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Foreword

The purpose of this manuscript is to put in perspective, in a coherent framework, the various topics
I have worked on since the end of my PhD, in May 2016. My work in statistical physics has so
far focused on the large scale behavior of lattice gases, particularly in out-of-equilibrium and non-
equilibrium situations where non-trivial physical behavior can occur. The topic of scaling limits of
interacting lattice gases can involve signi�cant technical di�culties, and I wanted this manuscript to
be, as much as possible, readable both by the mathematics and the physics community. For this reason
I chose, in the introduction in particular, to present the various results obtained with my collaborators
in a slightly less rigorous and exact way, in order to make them more easily accessible. When needed,
I will refer to the exact result and/or comment on the di�erences between the results presented here
and the ones stated in the corresponding original article. Furthermore, in order to present a uniform
manuscript based on various articles, in some instances the notations introduced here may di�er from
those of the original article. Hopefully, this will not be an issue to the reader, and I tried whenever
possible to keep notations as close as possible to the original. To ease reading through the manuscript, I
also chose to put in color the new notations introduced inside of paragraphs that are relevant at several
other points of the manuscript.
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Introduction

1 Macroscopic behavior of lattice gases

We start by brie�y reviewing a few classical tools to characterize the macroscopic behavior of lattice
gases that will be referred to repeatedly throughout this manuscript, in the context of a generic exclusion
process. This section contains no original results, but it will allow us to introduce our general setup, as
well as many notations that will be exploited throughout this manuscript. More details on the technical
and physical aspects of scaling limits of lattice gases can respectively be found in [48, 70].

1.1 A general exclusion process

In the context of lattice gases, the theory of hydrodynamic limits is a set of tools that allow
to characterize the macroscopic behavior of a microscopic stochastic model by a set of PDE
satis�ed by its locally conserved quantities. Let us brie�y present it in the context of a sym-
metric exclusion process on a one-dimensional ring TN = {1, . . . , N}, meaning a Markov
process on the set of con�gurations

ΩN := {0, 1}TN , (1)

with Markov generator given by

LNf(η) :=
∑
x∈TN

cx,x+1(η)
{
f
(
ηx,x+1

)
− f(η)

}
. (2)

Above, ηx,x+1 is the con�guration where the values at sites x and x+1 have been exchanged,
namely

ηx,x+1
y =


ηx for y = x+ 1

ηx+1 for y = x

ηy for y 6= x, x+ 1.

(3)

De�ne τx the translation by x, meaning

(τxη)y = ηy+x and τxg(η) = g(τxη), (4)

for any function g of the con�guration. Throughout, we call local function a function that
depends only on a �nite set which does not depend on the size N of the lattice. We assume
in this introductory example that

(H1) the jump rates cx,x+1(η) = τx(c1,2(η)) are translation-invariant local functions of the
con�guration and bounded away from 0, meaning that for some positive constant c,
and any η ∈ ΩN ,

c1,2(η) > c. (5)

9



(H2) For any ρ ∈ [0, 1] the generator LN is reversible w.r.t. Bernoulli product measures on
ΩN

µρ(η) :=
∏
x∈TN

{
ηxρ+ (1− ηx)(1− ρ)

}
. (6)

Note that this is in particular the case if cx,x+1(η) does not depend on ηx, and ηx+1.
These distributions are referred to as grand-canonical measures for the process, and we
denote by Eρ the corresponding expectation.

(H3) The model is gradient, meaning that there exists a local function h(η) such that the
instantaneous current jx,x+1(η) along any edge is the discrete gradient of h,

jx,x+1 := cx,x+1(ηx − ηx+1) = τxh− τx+1h. (7)

1.2 Characterization of macroscopic behavior.

Consider the continuous (periodic) ring T := [0, 1], we now de�ne the notion of a con�gu-
ration distribution �tting a macroscopic pro�le.

De�nition 1.1 (Measure �tting a macroscopic pro�le) We will say that a sequence of measures
µN on ΩN �ts a macroscopic pro�le ρ : T → [0, 1] if for any smooth test function H on T and any
δ > 0,

lim
N→∞

µN

( ∣∣∣∣∣ 1

N

∑
x∈TN

ηxH(x/N)−
∫
T
ρ(u)H(u)du

∣∣∣∣∣ > δ

)
= 0 (8)

As a particular case of the latter, we say that µN is a product measure �tting ρ is

µN(η) =
∏
x∈TN

{
ηxρ(x/N) + (1− ηx)(1− ρ(x/N)

}
, (9)

meaning each site x is independently �lled by a particle with probability ρ(x/N).

This de�nition readily applies to the case of a non periodic or in�nite lattice, like Z, in
which case (8) needs to hold for any test function on R with compact support.

We now consider a continuous time Markov Process {η(t), t > 0} driven by the gener-
ator N2LN de�ned by (2) with a di�usive time scaling (time being accelerated by a factor
N2), and we denote by PµN its distribution starting from an initial distribution µN , and by
EµN the corresponding expectation. We can now characterize the macroscopic behavior of
our generic exclusion process.

Theorem 1.1 (Hydrodynamic limit for η) Assume for simplicity that the initial distributionµN

is a product state associated in the sense of (9) with an initial pro�le ρ0 : T → [0, 1]. Then, for any
time t > 0, the distributions µNt := PµN (η(t) = ·) of η(t) is associated with ρ(t, ·), where the
function ρ(t, u) : [0,+∞)× T→ [0, 1] is the unique weak solution to the hydrodynamic equation{

∂tρ = ∂2
uH(ρ)

ρ(0, ·) = ρ0,
(10)

where H(ρ) is the expectation under µρ of the function h introduced in (7) .

H(ρ) := Eρ(h).

10



To keep things short, we will not systematically de�ne weak solutions to hydrodynamic
equations. We simply de�ne them in the generic case considered here, that will be straight-
forwardly adapted to the various setups considered throughout this manuscript. The fol-
lowing de�nition is obtained by integrating by parts against a smooth test function the so-
lution to the hydrodynamic limit, with the signi�cant upside that de�ning weak solutions
requires much less regularity than strong ones. Furthermore, in all cases considered in this
manuscript, we retain uniqueness of such solutions.

De�nition 1.2 (Weak solution to the hydrodynamic equation (10) ) We call any measurable
trajectory ρ : [0,+∞) × T → [0, 1] a weak solution to (10) if for any smooth test function H ,
and any t > 0

〈ρ(t, ·), H〉 = 〈ρ0, H〉+

∫ t

0

〈ρ(s, ·), ∂2
uH〉ds,

where 〈·, ·〉 is the L2(T) inner product.

In order not to have, each time, to give the full statement of the hydrodynamic limit, we
adopt the following convention.

De�nition 1.3 (Hydrodynamic limit) Throughout, we will say that “the process {η(t), t > 0}
has for hydrodynamic limit the weak solution ρ to a given PDE” – in thise case, (10) for example–,
if for any time t > 0, the distribution µNt of η(t) is associated with the pro�le ρ(t, ·) in the sense of
De�nition 1.1, where ρ is the unique weak solution to the hydrodynamic equation (10) .

Once again, analogous results can be derived in the cases where the lattice is in�nite,
or when boundary dynamics are added to the bulk dynamics, in which case (10) needs
to be supplemented by macroscopic boundary conditions. Depending on the speci�cities
of the microscopic dynamics considered (symmetric or not, gradient or not, reversible or
not, etc.) a broad range of techniques can be used to prove this type of results, many of
them are detailed in [48]. We sketch here one of the most classical techniques, namely
Guo Papanicolaou and Varadhan’s entropy method [42], whose estimates will be referenced
in several places throughout this manuscript.

1.3 Sketch of the entropy method

By Dynkin’s formula, shortening for any function h of the con�guration h(s) := h(η(s)),
we can write for any t and any test function H

1

N

∑
x∈TN

ηx(t)H(x/N) =
1

N

∑
x∈TN

ηx(0)H(x/N)+N2

∫ t

0

1

N

∑
x∈TN

H(x/N)LNηx(s)ds+M
H,N
t .

(11)
In the identity above, MH,N is a martingale encompassing the CLT �uctuations around the
hydrodynamic limit. Its quadratic variation can be explicitly computed (see [48, Appendix
1.5, Lemma 5.1]) and is of order O(t/N) and therefore vanishes in the limit N → ∞.
Regarding the time integral, thanks to the gradient condition (H3) above, we can write using
(7)

LNηx = jx−1,x − jx,x+1 = τx+1h+ τx−1h− 2τxh

as a discrete Laplacian. De�ning ∂2
u,N as the discretization of ∂2

u,

∂2
u,NH(u) = N2{H(u+ 1/N) +H(u− 1/N)− 2H(u)} = ∂2

uH(u) +O(1/N),

11



summing by parts in (11) , we obtain

1

N

∑
x∈TN

ηx(t)H(x/N) =
1

N

∑
x∈TN

ηx(0)H(x/N)+

∫ t

0

1

N

∑
x∈TN

∂2
uH(x/N)τxh(s)ds+εN , (12)

where the error term εN vanishes in L2. Note in particular that the factor N2 coming from
the di�usive timescale has been absorbed in the test function’s Laplacian.

At this point, we would like to express the identity above as a function of the empirical
measure πNt of the process, namely

πNt :=
1

N

∑
x∈TN

ηxδx/N , (13)

where δu represents a Dirac measure at u. The upside of the empirical measure is that it
is de�ned on the space M of non-negative measures on T, so that its limit as N → ∞
belongs to the same space. Given a measure π and a test functionH on T, we also denote by
〈π,H〉 =

∫
TH(u)π(du) their inner product. With these notations, we can rewrite (14) as

〈πNt , H〉 = 〈πN0 , H〉+

∫ t

0

1

N

∑
x∈TN

∂2
uH(x/N)τxh(s)ds+ εN . (14)

De�ne a sequence of probability measures QN := PµN ◦ π−1, on the set D([0, T ],M) of
càdlàg trajectories onM, as the pushforward of PµN through the mapping

π : {η(t), t ∈ [0, T ]} 7→ {πNt , t ∈ [0, T ]}.

One can show using classical tools that the sequence (QN)N is relatively compact, and
that any of its limit points Q? is concentrated on trajectories which are, at any time t, abso-
lutely continuous w.r.t. the Lebesgue measure,

Q?(πt(du) = ρ(t, u)du) = 1.

In order for (14) to be expressed under any limit point Q? of (QN)N , we need to replace the
microscopic observable τxh by a function of the empirical measure. More precisely, de�ne
the mesoscopic density

ρεNx (t) :=
1

2εN + 1

∑
|y−x|6εN

ηx(t) = 〈πNt , ιεx/N〉+O(1/N), (15)

where ιεu = 1[u−ε,u+ε]. The last identity shows that, as N → ∞ ρεNx (t) is closely approxi-
mated, by a function of the empirical measure. Such a replacement of τxh by a function
H(ρεNx ) typically holds in the limit where ε → 0 after letting N → ∞, and is stated as a
replacement Lemma as follows.

Lemma 1.2 (Replacement Lemma) For any test function H , any local function g of the con�g-
uration, and any positive δ, t,

lim sup
ε→0

lim sup
N→∞

PµN

( ∣∣∣∣∣
∫ t

0

ds
1

N

∑
x∈TN

H(x/N)
{
τxg(s)− EρεNx (s)(g)

} ∣∣∣∣∣ > δ

)
= 0, (16)

where Eρ is the expectation w.r.t. the grand-canonical state µρ de�ned in (6) .
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This replacement Lemma together with (14) yields that as N →∞, any limit point Q?

of (QN) satis�es

lim sup
ε→0

Q?

( ∣∣∣∣ 〈πt, H〉 − 〈π0, H〉 −
∫ t

0

〈H (〈πs, ιε· 〉) , ∂2
uH〉ds

∣∣∣∣ > δ

)
= 0.

Since Q?-a.s., πt(du) = ρ(t, u)du, we obtain letting ε to 0 that Q?-a.s.

〈ρt, H〉 = 〈ρ0, H〉+

∫ t

0

〈H(ρs), ∂
2
uH〉ds, (17)

which proves the hydrodynamic limit stated in Theorem 1.1 since there is a unique weak
solution ρ to (17) . This strategy to prove the Replacement Lemma is called the entropy
method because it strongly relies on estimating the local relative entropyH(µNt | µρ) between
the distribution of the process µNt and its grand canonical distributions µρ, where the relative
entropy is given by

H(µ | ν) :=
∑
η

dµ(η) log
dµ(η)

dν(η)
= Eν

(
dµ

dν
log

dµ

dν

)
. (18)

As is the case with several models in this manuscript, entropy techniques can fail for pro-
cesses where the actual distribution of the process is not well approximated by a well behaved
reference distribution, either because boundary e�ects distort it (Chapter II), or in the pres-
ence of di�erent microscopic phases (Chapter I).

1.4 Fluctuating hydrodynamics and large deviations

As the key argument to prove the hydrodynamic limit of di�usive lattice gases is the Re-
placement Lemma 1.2, Hydrodynamic limits play the role of a law of large numbers for
interacting particle systems. In many cases, the hydrodynamic limit, as an idealized deter-
ministic limit, does not contain all the information needed to characterize phenomena like
phase transitions and phase separation. A natural question once the hydrodynamic limit is
derived is therefore to obtain results on the �uctuations of the microscopic system around
it, through

• Fluctuating hydrodynamics, analogous to the CLT for interacting particle systems.
This is a mathematically very challenging topic, and although general techniques allow
to characterize the �uctuation process in the stationary state, the general case of the
�uctuating hydrodynamics starting from any density pro�le remains in large parts an
open problem, despite signi�cant recent progress [45, 46].

• Dynamical large deviations principles for the density and the current pro�les in the
hydrodynamic regime, for which the strategy, at least in �nite volume, has been well
established for decades [49, 24].

For a di�usive model like the Exclusion Process introduced in Section 1.1, which is re-
versible w.r.t. Bernoulli Product measure, both of these �uctuation regimes (stationary CLT
and dynamical large deviations principle) can be characterized. Obviously, its static large
deviations can be characterized as well, since the stationary state is explicit and given by
(6) . For non-equilibrium models, for example driven by boundary dynamics, the stationary
state is typically not know explicitly, and obtaining its static large deviations regime becomes
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much more challenging [23, 9, 12]. Fix once and for all a density ρ ∈ (0, 1), macroscopic
stationary �uctuations for our exclusion process can be characterized by the distribution YNt
acting on test functions H : T→ R as

YNt (H) =
1√
N

∑
x∈TN

H(x/N)(ηx(t)− ρ). (19)

Once again, we want to derive the limiting �eld (Yt) as N →∞.

