédinger equation as an example, we present in this section
different types of asymptotic behaviours that occur when the boundary condi-
tions are periodic and share the same period. In contrast to the case of linear
problems on the half-line (see Theorem 2.14), it turns out that an asymptotic

profile does not exist in general (see Theorem 4.1, Theorem 4.4 and Theorem
4.9).

4.2 The linear Schrodinger equation

We investigate the long time behaviour of the solution of the following homoge-
nous linear initial boundary value problem :

10tq + O0zzq = O t>0,2€(0,L)
q(0,z) = 0 z € (0,L) (4.1)
q(t,0) = fo(t) t>0
q(t,L) = go(t) t>0,

where L and T are given positive real numbers and fy and gy are given smooth
T-periodic functions. Note that this problem is of the form (1.2) with w(k) = ik?
and N1 = Ny = 1. Our analysis is based on the following classical representation
formula of the solution of (4.1) (see [9], equation (3.2)): for all t > 0 and z €
(0,L),

q(t,z) = ﬁ mZE:Zsin(k:mm)e_Zk%Lt [N(t k) = Nt =km)], b = % (4.2)

where the function N is given by

N(t, k) = k(fo(t, k) — e *Ego(t, k),

17



and the functions fy and gy are the following t-transforms of fy and go: for all
keCandt >0,

folt k) = /0 M fo(s)ds  and  Golt,k) = /0 Fogo(s)ds.  (43)

Although the exact solution of Problem (4.1) is a smooth function of (¢, z), the
representation formula (4.2) involves a series whose convergence can be weak (and
is usually not uniform on (0, L) for example). However, as an exact representation
of the solution in terms of transforms of the boundary data, it provides much
information in particular about the long time behaviour.

It turns out that the typical behaviour of the exact solution g of (4.1) depends
on whether 7" and L?/7 are linearly independent on Q or not. As we shall see,
this condition corresponds to the possibility for a periodic signal of frequency
27 /T given at a boundary to get reflected on the other boundary in a specific
way. Subsection 4.3 is devoted to the case T'and L?/7 are Q-linearly dependent.
Subsection 4.4 is devoted to the case T and L?/7 are Q-linearly independent.

In the following, we set b = 27 /T. Moreover, for all measurable complex
functions h defined on (0, L), we define

s = (3 [ m@rasm)*,

and

10l ory = {y € R | A({z € ©.D) | In@)] > y}) =0},
where A\ denotes the Lebesgue measure on R. Of course, L?(0, L) (respectively
L*>°(0, L)) denotes the space of (classes of) complex functions h on (0, L) such

that [|Al] < 400 (resp. ||A]| < +00).

L2(0,L) L>°(0,L)

4.3 The dependent case
4.3.1 A simple example

Before dealing with the general dependent case, we investigate a simple example.
In this subsection, we assume that 7" and L?/m are linearly dependent on Q in
the following way:
2
T L2
Hence, we have b = 72/L?. Moreover, we take as boundary data in Problem
(4.1) the following functions:

(4.4)

fo(t) = sin(bt) and go(t) =0, (4.5)

for all ¢ € R. Our result on the long time behaviour of ¢ in that case is the
following:

18



Theorem 4.1 Assume the period T of the boundary conditions fo and gy defined

in (4.5) satisfies relation (4.4). Then the exact solution of the linear Schrédinger

equation (4.1) on (0, L) satisfies
||Q(t)||Loo(07L) t—TOO +00.

Remark 4.2 In particular, the solution of Problem (4.1) with periodic boundary

conditions (4.5) does not become asymptotically periodic.

Proof. Note that formula (4.2) reads

q(t,z) = i 3" ko sin(kna)e M0t fot k), = % (4.6)
meZ
As in Section 2.3, using (4.5), we derive that
= b+ ik2e**t sin(bt) — bet**t cos(bt _
folt, k) = b2( —)k:4 (bt) and go(t, k) =0.
Hence,
25t
= U 1—e™r2
t+—)=L2—— 4i- 4.7
fO( ) L) A2 + 227 ( )
and for all m € Z such that |m| > 2,
i 27r2t 2 2
s s L2 1+ ™ 2" (im?sin(F5t) — cos(zt))
t,m—)=— . 4.
Jolt:mp) =25 1—m? (48)
Using Lemma 4.3, we get that Hq(t)”f_ﬂ(o L) is the sum of
172 - . - . I
§ﬁ(|f0(t,k‘—1)| + [ fo(t, kD)™ + folt, k1) fo(t, k1) + fo(t, k1) fo(t, k—l)), (4.9)
and 1
(X oot k) > = 3 Funfolt, k)b Jo(t —m) ). (4.10)
|m|>2 |m|>2

