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Notice

From now on we often work on the
episodic discounted setting.

Most results smoothly extend to other settings.
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Notice

From now on we often work on the
episodic discounted setting.

Most results smoothly extend to other settings.

The value functions can be represented exactly (no
approximation error).
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In This Lecture

» Dynamic programming algorithms require an explicit
definition of
> transition probabilities p(-|x, a)
» reward function r(x, a)
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» Dynamic programming algorithms require an explicit
definition of
> transition probabilities p(-|x, a)
» reward function r(x, a)

» This knowledge is often unavailable (i.e., wind intensity,
human-computer-interaction).
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In This Lecture

» Dynamic programming algorithms require an explicit
definition of
> transition probabilities p(-|x, a)
» reward function r(x, a)

» This knowledge is often unavailable (i.e., wind intensity,
human-computer-interaction).

» Can we relax this assumption?
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In This Lecture

» Learning with generative model. A black-box simulator f of
the environment is available. Given (x, a),

f(x,a) ={y, r} with y ~ p(:|x, a),r = r(x, a).
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In This Lecture

» Learning with generative model. A black-box simulator f of
the environment is available. Given (x, a),

f(x,a) = {y,r} with y ~ p(-|x, a),r = r(x, a).
» Episodic learning. Multiple trajectories can be repeatedly
generated from the same state x and terminating when a

reset condition is achieved:

(xb=x,xi,... ,X%—i)?zl.
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In This Lecture

» Learning with generative model. A black-box simulator f of
the environment is available. Given (x, a),

f(x,a) ={y, r} with y ~ p(:|x, a),r = r(x, a).

» Episodic learning. Multiple trajectories can be repeatedly
generated from the same state x and terminating when a
reset condition is achieved:

(xb=x,xi,... ,X%—i)?zl.

» Online learning. At each time t the agent is at state x;, it
takes action a;, it observes a transition to state x;.1, and it
receives a reward r;. We assume that x¢+1 ~ p(-|x, a;) and
re = r(xt, at) (i.e., MDP assumption).
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Mathematical Tools

Concentration Inequalities

Let X be a random variable and {X,},en a sequence of r.v.
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Mathematical Tools

Concentration Inequalities
Let X be a random variable and {X,},en a sequence of r.v.
> {X,} converges to X almost surely, X, 25 X, if

P( lim X, = X) = 1,

n—o00
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Concentration Inequalities
Let X be a random variable and {X,},en a sequence of r.v.
> {X,} converges to X almost surely, X, 25 X, if

P( lim X, = X) = 1,

n—o00

> {X,} converges to X in probability, X, P X, if for any € >0,

lim P[| X, — X| > €] =0,
n—o00
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Mathematical Tools

Concentration Inequalities
Let X be a random variable and {X,},en a sequence of r.v.
> {X,} converges to X almost surely, X, 25 X, if

P( lim X, = X) = 1,

n—o00
> {X,} converges to X in probability, X, P X, if for any € >0,

lim P[| X, — X| > €] =0,
n—o00

> {X,} converges to X in law (or in distribution), X, 2, X, if for any
bounded continuous function f

lim BIF(X,)] = E[(X)].
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Mathematical Tools

Concentration Inequalities
Let X be a random variable and {X,},en a sequence of r.v.
> {X,} converges to X almost surely, X, 25 X, if

P( lim X, = X) = 1,

n—o00

> {X,} converges to X in probability, X, P X, if for any € >0,
lim P[| X, — X| > €] =0,
n—o00

> {X,} converges to X in law (or in distribution), X, 2, X, if for any

bounded continuous function f
lim E[f(X,)] = E[f(X)]
n—oo
Remark: X, 255 X = X, -5 X = X, 2 X.
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Mathematical Tools

Concentration Inequalities

Proposition (Markov Inequality)

Let X be a positive random variable. Then for any a > 0,

EX
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Mathematical Tools

Concentration Inequalities

Proposition (Markov Inequality)

Let X be a positive random variable. Then for any a > 0,
EX
P(X >a) < —
a
Proof.

P(X > a) = E[I[{X > a}] = E[I{X/a > 1}] < E[X/3]
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Mathematical Tools

Concentration Inequalities

Proposition (Hoeffding Inequality)

Let X be a centered random variable bounded in [a, b]. Then for

any s € R,
E[esX] < es2(b—a)2/8‘

. Cbreia—
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Mathematical Tools

Concentration Inequalities

Proof.
From convexity of the exponential function, for any a < x < b,
SX X —a g b—x sa
< .
e < - ae + h_ ae
Let p = —a/(b — a) then (recall that E[X] = 0)
b a
E[e® < e _ esb
] =< b—a b—a

