Uhlqir ufhp hqwOhduqlqj ir u F r qwlqxr xv Vwr fkdvwlf F r qwur oSur eohp v

Uìp l P xqr v FHP DJ UHI / OLVF/ Sduf gh Wrxuyrlh/ ES 454/ <54; 8 Dqwrq| Fhgh{/ I UDQFH1 Uhp l1P xqrvCfhp dj uhi1iu

SdxoEr xuj lqh Hfroh Sro| whfkqlt xh/ FUHD/ <445; Sdodlvhdx Fhgh{/ I UDQFH1 Erxuj lqhCsro| 1sro| whfkqlt xh1iu

Devwudfw

Wklvsds hulvfrqfhuqhg z lwk wkh sureohp ri Uhlqirufhp hqwOhduq0 lqj +UO, iru frqwlqxrxv vwdwh vsdfh dqg wlp h vwrfkdvwlf frqwuro sureohp v1 Z h vwdwh wkh Kdp lowrq0Mdfrel0Ehoop dq ht xdwlrq vdwlv0 �hg e| wkh ydoxh ixqfwlrq dqg xvh d I lqlwh0Gl�huhqfh p hwkrg iru ghvlj qlqj d frqyhuj hqwdssur{lp dwlrq vfkhp h1 Wkhq z h sursrvh d UO doj rulwkp edvhg rq wklv vfkhp h dqg suryh lwv frqyhuj hqfh wr wkh rswlp dovroxwlrq1

4 Lqwur gxfwlr q wr UO lq wkh fr qwlqxr xv/ vwr fkdvwlf fdvh

Wkh remhfwlyhri UOlvwr �qg 0wkdqnvwr d uhlqirufhp hqwvlj qdo0dq rswlp dovwudwhj | iru vroylqj d g| qdp lfdofrqwurosureohp 1 Khuh z h vxg| wkh frqwlqxrxv wlp h/ frq0 wlqxrxvvwdwh0vsdfh vwrfkdvwlf fdvh/ z klfk fryhuvd z lgh ydulhw| ri frqwurosureohp v lqfoxglqj wduj hw/ yldelolw| / rswlp l}dwlrq sureohp v +vhh ^I V<6‘/ ^NS<8‘, iru z klfk d irup dolvp lv wkh iroorz lqj 1 Wkh hyroxwlrq ri wkh fxuuhqwvwdwh ı+w, ▽ ßR +wkh vwdwh0 vsdfh/ z lwk R rshq vxevhwri LU^g,/ ghs hqgvrq wkhfrqwurox+w, ▽ X +frp sdfwvxevhw, e| d vwrfkdvwlf gl�huhqwldoht xdwlrq/ fdoohg wkh vwdwh g| qdp lfv= gı @i +ı+w,>x+w,,gw. ϕ+ı+w,>x+w,,gz +4, z khuh i lv wkh orfdoguliwdqg ϕ/gz +z lwk z d eurz qldq p rwlrq ri glp hqvlrq u dqg ϕ d g⋄ u0p dwul{, wkh vwrfkdvwlf sduw+z klfk dsshduviruvhyhudouhdvrqvvxfk dvodnh ri suhflvlrq/ qrlv| lq xhqfh/ udqgrp xfwxdwlrqv, ri wkh gl�xvlrq surfhvv1

I ru lqlwldovwdwh ı dqg frqwurox+w,/ +4, ohdgv wr dq lq�qlw| ri srvvleoh wudmhfwrulhv ı+w,1 I ru vrp h wudmhfwru| ı+w, +vhh �j xuh 4,/ ohwχ eh lwv h{lwwlp h iurp ßR +z lwk wkh frqyhqwlrq wkdwli ı+w, doz d| v vwd| v lq ßR/ wkhq χ @△ ,1 Wkhq/ z h gh�qh wkh ixqfwlrqdoMri lqlwldovwdwh ı dqg frqwurox+/, dvwkh h{shfwdwlrq irudoowudmhfwrulhv ri wkh glvfrxqwhg fxp xodwlyh uhlqirufhp hqw= M+ı¿x+/,, @H_{ı>x+/,} ⟩ ⊎_χ 3 ζ^wu+ı+w,>x+w,,gw. ζ^χU+ı+χ,, /

z khuh u+ı>x, lv wkh uxqqlqj uhlqirufhp hqwdqg U+ı, wkh erxqgdu| uhlqirufhp hqw1 ζ lv wkh glvfrxqwidfwru +3 ⪰ ζ ⋆ 4,1 Lq wkh iroorz lqj / z h dvvxp h wkdwi >ϕ duh ri fodvv F_5/ u dqg U duh Olsvfklw}ldq +z lwk frqvwdqwv O^u dqg O^U, dqg wkh erxqgdu|