Using Holder’s inequality, we have that the real number (4.10) is non-negative.
Moreover, since for all k € C, fo(t, k) = fo(t,—k), we have that the real number
(4.9) is equal to

7T2 ~ 2
2ﬁ|f0(t,k1)| :

Finally, (4.7) implies that |fo(t, k1) M +oo. Hence, [|q(t) +00,
— 100

20,2y oS0

and so [|q(t) +o0. [ ]

oo 0,0y e o7

Lemma 4.3 For all sequences of complex numbers (ay,)rez such that Y, o, |lag|* <

400, the series
x
Z ay, sin (kﬂ'z),
keZ
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converges in L?(0, L) and its sum f satisfies
1t 5 1 s 1 -
7| @k =5 Yl - 5 Y
keZ keZ

Proof. Essentially, the proof is based on the identity valid for all kq, ko € Z:

L

where § is the Kronecker’s symbol (i.e. dqp =1 if a = b and d, = 0 otherwise).
|

1 L . T, . €T 1
— /0 sin (klwz) sin (kng)dx = 5((51%,1€2 - 5k1,_k2),

4.3.2 The general dependent case

In this subsection, we still assume that 7' and L?/m are linearly dependent on
Q. Since Problem (4.1) is linear and homogeneous, one can easily deduce the
asymptotic behaviour of the general case (where both fy and gy are non-zero)
from the one where fo = 0 or g9 = 0. Of course, while doing so, one has to
keep in mind that the possible explosions as t — +oo (see Theorem 4.1) arising
from each boundary datum can interact in a destructive way and indeed lead to
a bounded solution. Consider for example the case fo(t) = go(t) = sin(bt) with
b=nm2/L? = 27/T. In that case, N(t,k+1) = 0 and for |m| > 2, N(t, k) is a
22 /m-periodic function of ¢ (see (4.8)). Therefore, q is itself a 2L%/m-periodic
function of t.

Hence, we can focus without too much loss of generality on the asymptotic
behaviour of the solution of (4.1) with gy = 0. Any linear relation on Q between
T and L?/r yields a relation of the form

2

a_

T

with (o, 3) € (Z\ {0})? relatively primes, a > 1, 8 < —1. Such a couple (o, 3)
is uniquely determined. Note that the hypotheses of Theorem 4.1 correspond to

(a, B) = (1,-1).

Theorem 4.4 Let T' > 0 denote a period of the smooth function fy, and set
go = 0. Define b=2n/T. Denote (fn)nez the Fourier coefficients of fo:

VEER,  fo(t) =) fue™

neEZ

7'('2

Assume that T and L%/ are linearly dependent on Q so that (4.11) holds. Let
us denote
R:{(n,m)EZxZ ‘ am2—ﬂn:0}.

If there exists (n,m) € R such that f, # 0, then the solution q of Problem (4.1)
satisfies

P

t——+o00
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and hence is not asymptotically periodic. Otherwise, q is a periodic function of
period (2L?/7) x max(1, —a/3).

Proof. Formula (4.6) can be rewritten

q(t,z) = % 3" ksin(kna)e S5 fo(t k), = (4.12)
m>1
Note that for all (n,m) € Z2,
((n,m) e R) — (k; b= 0).

For all m > 1, alln € Z and all t > 0,

. eik?nt einbt _ 1
/ eikfns ibnsds _ Z(kgn + nb)
0

t if (n,m) € R.