= (1= p+ pesb=2))eps(b=2) — cé(u)
with u = s(b— a) and ¢(u) = —pu + log(1 — p+ pe") whose derivative is

p
$(u)=—p+—F—F—,
(1) p+(1—ple"
/ 1— v
and $(0) = ¢/(0) = 0 and ¢"(u) = 22—y < 1/4,
Thus from Taylor's theorem, the exists a 6 € [0, u] such that

u? > s%(b—a)?
#(0) = 6(0) + 6¢'(0) + = ¢"(6) < T ==

. Cbreia—
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Mathematical Tools

Concentration Inequalities

Proposition (Chernoff-Hoeffding Inequality)

Let X; € [a;, b;| be n independent r.v. with mean p; = EX;. Then

PHEH}(X"—“")( > 32“‘[’(‘%)-
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Mathematical Tools

Concentration Inequalities

Proof.

n
P(YoXi—mize) = BEXhXm>e)
i=1
< e SE[e* X XimH] Markov inequality

n
= e * HE[eS(X’*’“)], independent random variables
i=1

n

< et H esz(b’_a’)z/s, Hoeffding inequality
i=1

L emsest X, (b-a)/8

If we choose s =4¢/ Y7 (b; — a;)?, the result follows.

Similar arguments hold for IP’( S X — i < fe).
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Mathematical Tools

Monte-Carlo Approximation of a Mean

Definition

Let X be a random variable with mean . = E[X] and variance

02 = V[X] and x, ~ X be n i.i.d. realizations of X. The
Monte-Carlo approximation of the mean (i.e., the empirical mean)
built on n i.i.d. realizations is defined as

1 n
Hn = ;lei-
=

. brezia~
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Mathematical Tools

Monte-Carlo Approximation of a Mean

» Unbiased estimator: Then E[u,] = p (and V[u,] = @)
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Mathematical Tools

Monte-Carlo Approximation of a Mean

» Unbiased estimator: Then E[u,] = p (and V[u,] = @)

> Weak law of large numbers: pn N I
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Mathematical Tools

Monte-Carlo Approximation of a Mean

» Unbiased estimator: Then E[u,] = p (and V[u,] = @)

> Weak law of large numbers: pn N I
a.s.
» Strong law of large numbers: i, = p.

-
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Mathematical Tools

Monte-Carlo Approximation of a Mean

Unbiased estimator: Then E[u,] = 1 (and V[u,] = @)

v

v

Weak law of large numbers: i N I
Strong law of large numbers: i, <=5 .

Central limit theorem (CLT): \/n(pn — 1) N N(0,V[X]).

v

v
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Mathematical Tools

Monte-Carlo Approximation of a Mean

Unbiased estimator: Then E[u,] = 1 (and V[u,] = @)

v

v

Weak law of large numbers: i N I
Strong law of large numbers: i, <=5 .

>
» Central limit theorem (CLT): \/n(un — p) N N(0,V[X]).
» Finite sample guarantee:
2ne?
QCCIJI'QCy ~—
dev;;tlon confidence
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Mathematical Tools

Monte-Carlo Approximation of a Mean

v

Unbiased estimator: Then E[u,] = p (and V[u,] = @)

v

Weak law of large numbers: (i, N L.

v

Strong law of large numbers: i, <=5 .
Central limit theorem (CLT): \/n(fun — p) 2 N (0, V[X]).

Finite sample guarantee:

v

v

P

& | 5
‘i;Xt—E[Xl]‘>(b—a) ngi/ ] <5
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Mathematical Tools

Monte-Carlo Approximation of a Mean

Unbiased estimator: Then E[u,] = p (and V[u,] = @)

v

Weak law of large numbers: i, LN I

v

Strong law of large numbers: i, == p.
Central limit theorem (CLT): \/n(pn — 1) — N'(0, V[X]).

» Finite sample guarantee:

P[‘iixt—la[xl]) > e] <6
t=1

- (b—a)?log?2/§
if n> 5=

v

v
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Mathematical Tools

Exercise

Simulate n Bernoulli of probability p and verify the correctness and
the accuracy of the C-H bounds.
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Mathematical Tools

Stochastic Approximation of a Mean

Definition

Let X a random variable bounded in [0, 1] with mean ;. = E[X]
and x, ~ X be n i.i.d. realizations of X. The stochastic
approximation of the mean is,

Hn = (1 - 77n).un71 + MnXn

with 1 = x1 and where (1)) is a sequence of learning steps.

. brezia~
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Mathematical Tools

Stochastic Approximation of a Mean

Definition

Let X a random variable bounded in [0, 1] with mean ;. = E[X]
and x, ~ X be n i.i.d. realizations of X. The stochastic
approximation of the mean is,

pn = (1 = Nn)pn—1 + NnXn
with 1 = x1 and where (1)) is a sequence of learning steps.