To do so, de�ne our processe’s di�usion coe�cient

D(ρ) := H′(ρ) =
d

dρ
Eρ(h), (20)

its conductivity
σ(ρ) = Eρ(c1,2). (21)

The CLT �uctuations for our generic exclusion process can now be characterized thusly.

Theorem 1.3 The �uctuation �eld YNt converges as N → ∞ to a stationary solution Yt to the
stochastic heat equation

∂tYt = D(ρ)∂2
uYt +

√
2σ(ρ)∂uẆt, (22)

where ∂uẆt is a space-time white noise.

Note that in order to avoid introducing burdensome notations, we do not specify here the
proper topological setup for the convergence above, and refer the reader to e.g. [48, Chapter
11] for more details.

To go beyond this equilibrium CLT, one can try and understand the large deviations
regime for the density �eld ρ. In other words, given a smooth enough function ρ : [0, T ] ×
T → [0, 1] (which is not a solution to the hydrodynamic equation (10) ), can we estimate as
a function of N the decaying probability PµN (πNt ' ρ(t, u)du) ? In what follows, according
to the terminology de�ned in the Macroscopic Fluctuations Theory [10], we will call such
deviations �uctuations, but the reader should bear in mind that these �uctuations are not
the �uctuations, of order 1/

√
N which are typical under the CLT, but rather very unlikely

�uctuations of order 1 that can occur for �xed but large N , that are encompassed in the
regime of large deviations. According to large deviations theory, to do so one needs �rst
to understand how such a deviation would occur. In this regime, two types of �uctuations
coexist to create a deviation ρ from the hydrodynamic limit, that correspond to the two types
of randomness in the process {η(t), t > 0}:

• statical large deviations come from the randomness of the initial con�guration, and oc-
cur if the initial distribution has produced a con�guration which is close to an unlikely
initial pro�le ρ(t, 0).

• dynamical large deviations come from the randomness of the dynamics, and translate
the fact that an anomalous number of jumps, producing a anomalous particle current,
can occur throughout the evolution of the Markov process, resulting in an unlikely
macroscopic pro�le.

Consider now the latter : because our exclusion process locally conserves mass, we know
that under any trajectory of the process, we must have a relation between variation of the
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density in a local region, and the current going through this region. More precisely, even for
a very unlikely realization of the process, at the macroscopic level the local particle current
j(t, u) = j[ρ] must satisfy

∂tρ = ∂uj. (23)

In particular, knowing the initial density pro�le ρ(0, ·) and the current j fully characterizes
ρ, and it is much more convenient to work with j because dynamical large deviations come
from deviations in the microscopic current jx,x+1, that can be readily translated in terms of
macroscopic current j (see Section 9.2 for more on the topic). More precisely, we have the
following formal result.

Theorem 1.4 Fix an initial pro�le ρ0 : T → [0, 1], and consider the process η(t) with initial
product distribution �tting ρ0, given by (9) and driven by N2LN . For any (smooth enough) function
ρ : [0, T ]× T→ [0, 1], letting j = j[ρ] be the associated current de�ned through (23) , we have

P
(
πNt ' ρ(t, u)du, ∀t ∈ [0, T ], u ∈ T

)
� exp

(
−N{S0[ρ(0, ·)] + I[0,T ][ρ, j]}

)
, (24)

where the statical large deviations functional S0 is the classical relative entropy w.r.t. ρ0

S0[γ] :=

∫
T
du

{
γ log

γ

ρ0

+ (1− γ) log
1− γ
1− ρ0

}
and the dynamical large deviations functional I[0,T ] is given by

I[0,T ][ρ, j] =
1

2

∫ T

0

∫
T

1

σ(ρ)
(j −D(ρ)∂uρ)2duds,

where the conductivity σ was de�ned in (21) . Note that as expected, both S0[ρ(0, ·)] and I[0,T ][ρ]
vanish if ρ is solution to the hydrodynamic equation (10) with the correct initial data ρ0, because in
this case j[ρ] ≡ D(ρ)∂uρ.

Now that the main notions and notations have been brie�y introduced, we present, chapter by
chapter, the various results presented in this manuscript. In order to avoid introducing straight away
burdensome notations, and to keep things (relatively) short, many of the results presented in this intro-
duction will not be stated in a mathematically rigorous way. The precise statements will be given in
the chapter themselves, together with sketches of the salient points of the proofs.
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2 In�uence of kinetic constraints

The �rst part of this manuscript concerns kinetically constrained models [33], in particular the so-
called Facilitated Exclusion Process (FEP) introduced by physicists in [65].

2.1 The Facilitated Exclusion Process

The FEP is a toy model for phase separation de�ned by supplementing the classical SSEP
with a hard kinetic constraint. More precisely, in the one-dimensional FEP, particles can
jump to an empty neighboring site i� their other neighbor is occupied by a particle. In other
words, only active particles can jump, meaning particles with at least one occupied neighbor.
In the symmetric case, the jump rates in its Markov generator (2) , at which sites x and x+ 1
are exchanged, encompass this kinetic constraint, and are given by

cx,x+1(η) = ηx−1ηx(1− ηx+1) + ηx+2ηx+1(1− ηx). (25)

Since they vanish when the kinetic constraint is not satis�ed, those jump rates are not bounded
away from 0, and it is easy to check that they are not reversible w.r.t. Bernoulli product
measures, so that assumptions (H1) and (H2) in Section 1.1 are not satis�ed by the FEP.
However, it is gradient, since the gradient condition (7) is satis�ed by the function

τxh(η) = ηx−1ηx + ηxηx+1 − ηx−1ηxηx+1.

Note that the function τxh is the indicator function that x and at least one of its neighbors
are occupied, or in other words the indicator function that there is an active particle at site x.

Because of the kinetic constraint, the facilitated exclusion process has two phases, de-
pending on the local density ρ: in the supercritical phase (ρ > 1/2), after a transience time,
all empty sites become isolated, which de�nes an ergodic component

E := {η, ηx + ηx+1 > 1 ∀x} (26)

for the process. Indeed, pairs of neighboring empty sites can only be split up by the process,
because a particle surrounded by empty sites cannot jump out. In the subcritical phase (ρ <
1/2), instead, after a transience time, particles become isolated and the process eventually
reaches a frozen state η ∈ F , where

F := {η, ηx + ηx+1 6 1 ∀x} (27)

because there are no active particles left. The critical phase ρ = 1/2 concentrates on al-
ternated con�gurations · · · ◦ • ◦ • · · · , where • represents particles and ◦ represents empty
sites.

2.2 Hydrodynamic limit and transience time for the symmetric FEP

In order to derive the macroscopic behavior of the FEP, one could hope to straightforwardly
apply the entropy method sketched in Section 1.3 to derive a result analogous to Theorem 1.1
for the FEP. As mentioned previously, however, the entropy method relies on estimating the
relative entropy of the distribution of the microscopic process w.r.t. its grand canonical
states πρ. The latter are de�ned in the supercritical phase ρ > 1/2 and are supported on the
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ergodic component E , since in the subcritical phase any frozen con�guration is a stationary
state. To derive in the supercritical phase the FEP’s hydrodynamic limit using the entropy
method, one therefore needs �rst to show that the ergodic component is reached after a
subdi�usive transience time tN � N2, and then apply the entropy method from this point,
where the entropy will be well de�ned and �nite. For this purpose, we have proved [BESS20,
Theorem 2.4] that given a supercritical pro�le ρ0 > 1/2 on T, and the associated product
measure µN in the sense of (9) , the FEP {η(t), t > 0} with jump rates (I.2) and started
from µN reaches the ergodic component w.h.p. at a subdi�usive time

tN := (logN)32 � N2.

We then exploited this estimate to adapt the entropy method to the FEP, and proved in
[BESS20, Theorem 2.2] that the hydrodynamic limit for the supercritical FEP, started from
a product state µN , is given by the parabolic equation

∂tρ = ∂2
u

{
2ρ− 1

ρ

}
. (28)

In reality, once the ergodic component is reached, the behavior of the FEP is not too di�er-
ent from that of the SSEP, so that deriving its macroscopic behavior is fairly straightforward.

Once the supercritical behavior has been characterized, it is natural to consider what
happens when the initial pro�le charges both the supercritical and the subcritical phase. This
is much more challenging, because entropy based-techniques usually require a well de�ned
set of reference measures to which one locally compares the process, but in the presence
of phase separation like for the FEP, the distributions of the local states in the two phases
have disjoint support, so that no unique set of reference distributions exist. For that reason,
we exploited instead a scheme of proof due to Funaki [31] to derive in [BES21, Theorem
2.4] the phase separated hydrodynamic limit in the general case, which translates as a Stefan
(also called free boundary) problem

∂tρ = ∂2
u

{
2ρ− 1

ρ
1{ρ>1/2}

}
, (29)

whose behavior is represented in Figure 1. Of course, the function in the Laplacian above
is not smooth at the interfaces, so that this equation is to be taken either in a weak sense,
integrated against test functions, or in a strong sense, where the di�usion equation inside the
supercritical region is supplemented by evolution equation for the critical interfaces (with
trajectories u1(t) and u2(t) for example, in the case where there is one supercritical and one
subcritical region).

In the latter, we further showed that at the microscopic level, phase separation occurs in a
subdi�usive timescale as well. More precisely, consider for example an initial density pro�le
ρ0 like the one represented in �gure 1, with one supercritical region and one subcritical
region, separated by interfaces u1(t = 0), u2(t = 0) where the gradient of ρ0 is non-zero.
Then, as stated in [BES21, Theorem 2.6], microscopic phase separation occurs before a
subdi�usive time tN := N7/4 � N2, meaning that w.h.p. there exists a partition of TN =
E t F into two segments E, F such that

η(tN)|E ∈ E and η(tN)|F ∈ F ,
where E and F are the ergodic and frozen sets de�ned in (26) and (27) . Finally, we proved
that in the two phased regime, the microscopic and macroscopic interfaces match, in the
sense that their (macroscopic) distance vanishes as N →∞.
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Figure 1: Snapshots of the evolution of the solution (blue curve) to the Stefan problem (29) . The red
line marks the critical density.

2.3 Hydrodynamic limit for the asymmetric FEP

There are several rather robust tools to derive the hydrodynamic limit of di�usive or weakly
asymmetric (for asymmetries of order 1/N ) systems e.g. Guo, Papanicolaou and Varadhan’s
entropy method [42], Yau’s relative entropy method [78] or Varadhan’s non-gradient method
[73, 61]. Asymmetric systems are typically much more challenging, and the only case where
their hydrodynamic limit can be reliably characterized is when the underlying microscopic
dynamics is attractive [64], [48, Chapter 8], in which case powerful coupling arguments
allow to locally compare the evolution of the system to its equilibrium counterparts. For
non-attractive systems, the best options are the relative entropy method [78], which only char-
acterizes the hydrodynamic limit up until the �rst shock of the hydrodynamic equation, or
Fritz’s compensated compactness arguments [29], which are extremely technical and require
adding some symmetric stirring rates to mix the con�guration in the spirit of the vanishing
viscosity limit for PDEs.

The FEP, unfortunately, is not attractive. However, as already exploited in [8], it can be
mapped to a degenerate zero-range (ZR) process ω, in which any site with at least two parti-
cles makes one of them jump away at rate 1. In fact, this mapping was already instrumental
in the estimations of the transience times started from a product distribution obtained in
[BESS20, BES21]. Because the ZR jump rate g(ωy) = 1{ωx>2} is non decreasing, this non-
ergodic zero-range process is attractive, and its hydrodynamic limit α(t, v) can be derived
by adapting [64]. As proved in [ESZ23b, Theorem 2.6], it is given in the symmetric case
by the di�usive Stefan problem

∂tα = ∂2
v

{
α− 1

α
1{α>1}

}
, (30)

and in the asymmetric case by the unique entropy solution to the hyperbolic Stefan problem

∂tα = −(2p− 1)∂v

{
α− 1

α
1{α>1}

}
, (31)
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where p ∈ (1/2, 1] is a parameter that tunes the asymmetry of the zero-range particle’s
motion. Hyperbolic equations develop shocks, and because of that solutions to hyperbolic
equations are not unique. Here, entropy solution means choosing the unique physically rel-
evant solution to the PDE, which can be seen as the limiting vanishing viscosity solution
(where a small di�usive term is added to smooth everything out, and vanishes in the limit)
to (31) (see e.g. [26, Chapter 11]). Note that it is not true in general that the functions
characterizing the hyperbolic and parabolic equations are the same as in (30) and (31) , this
is a speci�c feature of zero-range processes.

Thanks to these two results, we were then in a position to map back and forth the hy-
drodynamic limit. This is by no means immediate, since mapping at the macroscopic level
requires smoothness of the mapping, which is not the case here both because of the shocks
due to the hyperbolic equation, and the shocks due to the Stefan problem. Nevertheless, by
smoothing everything out, we were able to recover the di�usive hydrodynamic limit already
obtained in [BES21], as well as to derive the hydrodynamic limit of the asymmetric FEP,
which takes the form of a hyperbolic Stefan problem as well:

∂tρ = −(2p− 1)∂u

{
(1− ρ)(2ρ− 1)

ρ
1{ρ>1/2}

}
. (32)

Once again, making sense in a unique way of the solution to this equation requires singling
out its entropy solution.

2.4 Stationary CLT �uctuations for the FEP

In order to derive the stationary CLT for the FEP, in an analogous sense to Theorem 1.3, in
both symmetric and asymmetric cases, we exploit the same mapping and use the zero-range
process’s attractiveness in [EZ24]. The symmetric case can in reality be derived directly on
the FEP, whose equilibrium states are explicit, by deriving re�ned equivalence of ensembles
estimates (see [EZ24, Proposition 5.5]) w.r.t. those necessary to prove the hydrodynamic
limit (28) . This strategy, however, no longer works in the asymmetric case. In the latter,
we get back to the mapping with the facilitated zero-range process. Exploiting its attractive-
ness, its stationary �uctuations in the weakly asymmetric and totally asymmetric cases were
derived respectively in [40] and [38].

Applying those results through the mapping is not immediate either however, for two
reasons. First, the explicit de�nition of the stationary states πρ for the FEP is not easily
exploitable, in the sense that nice properties like correlation decay are not immediate. It
is therefore more convenient to use a Markovian construction for those stationary states,
however this Markovian construction breaks the natural translation invariance of πρ, which
raises a separate set of issues. For this reason, much of the work [EZ24] revolves around
obtaining explicit estimates and constructions for the mapping and the stationary states for
both processes.