CR lv F_51

I ljxuh 4=Wkh vwdwh vsdfh/ wkh glvfuhwl}hg Ψ_η+wkh vt xduh grwv, dqg lwv iurqwlhu CΨ_η

+wkh urxqg rqhv,1 D wudmhfwru| ı^n+w, j rhv wkurxj k wkh qhlj kerxukrrg ri vwdwh σ1

UO xvhv wkh p hwkrg ri G| qdp lf Surj udp p lqj +GS, z klfk j hqhudwhv dq rswlp do

+ihhg0edfn, frqwuro x_±+ı, e| hvwlp dwlqj wkh ydoxh ixqfwlrq +YI ,/ gh�qhg dv wkh p d{lp doydoxh ri wkh ixqfwlrqdoMdv d ixqfwlrq ri lqlwldovwdwh ı =

Y+ı, @vxs^{x+/,} M+ı¿x+/,,/ +5,

Lq wkh UO dssurdfk/ wkh vwdwh g| qdp lfv lv xqnqrz q iurp wkh v| vwhp >wkh rqo| dydlodeoh lqirup dwlrq iruohduqlqj wkh rswlp dofrqwurolvwkh uhlqirufhp hqwrewdlqhg dwwkh fxuuhqwvwdwh1 Khuh z h sursrvh d p rgho0edvhg doj rulwkp / l1h1 wkdwohduqv rq0olqh d p rghori wkh g| qdp lfvdqg dssur{lp dwhvwkh ydoxh ixqfwlrq e| vxffhvvlyh lwhudwlrqv1

Vhfwlrq 5 vwdwhv wkh Kdp lowrq0Mdfrel0Ehoop dq ht xdwlrq dqg xvh d I lqlwh0Gl�huhqfh

+I G, p hwkrg ghulyhg iurp Nxvkqhu ^Nxv<3‘ iru j hqhudwlqj d frqyhuj hqwdssur{l0 p dwlrq vfkhp h1 Lq vhfwlrq 6/ z h sursrvh d UO dojrulwkp edvhg rq wklv vfkhp h dqg suryh lwv frqyhuj hqfh wr wkh YI lq dsshqgl{ D1

5 D I lqlwh Glffihuhqfh vfkhp h

Khuh/ z h vwdwh d vhfrqg0rughuqrqolqhdugl�huhqwldoht xdwlrq +rewdlqhg iurp wkh GS sulqflsoh/ vhh ^I V<6‘, vdwlv�hg e| wkh ydoxh ixqfwlrq/ fdoohg wkh Kdp lowrq0Mdfrel0

Ehoop dq ht xdwlrq1

Ohwwkh g ⋄ g p dwul{ d @ϕ/ϕ_∋ +z lwk_∋ wkh wudqvsrvh ri wkh p dwul{,1 Z h frqvlghu wkh xqlirup o| sduderolf fdvh/ l1h1 z h dvvxp h wkdwwkhuh h{lvwv f A 3 vxfk wkdw ∅ ı ▽ R>∅ x ▽ X>∅ ȷ ▽ LU_g> ⋃^g l>m@4 dlm+ı>x,ȷ lȷ m∼ f⇕⇕ȷ ⇕⇕ 51 Wkhq Y lv F_5 +vhh ^Nu| ; 3‘,1

OhwY^ı eh wkh j udglhqwri Y dqg Y^ı

l ı_m lwv vhfrqg0rughu sduwldoghulydwlyhv1

Wkhruhp 4 +Kdp lowr q0Mdfr el0Ehoop dq, Wkh iroorz lqj KME htxdwlrq krogv =

Y+ı, oqζ . vxs_{x▽ X} ⌋ u+ı>x, . Y_ı +ı,/i +ı>x, .^4_5 ⋃_q l>m@4 dlmYı l ı m+ı, ⌈ @3 iru ı ▽ R

Ehvlghv/ Y vdwlvfflhv wkh iroorz lqj erxqgdu| frqglwlrq =Y+ı, @U+ı, iru ı ▽ CR/

Uhp dun 4 Wkh fkdoohqjh ri ohduqlqj wkh YI lv p rwlydwhg e| wkh idfwwkdwiurp Y/ z h fdq ghgxfh wkh iroorzlqj rswlp doihhg0edfn frqwurosrolf| = x_±+ı, ▽ duj vxs^{x▽ X} ⌋ u+ı>x, . Y^ı +ı,/i +ı>x, ._4^5 ⋃^q l>m@4 dlmYıl ı m+ı, ⌈

Lq wkh iroorz lqj / z h dvvxp h wkdwR lv erxqghg1 Ohwh^4>///>h^g eh d edvlv iru LU_g1