Remark: When n, = % this is the recursive definition of empirical
mean.

. brezia~

A. LAZARIC — Reinforcement Learning Algorithms Oct 15th, 2013 - 18/83



Mathematical Tools

Stochastic Approximation of a Mean

Proposition (Borel-Cantelli)

Let (En)n>1 be a sequence of events such that > -, P(E,) < oo,
then the probability of the intersection of an infinite subset is 0.
More formally,

IP’(IimsupEn) - IP’( ﬁ G Ek> — 0.

n—=00 n=1 k=n

. bezia~
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Mathematical Tools

Stochastic Approximation of a Mean

Proposition

If for any n, n, > 0 and are such that
D =00 ) 1, <o,
n>0 n>0

then
NS
Bn — [,

and we say that u, is a consistent estimator.

II(QZWQLA
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Mathematical Tools

Stochastic Approximation of a Mean

Proof. We focus on the case 77, = n™“.

In order to satisfy the two conditions we need 1/2 < o < 1. In fact, for

instance
—2;»21—”2< (see the Basel probl
a= 3= 5 <00 (seethe Basel pro em)
n>0
a=1/2= Z (i)z = Z 1 oo (harmonic series)
n>0 \/ﬁ n>0 n

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Mean

Proof (cont'd).

Case o =1

Let (ex)x a sequence such that ¢, — 0, almost sure convergence
corresponds to

]P’( lim p, = ,u) = P(Vk,3ng,¥n > ng, ‘,u,, - u‘ <e)=1
n—o0
From Chernoff-Hoeffding inequality for any fixed n
2
IP(},un — u} >€) < 2e2n" (1)

Let {E,} be a sequence of events E, = {|, — p1| > €}. From C-H

> P(E,) < o,

n>1

and from Borel-Cantelli lemma we obtain that with probability 1 there
avict only a finite number of n values such that }u,, — u‘ > e

. Crzia—~
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Mathematical Tools

Stochastic Approximation of a Mean

Proof (cont'd).

Case o =1

Then for any €, there exist only a finite number of instants were
|1n — 11| > €, which corresponds to have Jny such that

P(Vn > ng, |,u,, f,u| <e)=1

Repeating for all € in the sequence leads to the statement.

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Mean

Proof (cont'd).

Case o =1

Then for any €, there exist only a finite number of instants were
|1n — 11| > €, which corresponds to have Jny such that

P(Vn > ng, |,u,, f,u| <e)=1

Repeating for all € in the sequence leads to the statement.

Remark: when @ =1, u, is the Monte-Carlo estimate and this corresponds to
the strong law of large numbers. A more precise and accurate proof is here:

http://terrytao.wordpress.com/2008/06/18/the-strong-law-of-large-numbers/

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Mean

Proof (cont'd).
Case 1/2 < o < 1. The stochastic approximation p, is

H1 = X1
M2 = (1 - 772),U1 + Mx2 = (1 - 772)X1 + 122
ps = (L —m3)u2 +m3x3 = (1 — ) (L — m3)x1 + 1m2(1 — m3)x2 + m3x3

n
Hn = Z /\in'a
i=1

with )\,’ =i HJ’?:’-JFI(]. — 771) such that 27:1 )\,’ =1.
By C-H inequality

2

P A= > NE] > €) = Pln— p| = ) < & T
i=1 i=1

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Mean

Proof (cont'd).
Case 1/2<a<1.
From the definition of \;

log \; = log 7; + Z log(1 — ;) < logn; — Z nj
j=i+1 J=i+1

since log(1 — x) < —x. Thus \; < n;e” 21 and for any 1 < m<n,

n n
S8 < 3o spe
i=1 i

(a)

 Sersions 3
i=m+1

(b)

< me 2=min 4 (p — m)n2,

—
0
~

mef2(nfm)n_“ + (n . m)mf2o¢.

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Mean

Proof (cont'd).
Case 1/2 < a < 1.
Let m = n® with 8= (14 «/2)/2 (i.e. 1 —2a8=1/2—a):

n
Z)\’g < ne—2(1—n*1/4)n1*°‘ 4 pl/2—a < gpt/2—a
i=1

for n big enough, which leads to

P(ln— 1| 2 ) < & 75

From this point we follow the same steps as for « = 1 (application of the
Borel-Cantelli lemma) and obtain the convergence result for .

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Fixed Point

Definition

Let T : RN — RN be a contraction in some norm || - || with fixed
point V. For any function W and state x, a noisy observation
TW(x) = TW(x) + b(x) is available.

For any x € X = {1,..., N}, we defined the stochastic
approximation

A

Vn+1(X) = (]- - nn(X))Vn(X) + nn(X)(TVn(X))
= (1 = nn(x)) Va(x) + 12 (x)(T Va(x) + bn),

where 1, is a sequence of learning steps.