Second, as described in details in Section 5.3-B), the dynamical mapping involves a
tagged empty site, whose position both at the microscopic and macroscopic level needs to be
kept track of in order map back and forth the �uctuations process. Once this is achieved, as
one could expect, the macroscopic �uctuations �eld for the weakly asymmetric FEP (sym-
metric jumps at rate N2, asymmetric jumps at rate Nγ) travels at constant speed vNγ−1,
where v depends on the chosen ρ. Mapping back and forth with the zero-range process,
we can then show [EZ24, Theorem 2.2] that in the weakly asymmetric case, the traveling
�uctuation �eld τ−vNγ−1YNt converges to
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• the solution of the stochastic heat equation (I.50) for γ < 3/2, and

• to the stochastic Burgers equation

∂tYt = D(ρ)∂2
uYt +

1

2
D′(ρ)∂uY

2
t +

√
2σ(ρ)∂uẆt, (33)

for γ = 3/2.

In the totally asymmetric case where symmetric jumps are suppressed, so that as expected
τ−vNγ−1YNt converges instead the solution of ∂tYt =

√
2σ(ρ)∂uẆt [EZ24, Theorem 2.3].

2.5 SWT and cuto� for the transience time

In [BESS20, BES21], we characterized the transience time for the FEP started from a prod-
uct measure with smoothly varying initial density in the context of the FEP’s hydrodynamic
limit. In [EM24], we develop a more detailed approach in order to estimate the tran-
sience time started from any given deterministic con�guration. To compare the transience
time starting from di�erent con�gurations, however, is not straightforward in the absence of
monotonicity arguments. For this reason, mapping the FEP to attractive processes like the
zero-range process mentioned in the previous sections seems a natural option. This was,
however, not the mapping we used, because our goal was to obtain sharp estimates on the
transience time, and in the zero-range process the typical jump times of particles can only
roughly be estimated.

Instead, we found a mapping of the FEP to a new process that we called SSEP with traps,
in which particles behave as in the SSEP, except when they encounter traps in which the get
stuck forever. Each trap can only contain a given number of particles, and then behaves as a
typical SSEP empty site. This mapping, restricted to the ergodic component, maps the FEP
to the classical SSEP, and was already exploited in recent results [3] on the FEP’s mixing
time under suitable assumptions on the initial state. This SSEP with traps is also attractive,
and allowed us to prove

• that the longest transience time is for the FEP and the SSEP with traps is achieved for
critical con�gurations.

• That the worst transience time for the SSEP with trap’s critical con�gurations on TK
undergoes cuto� at time t?K := 1

π2K
2 logK. In other words, starting from the worst

possible con�guration, the probability for large K to still be in a transient state at time
t goes from 1 to 0 at t?K in a time window of size δt� t?K .

• That the same is true for the FEP on TN , with cuto� occurring at time 1
4π2N

2 logN .

The sharp estimate on the transience time yields in turn a sharp estimate on the mix-
ing time for the SSEP with traps. This, however, does not translate straightforwardly to a
general estimate on the FEP’s mixing time that would drop the assumption on the initial
con�guration made in [3]: contrary to the transience time, which is translated trajectory per
trajectory from one process to the other, the mixing time concerns the full distribution of
the con�guration at time t. To let such information go through our mapping, one needs
re�ned characterization on the joint law of the con�guration and that of a tracer particle in
the system, which fell beyond the scope of our article and was studied separately in [58].
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2.6 Critical behavior for a 2-dimensional FEP

Because of their reliance on mapping arguments, and on the explicit shape of the FEP’s
stationary states, hardly any of our one-dimensional results translate to higher dimension
FEP-like models. In [25], we consider a two dimensional kinetically constrained exclusion
process, where particles jump at rate 1 to empty neighbors provided they had an occupied
neighbor before the jump. We study the macroscopic behavior near criticality of this process
–that we call CLG in accord with the physics literature [65]– meaning near the transition
between frozen and di�usive behavior over di�usive timescales. Notably, contrary to the one-
dimensional case, this transition occurs at a density ρc < 1/2, meaning that in the density
range (ρc < ρ < 1/2), frozen con�gurations do exist, and are ultimately reached by the
process, but starting from a typical (e.g. product-measured) con�guration, frozen states are
not reached over di�usive timescales.

We numerically derive in [25] the critical exponents for this two-dimensional CLG. In
particular, our simulations con�rm the existence of two separate correlation length scales
near criticality, conjectured in [44] : one related to the decay of 2-points correlations, and
the other pertaining to the typical size of active clusters. Some critical exponents are fairly
challenging to directly estimate numerically, so that we also derive a number of relations
between critical exponents.

3 Boundary-driven models

The second part of this manuscript is concerned with boundary-driven dynamics, which have come
under signi�cant scrutiny in recent years, because they provide simple examples of non-equilibrium
models. Throughout this section, we consider the one-dimensional lattice

ΛN := {1, . . . , N}
with non-periodic boundary conditions.

3.1 SSEP with general boundary dynamics

The SSEP is characterized by its Markov generator

Lbulkf(η) :=
N−1∑
x=1

{
f
(
ηx,x+1

)
− f(η)

}
. (34)

where the con�guration ηx,x+1 was de�ned in (3) . Note that the rate at which two sites are
exchanged is 1, so that, all particles being identical, this process simply makes particle jumps
on neighboring empty sites at rate 1. This stirring dynamics will be referred to in what follows
as bulk dynamics. The latter stands in opposition to the boundary dynamics, driven by the left
and right generators that can typically be written as

Lleftf(η) := cleft(η)
{
f
(
η1
)
− f(η)

}
, (35)

Lrightf(η) := cright(η)
{
f
(
ηN
)
− f(η)

}
. (36)

In these de�nitions, ηx represents the con�guration where the value of the con�guration at
site x has been changed, namely

ηxy :=

{
ηy if x 6= y

1− ηy if x = y
. (37)
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We denote by
LN = N θ(Lleft + Lright) +N2Lbulk (38)

the total generator of the dynamics. In what follows, the constant θ will allow us to tune the
strength of the boundary dynamics w.r.t. the bulk dynamics.

The classical choice of boundary jump rates is cleft = κα(η1) and cright = κβ(ηN) where for
r ∈ [0, 1], σ ∈ {0, 1} we de�ned

κr(σ) = r(1− σ) + (1− r)σ. (39)

For simplicity, we will refer to those rates as constant rate dynamics, or equilibrium reservoirs.
Physically speaking, these jump rates put the left (resp. right) boundary of the SSEP in
contact with an in�nite equilibrium reservoir at density α (resp. β), meaning that at rate 1,
the occupation value η1 at site x = 1 is replaced by an independent Bernoulli(α) variable,
and at site x = N by a Bernoulli(β) variable. This choice of reservoirs is natural for the
SSEP, because they locally preserve the SSEP’s stationary states. In particular, in the case
where α = β it is easy to check that the dynamics is reversible w.r.t. the product distribution
µα := ⊗x∈ΛNBernoulli(α). As soon asα 6= β however, non-trivial correlations arise, and the
boundary-driven SSEP’s stationary state are no longer explicit [21]. It is not hard to check,
using entropy-based techniques for example (see e.g. [5]), that if θ > 1 (strong interaction
with reservoirs), this boundary-driven SSEP’s hydrodynamic limit ρ is then given by the
heat equation supplemented by Dirichlet boundary conditions

ρ(t, 0) = α, ρ(t, 1) = β for t > 0.

3.2 Non-reversible boundary dynamics

Instead of those equilibrium reservoirs, we consider in several setups the case of boundary
dynamics which are not reversible w.r.t. Bernoulli product measures, in which case at the
two boundaries, a competition arise between boundary and bulk dynamics to impose their
own stationary state. This competition prevents the use of classical entropy techniques, since
those only work when the process’s stationary state is well approximated by explicit distribu-
tions. For this reason, our work on these models is based on duality estimates. Throughout
this paragraph, we consider boundary local jump rates, depending on a box of �xed size p
independent of N , meaning that cleft (resp. cright) depends on η only through η1, . . . ηp (resp
through ηN+1−p, . . . , ηN ), and we consider strong boundary interactions, meaning that θ = 2
is chosen in (38) : the boundary dynamics and the bulk dynamics occur at same-order rates.

In [ELX18], we consider three distinct cases with non-reversible (w.r.t. Bernoulli prod-
uct measures) boundary dynamics, and in each, derive the hydrostatic limit, i.e. the macro-
scopic stationary state, for the boundary-driven SSEP. The �rst case concerns boundary
dynamics which are, in some sense, linear: this means that for 1 6 j, k 6 p, at constant rate
cj,k, site j copies, i.e. takes the same value as, site k. Also at constant rates aj,k, site j anti-copies,
i.e. takes the opposite value of, site k. Finally, each of the boundary sites 1 6 j 6 k is put in
contact with an equilibrium reservoir analogous to (39) . Analogous rates are de�ned at the
other boundary {N + 1− p, . . . , N}. What makes these three mechanisms special is that, in
some sense, they are the only possible boundary dynamics that break down correlations at
the boundary. More details will be given in Section 8.1.

The second case considered in [ELX18] is that of a perturbation of constant rates dy-
namics. In other words, we then assume that particles are created/annihilated at sites 1
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and N , but at rates that do not depend “too much” on the state of the con�guration near
the boundary, i.e. on the sub-con�gurations (η2, . . . ηp) or (ηN+1−p, . . . , ηN−1) respectively.
More speci�cally, we assume that there exists a small enough constant c(p) (independent of
N ) such that for two boundary states η2, . . . , ηp and σ2, . . . , σp,

| cleft( . , η2, . . . , ηp)− cleft( . , σ2, . . . , σp) | 6 c(p), (40)

and that the same is true at the other boundary. Because the boundary dynamics depends
on the local state at the boundary, correlation do arise in the system, but those correlation
only exist locally near the boundary, and do not propagate throughout the system. Because
of that, a law of large numbers does hold at the boundary and allows to derive the Dirichlet
boundary conditions in the hydrodynamic limit.

For the third case studied in [ELX18], the boundary dynamics is accelerated further by
a factor `N going to in�nity as N → ∞, meaning that the boundary dynamics occurs at a
total rate N2`N rather than N2. In this case, the boundary dynamics thermalizes faster than
the bulk dynamics, and we can drop assumption (40) on the boundary dynamics.

The duality estimates introduced to obtain in [ELX18] the hydrostatic limit of the non-
reversible boundary-driven SSEP in the three cases above, on their own, were not su�-
cient to derive the hydrodynamic limit in the same three cases. Instead, this was done in
[Eri18], by obtaining re�ned estimates. The main di�culty in the latter w.r.t. [ELX18]
is that boundary-driven models can create sharp density gradients, in the case where the
Dirichlet boundary condition was not satis�ed by the initial pro�le, and needs to be en-
forced immediately at the boundary. These sharp density gradients, in turn, create strong
spatial correlations locally at the boundary close to the initial time, and those spatial correla-
tions need to be tightly controlled to derive the hydrodynamic limit. However, as explained
in more details in Section 8.1, duality estimates are still essential to our approach, since they
allow to completely bypass the lack of agreement between the bulk and boundary dynamics’s
stationary states resulting in poor entropy estimates at the boundary. In particular, our work
allows to derive the hydrodynamic limit in the case where several sites at the same boundary
are put in contact with equilibrium reservoirs with di�erent densities, which would be by no
means trivial to achieve with entropy-based tools.

In subsequent works [EGN20a, EGN20b], we exploit both duality estimates and entropy
estimates to derive both hydrostatic and hydrodynamic limit, and extend analogous results
to the intermediary regime 1 < θ < 2, as well as in the subcritical regime θ 6 1 for such a
non-reversible boundary dynamics.

3.3 Static large deviations for the SSEP in weak contact with equilib-
rium reservoirs

We now get back to the SSEP put in contact at both extremities with equilibrium reservoirs
with densities r = α and r = β with rates de�ned by (39) . As mentioned previously,
when α = β the dynamics is reversible w.r.t. Bernoulli product measures with density α,
regardless of the value of θ. In the non-equilibrium case α 6= β, the stationary state is no
longer explicit. For strong boundary interactions 1 < θ < 2, it is well enough approximated
by a product distribution

µ̃ :=
N
⊗
x=1

Bernoulli
(
α +

x

N
(β − α)

)
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to be able to derive hydrostatic and hydrodynamic limit. However, in the large deviations
regime, lower order correlations intervene and the picture becomes much less clear. Let
us denote by µ = µ(α, β) the SSEP with reservoir’s stationary state. Analogously to the
dynamical setting (41) , we want to obtain a static large deviations principle for the density,
which can be formally written

µ(πN ' ρ(u)du) � exp−NV [ρ], (41)

where the functional V is referred to as the quasi-potential and can be de�ned through a
variational principle for the dynamical large deviations functional I[0,T ][ρ, J ] introduced in
Theorem 1.4.

In [23], Derrida et al.’s Matrix Ansatz [21] was used to show that for strong boundary
interactions (θ = 2) , the quasi-potential V = Vs[ρ] could be expressed as

Vs[ρ] :=

{∫ 1

0
ρ(u) log ρ(u)

F (u)
+ (1− ρ(u)) log 1−ρ(u)

1−F (u)
+ log F ′

β−αdu if ρ(0) = α ρ(1) = β,

∞ otherwise,
(42)

where the function F = F [ρ] is solution to a non-linear di�erential equation, the Derrida–
Lebowitz–Speer (DLS) equation

F ′′ = (ρ− F )
(F ′)2

F (1− F )
(43)

with Dirichlet boundary conditions F (0) = α, F (1) = β. This representation was then
extended, still using the Matrix ansatz, in [22] to the case of weak interactions (θ = 1)
with the boundary in which case the boundary densities are no longer �xed, and the quasi-
potential V = Vw[ρ] includes extra boundary terms

Vw[ρ] := Vs[ρ] + log
F (0)− α
β − α + log

β − F (1)

β − α , (44)

where F is still solution to the DLS equation, but this time with the same Robin boundary
conditions that appear in the hydrodynamic limit, namely{

F ′(0) = F (0)− α
F ′(1) = β − F (1)

. (45)

In [BEL23], we recover Derrida et al.’s formulation (44) for the quasi-potential of the
SSEP in weak interactions with reservoirs. Using the same strategy as in [9] for the case of
strong boundary interactions, we express the quasi-potential as a function of the dynamical
large deviations functional derived in [28], and identify the optimal trajectory producing a
stationary �uctuation.

3.4 Zero-range process with destruction at the origin

We consider in [ESZ23a] the in�uence of boundary dynamics on the attractive asymmetric
zero-range process on Z. The boundary dynamics intervenes at the origin, where particles
are removed according to the same jump rates as in the bulk dynamics. This boundary
dynamics is driven by the generator

αN θg(ω0) {f(ω − 10)− f(ω)} , (46)
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where ω − 10 represents the con�guration obtained after removing a particle at the origin
in ω, and α, θ > 0 tunes the boundary dynamics. As explained for the FEP in Section
2.3, attractiveness is a crucial tool in order to derive the hydrodynamic limit of asymmetric
models, so that we assume the rate function g to be non-decreasing on the set of positive
integers {1, 2, . . . }, making our zero-range process attractive. By convention, we assume
g(0) = 0, and that it is the same rate as the bulk dynamics jump rate.