if (n,m) ¢ R

Note that, since fy is smooth, the coefficients fn tend to zero rapidly as |n| —
+o00. Using (4.12), we write

q(t,z) = gp(t,z) + ¢, (t, x),

where
R ezkmtembt -1

'l’ . i 2
Glta) = 7 > knsinkma)e™" >0 e,

m2>1 n€Z|(n,m)¢R
and

1 . i A
qr(t,z) = tf Z ko, sin(kp,x)e kit Z fn-

m>1 ne€Z|(n,m)eER

Note that g, is a periodic function and (2L?/7) x max(1, —a/fB) is one if its

periods. In particular, qu(t)HLQ(O 13 is bounded. Moreover, for all m > 1,

Zn€Z| (n,m)eR fn contains at most 1 term. Using Lemma 4.3, we derive that

1t 2 t 2 2 |2
G DI D D
k>1 neZl(n,m)eR
This proves the result. [ |

4.4 The independent case

In this section, we consider the long time behaviour of the solution g of Problem
(4.1) on (0, L) with go = 0 and fy a T-periodic smooth function such that 7" and
L?/7 are linearly independent on Q. Under these assumptions, we shall prove
that ¢ is not asymptotically periodic (see Section 4.1 for a definition) in general
(see Theorem 4.9).

In order to prove this result, we recall the following:
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Theorem 4.5 (Kronecker’s approximation theorem) For all n € N*, for

all (aq,...,ap) € R™, for all e, T > 0 and all linearly independent real numbers
01,...,0,, there exists a real number t > T and n integers hi,...,h, such that
V’iE{l,...,n}, |t9¢—hi—a¢|<€.

See [1], Theorem 7.9 and Exercise 7 of Chapter 7 for a proof of this result.

Theorem 4.6 Assume that f, g and h are periodic complex functions defined
on R with
h=f+g.

Assume that f and g have positive smallest periods. We denote these periods by
Ty and Ty respectively. Assume that Ty and Th are linearly independent on Q.
Assume that f is bounded. Then f does not have any open interval of continuity.

See [11], Theorem 5 for a proof of this result.

4.4.1 Preliminary results

Lemma 4.7 Assume that f, g and h are periodic complex-valued functions. Let
us denote respectively 11, Ty and T3 any of their positive periods. Assume that
f and g are continuous functions on R and that the function

d(t) = f(t) + g(t) — h(t),
tends to 0 when t tends to +oo. Then h is continuous on R.

Proof. Assume ¢ > 0 and ¢y € R are given. Since d(t) — 0 and T3 > 0,

there exists n € N such that e

Vs >to—1, |d(s + nT3)| < /4. (4.13)
We infer that for all s > tg — 1,
|h(to) — h(s)] = |h(to +nT3) — h(s + nT3)|

< |f(to +nT3) — f(s+nT3)| + |g(to + nT3) — g(s + nT3)| + /2.

Since f and g are continuous at tg + n13, we derive that there exists n > 0 such
that for all s € (tog —n,to + 1),

|f(to +nTs) — f(s+nT3)| <e/4 and lg(to + nT3) — g(s +nT3)| < e/4.
Hence, for all s € R such that |s — tg| < min(1,7), we have

|h(to) — h(s)| < e.
Therefore, h is continuous in %. [ |

The next theorem states that, if a sum of two continuous periodic functions
with uncommensurable smallest positive periods is asymptotically periodic, then
it is periodic.
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Theorem 4.8 Assume that f, g and h are periodic complex-valued functions
defined on R. Assume that f and g are continuous on R and that they admit
smallest positive periods denoted by Ty and Ty respectively. Assume that Ty and
Ty are linearly independent on Q and that the function

d(t) = f(t) + g(t) — h(?), (4.14)
tends to 0 when t tends to +00. Then d = 0. In other words,
Vit e R, ft)+g(t) = h(t). (4.15)

Proof. Let T3 denote any of the positive periods of h. Using Lemma 4.7, the
function A is continuous on R. Since f, g and h are periodic continuous functions
on R, they are uniformly continuous on R. Since T7 and 75 are positive Q-linearly
independent real numbers, so are 1/7} and 1/7T5. This proof is divided in two
parts, depending on whether 1/73 € Spang(1/71,1/T3) or not.

Assume that 1/T3 € Spang(1/T1,1/T3).
There exists a, b, c € Z such that

I b 1 N 1
‘=, T
and one can assume without loss of generality that a > 0. Hence,
alhTy = bT1T3 + c15T5. (4.16)

Fix s € R. Assume ¢ > 0 is given. Since d(t) T 0 and aT1T» > 0, we can
—+00

choose T > 0 such that
vt >T, |d(s 4+ taTTo)| < e. (4.17)

Moreover, since f,g and h are uniformly continuous on R, there exists n > 0 such
that for all t,u € R with |t — u| < 7, one has