. bezia~
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Mathematical Tools

Stochastic Approximation of a Fixed Point

Let 7, ={Vo,..., Vi, bo, ..., bn—1,70,.-.,Mn} the filtration of the
algorithm and assume that

E[bn(x)|Fa] =0 and  E[by(x)|Fa] < c(1+||Vall?)

for a constant c.
If the learning rates 7,(x) are positive and satisfy the stochastic
approximation conditions

Znn:oov Z’l’]r21<00,

n>0 n>0

then for any x € X
Vi(x) 25 V(x).

. lreia—
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Mathematical Tools

Stochastic Approximation of a Zero

Robbins-Monro (1951) algorithm. Given a noisy function f, find x*
such that f(x*) = 0.

In each x,, observe y, = f(x,) + b, (with b, a zero-mean
independent noise) and compute

Xn+1 = Xn — NnYn-

. Cbreia—
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Mathematical Tools

Stochastic Approximation of a Zero

Robbins-Monro (1951) algorithm. Given a noisy function f, find x*
such that f(x*) = 0.

In each x,, observe y, = f(x,) + b, (with b, a zero-mean
independent noise) and compute

Xn+1 = Xn — NnYn-

If f is an increasing function, then under the same assumptions on
the learning step

a.s. «x
Xp — X

. Crzia—~
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Mathematical Tools

Stochastic Approximation of a Minimum

Kiefer-Wolfowitz (1952) algorithm. Given a function f and noisy
observations of its gradient, find x* = arg min f(x).

In each x,, observe g, = Vf(x,) + b, (with b, a zero-mean
independent noise) and compute

Xn+1 = Xn — Nn&n-
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Mathematical Tools

Stochastic Approximation of a Minimum

Kiefer-Wolfowitz (1952) algorithm. Given a function f and noisy
observations of its gradient, find x* = arg min f(x).

In each x,, observe g, = Vf(x,) + b, (with b, a zero-mean
independent noise) and compute

Xn+1 = Xn — Nn&n-

If the Hessian V2f is positive, then under the same assumptions
on the learning step
Xp 25 x*

Remark: this is often referred to as the stochastic gradient algorithm.

. Cbreia—
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The Monte-Carlo Algorithm

How to solve incrementally an RL problem

Reinforcement Learning
Algorithms

Policy Evaluation
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The Monte-Carlo Algorithm

The RL Interaction Protocol

Fori=1,...,n
1. Sett =0

2. Set initial state xo [possibly random]
[execute one trajectory]

3. While (x; not terminal)
3.1 Take action a;

3.2 Observe next state x;1 and reward r;
33 Sett=t+1

EndWhile
EndFor

. Crzia—~
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The Monte-Carlo Algorithm

The RL Interaction Protocol
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The Monte-Carlo Algorithm

Policy Evaluation

Objective: given a policy m evaluate its quality at the (fixed)
initial state xp

ZARIC — Reinforcement Learning Algorithms



The Monte-Carlo Algorithm

Policy Evaluation

Objective: given a policy m evaluate its quality at the (fixed)
initial state xp
Fori=1,....n
1. Sett=0
2. Set initial state xo fpessibly-randem]
[execute one trajectory]

3. While (x; not terminal)

3.1 Take action a; = 7(x;)
3.2 Observe next state x;41 and reward r; = r™(x;)
33 Sett=t+1

EndWhile
EndFor

. Clreia—
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The Monte-Carlo Algorithm

The RL Interaction Protocol

. brezia~
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The Monte-Carlo Algorithm

State Value Function

» Infinite time horizon with terminal state: the problem never
terminates but the agent will eventually reach a termination

State.

Vi(x) = E [Z’Y r(xe, 7(xe))|x0 = x; 7|,

where T is the first (random) time when the termination
state is achieved.

-
lrzia—
. A. LAZARIC — Reinforcement Learning Algorithms Oct 15th, 2013 -



The Monte-Carlo Algorithm

Monte-Carlo Approximation

Idea: we can approximate an expectation by an average!

» Return of trajectory i

T
Ri(xo) = 7' r (")
t=0
» Estimated value function

Vi) = + 3~ Rio)

. Cbreia—
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The Monte-Carlo Algorithm

Monte-Carlo Approximation

Fori=1,...,n
1. Sett =0

2. Set initial state xo fpessibly-randem]
[execute one trajectory]

3. While (x; not terminal)
3.1 Take action a; = 7(x;)

3.2 Observe next state x;41 and reward r; = r™(x;)
33 Sett=t+1

EndWhile
EndFor

Collect trajectories and compute fo (xo0) using MC approximation

. brezia~
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The Monte-Carlo Algorithm

Monte-Carlo Approximation: Properties

» All returns are unbiased estimators of V7 (x)

Bli mr (i e (i (ORI T
B[RO (o)) = E[rm (") + 977 (47) 4+ 44T ())] = v7(x)

» Thus R
Vii(x0) = V™ (x0).