In [ESZ23a], we derive the hydrodynamic for this asymmetric zero-range process, for
boundary dynamics scaling as N θ. We show that for θ < 0, the boundary dynamics is very
slow, and does not a�ect the hydrodynamic limit, which is then given by the unique entropy
solution ρ? on R to the hyperbolic equation

∂tρ+ (2p− 1)∂uΦ(ρ) = 0, (47)

where the function Φ depends explicitly on the rate function g, as detailed in Section 10.2
and p > 1/2 is the asymmetry parameter for the bulk dynamics (see (II.50) .

For θ = 0, the destruction dynamics intervenes at a macroscopic level on equal footing
with the bulk dynamics. For this reason, the hydrodynamic limit in this case is given, on
(−∞, 0), by the same function ρleft := ρ?|(−∞,0) as in the previous case, whereas on [0,+∞),
it is given by the solution ρright to (47) with source term ρright(t, 0) := f(t) at the origin, where
the source term is given by

f(t) := Φ−1

(
2p− 1

2p− 1 + α
Φ(ρ?(t, 0))

)
. (48)

Finally, for θ > 0, the dynamics destroys particles so fast at the origin that no macro-
scopic density can cross the origin, meaning that in this case the hydrodynamic limit ρ is
given on (−∞, 0) by ρleft := ρ?|(−∞,0), and on [0,+∞) by the solution ρright to (47) with null
source term ρright(t, 0) ≡ 0.

3.5 Macroscopic behavior of the boundary-driven FEP

Given the amount of interest and progress made on boundary-driven lattice gases in re-
cent years, it is natural to investigate the interaction of the FEP introduced in Section 2.1
with equilibrium reservoirs at its boundaries. We do so in [DCES24], both for strong and
weak interactions. In what follows, the notations have been slightly modi�ed with respect
to [DCES24] in order to be coherent with the rest of the manuscript. The reservoirs are
not typical SSEP ones, and instead mimic the contact with an in�nite FEP with given den-
sities ρ(α), ρ(β) ∈ (1/2, 1], where α, β ∈ (0, 1) are two parameters representing the active
densities of the reservoirs. More precisely, we enforce the following dynamics at the left
boundary (and similarly at the right boundary, with β replacing α):

• If it is empty, a particle is injected at site 1 at a rate αN θ

• If site x = 1 and x = 2 are both occupied, the particle at site 1 jumps away (is removed)
from the system at rate (1− α)N θ

• Particles jump from site 1 to site 2 at rate αN2 instead of N2, to represent the fact that
they are not always active but rather that they are active at any given time w.p. α.
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Aside from the last point, the FEP’s bulk dynamics occurs at rate N2. Strikingly, because of
the kinetic constraint making the phase ρ < 1/2 frozen, equilibrium reservoirs for the FEP,
regardless of their exact microscopic de�nition, are not able to enforce subcritical densities
at the boundaries of the FEP. Our choice of boundary dynamics is physically consistent with
the notion of equilibrium FEP reservoir, and in particular preserves the ergodic component
in the bulk.

Although we fully expect that our main result in [DCES24] holds starting from any
reasonable initial state (in particular any smooth product Bernoulli state), for technical rea-
sons, we assume that the initial state is already ergodic, in local equilibrium, and �ts a given
macroscopic pro�le ρ0. Then, adapting the entropy method, we show in [DCES24] that the
boundary-driven FEP is ruled by its standard hydrodynamic limit (29) , supplemented by
the boundary conditions
ρ(·, 0) = ρ(α), ρ(·, 1) = ρ(β) for θ > 1 (Dirichlet)

∂uρ(·, 0) = a(ρ(·, 0))− α, ∂uρ(·, 1) = a(ρ(·, 1))− α for θ = 1 (Robin)

∂uρ(·, 0) = ∂uρ(·, 1) = 0 for θ > 1 (Neumann)

where a(ρ) = (2ρ−1)/ρ is the active density appearing in the hydrodynamic limit. Although
we make use of the classical entropy method, its application is not straightforward : on the
one hand, we need to be very careful in our construction of the reference measure in the
non-equilibrium case α 6= β, and additionally we need to adapt the classical one and two-
blocks estimate to a non-translation invariant, locally correlated state.

4 Active matter, phase separation, and nematic phase tran-
sition

This last section of the introduction is dedicated to my works on active matter and nematic phase
transitions. Since my main mathematical achievement in this area is my PhD article [Eri24], I do
not dedicate to this topic a chapter of this memoir, and instead brie�y present here, in the introduction,
my physics-oriented collaborations related to active matter which thematically followed from my PhD
work.

4.1 My PhD work : Hydrodynamic limit for a active exclusion process

As it is strongly related to the subsequent works presented in this section, I brie�y present
here my PhD work [Eri24], without expanding on the mathematical challenges involved.
The model I considered was a two-dimensional exclusion process on the periodic lattice
T2
N , in which each site x is either empty (ηx = 0) or occupied by a particle with angle θ

(ηx = 1, θx = θ). The initial con�guration is chosen according to a product state �tting a
macroscopic pro�le ρ0(u, θ), where site x is initially in a state (1, θ) w.p. ρ0(x/N, θ)dθ, and
left empty w.p. 1−

∫
ρ0(x/N, θ)dθ.

The dynamics is composed of three distinct parts.

i) (Symmetric jumps with exclusion) For any x, y such that |x− y| = 1, at rate DN2, a
particle a site x jumps to y provided site y is empty.
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ii) (Asymmetric jumps with exclusion in direction θ) For any x, y such that |x− y| = 1,

at rate λN
[
cos(θ)
sin(θ)

]
· (y − x), a particle a site x jumps to y provided site y is empty.

iii) (Glauber alignment dynamics) A particle at site x changes its angle to θ at a rate that
depends on the neighboring particle’s angles c({θy, y ∼ x})dθ. This part of the dy-
namics does not scale with N .

The weak asymmetry means that a particle with angle θ will be on average driven in direction
θ. Because of it, this lattice gas model can be considered active, meaning that each individual
particle is self driven in a speci�c direction, and this direction can change according to its
surroundings.

Because of the di�erent scalings in N , the three contributions contribute to the hydro-
dynamic limit, and we prove in [Eri24] the hydrodynamic limit for this model, which is
given by the non-linear equation

∂tρ = ∇ · [d(ρ, r)∇r + ds(r)∇ρ]− 2λ∇ ·
[
s(ρ, r) + ρds(r)

[
cos(θ)
sin(θ)

]]
+ Γ(ρ) (49)

where r(t, u) :=
∫
ρ(t, u, θ)dθ represent the local (angle-blind) density. The vector s and the

di�usion coe�cient d both depend on the so-called self-di�usion coe�cient ds. The latter is
not an explicit function of r, and is de�ned through a variational formula derived by Spohn
[69], and was then shown to be smooth [53, 74]. The proof of this hydrodynamic limit
involves considerable mathematical di�culty, mainly because of the non-gradient nature of
the model [48], but also because of the complicated topological setup as well as the lack of
mixing of the model at high densities.

4.2 Exact phase diagrams for simple active matter models

We initially hoped that the active exclusion process studied in [Eri24] would serve as toy
microscopic model for the rich phenomenology of active matter, going from Viczek-type
alignment phase transition [75, 76] to, more recently, the spontaneous condensation phe-
nomenon known as Motility Induced Phase Separation (MIPS, [18]). However, because of
its non-gradient nature, and its non-explicit di�usive and ballistic coe�cients, its numerical
study was not straightforward. For this reason, we chose to study instead in [KEBT18] two
simpler microscopic models for MIPS and alignment phase transition, each only contain-
ing two types of particles ±, + particles (θ = 0) having a rightwards drift, and − particles
(θ = π) having a leftwards drift.

The MIPS model was designed by, �rst, relaxing the symmetric dynamics i) above, in
order to allow swaps of neighboring particles, instead of simply forbidding jumps to occu-
pied sites. The Glauber dynamics iii) was enforced by just letting particles change type at
constant rate γ > 0. For this model, and because of the relaxed symmetric dynamics, the
hydrodynamic limit is straightforward to derive using the classical entropy method. It is
expressed as a pair of coupled equations between the densities ρ± of particles of type ±, but
is more easy to write for the magnetization (m = ρ+− ρ−) and density (ρ = ρ+ + ρ−) �elds,
namely {

∂tρ = D∆ρ− λ∂u[m(1− ρ)]

∂tm = D∆m− λ∂u[ρ(1− ρ)]− γm . (50)
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Figure 2: [KEBT18, Fig.3] Exact phase diagram for the stability of the homogeneous, zero-
magnetization state for (50) . Inside the spinodal curve (dashed blue), the homogeneous phase is
unstable, and spontaneously separates into liquid and gas phases with respective densities given by
the top and bottom binodal curves (red dots). The green crosses are simulations of the phase separated
densities on the microscopic system, which show perfect agreement with their analytical counterparts.

Equipped with this hydrodynamic limit, the exact phase diagram for the stability of the
homogeneous state with density ρ and no magnetization (m = 0) can then be derived as
a function of the Peclet number Pe := λ/

√
Dγ, see Fig. 2. The latter show that that in the

spinodal region, the homogeneous pro�le is unstable, which leads to spontaneous separation
between a liquid and a gas phase.

For the alignment model considered in [KEBT18], we drop the exclusion rule, and con-
sider instead independent, weakly asymmetric (the direction of the weak asymmetry still
depends on the particle’s type) random walkers in one dimension, however this time with
an alignment Glauber dynamics, meaning that the rate at which a± particle at site x �ips to
∓ is given by

c±(η+
x , η

−
x ) := exp(∓β(η+

x − η−x )),

where η±x represents the number of ± particles at site x and β is the inverse temperature.
Because of the Glauber dynamics, the system locally magnetizes, leading for high temper-
ature to a global magnetization m 6= 0 permeating throughout the system. Because of the
relaxed symmetric dynamics, the hydrodynamic limit for this model can also be derived,
and is given by {

∂tρ = D∆ρ− λ∂um
∂tm = D∆m− λ∂uρ− Fβ(ρ,m)

. (51)

For an explicit reaction term Fβ. Once again, the hydrodynamic limit allows for an explicit
phase diagram (Fig. 3) for the stability of the homogeneous pro�le, which shows that at in-
termediary temperature, only parts of the system spontaneously magnetize to form traveling
bands going through a non-magnetized gas phase. Our work illustrates the extent to which
the mathematical theory of hydrodynamic limits can be used to successfully derive exact
information on phase transitions directly from microscopic models, rather than mean-�eld
types PDE ones, which in some occasion fail to capture the behavior of the corresponding
microscopic model [68].

Based on the work done in [KEBT18, Eri24], I present in [Eri21], some key elements of
hydrodynamic limit theory in the speci�c context of modeling active matter. The purpose
of this note was to give people in the physics community some key elements to understand
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Figure 3: [KEBT18, Fig.5] Exact phase diagram for the stability of the homogeneous, zero-
magnetization state for (51) . Above the upper spinodal (blue dashed), temperature is high and the
homogeneous disordered phase (m = 0) is stable. Below the lower spinodal, temperature is low, and
the homogeneous ordered phase (m 6= 0) is stable. Between these two regions, the system spontaneously
separate into a gas disordered phase and a liquid magnetized phase traveling through the system.

the derivation of macroscopic evolution equations from microscopic interactions. Indeed,
the mean-�eld assumption which forms the basis for many arguments in the physics litera-
ture can typically fail for key models like zero-range type-processes, leading to an incorrect
derivation of the macroscopic evolution PDE.

4.3 Phase separation for the non-gradient active lattice gas

In [MEJB23], we tackle the emergence of MIPS in a variant of the non-gradient lattice
gas whose hydrodynamic limit was derived in [Eri24]. We chose however to replace the
Glauber dynamics by angular di�usion, whose macroscopic e�ect is to replace, in the hy-
drodynamic limit (49) , the contribution Γ(ρ) by the angular di�usion ∂2

θρ. Once again, we
are able to perform a linear stability analysis of the limiting hydrodynamic equation around
the homogeneous pro�le ρ(u, θ) = φ/2π depending on the occupied volume fraction φ, and
the Peclet number ruling the level of asymmetry in the system.

To solve the problem of the non-explicit self di�usion coe�cient ds(ρ), we exploited the
approximation

ds(ρ) ' (1− ρ)

(
1− αρ+ α

(2α− 1)

2α + 1
ρ2

)
, (52)

derived through the so-called matched asymptotics technique in [57], where the constant
α := π/2 − 1. Figure 5 shows that our analytical linear instability closely matches, for
the most part, the actual numerical instability of the discretized PDE. For large densities
(φ → 1) however, this is no longer the case, as can be expected because at high densities
the active exclusion process loses its mixing properties due to the exclusion rule, resulting in
complex phase separated behavior. As represented in Figure 5, we numerically show using
the discretized PDE that MIPS occurs in the linearly unstable region for the non-gradient
active exclusion process. Although it was numerically convenient to consider for this work
active Brownian particles, we strongly expect that for a run-and-tumble type dynamics with
discrete angular reorientations, the behavior of the limiting PDE would be qualitatively iden-
tical [17].
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Figure 4: [MEJB23, Fig.1] Exact phase diagram for the linear stability of the homogeneous, zero-
magnetization state for the non-gradient active lattice gas. The dots represent numerical stability
under a discretized PDE scheme.

Figure 5: [MEJB23, Fig.3] Emergence of spontaneous phase separation for the non-gradient active
exclusion process in the linearly instable region.
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4.4 First order nematic transition for a liquid crystal model

The nematic phase transition for liquid crystals was �rst uncovered in a seminal paper by
Onsager [60], where he proved that the free energy

Fβ(ρ, f) :=
ρ

β

∫
S2
f(Ω) log f(Ω)dΩ +

ρ2

2

∫∫
S2×S2

f(Ω)f(Ω′)ϕ(Ω · Ω′)dΩdΩ′ (53)

for a liquid crystal with orientations Ω ∈ S2 and orientation distribution f goes through
a transition from isotropic to anisotropic at least for reasonable choices of the interaction
potential ϕ. However, tying this free energy to a particle system with �nite interaction range
is still to this day an open question except in speci�c re�ection positive cases [2, 1], which
are very susceptible to small changes in the considered Hamiltonian. In [EG20], we revisit
this question, and introduce a model of anisotropic molecules, interacting over long but
�nite range γ−1. Using a criterium put forward by Lebowitz and Penrose [55] we show that
the free energy functional’s critical points are homogeneous to obtain an expression similar
to (53) for its minimal value. We then analyze the behavior of the resulting e�ective free
energy functional, and prove that the nematic phase transition is �rst order.