Ohwwkh srvlwlyh dqg qhj dwlyh sduwv ri d ixqfwlrq ω eh = ω_. @ p d–+ω >3, dqg ω_∗ @p d–+∗ ω >3,/I rudq| glvfuhwl}dwlrq vwhs η/ ohwxvfrqvlghuwkh odwwlfhv =η~_g @ √ η/ ⋃^g l@4 m^lh^l √ z khuh m^4>///>m^g duh dq| lqwhj huv/ dqg Ψ_η @η~_g ∨ R1 OhwCΨ_η/ wkh iurqwlhu ri Ψ_η ghqrwh wkh vhwri srlqwv ⟩ σ ▽ η~_g ∐R vxfk wkdwdwohdvwrqh dgmdfhqw srlqwσ⊖ ηh^l ▽ Ψ_η| +vhh �j xuh 4,1

OhwX_η ≫ X eh d �qlwh frqwurovhwwkdwdssur{lp dwhv X lq wkh vhqvh= η ⪰ η_∋ ⇔ X_η

∋ ≫ X^η dqg ∧_ηX^η @X1 Ehvlghv/ z h dvvxp h wkdw=∅ l @4//g> d_{ll}+ı>x, ∗ ⋃ m∃@l ⇕dlm+ı>x,⇕∼ 3/ +6, E| uhsodflqj wkh judglhqwY_ı +σ, e| wkh iruz dug dqg edfnz dug �uvw0rughu �qlwh0 gl�huhqfh t xrwlhqwv=Ξ^⊖_{ı l} Y+σ, @^4_η Ŷ+σ⊖ ηh_l, ∗ Y+σ,‘ dqg Y_{ı l ı m}+σ, e| wkh vhfrqg0 rughu �qlwh0gl�huhqfh t xrwlhqwv=

Ξ_{ı l ı l} Y+σ, @^4_{η5} Ŷ+σ. ηh_l, . Y+σ∗ ηh_l, ∗ 5Y+σ,‘ Ξ^⊖_{ı l ı m}Y+σ, @^4_{5η5} Ŷ+σ. ηh_l ⊖ ηh_m, . Y+σ∗ ηh_l ⊗ ηh_m, ∗ Y+σ. ηh_l, ∗ Y+σ∗ ηh_l, ∗ Y+σ. ηh_m, ∗ Y+σ∗ ηh_m, . 5Y+σ,‘ lq wkh KME ht xdwlrq/ z h rewdlq wkh iroorz lqj =iru σ ▽ Ψ^η/

Y^η+σ, oqζ . vxs_{x▽ X}η √ u+σ>x, . ⋃_g l@4 ⌋ i^._l +σ>x,/Ξ^._{ı l} Y^η+σ, ∗ i^∗_l +σ>x,/Ξ^∗_{ıl} Y^η+σ,

.^{dl l +σ>x,}_5 Ξ_{ı l ı l} Y+σ, . ⋃ m∃@l ]_{d.l m+σ>x,} 5 Ξ^._{ı l ı m}Y+σ, ∗^{d∗l m+σ>x,}_5 Ξ^∗_{ı l ı m}Y+σ, ⌊⌈/ @3 Nqrz lqj wkdw+Ξ woqζ, lvdq dssur{lp dwlrq ri +ζ^{Ξ w}∗ 4, dvΞ wwhqgvwr 3/ z hghgxfh=

Y^η+σ, @ vxs_{x▽ X}η ⌋ ζ^{χ+σ>x,} ⋃ ι▽ Ψ^η s+σ>x>ι,Y η+ι, . χ+σ>x,u+σ>x, ⌈ +7, z lwk χ+σ>x, @^{η5} ⋃_g l @4 ⌋ η⇕i_l +σ>x,⇕. d_{l l} +σ>x,∗ 45 ⋃ m∃@l ⇕dl m+σ>x,⇕ ⌈ +8,

z klfk dss hduv dv d GS ht xdwlrq iru vrp h �qlwh P dunryldq Ghflvlrq Surfhvv +vhh ^Ehu;: ‘, z krvh vwdwh vsdfh lv Ψ^η dqg suredelolwlhv ri wudqvlwlrq = s+σ>x>σ⊖ ηh_l, @^{χ+σ>x,}_{5η5} ⌋ 5η⇕i^⊖_l +σ>x,⇕. d_{ll}+σ>x, ∗ ⋃ m∃@l ⇕dlm+σ>x,⇕ ⌈ > s+σ>x>σ. ηh_l ⊖ ηh_m, @^{χ+σ>x,}_{5η}5 d^⊖_{lm}+σ>x, iru l ∃@m> +9, s+σ>x>σ∗ ηh_l ⊖ ηh_m, @^{χ+σ>x,}_{5η}5 d^⊗_{lm}+σ>x, iru l ∃@m> s+σ>x>ι, @ 3 rwkhuz lvh1