> Finite-sample guarantees are also possible
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The Monte-Carlo Algorithm

Monte-Carlo Approximation: Extensions

Non-episodic problems

> Interrupt trajectories after H steps

Ri(xo) = 37t ()

» Loss in accuracy limited to fyH finax

. brezia~
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The Monte-Carlo Algorithm

Monte-Carlo Approximation: Extensions

Multiple subtrajectories

(n)
L)

All subtrajectories starting with X can be used to estimate V7 (X)
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The Monte-Carlo Algorithm

First-visit and Every-Visit Monte-Carlo

Remark: any trajectory (xg, x1, X2, ..., x7) contains also the

sub-trajectory (xt, Xt+1, ..., x7) Whose return
R(x¢) = r™(x¢) + - -+ 4+ r™(x7—-1) could be used to build an

estimator of V7 (x;).

-
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The Monte-Carlo Algorithm

First-visit and Every-Visit Monte-Carlo

Remark: any trajectory (xg, x1, X2, ..., x7) contains also the

sub-trajectory (xt, Xt+1, ..., x7) Whose return
R(x¢) = r™(x¢) + - -+ 4+ r™(x7—-1) could be used to build an

estimator of V7 (x;).

» First-visit MC. For each state x we only consider the
sub-trajectory when x is first achieved. Unbiased estimator,

only one sample per trajectory.

-
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The Monte-Carlo Algorithm

First-visit and Every-Visit Monte-Carlo

Remark: any trajectory (xg, x1, X2, ..., x7) contains also the
sub-trajectory (x¢, X¢+1, - - -, XT) Whose return

R(xt) = r™(x¢) + - - - + r™(x7_1) could be used to build an
estimator of V7 (x;).

» First-visit MC. For each state x we only consider the
sub-trajectory when x is first achieved. Unbiased estimator,
only one sample per trajectory.

» Every-visit MC. Given a trajectory (xo = X, X1, X2,...,XT), We
list all the m sub-trajectories starting from x up to xr and we
average them all to obtain an estimate. More than one
sample per trajectory, biased estimator.
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The Monte-Carlo Algorithm

Question

More samples or no bias?

= Sometimes a biased estimator is preferable if consistent!
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The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

Example: 2-state Markov Chain

The reward is 1 while in state 1 (while is 0 in the terminal state). All
trajectories are (xp = 1,x; = 1,...,x7 = 0). By Bellman equations

V(l):1+(1—p)V(1)+O-p:%,

since V(0) = 0.
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The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

We measure the mean squared error (MSE) of Vwrt V

E[(V - V)] = (E[V] - V)*+E[(V - E[V])?]

Bias? Variance
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The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

First-visit Monte-Carlo. All the trajectories start from state 1, then
the return over one single trajectory is exactly T, i.e., V =T.
The time-to-end T is a geometric r.v. with expectation

~ 1
E[V]=E[T] = ; = V™(1) = unbiased estimator.

Thus the MSE of V coincides with the variance of T, which is

B[(T-2) = =
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The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

Every-visit Monte-Carlo. Given one trajectory, we can construct
T — 1 sub-trajectories (number of times state 1 is visited), where
the t-th trajectory has a return T — t.

T-1
~ 1 1 T+1
Ve NS(T-t)==#¢¥=—""+—.
DMEUEED TS

t'=1

The corresponding expectation is

T—I—l} 1—|—p

IE[ 5 #V™(1) = biased estimator.
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The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

Let's consider n independent trajectories, each of length T;.
Total number of samples Zle T; and the estimator V,, is

v T (Timt) S TiTit 1)
! 27:1 T 227:1 Ti
_Yn¥L THTi+1)
B 2/”27:1 Ti

2s. E[T?]+E[T 1
= [21]E—[FT][] =5 V™(1) = consistent estimator.

The MSE of the estimator

T+1 1,2 1 3 1 1 1
Sl e A
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The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

In general
» Every-visit MC: biased but consistent estimator.

> First-visit MC: unbiased estimator with potentially bigger
MSE.

. lrezia~

A. LAZARIC — Reinforcement Learning Algorithms Oct 15th, 2013



The Monte-Carlo Algorithm

First-visit vs Every-Visit Monte-Carlo

In general
» Every-visit MC: biased but consistent estimator.

> First-visit MC: unbiased estimator with potentially bigger
MSE.