The microscopic model we consider is composed ofN rods in ΛL := [0, L]d with respec-
tive positions and orientations x := (x1, . . . , xN) ∈ ΛN

L and orientations Ω := (Ω1, . . . ,ΩN) ∈
(S2)N . These particles interact over ranges γ−1, through the potential

Vγ(x,Ω) =∞1{∃i,j, |xi−xj |6r0} + γd
∑

16i6j6N

ϕ(γ(xi − xj),Ωi · Ωj).

The �rst term translates the hard-core interaction with radius r0 between particles, and we
will later on assume that ϕ is even in its second variable to translate a nematic rather than
polar interaction : given an orientation, �ipping the rod does not change the interaction
potential. We then de�ne the partition function at inverse temperature β

Zβ(N,L, γ) :=

∫
ΛNl ×(S2)N

dxdΩ

N !
e−βVγ(x,Ω),

and the associated free energy

Fβ(ρ) := lim
γ→0

lim
L→∞

−1

βLd
logZβ(bρLdc, L, γ).

We prove in [EG20] that, denoting by ϕ̂ the space integral of ϕ, the free energy Fβ(ρ) can
be expressed as

Fβ(ρ) = C(ρ) + Fβ(ρ, f),

where the second term is Onsager’s free energy (53) . We then give a su�cient condition
for the free energy functional to exhibit a �rst order phase transition.
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This chapter focuses on the Facilitated Exclusion Process, a kinetically constrained lattice gas put
forward by the physics community to model liquid-solid type phase transitions. Informally, the FEP
can be described as a SSEP, in which however particles need an occupied neighbor to jump. This
process is remarkable and deserves study for multiple reasons:

• it is non-reversible w.r.t. product measures but has explicit in�nite volume stationary states.
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• It displays a phase separated behavior, both in its dynamics and its stationary states.

• It is a kinetically constrained model with an absorbing phase, but is conservative, and thus
belongs to a separate universality class than the directed percolation one, which is the most
well-known active/absorbing universality class.

• It is cooperative, meaning it does not have mobile clusters to locally mix the con�guration, but
gradient, making the exact derivation of its critical exponents achievable.

• The FEP has rich mapping features with various attractive processes, making it possible to
understand in detail its microscopic and macroscopic behavior, despite its hard kinetic constraint
and lack of local ergodicity.

Let us start by properly de�ning the (1-dimensional) FEP, which will be considered in
two di�erent setups, either the discrete ring TN or the full line Z. For convenience, to de�ne
our process in a general way, we will denote by LN = TN or Z the relevant lattice. Note that
in the case of the full line, the lattice itself does not depend on the scaling parameters, but
since our generator will, we keep the dependency apparent in any case. We can now de�ne
the FEP as a continuous-time Markov process on the space of con�gurations ΩN = {0, 1}LN ,
with generator acting on local functions f : ΩN → R of the con�guration as

LNf(η) :=
∑
x∈LN

cNx,x+1(η)
{
f
(
ηx,x+1

)
− f(η)

}
, (I.1)

where ηx,x+1 is the con�guration where the values at sites x and x+ 1 have been exchanged
de�ned in (3) . In order to encompass both symetric and asymetric cases, the jump rates are
given by

cNx,x+1(η) := pNηx−1ηx(1− ηx+1) + qNηx+2ηx+1(1− ηx), (I.2)

and exhibit both

• the exclusion constraint: jumps can only occur towards empty sites.

• The kinetic constraint: a particle can only jump to an neighboring site if its other neigh-
boring site is occupied.

We now de�ne the FEP as a continuous time Markov Process (η(t))t>0 driven by the gener-
ator LN , and we denote by PµN its distribution starting from an initial distribution µN , and
by EµN the corresponding expectation.

5 Transience time and cuto� phenomenon

The results presented in this section were derived in [BESS20], [BES21] and [EM24]. We
consider in this entire section the symmetric case, and for convenience we do not accelerate
the process di�usively, meaning that we set throughout this section

pN = qN = 1 (I.3)

in (I.2) .
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5.1 Transient, ergodic, and frozen con�gurations

Because of the kinetic constraint, the FEP’s con�gurations can be split into 4 categories.
Consider for example the case of the torus LN = TN , and given a con�guration η, denote
by J =

∑
x ηx its number of particles, and call ρ := J/N its density. Denote by

ΩN,J :=
{
η ∈ ΩN ,

∑
x

ηx = J
}

(I.4)

the set of con�gurations with J particles on TN . . Note that when particles are all isolated,
the system is frozen, which can only happen up to density ρc := 1/2, which is therefore
critical for the FEP. Furthermore, the dynamics can only break apart neighboring empty
sites, because two empty sites becoming neighbors would require an isolated particle be-
tween them jumping out, which is not possible due to the kinetic constraint. As represented
in Figure I.1, these observations lead to the following classi�cation of con�gurations

i) For J > N/2 (supercritical density), a con�guration can either be

• ergodic if all its empty sites are isolated, meaning there are no two consecutive
empty sites. We denote by

EN,J := {η ∈ ΩN,J , ηx + ηx+1 > 1 ∀x ∈ TN}, (I.5)

the set of ergodic con�gurations with J particles, and by EN := ∪J>N/2EN,J the
set of ergodic con�gurations, or ergodic component.

• Transient supercritical if it is supercritical but not ergodic. We denote by

T +
N,J = ΩN,J \ EN,J

the set of supercritical transient con�gurations with J particles, and further de-
note by T +

N = ∪J>N/2T +
N,J the set of all supercritical transient con�gurations.

ii) For J 6 N/2 (subcritical density), a con�guration can either be

• frozen if all its particles are isolated, meaning no particle has an occupied neigh-
bor. We denote by

FN,J := {η ∈ ΩN,J , ηx + ηx+1 6 1 ∀x ∈ TN}, (I.6)

the set of frozen con�gurations with J particles, and by FN := ∪J6N/2FN,J the
set of frozen con�gurations.

• Transient subcritical if it is subcritical but not frozen. We denote by

T −N,J = ΩN,J \ FN,J

the set of subcritical transient con�gurations with J particles, and we further de-
note by T −N = ∪J6N/2T −N,J the set of all subcritical transient con�gurations.

Because pairs of empty sites can only be broken up, the ergodic component is stable under
the dynamics. Further note that a critical alternated con�guration · · ·◦•◦• · · · is considered
both ergodic and frozen. This is by design, since such a con�guration is indeed frozen (no
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J ≤ N/2

η ∈ T +
N

J ≥ N/2

η ∈ T −
N

η ∈ EN

η ∈ FN

Supercritical

Subcritical

Figure I.1: Representation of the four di�erent types of con�gurations for the FEP

particle can jump), but it is in the ergodic component in the sense that it is in the support of
the FEP’s stationary states (cf. Section 6.1).

Starting from a Bernoulli product measure, various aspects of the nature of the station-
ary states ultimately reached by the FEP, in both symmetric and asymmetric settings, were
studied by Goldstein et al. [36, 35, 4], in particular the hyperuniform nature of the FEP’s
frozen state [37]. Another central question in understanding the macroscopic behavior of
the FEP is to estimate the timescale, starting from a transient state on the torus TN , to reach
either the ergodic component or a frozen state. In Sections 5.2 and 5.6, we answer this
question, �rst starting from a Bernoulli product measure �tting a given macroscopic pro�le,
then uniformly in the initial transient con�guration to show a cuto� phenomenon on the
transience time.

5.2 Transience time starting from a Bernoulli product measure

In order to derive the hydrodynamic limit for the FEP, the �rst case in which we estimated
the transience time for the facilitated exclusion process is that of a product initial distribution
µN ∼ ρ0 �tting a smooth uniformly supercritical pro�le.

Theorem 5.1 (Theorem 2.4 in [BESS20]) Fix a uniformly supercritical smooth pro�le ρ0 :
T → (1/2, 1] in C1(T), and consider the associated product state µN on ΩN given by (9) . Then,
de�ning tN := (logN)32 � N2, we have

lim
N→∞

PµN
(
η(tN) ∈ EN

)
= 1,

where EN is the ergodic component de�ned after (I.5) . In other words, starting from a supercritical
product state, the ergodic component is reached well before the di�usive timescale.

Although we did not give a formal statement, the strategy of the proof of Theorem 5.1
applies fairly straightforwardly in order to show that a frozen state is reached w.h.p. in
time tN as well, starting from a product distribution �tting a uniformly subcritical pro�le
ρ0 : T→ [0, 1/2).
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We then re�ned this result, and studied in a subsequent article the transient behavior in
a two-phased pro�le.

Theorem 5.2 (Theorem 2.6 in [BES21]) Fix a smooth pro�le ρ0 : T → [0, 1] ∈ C1(T), and
assume that ρ0 has one supercritical and on subcritical segment, meaning that there exists u1, u2 ∈ T
such that

ρ0(u) ∈
{

(1/2, 1] for u ∈ (u1, u2)

[0, 1/2) for u ∈ (u2, u1)

Note in particular that this de�nes two macroscopic interfaces u1 andu2 with critical density ρ0(u1) =
ρ0(u2) = ρc = 1/2. Further assume that these interfaces are not locally �at, namely

∂uρ0(u1) 6= 0 and ∂uρ0(u2) 6= 0.

Then, considering once again an initial product distribution µN given by (9) , there is a microscopic
phase separation in a subdi�usive time sN = N7/4 � N2, meaning

lim
N→∞

PµN
(
∃ segment E ⊂ TN s.t. η(sN) is ergodic on E and frozen on TN \ E

)
= 1,

In other words, after time sN , w.h.p. there exists in the con�guration at most one ergodic segment,
and one frozen segment.

We assume in this result that there are only two macroscopic critical interfaces. However,
this could be straightforwardly generalized to a �nite (even) number of critical interfaces,
assuming however that at each interface, the space derivative of the density is not zero. We
stated the result this way because the notations become much more burdensome with an
arbitrary number of interfaces.

Before sketching the proof of these two results, we introduce a classical mapping between
exclusion processes and zero-range processes, that we exploited repeatedly to characterize
the macroscopic behavior of the facilitated exclusion process.

5.3 Mapping with an attractive zero-range process

We will de�ne the mapping for con�gurations de�ned on the whole line, but this construc-
tion can straightforwardly be adapted to a periodic setting. Not to burden this section, we
will not give an explicit construction in the periodic case.

A) Static mapping

Fix an (in�nite) exclusion con�guration η ∈ {0, 1}Z with in�nitely many empty sites on both
half-lines, and denote by X0 ∈ TK the position of the �rst empty site to the left of (or at)
the origin. We then denote by · · · < X−1 < X0 < X1 < X2 < · · · the successive positions
of the empty sites in η and we de�ne for y ∈ Z

ωy := Xy+1 −Xy − 1, (I.7)

which is the number of particles between the y-th and y + 1-th empty sites. Recall that
N = {0, 1, 2, . . . } is the set of non-negative integers, so that the identity above de�nes a
zero-range con�guration ω ∈ NTK . Of course, the mapping η 7→ ω is not 1-to-1, since
knowledge of the position of the initial empty siteX0 is necessary to revert the construction.
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Figure I.2: Representation of the mapping Π between a FEP ergodic con�gurations η and zero-
range con�guration ω

Instead, denote by Π : η 7→ (ω,X0), the mapping represented in Figure I.2 which, with
an exclusion con�guration η, associates the zero-range con�guration ω ∈ NZ built through
(I.7) and the position of the �rst empty site left of the origin. It is straightforward to show
that the mapping Π is a bijection between the FEP’s ergodic con�guration EZ, and the set

ÊZ := {(ω,X0) ∈ NZ × Z | − ω0 − 1 6 X0 6 0}. (I.8)

The reverse mapping Π−1 is easily de�ned; choose a zero-range con�guration ω ∈ NZ and
an integer −ω0 − 1 6 X0 6 0. The associated ergodic con�guration η is then built by
placing an empty site in η at site X0, and then choosing the consecutive positions Xy of
empty sites in η according to ω and (I.7) . We then have as wanted η = Π−1(ω,X0). In most
cases, we will not need to keep track of the position of the empty site, so that we will abuse
our notations and simply denote by Π(η) the zero-range con�guration associated with an
exclusion con�guration η.

In the periodic setting, the mapping π can be de�ned analogously on the set of exclusion
con�gurations η with �xed number of empty sites K = K(η) := N − J ,

ΠK : ΩN,N−K −→ NTK ,

where ΩN,N−K was introduced in (I.4) . In other words, a periodic exclusion con�guration
with K empty sites is associated with a zero-range con�guration ω := ΠK(η) on TK . In the
absence of ambiguity, given a non-empty con�guration η, we will also denote by

Π(η) :=
∑

16K6N

ΠK(η)1{η∈ΩN,N−K}

the mapping on ΩN .

B) Dynamic mapping to a Facilitated Zero-Range Process
We now consider a dynamical version of the mapping above : to do so, consider any given
trajectory {η(t), t > 0} of the FEP starting from η(0) ∈ {0, 1}Z. Let X0(0) be the position
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of the �rst empty site in η(0) to the left of (or at) the origin at the initial time. Then, we
de�ne as before, for any y > 0 (resp. y < 0), the position Xy(0) of the y-th empty site to
the right (resp. to the left) of X0(0). Since the dynamics is conservative, we can keep track
of each of the trajectories {Xy(t), t > 0} of the y-th empty site for y ∈ Z in {η(t), t > 0}.
Since the jumps are nearest neighbor, the order of the empty sites is preserved along the
evolution of the process, i.e. for any t > 0,

. . . < X−1(t) < X0(t) < X1(t) < . . . .

We then de�ne as in the static case

ωy(t) := Xy+1(t)−Xy(t)− 1 for y ∈ Z. (I.9)

In order not to confuse with the static mapping, we denote Π?[η] this dynamic mapping
between trajectories, meaning that Π?[η](t) = ω(t). Note that we do not have in general that
Π?[η](t) = Π(η(t)), unless the tagged empty site that was at time 0 the �rst left of the origin
is still the �rst left of the origin at time t.

It is straightforward to check that if η is a rate 1 symmetric FEP (meaning setting pN =
qN = 1 in (I.2) ), then {ω(t), t > 0} = Π?[η] evolves as the symmetric non-ergodic zero-
range process with generator L zr, which acts on local functions f : NZ → R as

L zrf(ω) =
∑
y∈Z

1{ωy>2}
{
f(ωy,y+1) + f(ωy,y−1)− 2f(ω)

}
. (I.10)

Since we use di�erent letters for exclusion (η) and zero-range (ω) con�gurations, without
confusion, we also denote ωy,y±1 the zero-range con�guration obtained from ω after a par-
ticle jumps from y to y ± 1,

ωy,y±1
y′ =


ωy − 1 if y′ = y,

ωy + 1 if y′ = y ± 1,

ωy′ otherwise.