Wkdqnvwr d frqwudfwlrq surshuw| gxh wr wkh glvfrxqwidfwruζ/ wkhuh h{lvwvd xqlt xh vroxwlrq +wkh�{hg0s rlqw, Y^η wr ht xdwlrq +7, iruσ ▽ Ψ^η z lwk wkherxqgdu| frqglwlrq Y^η+σ, @U+σ, iru σ ▽ CΨ^η1 Wkh iroorz lqj wkhruhp +vhh ^Nxv<3‘ ru ^I V<6‘, lqvxuhv wkdwY^η lv d frqyhuj hqwdssur{lp dwlrq vfkhp h1

Wkhruhp 5 +F r qyhuj hqfh r i wkh I G vfkhp h, Y^η frqyhujhv wr Y dv η ↘3 = olp η↘3_{σ↔ ı} Y^η+σ, @Y+ı, xqlirup o| rq R

Uhp dun 5 Frqglwlrq +6, lqvxuhv wkdwwkh s+σ>x>ι, duh srvlwlyh1 Li wklv frqglwlrq grhv qrwkrog/ vhyhudosrvvlelolwlhv wr ryhufrp h wklv duh ghvfulehg lq ^Nxv<3‘1

6 Wkh uhlqir ufhp hqwohduqlqj doj r ulwkp

Khuh z h dvvxp h wkdwi lv erxqghg iurp ehorz 1 Dv wkh vwdwh g| qdp lfv +i dqg d, lv xqnqrz q iurp wkh v| vwhp / z h dssur{lp dwh lwe| exloglqj d p rgho [i dqg [d iurp vdp sohv ri wudmhfwrulhv ı_n+w, = z h frqvlghu vhulhv ri vxffhvvlyh vwdwhv ı_n @ı_n+w_n, dqg ȷ_n @ı_n+w_n . χ_n, vxfk wkdw= 0∅ w▽ ŵ_n>w_n . χ_n‘> ı+w, ▽ Q+σ, qhlj kerxukrrg ri σ z krvh gldp hwhu lv lqihulru wr n_Q /η iru vrp h srvlwlyh frqvwdqwn_Q > 0wkh frqwurox lv frqvwdqwiru w▽ ŵ_n>w_n . χ_n‘> 0χ_n vdwlv�hv iru vrp h srvlwlyh n_4 dqg n_5/ n_4η ⪰ χ_n ⪰ n_5η/ +: ,

Wkhq lqfuhp hqwdoo| xsgdwh wkh p rgho=

]i_q +σ>x, @^4_q ⋃_q n@4 ȷ_n ∗ ı_n χ_n ]d_q +σ>x, @^4_q ⋃_q n@4 ) ȷ_n ∗ ı_n ∗ χ_n ]/i_q +σ>x, [ ) ȷ_n ∗ ı_n ∗ χ_n ]/i_q +σ>x, [_∋ χ_n +; , [u+σ>x, @^4_q ⋃_q n@4 u+ı_n>x, dqg frp sxwh wkh dssur{lp dwhg wlp h [χ+ı>x, dqg wkh dssur{lp dwhg suredelolwlhv ri wudqvlwlrq [s+σ>x>ι, e| uhsodflqj i dqg d e| [i dqg [d lq +8, dqg +9,1 Z h rewdlq wkh iroorz lqj xs gdwlqj uxoh ri wkh Y^η0ydoxh ri vwdwh σ=

Y^η_{q. 4}+σ, @vxs_{x▽ X}η ⌋ ζ^{[χ+ı>x,} ⋃ ι [s+σ>x>ι,Y^η_q +ι, . [χ+ı>x,[u+σ>x, ⌈ +<, z klfk fdq eh xvhg dv dq r�0olqh +v| qfkurqrxv/ J dxvv0Vhlgho/ dv| qfkurqrxv, ru rq0 wlp h +iru h{dp soh e| xs gdwlqj Y^η_q +σ, dv vrrq dv d wudmhfwru| h{lwv iurp wkh qhlj k0 erxurrg ri σ, GS doj rulwkp +vhh ^EEV<8‘,1 Ehvlghv/ z khq d wudmhfwru| klwv wkh erxqgdu| CR dwvrp h h{lws rlqwı_n+χ, wkhq xsgdwh wkh forvhvwvwdwh σ ▽ CΨ^η z lwk = Y^η_q +σ, @U+ı_n+χ,, +43, Wkhruhp 6 +F r qyhuj hqfh r i wkh doj r ulwkp , Vxssrvh wkdwwkh p rghodv z hoo dv wkh Y^η0ydoxh ri hyhu| vwdwh σ ▽ Ψ^η dqg frqwurox ▽ X^η duh uhjxoduo| xsgdwhg +uhvshfwlyho| zlwk +; , dqg +<,, dqg wkdwhyhu| vwdwh σ ▽ CΨ^η duh xsgdwhg z lwk +43, dwohdvwrqfh1 Wkhq ∅ ϱA 3/ ℜΞ vxfk wkdw∅ η ⪰ Ξ / ℜQ>∅ q ∼ Q/ vxs_{σ▽ Ψ} η ⇕Y^η_q +σ, ∗ Y+σ,⇕⪰ ϱz lwk suredelolw| 4