Remark: when the state space is large the probability of visiting multiple
times the same state is low, then the performance of the two methods
tends to be the same.
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The Monte-Carlo Algorithm

Monte-Carlo Approximation: Extensions

Full estimate of V™ over any x € X

> Use subtrajectories

» Restart from random states over X
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The Monte-Carlo Algorithm

Monte-Carlo Approximation: Limitations

> The estimate V™(xp) is computed when all trajectories are
terminated
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The Monte-Carlo Algorithm

Temporal Difference TD(1)

Idea: we can approximate an expectation by an incremental
average!

» Return of trajectory i

T
Ribo) = D7)
t=0
» Estimated value function after trajectory i

Vi (x0) = (1 — ;) V{1 (x0) + aiRi(x0)
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The Monte-Carlo Algorithm

Temporal Difference TD(1)

Fori=1,...,n

1. Sett =0

2. Set initial state xq {pessibly-random]
[execute one trajectory]

3. While (x; not terminal)
3.1 Take action a; = 7(x;)

3.2 Observe next state x;41 and reward r, = r™(x;)
33 Sett=t+1

EndWhile

4. Update /\7,-7r(xo) using TD(1) approximation
EndFor
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The Monte-Carlo Algorithm

Temporal Difference TD(1): Properties

» If aj = 1/i, then TD(1) is just the incremental version of the
empirical mean

—~ n—1~

1~
Vi (x0) = Vi1(x0) + ERf(Xo)

]

» Using a generic step-size (learning rate) «; gives flexibility to
the algorithm

-
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The Monte-Carlo Algorithm

Temporal Difference TD(1): Properties

If the learning rate satisfies the Robbins-Monro conditions

00 00
Sai=o0,  Sa?<os,
then R
V:(Xo) i) VW(X())
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The Monte-Carlo Algorithm

Temporal Difference TD(1): Extensions

» Non-episodic problems: Truncated trajectories

» Multiple sub-trajectories
» Updates of all the states using sub-trajectories

» state-dependent learning rate a;(x)

» i is the index of the number of updates in that specific state
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The Monte-Carlo Algorithm

Temporal Difference TD(1): Limitations

» The estimate V”(XO) is updated when the trajectory is
completely terminated
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The Monte-Carlo Algorithm

The Bellman Equation

For any stationary policy m = (7,7, ...), the state value function
at a state x € X satisfies the Bellman equation:

VT(x) = r(x,w(x)) +7 > plylx, m(x)) V7 (y)-

y
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The Monte-Carlo Algorithm

Temporal Difference TD(0)

Idea: we can approximate V™ by estimating the Bellman error
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The Monte-Carlo Algorithm

Temporal Difference TD(0)

Idea: we can approximate V™ by estimating the Bellman error

» Bellman error of a function V in a state x

BT(Vix) = r"(x) + 7Y plylx, 7(x))V(y) = V(x).

y
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The Monte-Carlo Algorithm

Temporal Difference TD(0)

Idea: we can approximate V™ by estimating the Bellman error

» Bellman error of a function V in a state x

BT(Vix) = r"(x) + 7Y plylx, 7(x))V(y) = V(x).

y

» Temporal difference of a function V™ for a transition

<Xt7 ft7Xt+1>

51’ = It +’)/V7r(Xt+]_) — Vﬂ-(Xt)
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The Monte-Carlo Algorithm

Temporal Difference TD(0)

Idea: we can approximate V™ by estimating the Bellman error

» Bellman error of a function V in a state x

BT(Vix)=r" X)+’YZ v, m())V(y) = V(x).

» Temporal difference of a function V™ for a transition

<Xt7 ft7Xt+1>

51’ = It +’)/V7r(Xt+]_) — Vﬂ-(Xt)

» Estimated value function after transition (x¢, re, X¢41)
VT (xe) = (1= ai(x)) VT (xe) + i(xe) (re + YV (xep1))

= V7™ (x¢) + ci(x)8e
. &’zub/
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The Monte-Carlo Algorithm

Temporal Difference TD(0)

Fori=1,...,n
1. Sett=0

2. Set initial state xo fpessibly-randem]

[execute one trajectory]
3. While (x; not terminal)

3.1 Take action a; = 7(x;)

3.2 Observe next state x;41 and reward r, = r™(x;)
33 Sett=t+1

3.4 Update V™(x;) using TD(0) approximation

EndWhile

EndFor

A. LAZARIC — Reinforcement Learning Algorithms

Oct 15th, 2013 - 60/83



The Monte-Carlo Algorithm

Temporal Difference TD(0): Properties

» The update rule
V7 (xe) = (1= ai(x)) VT (xe) + i(xe) (re + YV (xep1))

is bootstrapping the current estimate of V™ in other state.