Note that this is a constrained zero-range process, because particles can only jump if they
are not alone on their site, we will call it Facilitated Zero-Range Process (FZRP) in what fol-
lows. Given a distribution ν on NZ or on NTK , we denote by Pν the distribution of the
facilitated zero-range process started from the initial state ω(0) ∼ ν and driven by the gen-
erator L zr and by Eν the corresponding expectation. In each instance, we will make clear
which setting, periodic or in�nite line, we consider. When ν = δω is a Dirac distribution on
a single con�guration ω, we write Pω, Eω instead.

C) Stationary states and attractiveness for the FZRP
One easily checks that as the FEP, the FZRP on TK has four di�erent kind of con�gurations,
so that we introduce

EK := {ω ∈ NTK , ωy > 1 ∀y ∈ TK} (I.11)

T+
K :=

{
ω ∈ NTK \ EK ,

∑
y∈TK

ωy > K

}
, (I.12)

FK := {ω ∈ NTK , ωy 6 1 ∀y ∈ TK} (I.13)
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T−K :=

{
ω ∈ NTK \ FK ,

∑
y∈TK

ωy 6 K

}
, (I.14)

which are respectively the sets of ergodic, transient supercritical, frozen, and transient subcritical
zero-range con�gurations.

Furthermore, for any 0 < a < 1, the FZRP is reversible w.r.t. the geometric product
measure supported on the set of ergodic con�gurations EK with marginals

µa(ωy = k) = ak−1(1− a) for k > 1. (I.15)

We will typically denote by α the local zero-range particle density. In the case of those
stationary measure, it is given by

α := Eµa(ωy) =
1

1− a. (I.16)

Furthermore, since the function g(k) = 1{k>2} is non-decreasing, the FZRP is attractive,
meaning in particular that given two initial zero-range con�gurations ω(0) and ξ(0) such that
ω(0) 6 ξ(0), there exists a coupling Q such that under Q, both ω and ξ are distributed as
FZRPs, and such that at any time t > 0, Q-a.s. we still have

ω(t) 6 ξ(t). (I.17)

The construction for Q is referred to as basic coupling, and is built in the following way:

• Under Q, each site y is associated with two rate 1 Poisson clocks Ny,y−1 and Ny,y+1.

• When a clockNy,y±1 rings at site y, each process that has at least two particles at site y
makes one of them jump to y ± 1.

• This construction ensures that order between processes is preserved throughout the
dynamics so that (I.17) holds.

Not to introduce burdensome notation, we do not explicitly build the coupled process’s
Markov generator, it is straightforward to write down.

5.4 Strategy of the proof in the supercritical case : Theorem 5.1

As assumed in Theorem 5.1, consider a supercritical pro�le ρ0 > 1/2 bounded away from
the critical density, and the corresponding product state µN . Then, we can write according
to the dynamic mapping

PµN
(
η(tN) ∈ EN

)
= µN(η ≡ 1) +

∑
K>1

∑
ω∈NTK

µN(Π(η) = ω)Pω(ω(tN) ∈ EK).

Note that the �rst term in the right hand side accounts for the degenerate case where the
FEP con�guration contains no empty site, in which case the mapping is not well de�ned.
From this identity, the strategy of the proof is the following:

Step 1: Reduction to regular con�gurations. If the initial pro�le is identically equal to
1, the result is clearly true because the initial con�guration will be full a.s.. Otherwise, since
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ρ0 is smooth, by a standard large deviations estimate, any con�guration η must have with
high probability at least

K(η) > `N := (logN)8 (I.18)

empty sites (in reality, it will very likely have O(N) empty sites). Recall that we assume the
initial pro�le for η to be supercritical (ρ0 > 1/2), so that the average (zero-range) density
K/(N−K) in Π(η) must be w.h.p. larger than 1. Given a con�guration η with more than `N
empty sites, still by a large deviations argument, in any boxB := B`N (y) of size `N centered
in y of the associated zero-range con�guration ω := Π(η), we must therefore have at least
δ`N particles which are distributed rather evenly. More precisely, w.h.p. there exists ω′ 6 ω
with (1 + δ)`N particles such that in ω′∑

y′∈B

(y′ − y)ω′y 6 (1 + δ/2)
(1 + δ)`N(`N + 1)

2
. (I.19)

One can check that the fraction above is the standard deviation one would expect in the
average position of the particles, if they were indeed distributed evenly in the box B, so that
having a deviation which is less than 1 + δ/2 times the standard value is very likely indeed.

In what follows, given η, if (I.18) holds and for any box B of size `N in TK there exists
ω′ 6 Π(η) satisfying (I.19) , we call η “`N-regular”. By slight abuse of language, we also call
the associated zero-range con�guration ω = Π(η) regular. Then, as stated in [BESS20,
Lemma 4.2],

lim
N→∞

µN(η is `N-regular) = 1. (I.20)

Step 2: Estimation of the FZRP transience time started from a `-regular con�gura-
tion. From this point on, we do not need to keep the explicit value of `N , so that we replace
it by any large positive integer that we denote `. Let K denote the size of the zero-range
lattice, we show with [BESS20, Proposition 4.1] that

sup
ω `− regular

Pω(ω(T`) /∈ EK) 6 Ke−`
1/4

, (I.21)

where T` = `4. In other words, starting from a `-regular ZR con�guration, the ergodic
component is reached w.h.p. in a time `4. Together, (I.20) and (I.21) are enough to prove
Theorem 5.1. Proving equation (I.21) is tricky, however, because in the zero-range process,
particles trajectories are not independant : if many particles have exited a box on one side,
other particles initially in this box will have an easier time exiting by the same side, because
close to the boundary, at least one particle must be present at each site.

Keep in mind that in the FZRP, particles jump symmetrically while they are active, until
the reach an empty site where they become inactive and remain stuck forever. Furthermore,
by making an active particle chosen at random jump when the Poisson clocks ring, we see
that an active particle at site y e�ectively jumps at a rate 1/(ωy − 1).

The structure of the proof of (I.21) is the following:

• Fix a box B of size ` in TK , since the initial con�guration ω was assumed regular, by
attractiveness, we can keep exactly (1 + δ)` particles in this box and remove all other
particles from the system. Furthermore, those particles are spread out evenly enough
to satisfy (I.19) . This de�nes a new con�guration ω′, and we will prove that in ω′, at
time `4, at least one particle must have exited B to the left w.p. 1− e−`1/4.
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• By attractiveness, this means that this is also the case in ω, so that site x is empty at
time `4 with probability at most e−`

1/4
. By union bound, this proves (I.21) .

• To prove that in ω′, w.h.p. a particle has exited to the left before time `4, we prove
the following. First, no site can contain more than the total number of particles which
is (1 + δ)`. In particular, particles jump, at the least, at an e�ective rate 1/(1 + δ)`.
Since particles behave as symmetric random walkers (with time distortion due to other
particles on the same site), this means that with high probability, in a time of order
(1 + δ)`4, all particles either got stuck alone on a site, or remained active the whole
time and therefore at some point exited the box B [BESS20, Lemma 4.4].

• Since at most ` particles remained stuck in B, this means that at least δ` particles
remained active until they exitedB. If they all exited to the right-hand side, this would
mean one of two things : either particles were initially on average much closer to the
right hand-side of B, but this is not possible because we assumed that ω is regular. Or,
during the dynamics, the total number of jumps to the right performed by all particles
must have been much larger than the number of jumps to the left, the probability of
which can be estimated by a large deviations argument [BESS20, Lemma 4.5].

To summarize, our proof strongly relies on the zero-range mapping, in which particles
either get stuck because they jumped to an empty site, or roughly behave as random walkers
that are slowed down by other particles. Starting from a uniformly supercritical pro�le, in ω,
any mesoscopic box of size `N contains w.h.p. at least (1 + δ)`N particles distributed evenly
in the box. Before time `4

N , all those particles either got stuck or exited the box at some
point, and if they all exited to the right, an abnormal number of rightwards jumps must
have occurred in the system. In particular, each site in TK being the extremity of such a
box, this proves that at time `4

N = log(N)32, w.h.p., each site in the zero-range con�guration
is non-empty.

5.5 Microscopic front creation : Theorem 5.2

In the general case where the density is not assumed uniformly supercritical, we are in-
terested in the time the microscopic system takes to de�ne microscopic interfaces between
phases. As in Theorem 5.2, assume that we have initially two macroscopic phases, separated
by two macroscopic interfaces. This time, not to burden the arguments, we will look at the
problem straight from the point of view of the zero-range process, getting back to the FEP
will be a matter of using similar arguments as in the supercritical case. From the standpoint
of the zero-range process, we therefore have a subcritical phase (v1, v2) where the zero-range
density α is less than 1, and a supercritical phase (v2, v1) where it is larger than 1. Without
loss of generality, we assume that v1 = 0 and we simply denote v2 = v.

As represented in Figure I.3, we de�ne `K = K3/4, and consider the `K-interior of the
subcritical region

BK := {`K , . . . , Kv − `K},
as well as its complementary set AK := TK \BK . To prove that the interfaces are created
before time K7/4, it is enough to show the following statements:

• The number of empty sites in the FEP, K, is close to N . Furthermore, by attractive-
ness and comparison with an equilibrium FZRP, up until time TK we have ωy(t) 6
(logK)2 for any y ∈ K.
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Figure I.3: Representation of the sets AK (supercritical region and its subcritical boundary, in blue)
and BK (subcritical region, in red). Before time TK , AK becomes ergodic (no empty sites) w.h.p.,
whereas in BK only one subcritical region can remain, and the latter freezes before time TK . The
black dots represent a typical zero-range con�guration �tting the density pro�le α.

• In the zero-range process, any box of size `K contained in BK has w.h.p. a subcritical
number of particles (i.e. less than `K). Similarly, there exists a constant c∗ such that
any box of size 10`K included in AK initially contains at least 1 + c∗`K/K, and we
can choose those particles in such a way that they are evenly distributed in the box
(in an analogous sense to (I.19) ). Of course, the latter would not be true close to the
boundaries of AK , which are slightly subcritical, if the box was taken of size `K . Since
the box is chosen of size 10`K , however, this is not an issue. A zero-range con�guration
satisfying these conditions is called typical. Under the static mapping, Π(η) is typical
w.h.p. [BES21, Lemma 4.2].

• The set AK becomes ergodic before time TK = K7/4 with high probability [BES21,
Lemma 4.6]. The proof of this statement follows the exact same steps as in the su-
percritical case, albeit with re�ned estimates.

• After time TK , there exists at most a single subcritical connected set, meaning that
w.h.p. one cannot �nd x < y < z ∈ BK satisfying

ωx(TK) = ωz(TK) = 0 and ωy(TK) > 1. (I.22)

This last statement is the content of [BES21, Lemma 4.7]. Its proof is fairly straight-
forward. Summing over all possible x, y, z, we loose a factorK3 by union bound. Now,
two cases can arise: either z−x 6 `K , in which case the particle that is at y at time TK
has been moving freely up until time TK , but even so has not hit either z or x, other-
wise it would have remained stuck there. Since at each site, there is never more than
(logK)2 particles, the e�ective jump rates of particles is at least 1/(logK)2, so that in
a time TK � `2

K(logK)2, the probability that a particle remained stuck between x and
z is exponentially small in K. If instead z − x 6 `K and there are no other empty
sites in between, the average number of particles per site initially in {x + 1, z − 1}
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was more than 1, which occurs with exponentially small probability in the subcritical
region. These exponentially small probabilities compensate for the K3 coming from
the union bound, and shows that (I.22) cannot occur in BK .

5.6 Sharp uniform estimate of the transience time and cuto�

In the previous section, we gave a fairly exhaustive characterization of the transience time’s
behavior starting from a product measure with smooth parameter. This, however, only
gives a partial picture of the way the FEP leaves its transience component, and it is natural
to try and obtain information on its transience time uniformly in the initial con�guration.
Although one expects that the transience time starting from a con�guration with J particles
closely packed together should stochastically dominate that of any other con�guration with
J particles, this is by no means straightforward to show, absent coupling or attractiveness
arguements. Similarly, the dependency of the transience time on J is not a priori obvious.

Naturally, one hopes that the lack of attractiveness can be solved by mapping to the
FZRP de�ned in Section 5.3. This option, however, is not very satisfactory if one hopes
to obtain sharp estimates on the transience time, because particles in the FZRP jump at
an e�ective rate which decreases with the density, so that estimating the transience time
would require some very �ne and microscopic estimates on the local density throughout the
system. In practice, this is very hard do to, especially for a worst-case scenario where up to
O(N) particles can momentarily coexist on the same site.

For this reason, we introduce in [EM24] a new mapping to a process that we call SSEP
with traps (SWT). Once again, we use here di�erent notations to the ones of [EM24] in or-
der to have coherent notations throughout the manuscript. We de�ne a SWT con�guration
as an element, denoted ξ, of the set {n ∈ Z | n 6 1}TJ , whose value at each site j is either

• ξj = 1 to represent site j being occupied by a particle.

• ξj = 0 to represent site j being empty.

• ξj = −d < 0 to represent site j containing a trap of depth d.

Fix a FEP con�guration η on the ring TN , recall that we denote by J its number of particles,
and denote by Y1 < Y2 < Y3 < · · · < YJ < Y1 their successive positions in the ring, the �rst
one being chosen arbitrarily. The static mapping from η (FEP on TN ) to ξ (SWT on TJ ) is
represented in Figure I.4, each value ξj being determined by what immediately follows the
j-th particle in η. More precisely, recalling that by construction, ηYj = 1, we de�ne

ξj = 2 + Yj − Yj+1,

meaning that

• ξj = 1 if the j-th particle in η is immediately followed by another particle.

• ξj = 0 if the j-th particle in η is followed by a single empty site

• ξj = −d < 0 if the j-th particle in η is followed by d+ 1 consecutive empty sites.

This static construction can be translated as a dynamic mapping for the SWT. Assume that
η(t) is a rate 1 FEP on TN (driven by the generator (I.1) with pN = qN = 1), and keep
at all time the same tagged particle as the position Y1(t) to start the mapping. Then, the
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Figure I.4: Representation of the mapping Γ between a FEP con�guration η and a SWT con�gu-
ration ξ

SSEP with traps

FEP

Figure I.5: Representation of the dynamic mapping between a FEP η and a SWT ξ

corresponding SWT ξ(t) is ruled by the following evolution : particles and empty sites in ξ
interact exactly as in a rate 1 SSEP. On top of that, still at rate 1, a particle in ξ can jump to a
neighboring trap, at which point the trap’s depth decreases by one (in particular, it becomes
an empty site if it was of depth exactly one), and the particle is removed. Any decrease in
trap depth in the SWT then corresponds to a neighboring pair of empty sites being broken
up in the FEP.