F@&) - fwl<e and  |g(t)—g(w)|<e and  |h(t) = h(u)] <.
(4.18)
Since 1/T) and 1/T5 are linearly independent, so are 77 and T,. Hence, the
Kronecker’s approximation theorem (Theorem 4.5) ensures that there exists ¢t >
T and z1,x9 € Z such that
n
max(aTy, |b|Ts,|c|T3)

Ui

tT — < .
#T =] max(alt, |6, |c|T5)
(4.19)

and [tTh — o] <

Relation (4.14) ensures that
d(s) = d(s + atTyTy) + 61 (s) + 62(s) — 62(s),
where
0i(s) = f(s) = f(s+ atTiTa),  6i(s) = g(s) = g(s + atTTp),  (4.20)

and
63(s) = h(s) — h(s + atT\T). (4.21)

23



Since f is Ti-periodic, we have
61(s) = f(s+ axoTy) — f(s + atTT). (4.22)
Moreover, using (4.19), we have
|(s + axTh) — (s + atTi )| = aTi|xe — tTh] <.
Hence, using (4.18) and (4.20), we have
16/ ()] < e. (4.23)
Similarly, we have
62(s) = g(s + ax1Ty) — g(s + atTyTy),
and, using (4.19),
|(s + ax1Ts) — (s + atTiTz)| = alz|xy — tTh] <,

and hence
02(s)| < e. (4.24)

In order to get a bound on 6;(s), we note that, using (4.16), we have
atT1 Ty = btThT5 + ctTrT5.
Therefore, using (4.21),
63(s) = h(s) — h(s + bT5tTy + cT5tTy).

Hence, defining
5;(s) = h(s) — h(s + bTsa1 + cTstTh),

and
62(s) = h(s 4 bTzx1 + cTstTy) — h(s + bT5tTy + cTstTy),

we have,

3 (s) = & (s) + 67 ().
Note that, since h is T3-periodic and b, ¢, x1, 22 € Z,
61(s) = h(s + (bxy + cx2)T3) — h(s + bT3x + cT3tTy).
Using (4.18) and (4.19), we derive that
16}(s)] < e and 167 (5)] < e.

This yields
162(s)] < 2. (4.25)

We derive from the inequalities (4.17), (4.23), (4.24) and (4.25) that

|d(s)| < be.
Since s € R and ¢ > 0 are arbitrary, this proves that (4.15) holds true when
1/T3 € Spang(1/T1,1/T3).

Assume now that 1/T3 ¢ Spang(1/T1,1/T3).
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In that case, 1/T1, 1/T5 and 1/T3 are linearly independent on Q. After multipli-
cation by T1T5T3, this implies that 7175, 175 and 1173 are linearly independent
on Q. Assume ¢ > 0 is given. We choose n > 0 as we did in (4.18) from the
uniform continuity of f, g and h on R. Fix s € R. As before, since d(t) — 0,

t——+o0

we can choose T' > 0 big enough to ensure that |d(s+t1717573)| < e. Using Kro-
necker’s approximation theorem (Theorem 4.5), we get the existence of ¢t > T
and (1,29, 73) € Z3 such that

[tT Ty — x3| < n/T3, [t T — x| < n/T3, and  [tToT3 — 1| < n/T.
(4.26)
Using (4.14), we derive that
d(s) = d(s + tT1ToTs) 4 61 (s) + 62(s) — 83 (s), (4.27)
with
o1 (s) = f(s) — f(s + tTWToT3), 57 (s) = g(s) — g(s + tTI T T3),
and

63 = h(s) — h(s + tT1ToT3).

From (4.26), we derive that [tT1T>T5 — x171| < 7, so that

16L(s)] = |f(s) — f(s +tTVToT3)| = | f(s + x1Th) — f(s 4+ tTiThT3)| < e,
using the Tj-periodicity of f. Similarly, we have

07(3)] = 19(s) — g(s + tTAToT3)| = |g(s + 22T5) — g(s + tT1ToT3)| < e,
and

105 (s)| = |h(s) — k(s + tTiToT3)| = |h(s + 22Ts) — h(s + tTiToT3)| < e.
Using the triangle inequality in (4.27), we obtain

|d(s)| < 4e.

This proves (4.15) when 1/T3 ¢ Spang(1/71,1/T3). ]

4.4.2 Long time asymptotics in the independent case

Theorem 4.9 Let us denote by q the smooth solution of problem (4.1) corre-

sponding to a smooth periodic boundary datum fo with smallest period T > 0

and go = 0. Assume that T and L*/7 are linearly independent on Q. For all
€ (0, L), the function t — q(t,z) is not asymptotically periodic.