» The temporal difference is an unbiased sample of the Bellman
error

E[de] = Elre + 7 V™ (xe+1) — V™ (xe)] = TV (%) — V™ (xe)
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The Monte-Carlo Algorithm

Temporal Difference TD(0): Properties

Proposition
If the learning rate satisfies the Robbins-Monro conditions in all
states x € X

o o
Y aix) =00, Y af(x) < oo,
i=0 i=0
and all states are visited infinitely often, then for all x € X

V™ (x) 23 V7 (x)
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The Monte-Carlo Algorithm

Temporal Difference TD(0)
Fori=1,...,n

1. Sett=0

2. Set V™(x) =0, VxeX

3. Set initial state xg

4. While (x; not terminal)
4.1 Take action a; = 7(x)
4.2 Observe next state x;1 and reward ry = r™(x;)
43 Sett=t+1 R R
4.4 Compute the TD 6; = r + vV ™ (x¢41) — V™ (xt)
4.5 Update the value function estimate in x; as

V™ (xe) = V(%) + ai(xe)0
4.6 Update the learning rate, e.g.,
1

# visits(x;)

alx) =

EndWhile
. &’zub/
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The Monte-Carlo Algorithm

Comparison between TD(1) and TD(0)

TD(1)

» Update rule

~

VT(x) = V7(x)+a(xe)[0c +70er1 + -+ 1o,

> No bias, large variance
TD(0)

» Update rule

~ ~

VT(x:) = VT (x¢) + a(x;)0;.

» Potential bias, small variance
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The Monte-Carlo Algorithm

Comparison between TD(1) and TD(0)

TD(1)

» Update rule

~

Vi(x) = V7(x) +alx)[de + 01+ 7T Nor],
> No bias, large variance
TD(0)

» Update rule

VT(x:) = VT (x¢) + a(x;)0;.

» Potential bias, small variance

= TD(\) perform intermediate updates!
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The Monte-Carlo Algorithm

The 7" Bellman operator

Given \ < 1, then the Bellman operator 7" is

T = (1= ) 3 AT,

m>0

. Crzia—~

A. LAZARIC — Reinforcement Learning Algorithms Oct 15th, 2013 - 65/83



The Monte-Carlo Algorithm

The 7" Bellman operator

Definition

Given \ < 1, then the Bellman operator 7" is

T = (1= ) 3 AT,

m>0

Remark: convex combination of the m-step Bellman operators (77)™
weighted by a sequences of coefficients defined as a function of a A.
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The Monte-Carlo Algorithm

Temporal Difference TD(\)

Idea: use the whole series of temporal differences to update VT
» Temporal difference of a function V™ for a transition
(Xt, res Xe+1)

(5t = It +’Y/\7W(Xt+1) — Vﬂ(Xt)

» Estimated value function

.
VT (xe) = V7 (xe) + aixe) Y (7A)* 46

s=t
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The Monte-Carlo Algorithm

Temporal Difference TD(\)

Idea: use the whole series of temporal differences to update V™
» Temporal difference of a function V™ for a transition
(Xt, res Xe+1)

(5t = It +’Y/\7W(Xt+1) — Vﬂ(Xt)

» Estimated value function

.
VT (xe) = V7 (xe) + aixe) Y (7A)* 46

s=t

= Still requires the whole trajectory before updating...
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The Monte-Carlo Algorithm

Temporal Difference TD(\): Eligibility Traces

» Eligibility traces z € RN
» For every transition x; — X¢y1
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The Monte-Carlo Algorithm

Temporal Difference TD(\): Eligibility Traces

» Eligibility traces z € RN
» For every transition x; — X¢y1
1. Compute the temporal difference

de = r"(x) + 7?”(xt+1) - Vﬂ(xt)
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The Monte-Carlo Algorithm

Temporal Difference TD(\): Eligibility Traces

» Eligibility traces z € RN
» For every transition x; — X¢y1
1. Compute the temporal difference

de = r"(x) + 7?”(xt+1) - Vﬂ(xt)

2. Update the eligibility traces

Az(x) if x # x;
z(x) =4 1+ Az(x) ifx=x
0 if x; = xo (reset the traces)
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The Monte-Carlo Algorithm

Temporal Difference TD(\): Eligibility Traces

» Eligibility traces z € RN
» For every transition x; — X¢y1
1. Compute the temporal difference

de = r"(x) + 7?”(xt+1) - Vﬂ(xt)

2. Update the eligibility traces

Az(x) if x # x;
z(x) =4 1+ Az(x) ifx=x
0 if x; = xo (reset the traces)

3. For all state x € X

V7™ (x) < V7(x) + a(x)z(x)6:.
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The Monte-Carlo Algorithm

Sensitivity to A

» X\ < 1: smaller variance w.rt. A =1 (MC/TD(1)).
> \ > 0: faster propagation of rewards w.r.t. A = 0.
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The Monte-Carlo Algorithm

Example: Sensitivity to A

Linear chain example

The MSE of V,, w.r.t. V™ after n = 100 trajectories:
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The Q-learning Algorithm

How to solve incrementally an RL problem

Reinforcement Learning
Algorithms

Policy Learning
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The Q-learning Algorithm

Question

How do we compute the optimal policy online?