Like the FZRP, this SWT is attractive : starting from two (ordered site-by-site) con�g-
urations ξ 6 ξ′, we can couple their respective evolutions in such a way that ξ(t) 6 ξ′(t)
at any later time t > 0, by simply using the same clocks so that two particles present at the
same site in both processes jump in the same direction at the same time. This big upside,
however, w.r.t. the FZRP, is that particles in the SWT behave as rate 1 random walkers
until they encounter a trap, which allows for much sharper estimates on the transience time.
Once all traps are removed, the SWT simply becomes a standard SSEP. If instead, there
are initially not enough particles to �ll all traps, then at some point the last particle will get
absorbed and the SWT will reach an absorbing state. The transience time for the SWT is
therefore de�ned as the maximal time traps (of positive depth) and particles coexist. Given
an initial con�guration ξ, denote by pξ(t) the probability that a SWT started from ξ is still
transient at time t, namely

pξ(t) = Pξ
(
∃j, j′ : ξj(t) > 0, ξj′(t) < 0

)
.
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We then de�ne the maximal transience probability as

pswt
J (t) := sup

ξ
{pξ(t)},

where the supremum is taken over all SWT con�gurations on TJ . The �rst results we obtain
in [EM24] is the following;

Theorem 5.3 (Theorem 1.1 in [EM24]) The transience probability vanishes over large time
scales tJ2 log J , meaning

pswtJ (tJ2 log J) −→
t→∞

0.

Given the SWT mapping, this theorem is not very hard to prove: �rst, one checks that the
maximal transience probability is achieved for critical con�gurations containing as many trap
depth as particles, meaning for con�gurations ξ such that

∑
j ξj = 0. Indeed, by attractive-

ness, adding either trap depth or adding particles to a critical con�guration will only decrease
its transience time. Given this observation, proving Theorem 5.3 amounts to carefully la-
beling particles, and coupling the SWT with the so-called interchange process [59, 43], and
then estimating its full exploration time. This result, however, only yields an asymptotic
control of the transience probability over the correct timescale J2 log J . In our second re-
sult, we go much further in our estimation of the transience time, and prove that the maximal
transience probability for the SWT undergoes a cuto� at time

t?J :=
1

π2
J2 log J.

Theorem 5.4 (Theorem 1.2 in [EM24]) De�ne the maximal transience time θswtJ : [0, 1] →
[0,+∞] as the inverse function of the transience probability pswtJ . There exists a constant C > 0 such
that for any J and any ε ∈ (0, 1),

|θswtJ (ε)− t?J | 6 δ(J, ε) := CJ2

(
1 + log log

J

ε ∧ (1− ε)

)
.

This theorem proves the transience time undergoes cuto�, in the sense that the maximal
transience probability pswt

J (t) goes from 1 to 0 in a time-window of size δ(J, ε)� t?J around
t?J . Because it contains a much sharper bound on the transience probability, this theorem is
much more di�cult to prove.

Once again, since we are interested in the maximal transience probability, we can focus
on critical con�gurations. However, among critical con�gurations, it is not clear which one is
the worst. For this reason, we need to consider any trap layout. The core set of arguments to
prove Theorem 5.4 is the following; Fix an initial critical con�guration ξ, a segmentA ⊂ TJ ,
and call B = TJ \ A the complementary set of A. Assume that at time t, there is still trap
(of positive depth) left in A, then we can be sure that

• at least one live particle (meaning one that was never trapped) remains at time t, since
we started from a critical con�guration, and by assumption there remains at least one
trap with positive depth.

• This particle has never fully crossed, in either direction, set A before time t, otherwise
it would have become trapped.
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For this reason, the remaining trap inA breaks in some sense the periodicity of the ring, and
allow us to build a SWT on a larger non-periodic segment S of size J+|A|, where the ring was
“cut” at one of the extremities of A, and another copy of A is added to the other extremity
of B. This procedure, that we call unrolling the circle, allows us to couple up to time t, any
trajectory of the SWT with a trap still in A at time t, with a SSEP σ on S started from the
same paired positions TJ → S, and in contact at both extremities with empty equilibrium
reservoirs (see (39) ).

Then, under our coupling, the presence of a trap in A translates as the survival of one
of the σ particles up to time t without being absorbed by either reservoirs. However, the
probability for a SSEP in contact with empty reservoirs to still have a particle up to time t
is well known [71], and exhibits cuto�. Once this is done, only remains to divide TJ into
segments A1, . . . , AQ, each of size J/ log J � J , and carefully use a union bound to the
previous result, depending on which of the Aq’s still contains a trap at time t. The main
technical challenge to achieve this program is to couple particle’s trajectories in ξ and σ,
at least until the ξ-particle gets trapped. To build σ this way, one needs to copy the same
Poisson clocks in both A and its copy, while keeping a SSEP dynamics with independent
jumps.

Once this is done, we can get back to the FEP on TN : de�ne analogously to the SWT
the maximal transience probability pfep

N (t) and the associated maximal transience time θfep
N :

[0, 1]→ [0,+∞]. We do not state the analogous result to the weaker Theorem 5.3 to focus
on the transience time’s cuto�;

Theorem 5.5 (Theorem 2.2 in [EM24]) The FEP’s maximal transience time also exhibits cut-
o�, in the sense that there exists a constant C > 0 such that for any N and any ε ∈ (0, 1),

|θfepN (ε)− t?N/2| 6 δ(N, ε) := CN2

(
1 + log log

N

ε ∧ (1− ε)

)
.

By the previous mapping, any critical FEP con�guration on TN is mapped to a critical SWT
con�guration on TN/2. Since transience in both processes is completely equivalent, Theo-
rem 5.4 yields that the critical maximal transience probability for the FEP undergoes cuto�
at time t?N/2 as wanted. To prove Theorem 5.5, only remains to compare to non-critical
con�gurations. However, since the FEP is not attractive, this is not completely trivial, and
requires a couple more arguments.

• Given a subcritical con�guration η, containing J < N/2 particles, its transience time
will be that of a mapped SWT ξ on TJ , which will be less than that of a critical SWT
ξ′ > ξ on TJ , which is at most t?J , itself less than t?N/2 because J < N/2. This proves
that a subcritical FEP con�guration will freeze faster than a critical one.

• The same argument cannot be repeated for supercritical con�gurations, however, be-
cause for those J > N/2, and therefore we overestimate the corresponding transience
time t?J > t?N/2. Instead, for this part of the argument, we use the previous FZRP
mapping : Given a supercritical con�guration η, we map it to a supercritical FZR con-
�guration ω on TK with K 6 N/2. Then, by the FZRP’s attractiveness, there exists a
critical con�guration ω′ 6 ω on TK such that pω(t) > pω′(t). We then switch back to
a critical FEP η′ on T2K , then to a critical SWT ξ′ on TK , this time with K 6 N/2.
This time, starting from ξ′ the transience time is at most t?K 6 t?N/2, which proves as
wanted that a supercritical FEP con�guration will become ergodic faster than a critical
one.
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6 Hydrodynamic limit in the symmetric case

We now characterize the macroscopic behavior of the FEP on the ring TN and in particular
its hydrodynamic limit in the symmetric case. The results presented in this section were
obtained in [BESS20], [BES21] and [ESZ23b], and rely in parts on the transience time
estimates obtained in the previous section. We focus in this section on the symmetric case,
we therefore choose a di�usive timescale and set

pN = qN = N2. (I.23)

in (I.2) . Accelerating thusly the generator by N2 allows particle (roughly behaving as sym-
metric random walks) to travel macroscopic distance in times of order 1, so that the macro-
scopic process will be on the correct timescale already. We consider throughout this section
a Markov process {η(t), t > 0} with accelerated generator LN de�ned by the previous jump
rates, and started from a product measure µN �tting an initial pro�le ρ0, in the sense of (9) .

6.1 Grand canonical and canonical states for the FEP

As previously emphasized, in order to state a Replacement Lemma similar to Lemma 1.2,
one needs �rst to understand the canonical and grand canonical states for the considered
process;

• The canonical states µJ,B in any given box B are de�ned as the stationary state with
�xed number of particles J in B.

• The grand-canonical states µρ,B are parametrized by the density ρ. By the equivalence of
ensembles, they are de�ned by taking a much larger box Λ c B in which the number
of particles is set to Jρ := ρ|Λ|, and observing it on B,

µρ,B(σ) = lim
Λ↑Z

µJρ,Λ(η|B = σ).

For the Simple Exclusion Process, the canonical states are given by uniform distributions
on ΩN,J (cf. (I.4) ), and the grand-canonical states are given by Bernoulli product measures
(6) . For the FEP, this is not the case, since stationary states must be supported either by the
frozen or ergodic components de�ned in (I.5) and (I.6) . Clearly, in the supercritical region,
the stationary states are exactly the probability measures measure supported on frozen states.
In the subcritical region, since all jumps occur at rate 1, the canonical states are the uniform
distributions πN,j over the ergodic components EN,J de�ned in (I.5) , so that for example on
the circle TN

πN,j(η) =
1{η∈EN,J}

|EN,J |
=

1{η∈EN,J}(
N−k
k

)
+
(
N−k−1
k−1

) . (I.24)

To obtain the last identity, one only needs to check that the �rst site of the ring can either
be occupied or empty, and once this is chosen, the remaining empty sites must be placed
in-between particles to be in the ergodic component.

To de�ne the grand canonical state for ρ > 1/2, we take the canonical state over a
very large box Λ with ρ|Λ| particles, and consider its marginal in a small box inside of it
as |Λ| → ∞. We obtain an in�nite volume, translation invariant distribution πρ with �nite
size marginals given by

πρ(η|{1,...,`}=σ) = 1{σ∈E`}(1− ρ)a(ρ)2J−`+1−σ1−σ`(1− a(ρ))`−1−J , (I.25)
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where E` is the set of ergodic con�gurations on {1, . . . , `}, J :=
∑`

x=1 σx is the number of
particles in σ, and

a(ρ) :=
2ρ− 1

ρ
. (I.26)

One easily checks that a(ρ) represents the density under πρ of active particles, namely

a(ρ) = πρ(ηx−1ηx + ηxηx+1 > 1). (I.27)

In the critical case ρ = 1/2, the grand canonical state is simply given by π1/2 = (δ◦•+ δ•◦)/2
where ◦• and •◦ represent the two possible alternated con�gurations with particles at odds
(resp. even) sites.

The construction (I.25) of the grand-canonical states, however, is in many cases not very
convenient, because it is a global construction over a given box rather than a local one. For
this reason, it is very useful to build πρ in a sequential, Markovian way. More precisely, if
(ηx)x>0 and (ηx)x60 are distributed as independent Markov chains on {0, 1}, both starting
from η0 = Ber(ρ), and with transition probabilities

P(ηx±1 = 1 | ηx = 1) = a(ρ) and P(ηx±1 = 1 | ηx = 0) = 1. (I.28)

then, (ηx)x∈Z ∼ πρ.

6.2 Hydrodynamic limit for the supercritical symmetric FEP

Now that the canonical and grand canonical states of the FEP are characterized, we describe
its hydrodynamic limit, and start by the easier setting, when the initial pro�le ρ0 is uniformly
supercritical as in Theorem 5.1. More precisely, we have the following result, which is the
analogous to Theorem 1.1 for the supercritical FEP.

Theorem 6.1 (Theorem 2.2 of [BESS20]) Fix ρ0 ∈ C1(T) taking values in (1/2, 1] and µN

the associated product state (9) . Then, in the sense of De�nition 1.3, the hydrodynamic limit of
{η(t), t > 0} is given by the unique weak solution ρ(t, u) : [0,+∞)× T→ [0, 1] to the hydrody-
namic equation {

∂tρ = ∂2
ua(ρ)

ρ(0, ·) = ρ0,
(I.29)

where a(ρ) is the equilibrium active density de�ned in (I.26) .

We now sketch the proof of this result, which thanks to the subdi�usive estimate of the
transience time given in Theorem 5.1, is an adaptation of Guo Papanicolaou and Varadhan’s
entropy method (see Section 1.3). Here are the main steps;

• Because our process is now accelerated by a di�usive factorN2, according to Theorem
5.1, with high probability the process is at time t̃N = (logN)32/N2 in an ergodic state.
Furthermore, since t̃N � 1 the process η(t̃N) at that time is still associated with the
initial pro�le ρ0, because particles have not had the time to travel over macroscopic
distances. In particular, the distribution

µ̃N(·) := PµN
(
η(t̃N) = ·

∣∣ η(t̃N) ∈ EN
)

of the process at time t̃N conditioned to being in the ergodic component is very close to the
the unconditioned distribution µt̃N , so that the process started from µ̃N and the one
started from µN have the same hydrodynamic limit.
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• We therefore now consider instead the process started from µ̃N , and de�ne µ̃Nt its
distribution at time t. Its relative entropy w.r.t. a grand canonical state, de�ned in
(18) , H(µ̃Nt | πρ) on the ring πρ (de�ned analogously to its in�nite volume coun-
terpart (I.25) ) is now of order O(N) for any time t because both distributions are
supported on the ergodic component. This allows us to derive a standard estimate for
the Dirichlet form

DN(f) := Eρ(
√
f(−LN)

√
f) =

1

2

∑
x∈TN

cNx,x+1(η)
{√

f
(
ηx,x+1

)
−
√
f(η)

}2

(I.30)

of the density fNt := dµ̃Nt /dπρ w.r.t. πρ. More precisely, recalling that the cNx,x+1 are
the accelerated jump rates one obtains that

DN

(∫ t

0

fNs ds

)
= O(N).

• This estimate of the Dirichlet form allows us to apply the entropy method by obtaining
the classical one and two-blocks estimates. The main hurdle to do so is the fact that the
grand canonical state πρ is not product, so that we need to estimate its correlation decay
[BESS20, Lemma 6.5], which is exponential, as well as its equivalence of ensembles
[BESS20, Proposition 6.9].

• Once this is done, it remains to exploit the fact that the FEP is gradient, meaning that
(7) holds for the function

τxh = ηx−1ηx + ηxηx+1 − ηx−1ηxηx+1 = 1{x is occupied by an active particle} (I.31)

whose expectation under the grand canonical state πρ is a(ρ) according to (I.27) .

6.3 Stephan problem for the symmetric FEP

As outlined in the previous section, once the ergodic component is reached, the hydrody-
namic limit for the FEP is derived using classical tools. In the general setting where the
initial pro�le is not uniformly supercritical however, and also charges the subcritical region,
entropy-based techniques no longer straightforwardly apply, because there is no single ref-
erence state to which the two-phased system can be locally compared. More precisely, we
derive the following result.