See Section 4.1 for a definition of asymptotic periodicity.
Proof. For all ¢t > 0, we have, using (4.2)

—ik2,t
q(t,x) =37 ;Zk sin(kpyx)e folt, k), (4.28)

in L?(0, L), where fy is defined in (4.3). Since fy is T-periodic, we write the
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Fourier expansion of fy, setting as before b = 27/T":

VEER,  folt) =) fue™.

nez
Since T and L?/7 are Q-linearly independent, we have for all m,n € Z
2 27 2
2 2
U Lo (2T +2 —)
k., +nb= L2m +nT TL( +2n £ 0.
We derive that for all m € Z,
ik2 t inbt

eFfmle -1
an i(k2, +bn)

Hence, using (4.28), we can define the functions

znbt
Ja(t) 2sz sin (e <Zf"k2 —i—nb)
kEZ
and
S hosithon (5 ).
kEZ

to have the following decomposition of the function ¢:
Vo e (0,L),VteR,  q(t,z) = fu(t) + gu(t).

Note that f, is T-periodic and g, is 2L? /7-periodic so that g is an almost periodic
function (see [2] and [3] for a definition). Note that, since fp is smooth, f, is
a smooth function of time. Since ¢ is also a smooth function of time, so is g,.
Assume that for all « € (0, L) there exists a continuous periodic profile g, (¢, z)
such that

dm(t) = fm(t) + gx(t) - qp(tvx) — 0.

t——+o0

Fix 29 € (0,L). Since T and 2L?/r are linearly independent on Q, so are
the smallest positive periods of the continuous functions f,, and g,,. Hence,
Theorem 4.8 ensures that d = 0. This yields

VEER,  fuo(t) + gao (1) = gp(t, 20)-

Finally, Theorem 4.6 ensures that f,, does not have any open interval of conti-
nuity. This is a contradiction. We derive that ¢ — ¢(t,z) is not asymptotically
periodic. [ |
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5 Numerical experiments

5.1 Linear IBVP on the half-line
5.1.1 The Schrodinger equation

We first compute the numerical solution ¢ of the homogeneous linear initial
boundary value problem (2.1) on the half-line, with the boundary datum fy = sin.
This fits the framework of Section 2.3 with b = 1 in formula (2.9).

For any given positive values of ¢ and x, the numerical value of ¢(¢,z) is
computed by integrating the integrand in relation (2.8) on the line v, 4+ 3 (see
(2.15),(2.16)). Since this function and all its derivatives have exponentially de-
caying moduli, we truncate the integral to a bounded interval with an error of at
most €/2 where ¢ is a given positive (small) given real number. Then, we use the
trapezoidal method to compute an approximation of the integral on the bounded
interval with sufficiently many steps to ensure an error of at most £/2.

We plot the results obtained for ¢ € [0,20] and s € [0,7] on Figure 1 (real
part of ¢) and Figure 2 (imaginary part of q).
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solution (real part)

Figure 1: Real part of the solution of Problem (2.1) with boundary datum (2.9) and
b=1.

In order to illustrate the convergence of the solution ¢ to the periodic profile
provided by Theorem 2.4 and Theorem 2.14, we plot the real part of ¢ and of
the profile on Figure 3 at point x = 2.0 as functions of time. Of course, the
numerical values of ¢ are computed as before.
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solution (imaginary part)
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S

Figure 2: Imaginary part of the solution of Problem (2.1) with boundary datum (2.9)
and b= 1.

5.1.2 The heat equation

We now compute the numerical solution ¢ of the homogeneous linear initial
boundary value problem (3.1) on the half-line, with the boundary datum fy = sin.
This fits the framework of Section 3.1.

To compute numerical values for ¢, we use contour deformation just as we did
for the Schroginger equation above. We plot the solution we obtain on Figure 4
for t € [0,20] and = € [0, 7].

In order to illustrate the convergence of the solution ¢ to the periodic profile
provided by Theorem 3.5, we plot ¢ and the profile on Figure 5 at point z = 2.0
as functions of time.