7 F r qfoxvlr q

Wklv sdshu suhvhqwv d p rgho0edvhg UO doj rulwkp iru frqwlqxrxv vwrfkdvwlf frqwuro sureohp v1D p rghori wkhg| qdp lfvlvdssur{lp dwhg e| wkhp hdq dqg wkhfryduldqfh ri vxffhvvlyh vwdwhv1 Wkhq/ d UOxsgdwlqj uxoh edvhg rq d frqyhuj hqwI G vfkhp h lv ghgxfhg dqg lq wkh k| srwkhvlv ri dq dght xdwh h{sorudwlrq/ wkh frqyhuj hqfh wr wkh rswlp dovroxwlrq lv suryhg dv wkh glvfuhwl}dwlrq vwhs η whqgv wr 3 dqg wkh qxp ehu ri lwhudwlrq whqgv wr lq�qlw| 1 Wklv uhvxowlv wr eh frp sduhg wr wkh p rgho0iuhh UO doj rulwkp iru wkh ghwhup lqlvwlf fdvh lq ^P xq<: ‘1 Dq lqwhuhvwlqj srvvleoh ixwxuh z run vkrxog eh wr frqvlghup rgho0iuhh doj rulwkp v lq wkh vwrfkdvwlf fdvh iru z klfk d T0ohduqlqj uxoh +vhh ^Z dw; <‘, frxog eh uhohydqw1

D Ds s hqgl{ = s ur r i r i wkh fr qyhuj hqfh

OhwP_i >P_d>P_{i ı} dqg P_{ϕ ı} eh wkh xss huerxqgvri i >d>i_ı dqg ϕ_ı dqg p_i wkh orz hu erxqg ri i 1 OhwH^η @vxs_{σ▽ Ψ} η ⇕Y^η+σ, ∗ Y+σ,⇕dqg H^η_q @vxs_{σ▽ Ψ} η \ Y^η_q +σ, ∗ Y^η+σ, \ / D14 Hvwlp dwlr q huur u ri wkh p r gho]i_q dqg ]d_q dqg wkh s ur edelolwlhv [s_q

Vxssrvh wkdwwkhwudmhfwru| ı_n+w, rffxuhg iruvrp h rffxuhqfh z_n+w, ri wkh eurz qldq p rwlrq = ı_n+w, @ ı_n . ⊎_w w_n i +ın+w,>x,gw. ⊎_w w_n ϕ+ın+w,>x,gz n/Wkhq z h frqvlghu d

wudmhfwru| ℘_n+w, vwduwlqj iurp σ dww_n dqg iroorz lqj wkh vdp h eurz qldq p rwlrq = ℘_n+w, @σ. ⊎_w w_n i +℘n+w,>x,gw. ⊎_w w_n ϕ+℘n+w,>x,gz n/ Ohw℘_n @℘_n+w_n . χ_n,1 Wkhq +ȷ_n ∗ ı_n, ∗ +℘_n ∗ σ, @ ⊎ w_n î +ın+w,>x, ∗ i +℘n+w,>x,‘gw. ⊎_{wn . χn} w_n ϕ̂+ın+w,>x, ∗ ϕ+℘n+w,>x,‘gz n1 Wkxv/ iurp wkh F 4 surshuw| ri i dqg ϕ/

\+ȷ_n ∗ ı_n, ∗ +℘_n ∗ σ,\ ⪰ +P_{i ı} . P_{ϕ ı} ,/n_Q /χ_n/η/ +44,

Wkh gl�xvlrq surfhvvhv kdv wkh iroorz lqj surshuw| +vhh iru h{dp soh wkh Lw�0Wd| oru p dmrudwlrq lq ^NS<8‘, =H_ı ^℘_n‘@σ. χ_n/i +σ>x,. R+χ^5_n, z klfk/ iurp +: ,/ lvht xlydohqw wr =H_ı ⌋_{℘n ∗ σ} χ_n ⌈ @i +σ>x, . R+η,1 Wkxv iurp wkh odz ri oduj h qxp ehuv dqg +44, =

olp vxs q↔ △ ( (]i q +σ>x, ∗ i +σ>x, ( ( @ olp vxs_{q↔ △} ( (^4_q ⋃_q n@4 ⌋_{ȷ n ∗ ı n} χ_n ∗ ℘_n ∗ σ χ_n ⌈( ( . R+η, @ +P_{i ı} . P_{ϕ ı} ,/n_Q /η. R+η, @R+η, z 1s1 4+45,