= Q-learning!
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The Q-learning Algorithm

Learning the Optimal Policy

Objective: learn the optimal policy 7* with direct interaction with
the environment
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The Q-learning Algorithm

Learning the Optimal Policy

Objective: learn the optimal policy 7* with direct interaction with
the environment
Fori=1,...,n

1. Sett=0

2. Set initial state xg

3. While (x; not terminal)

3.1 Take action a;
3.2 Observe next state x;11 and reward r;
33 Sett=t+1

EndWhile
EndFor
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The Q-learning Algorithm

Policy lteration

1. Let mg be any stationary policy
2. At each iteration k=1,2,..., K

» Policy evaluation given my, compute Q™.
» Policy improvement: compute the greedy policy

Ter1(x) € arg max,e 4 QF (x)

3. Return the last policy mx

-
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The Q-learning Algorithm

SARSA

Idea: alternate policy evaluation and policy improvement
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The Q-learning Algorithm
Idea: alternate policy evaluation and policy improvement

» Define a greedy exploratory policy with temperature 7

rolal) — _2P(QL.2)/7)
¥, (@, 4)/7)

The higher Q(x, a), the more probability to take action a in state x
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The Q-learning Algorithm
Idea: alternate policy evaluation and policy improvement

» Define a greedy exploratory policy with temperature 7

rolal) — _2P(QL.2)/7)
¥, (@, 4)/7)

The higher Q(x, a), the more probability to take action a in state x

> Compute the temporal difference on the trajectory
(Xt, ar, re, Xe11, 3r+1) (with actions chosen according to mg(alx))

Or =rt + ”YQ(Xt+1’ 3t+1) - Q(Xh 3t)
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The Q-learning Algorithm
Idea: alternate policy evaluation and policy improvement

» Define a greedy exploratory policy with temperature 7

rolal) — _2P(QL.2)/7)
¥, (@, 4)/7)

The higher Q(x, a), the more probability to take action a in state x

> Compute the temporal difference on the trajectory
(Xt, ar, re, Xe11, 3r+1) (with actions chosen according to mg(alx))

Or =rt + ”YQ(Xt+1’ 3t+1) - Q(Xh 3t)

» Update the estimate of Q as
a(Xt, 3t) = @(Xt, at) + O[(Xta at)(st
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The Q-learning Algorithm

SARSA: Properties

» The TD updates make a converge to QT
» The update of mg allows to improve the policy

> A decreasing temperature allows to become more and more
greedy

= If 7 — 0 with a proper rate, then /C\) — Q% and T — 7"
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The Q-learning Algorithm

SARSA: Limitations

The actions a; need to be selected according to the current @

= On-policy learning
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The Q-learning Algorithm

The Optimal Bellman Equation

The optimal value function V* (i.e., V* = max, V™) is the
solution to the optimal Bellman equation:

V¥ (x) = maxaea[r(x,a) +7 Y plylx, a) V" (y)].
y
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The Q-learning Algorithm

Q-Learning

Idea: use TD for the optimal Bellman operator

> Compute the (optimal) temporal difference on the trajectory
(Xt, at, re, xe+1) (with actions chosen arbitrarily!)

0p =re+7 max Q(Xt+17 ) Z?(xt, at)

» Update the estimate of Q as

Q(Xn a) = (Xta ar) + a(xt, ar )0y
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The Q-learning Algorithm

Q-Learning: Properties

If the learning rate satisfies the Robbins-Monro conditions in all
states x € X

(0.9} (0.9}
Saix)=co, Y adx) <o,
i=0 i=0
and all states are visited infinitely often, then for all x € X

QR(x) 5 Q*(x)

Remark: “infinitely often” requires a steady exploration policy
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The Q-learning Algorithm

Learning the Optimal Policy

Fori=1,...,n
1. Sett=0
2. Set initial state xo

3. While (x; not terminal)

3.1 Take action a; according to a suitable exploration policy
3.2 Observe next state x;1 and reward r;
3.3 Compute the temporal difference

0r =re + 7©(Xt+1, 3t+1) - a(Xn 3t) (SARSA)
0¢ = re +ymax @(xtH, a) — a)(xt, a;) (Q-learning)

3.4 Update the Q-function
@(xh ar) = a(Xt, at) + axe, ar)0¢

35 Sett=t+1
EndWhile

EndFor
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The Q-learning Algorithm

The Grid-World Problem

A. LAZARIC — Reinforcement Learning Algorithms



The Q-learning Algorithm
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