5.1.3 The linearised KdV equation

As a last illustration for the asymptotics of linear IBVP problems on the half-line
with periodic boundary data, we compute the solution ¢ of the linear problem
(3.5) with the boundary datum

VEZ0,  folt) = sin(t) + % sin(10t). (5.1)

On Figure 6, we plot the numerical results obtained for ¢ € [0,30] and x €
[0, 4].

In order to illustrate the convergence of the solution ¢ to the periodic profile
provided by Theorem 3.6, we plot ¢ and the profile on Figure 7 at point z = 2.0
as functions of time.
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solution (real part)

-0.61 -
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Figure 3: Solution of Problem (2.1) at point z = 2.0 with boundary datum (2.9) and
b =1 (full line) and the asymptotic profile given by Theorem 2.14 (dotted line).

5.2 The linear Schrodinger equation on bounded in-
tervals

5.2.1 The dependent case

We investigate the asymptotic behaviour of the solutions of the IBVP (4.1) on
the finite interval (0, L) with L = m. We compute the numerical values of the
solution ¢ using a finite difference method scheme in both time and space, with
a CFL number 0.05 and 50 discretisation points in space.

Firstly, we consider periodic boundary data fp and go defined in (4.5) with
b=1 (i.e. T'=2m). Note that relation (4.4) holds true. We plot on Figure 8 the

numerical values of ||qf| ,, (0.0 38 function of time for ¢ € [0,50]. We observe

that the L%-norm of ¢ is equivalent to a linear function of time in that case and
hence tends to +oo. This is consistent with Theorem 4.1. Note that, with the
notations of Theorem 4.4, we have @« = 1 and § = —1 in that case. Moreover,
fo is 2m-periodic and its only non-zero Fourier coefficients are fy; = %1 /(2i).
Hence, (1,—1) € R and f_l # 0. Therefore, the numerical results of Figure 8
also illustrate part of Theorem (4.4).

Secondly, we consider periodic boundary data fy and gg defined in (4.5) with
b=2 (i.e. T = 7). Note that relation (4.11) holds, with a = 1 and § = —2. The
only non-zero Fourier coefficients of fy are fi; = +1/(2i) (see their definition
in Theorem 4.4). Hence, for all (n,m) € R, f, = 0. Theorem 4.4 ensures that
q is a periodic function of time in that case, with period 27. This is illustrated
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Figure 4: Solution of Problem (3.1) with boundary datum (2.9) and b = 1.

by Figure 9 where the numerical values of ||q||
time for ¢ € [0, 50] in that case.

£2(0,1) are plotted as a function of

5.2.2 The independent case

We investigate the asymptotic behaviour of the solutions of the IBVP (4.1) on
the finite interval (0,L) with L = 1. We compute the numerical values of the
solution ¢ using a finite difference method scheme in both time and space, with
a CFL number 0.05 and 50 discretisation points in space.

We consider the boundary data fp and g given by (4.5) with b = 1 (i.e
T = 2m). Theorem 4.9 ensures that the solution ¢ is not asymptotically periodic
in that case. This is illustrated on Figure 10 where the L?-norm of ¢ is plotted as a
function of time for ¢ € [0,50]. The global behaviour of the solution is illustrated
on Figure 11 where the real part of the solution is plotted for ¢t € [0,50] and
x € [0,1]. Moreover, we plot on Figure 12 the real part of ¢(¢,z) evaluated at
x = 0.5 as a function of time. Figure 10, Figure 11 and Figure 12 show that,
even if the solution has some stability property (the L?-norm seems to remain
bounded in that case), no periodic asymptotic behaviour seems to take place.
This illustrates the result of Theorem 4.9.
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Figure 5:
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Solution of Problem (3.1) at point # = 2.0 with boundary datum (2.9) and

b =1 (full line) and the asymptotic profile given by Theorem 3.5 (dotted line).
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Figure 7: Solution of Problem (3.5) with boundary datum fy(¢) = sin(¢) + sin(10t)/10
(full line) and the corresponding periodic profile provided by Theorem 3.6 (dotted line).
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Figure 8: L?mnorm of the solution of Problem (4.1) on (0,7) with boundary data
fo(t) =sin(t) and go = 0 as a function of time.
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Figure 9: L?*mnorm of the solution of Problem (4.1) on (0,7) with boundary data
fo(t) =sin(2t) and go = 0 as a function of time.
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Figure 10: L?*mnorm of the solution of Problem (4.1) on (0,1) with boundary data
fo(t) =sin(t) and gop = 0 as a function of time.
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