Ehvlghv/ gl�xvlrq surfhvvhv kdyh wkh iroorz lqj surshuw| +djdlq vhh ^NS<8‘, = H_ı ⌋ +℘_n ∗ σ, +℘_n ∗ σ,^∋ ⌈ @ d+σ>x,χ_n . i +σ>x,/i +σ>x,^∋/χ^5_n . R+χ^6_n, z klfk/ iurp +:,/

lv ht xlydohqwwr = H_ı ⌋_{+℘n ∗ σ∗ χn i +σ>x,,+℘n ∗ σ∗ χn i +σ>x,, ∋} χ_n ⌈ @d+σ>x, . R+η^5,1 Ohwu_n @

℘_n ∗ σ∗ χ_ni +σ>x, dqg [u_n @ȷ_n ∗ ı_n ∗ χ_n]i_q +σ>x, z klfk vdwlvi| +iurp +44, dqg +45,, = \u_n ∗ [u_n\ @+P_{i ı} . P_{ϕ ı} ,/χ_n/n_Q /η. χ_n/R+η, +46, I urp wkh gh�qlwlrq ri ]d_q +σ>x,/ z h kdyh= ]d_q +σ>x, ∗ d+σ>x, @^4_q ⋃_q n@4 ]u_n /]u_n^∋ χ_n ∗ H_ı ⌋_{un /u∋n} χ_n ⌈ . R+η^5, dqg iurp wkh odz ri oduj h qxp ehuv/ +45, dqg +46,/ z h kdyh=

olp vxs q↔ △ \]d_q +σ>x, ∗ d+σ>x,\ @olp vxs_{q↔ △} ( (^4_q ⋃_q n@4 ]u_n /]u_n^∋ χ_n ∗ u_n /u^∋_n χ_n ( ( . R+η^5,

@ \[u_n ∗ u_n\olp vxs_{q↔ △}^4_q^q ⋃ n@4 )( (^{]un}_{χn} ( ( . ( (^{un}_{χn} ( ( [ . R+η^5, @R+η^5,

z lwk suredelolw| 41Wkxv wkhuh h{lvwv n^i dqg n^d v1w1 ℜΞ^4>∅ η ⪰ Ξ^4>ℜQ^4>q ∼ Q^4> ( (]i q +σ>x, ∗ i +σ>x, ( ( ⪰ ni /η z 1s1 4 \]d^q +σ>x, ∗ d+σ>x,\ ⪰ n^d/η_5 z 1s1 4 +47,

Ehvlghv/ iurp +8, dqg +47,/ z h kdyh= ⇕χ+σ>x, ∗ [χ^q +σ>x,⇕⪰_{g/+ni /η5 . g/nd η5 ,} +g/p^i /η,_5 η

5 ⪰ n^χ/η_5 +48, dqg iurp d surs huw| ri h{srqhqwldoixqfwlrq/ \ \ζ_{χ+σ>x,} ∗ ζ_{[χq +σ>x,} \ \@nχ/oq_4^ζ /η_5/ +49,

Z h fdq ghgxfh iurp +47, wkdw= olp vxs q↔ △ ⇕s+σ>x>ι, ∗ ]s^q +σ>x>ι,⇕⪰_{+5/η/P i . g/P d ,+5/ni . g/nd ,η5} ηp^i ∗ +5/n^i . g/n^d ,η_5 ⪰ ns η z 1s1 4 +4: ,

z lwk n^s @7+g/P^d,+5/n^i . g/n^d, iru η ⪰ Ξ^5 @p lq √^{p i} 5/n^i . g/n^d > g/P^d 5/η/P^i √ 1

D15 Hvwlp dwlr q r i ⇕Y^η_{q. 4}+σ, ∗ Y^η+σ,⇕

Diwhu kdylqj xsgdwhg Y^η_q +σ, z lwk uxoh +<,/ ohw Σ ghqrwh wkh gl�huhqfh \ Y^η_{q. 4}+σ, ∗ Y^η+σ, \ 1 I urp +7,/ +<, dqg +;,/ Σ ⪰ ζ^{χ+σ>x,} ⋃ ι ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘Y^η+ι, . ) ζ^{χ+σ>x,} ∗ ζ^{[χ+σ>x,} [ ⋃ ι [s+σ>x>ι,Y^η+ι, . ζ^{[χ+σ>x,} / ⋃ ι [s+σ>x>ι, ⌋ Y^η+ι, ∗ Y^η_q +ι, ⌈ . ⋃ ι [s+σ>x>ι,/[χ+σ>x, û+σ>x, ∗ [u+σ>x,‘ . ⋃ ι [s+σ>x>ι, ^[χ+σ>x, ∗ χ+σ>x,‘u+σ>x, iru doox ▽ X^η Dv Y lv gl�huhqwldeoh z h kdyh = Y+ι, @ Y+σ, . Y_ı /+ι∗ σ, . r+\ι∗ σ\,1 Ohw xv gh�qh d olqhdu ixqfwlrq [Y vxfk wkdw= [Y+ı, @ Y+σ, . Y_ı /+ı ∗ σ,1 Wkhq z h kdyh= ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘Y^η+ι, @ ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘/ ⌋ Y^η+ι, ∗ Y+ι, ⌈ . ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘Y+ι,/ wkxv= ⋃ ι ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘Y^η+ι, @ n_s /H^η/η . ⋃ ι ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘ ⌋ [Y+ι, . r+η, ⌈ @ ⌋ [Y+κ, ∗ [Y+[κ, ⌈ . n_s /H^η/η . r+η, @ ⌋ [Y+κ, ∗ [Y+[κ, ⌈ . r+η, z lwk =κ @ ⋃ ι s+σ>x>ι, +ι ∗ σ, dqg [κ @ ⋃ ι [s+σ>x>ι, +ι ∗ σ,1 Ehvlghv/ iurp wkh frqyhuj hqfh ri wkh vfkhp h +wkhruhp 5,/ z h kdyh H^η/η @

r+η,/ I urp wkh olqhdulw| ri [Y> \ \[Y+ι, ∗ [Y+[ι, \ \ ⪰ ( (ι ∗ [ι ( (/P Y_ı ⪰ 5ns η^5/ Wkxv \ \ ⋃ ι ŝ+σ>x>ι, ∗ [s+σ>x>ι,‘Y^η+ι, \ \@r+η, dqg iurp +48,/ +49, dqg wkhOlsvfklw} surs0 huw| ri u/ Σ @ \ \ζ^{[χ+σ>x,} / ⋃ ι [s+σ>x>ι, ⌋ Y^η+ι, ∗ Y^η_q +ι, ⌈\ \. r+η,/ Dv ζ^{[χ+σ>x,} ⪰ 4 ∗^{[χ+σ>x,}_5 oq^4_ζ ⪰ 4 ∗^{χ+σ>x,∗ nχ η5}_5 oq^4_ζ ⪰ 4∗ +^η_{5g+P i . g/P d ,} ∗^{nχ}_5 η^5, oq^4_ζ > z h kdyh= Σ @+4∗ n/η,H^η_q . r+η, +4; ,

z lwk n @^4

5g+P_i . g/P_d , /

D16 D vx! flhqwfr qglwlr q ir u vxs^{σ▽ Ψ} η \ Y_η^q +σ, ∗ Y_η+σ, \ ⪰ ϱ^5 Ohwxv vxssrvh wkdwiru dooσ ▽ Ψ_η>wkh iroorz lqj frqglwlrqv krog iru vrp h δ A 3

H_η^q A ϱ^5 ⇔ \ Y_η^{q. 4}+σ, ∗ Y_η+σ, \ ⪰ H_η^q ∗ δ +4<,

H_η^q ⪰ ϱ^5 ⇔ \ Y_η^{q. 4}+σ, ∗ Y_η+σ, \ ⪰ ϱ^5 +53,

I urp wkh k| srwkhvlv wkdwdoovwdwhv σ ▽ Ψ_η duh uhj xoduo| xsgdwhg/ wkhuh h{lvwv dq lqwhj hu p vxfk wkdwdwvwdj h q . p doo wkh σ ▽ Ψ_η kdyh ehhq xsgdwhg dwohdvw rqfh vlqfh vwdj h q1 Ehvlghv/ vlqfh doo σ ▽ CJ_η duh xsgdwhg dwohdvwrqfh z lwk uxoh +43,/ ∅ σ ▽ CJ_η>⇕Y_η^q +σ, ∗ Y_η+σ,⇕@⇕U+ı^n+χ,, ∗ U+σ,⇕⪰ 5/O^U/η ⪰ ϱ^5 iru dq| η ⪰ Ξ^6 @_{ϱ5}^{5/OU} /Wkxv/ iurp +4<, dqg +53, z h kdyh=

H_η^q A ϱ^5 ⇔ H_η^{q. p} ⪰ H_η^q ∗ δ

H_η^q ⪰ ϱ^5 ⇔ H_η^{q. p} ⪰ ϱ^5

Wkxv wkhuh h{lvwv Q vxfk wkdw=∅ q ∼ Q>H_η^q ⪰ ϱ^51

D17 F r qyhuj hqfh r i wkh doj rulwkp

Ohwxv suryh wkhruhp 61 I ru dq| ϱA 3/ ohwxvfrqvlghu ϱ^4 A 3 dqg ϱ^5 A 3 vxfk wkdw ϱ^4 . ϱ^5 @ϱ1 Dvvxp h H_η^q A ϱ^5/ wkhq iurp +4; ,/ Σ @H_η^q ∗ n/η/ϱ^5 . r+η, ⪰ H_η^q ∗ n/η/_{ϱ5}^5 iru η ⪰ Ξ^6/Wkxv +4<, krogviruδ @n/η/_{ϱ5}^5 /Vxssrvh qrz wkdwH_η^q ⪰ ϱ^51I urp +4;,/

Σ ⪰ +4∗ n/η,ϱ^5 . r+η, ⪰ ϱ^5 iru η ⪰ Ξ^6 dqg frqglwlrq +53, lv wuxh1

Wkxv iru η ⪰ p lq⟩Ξ^4>Ξ^5>Ξ^6| / wkh vx! flhqwfrqglwlrqv +4<, dqg +53, duh vdwlv�hg1

Vr wkhuh h{lvwv Q>iru dooq ∼ Q/ H_η^q ⪰ ϱ^5/Ehvlghv/ iurp wkh frqyhuj hqfh ri wkh vfkhp h +wkhruhp 5,/ wkhuh h{lvwv Ξ^3 vw1 ∅ η ⪰ Ξ^3>vxs^{σ▽ Ψ} η ⇕Y_η+σ, ∗ Y+σ,⇕⪰ ϱ^4/

Wkxv iru η ⪰ p lq⟩ Ξ^3>Ξ^4>Ξ^5>Ξ^6| >ℜQ>∅ q ∼ Q/ vxs^{σ▽ Ψ η} ⇕Y_η^q +σ, ∗ Y+σ,⇕⪰ vxs^{σ▽ Ψ η} ⇕Y_η^q +σ, ∗ Y_η+σ,⇕. vxs^{σ▽ Ψ η} ⇕Y_η+σ, ∗ Y+σ,⇕⪰ ϱ^4 . ϱ^5 @ϱ/

Uhihuhqfhv

^EEV<8‘ Dqguhz J 1Eduwr/ Vwhyhq M1Eudgwnh/ dqg Vdwlqghu S1Vlqj k1Ohduqlqj wr dfwxvlqj uhdo0wlp h g| qdp lf surjudp p lqj 1DuwlfflfldoLqwhooljhqfh/ +:5,=;4� 46;/ 4<<81 ^Ehu;: ‘ Glp lwul S1 Ehuwvhndv1 G| qdp lf Surjudp p lqj = Ghwhup lqlvwlf dqg Vwr0 fkdvwlf P rghov1 Suhqwlfh Kdoo/ 4<; : 1 ^I V<6‘ Z hqghooK1I ohp lqj dqg K1P hwh Vrqhu1Frqwuroohg P dunry Surfhvvhvdqg Ylvfrvlw| Vroxwlrqv1 Dssolfdwlrqv ri P dwkhp dwlfv1Vsulqjhu0Yhuodj/ 4<<61 ^NS<8‘ Shwhu H1Norhghq dqg Hfnkdug Sodwhq1Qxp hulfdoVroxwlrqv ri Vwrfkdvwlf GlffihuhqwldoHtxdwlrqv1 Vsulqj hu0Yhuodj / 4<<81 ^Nu| ; 3‘ Q1Y1Nu| ory1Frqwuroohg Glffixvlrq Surfhvvhv1Vsulqjhu0Yhuodj / Qhz \ run/ 4<;31 ^Nxv<3‘ Kdurog M1Nxvkqhu1Qxp hulfdop hwkrgviruvwrfkdvwlf frqwurosureohp vlq frqwlqxrxv wlp h1VLDP M1Frqwurodqg Rswlp l}dwlrq/ 5; =<<<�437; / 4<<31 ^P xq<: ‘ U�p l P xqrv1 D frqyhuj hqwuhlqirufhp hqwohduqlqj dojrulwkp lq wkh frq0 wlqxrxvfdvh edvhg rq d �qlwh gl�huhqfh p hwkrg1LqwhuqdwlrqdoMrlqwFrq0 ihuhqfh rq DuwlfflfldoLqwhooljhqfh/ 4<<: 1 ^Z dw;<‘ Fkulvwrskhu M1F1K1Z dwnlqv1 Ohduqlqj iurp ghod| hg uhz dug1 SkG wkhvlv/ Fdp eulgj h Xqlyhuvlw| / 4<;<1