Theorem 6.2 (Theorem 2.4 of [BES21]) Fix a measurable initial pro�le ρ0 and µN the asso-
ciated product state (9) . The hydrodynamic limit for {η(t), t > 0} is given by the unique weak
solution ρ(t, u) : [0,+∞)× T→ [0, 1] to the Stefan problem{

∂tρ = ∂2
uH(ρ)

ρ(0, ·) = ρ0,
(I.32)

where we de�ne H(ρ) = a(ρ)1{ρ>1/2} (cf. (I.26) ).

Since entropy methods are not well-suited to phase separated hydrodynamics, we relied
instead on a scheme of proof introduced by Funaki [31] involving Young measures. The
key arguments are the following;
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• First, we characterize local equilibrium [BES21, Proposition 3.8], namely the one-
block estimate that states that for a local function g, any test functionH and any T > 0∫ T

0

ds
1

N

∑
x∈TN

H(x/N){τxg(s)− Eρ`x(s)(g)} (I.33)

vanishes in probability as N → ∞ then ` → ∞, where ρ`x is de�ned as in (15) as
the local density in a box of size ` around x. The one-block estimate amounts to a
replacement Lemma 1.2, but at a microscopic scale going to in�nity afterN rather than
jointly withN . The main point to obtain this one-block estimate in Funaki’s scheme is
to characterize the in�nite volume translation invariant stationary distributions µ for
the process. For the FEP, we prove using the zero-range mapping laid out in Section
5.3 a De-Finetti type decomposition [BES21, Lemma 3.6], meaning that any such
distribution can be written

µ = µF +

∫
ρ>1/2

dq(ρ)πρ,

where µF is supported on the frozen component and q is a distribution on [1/2, 1].
the one block estimate then follows, because in any frozen state (I.33) gives a null
contribution, whereas any πρ satis�es a law of large numbers which yields that (I.33)
vanishes in the limit N →∞ then `→∞.

• Once the one-block estimate is obtained, one needs to show that ρ`x does not change
much when x remains in a small mesoscopic box of size εN . In the absence of Dirichlet
estimate, we cannot show it by the standard two-blocks estimate, so that instead we
exploit Young measures, and de�ne analogously to the empirical measure (13) the
Young measure on T× [0, 1]

πN,`t (du, dr) :=
1

N

∑
x∈TN

δx/N(du)δρ`x(t)(dr). (I.34)

• At this point, the main missing piece is to show that in the limit N →∞ then `→∞,
the Young measure πN,`t converges PµN -a.s. to a measure that is Dirac in r, meaning,
as stated in [BES21, Proposition 3.4], that there exists a function ρ such that

πN,`t (du, dr) −→
N,`→∞

mt(du)δρt(u)(dr).

The proof of this convergence is quite intricate, however the main idea is to compare
small mesoscopic tθ ' θ → 0 after N → ∞ timescales and large microscopic times
scales tΘ,N ' Θ/N2 with Θ → ∞ after N → ∞. Roughly speaking, consider around
u ∈ T a large microscopic box in the system, at a microscopic time tΘ,N with density
r. Letting now time evolve over a time tθ, particles will di�use and locally mix in the
system, so that the density in that same box is no longer �xed and given by a Young
distribution pt(u, dr

′). However, because the timescale is small in the limit θ → 0,
mass does not have time to actually move around the system, so that on average over
r and u and in the proper limit, we must have that r−

∫
r′pt(u, dr

′) vanishes, meaning
that in the limit pt actually converges to a Dirac measure.
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This strategy proves the hydrodynamic limit in the Stefan regime where the initial pro�le
exhibits both supercritical and subcritical phases. Of course, the weak construction, obtained
in the hydrodynamic limit, of solutions to (I.32) is not very explicit, therefore we also proved
in [BES21, Proposition 2.5] that under reasonable assumptions on the initial pro�le ρ0, one
can de�ne macroscopic interfaces uk(t) between phases ρ > 1/2 and ρ < 1/2, and compute
their velocity as a function of the densities on both sides of the interface. This is by no means
trivial, in particular because this velocity

vk(t) :=
4∂uρ

+
k (t)

1/2− ρ−k (t)

depends on the inverse of the criticality gap 1/2 − ρ−k (t), where ρ−k (t) is the density in the
subcritical region right next to the interface and can be very close to 1/2 if for example the
initial data is smooth.

6.4 Critical behavior in two dimensions

Because we loose access to the mapping arguments, and to explicit formulas for the station-
ary states, the higher dimensional case is much harder to tackle. Several di�erent models
can be put forward as higher-dimensional versions of the FEP. One of them is the two-
dimensional Constrained Lattice Gas considered in [65], an exclusion process in which par-
ticles jump at rate one to empty neighbors provided any other neighboring site is occupied,
whose critical behavior we scrutinize in [25]. In the same way that the alternate con�gura-
tion •◦•◦ is critical for the 1-dimensional FEP, the checkerboard con�guration •◦•◦•◦

•◦•
is critical

for the CLG, in the sense that it is the most dense frozen con�guration, so that ρ := 1/2
is still a critical density threshold. However, unlike in the 1-dimensional case, we observe
in [25] that di�usive behavior can be sustained below ρ down to a second critical density
ρc ' 0.3257, under which no di�usive behavior occurs and the system quickly freezes.

The reason for these separated critical densities is that the 2-dimensional checkerboard
is a highly structured con�guration, which is much easier to break down than to create.
To illustrate this, consider that when a con�guration with density ρ < 1/2 is close to the
checkerboard one, many more jumps will drive the con�guration away from that checker-
board than towards it. For this reason, in the density range between the two critical densities
ρc < ρ < ρ, starting from a disordered state in a system of size N , activity is sustained
over much longer timescales than the di�usive one , thus resulting in a di�usive behavior
over di�usive timescales t ∼ O(N2). Unlike for high densities, however, for ρc < ρ < ρ a
frozen state is ultimately reached and no truly active stationary state exists. Like in the one-
dimensional case (see [BESS20]), under ρc, activity dies down over logarithmic timescales
and the system quickly freezes.

Although it cannot be straightforwardly proved using the same tools as for Theorems 6.1
and 6.2, we fully expect that under di�usive scaling, and starting from a Bernouilli product
measure �tting a given initial pro�le ρ0, the two-dimensional CLG’s macroscopic evolution
is ruled by a Stefan di�usion equation ∂tρ = div(D(ρ)∇ρ) (where D(ρ) vanishes in the
frozen phase ρ < ρc) with initial condition ρ0. Mathematically speaking, this is very di�cult
to prove in parts because, as explained in the previous paragraph, in the regime ρc < ρ < ρ,
no active stationary state exists. Instead, we expect that microscopically, an in�nite system
reaches over large di�usive timescales a quasi-stationary state µ̃ρ. For ρ > ρ instead, the
quasi-stationary state becomes an actual stationary state µ̃ρ.
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In the supercritical phase, as conjectured in [44], two di�erent correlation lengths exist:
�rst, the classical, probabilistic, correlation length ξ× = ξ×(ρ) over which the two-points
stationary correlations vanish under µ̃ρ. And second, the geometric correlation length ξ⊥,
which is the one mostly used in the physics literature [19], which is the scale of the activation
chains that sustain activity. In particular, for any system of size N � ξ⊥(ρ), activity decays
until dying out. These two length-scales diverge as ρ ↘ ρc, and we denote by ν×, ν⊥ > 0,
the corresponding critical exponents, meaning that

ξ× ∼ (ρ− ρc)−ν× and ξ⊥ ∼ (ρ− ρc)−ν⊥ .

Activity in the system is also ambiguously de�ned (because particles in dense regions are
active but cannot jump because of the exclusion constraint), so that we distinguish between
the density of active particles (with an occupied neighbor) ρa(ρ) ∼ (ρ − ρc)β , and the ac-
tivity a ∼ (ρ − ρc)b 6 3ρa, namely the total rate at which jumps occur in the system. We
numerically show in [25] that the two critical exponents actually coincide, meaning β = b.

To get a full picture at criticality, other macroscopic quantities need to be taken into ac-
count. First, because the stationary state for the CLG is locally correlated, its compressibility

χ(ρ) :=
∑
x∈Z2

Covµ̃ρ(η0, ηx) ∼ (ρ− ρc)γ

is di�erent from that of the SSEP. Furthermore, as evidenced by [65, 44] the CLG’s ab-
sorbing state is hyperuniform, meaning the numberN of particles in a typical box of size R
in the absorbing state has variance ∼ Rζ , for ζ < 1. Finally, we denote by α the di�usion
coe�cient’s critical exponent, D(ρ) ∼ (ρ − ρc)α. Because some of these critical exponents
are di�cult to approach numerically, in [25] we supplement our simulations with a number
of theoretical relationships between exponents.

• The Einstein relation Dχ = σ, together with the fact that the current’s �uctuations’
amplitude are ruled by the activity, yields

α + γ = b.

• At smaller scales than ξ⊥, the system looks critical, so that critical density �uctuations
must be of order ρ − ρc to hide the o�-criticality. This yields the identity ξζ⊥ ≈ (ρ −
ρc)ξ

2
⊥ and in turn

ν⊥(2− ζ) = 1.

• Exploiting the structure factor [34] yields the identity

γ = 2ν×(1− ζ).

• The gradient nature of the process yields that ρ′a = D, so that

α = β − 1.

We regroup in table I.1 the related observables and critical exponents whose numerical value
was determined in [25], and which are in excellent agreement with previous results [65, 44].
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obs. D χ ξ⊥ ξ× Var(N) ρa a
exp. α γ ν⊥ ν× ζ β b

-0.38 1 and 1.07 0.77 1.8 0.70 0.62 0.62

Table I.1: Critical exponents related to observables for the two-dimensional CLG.

7 Hydrodynamics and �uctuations for the asymmetric FEP

As outlined in the introduction (see Section 2.3), the most straightforward tools to derive
the macroscopic behavior of asymmetric interacting lattice gases only hold for attractive systems
[48, Section 9]. The FEP is not attractive, but the mapped zero-range process described in
Section 5.3 is, so that to characterize the macroscopic limit of the FEP in the asymmetric
case, we map back and forth that of the facilitated zero-range process.

7.1 Hydrodynamic limit for the AFEP

We now consider the asymmetric case of the FEP on LN = Z, on a hyperbolic timescale, so
that we choose p ∈ (1/2, 1] and set in this section

pN := pN and qN = (1− p)N
in the jump rates I.2. De�ne the macroscopic drift

H(r) = (1− r)a(r)1{r>1/2}, (I.35)

where the active density a was de�ned in (I.27) . In the asymmetric case, the hydrodynamic
equation is hyperbolic, so that the weak formulation of solutions needs to be supplemented
by an entropy condition, as given by the following de�nition.

De�nition 7.1 (Entropy solutions to the hyperbolic Stefan problem) Fix a measurable ini-
tial pro�le ρ0 on R. A measurable function ρ is an entropy solution to the hyperbolic equation

∂tρ+ (2p− 1)∂uH(ρ) = 0 (I.36)

with the initial condition ρ0 if

1. (entropy inequality) for any non-negative test function ϕ ∈ C1,1(R+ × R) with compact
support in (0,∞)× R, for any 0 6 c 6 1,∫ ∞

0

〈|ρ(t, ·)− c|, ∂tϕt〉+ (2p− 1)〈q(ρ(t, ·); c,H), ∂uϕt〉dt > 0, (I.37)

where q(ρ; c,H) = sign(ρ− c)(H(ρ)− H(c)) ;

2. (initial condition) for any A > 0, limt→0

∫ A
−A |ρ(t, u)− ρ0(u)| du = 0.

Nonlinear hyperbolic problems can create shocks, after which there is in general more than
one weak solution to the equation. However, the entropy solution is unique, and is the phys-
ically relevant solution because it can be seen as the vanishing viscosity limit solution to the
equation, meaning the limit as ε→ 0 of the solution to the viscous equation

∂tρ+ (2p− 1)∂uH(ρ) = ε∂2
uρ, (I.38)

where H was introduced in Theorem 6.2. We are now ready to state the hydrodynamic
limit in the asymmetric case.
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Theorem 7.1 (Theorem 2.3 - (II) of [ESZ23b]) Fix a measurable initial pro�le ρ0 and µN

the associated product state (9) . The hydrodynamic limit for the asymmetric FEP {η(t), t > 0}
started from µN is given by the unique entropy solution to (I.36) , with H given by (I.35) .

7.2 Sketch of the proof

The proof of this result strongly relies on the mapping with the attractive zero-range process
introduced in Section 5.3. More precisely, it is straightforward to check that the zero-range
process ω := Π?[η] de�ned on Z through the dynamic mapping (I.9) is driven by the asym-
metric zero-range generator

L zrf(ω) =
∑
y∈Z

1{ωy>2}

{
pN
(
f(ωy,y+1)− f(ω)

)
+ qN

(
f(ωy,y−1)− f(ω)

)}
. (I.39)

Since this this zero-range is attractive, we derive [ESZ23b, Theorem 2.4 - (II) ] its hydro-
dynamic limit α(t, v) ' E(ωbNvc(t)) following [64], which is given by the unique entropy
solution, in the sense of De�nition 7.1, of the hyperbolic equation

∂tα + (2p− 1)∂v

{
α− 1

α
1{α>1}

}
= 0. (I.40)

The �rst hurdle to get this hydrodynamic limit is that the initial distribution µ̃N := µN ◦Π−1

for the zero-range process, which is the pushforward through the static mapping of the initial
distribution µN of the FEP, is not a simple product state, therefore we need to approximate
it by a product distribution. Then, using attractiveness, we estimate the number of discrep-
ancies δ � N between the two processes. This strategy shows that the mapped FZRP and its
approximation must have the same hydrodynamic limit [ESZ23b, Lemma 5.2]. Once this
issue is solved, we locally compare the zero-range process with its local equilibrium state,
and show that both in the supercritical and the subcritical regions, local mixing is quickly
enforced [ESZ23b, Proposition 5.9].The core idea of the proof is that because of attrac-
tiveness, two coupled zero-range processes ω and ω′ become quickly ordered, in the sense
that in any large local neighborhood B`(y) of a site y, after a time of order t` := `3/N2 � 1,
we have w.h.p.{

ω(t`) 6 ω′(t`) on B`(y)
}

or
{
ω(t`) 6 ω′(t`) on B`(y)

}
.

In particular, consider a local boxB`(y) of the zero-range process ω with supercritical initial
density α := α0(y/N). After a time t`, with high probability, we will be able to “sandwich” ω
on B`(y) in between two equilibrium zero-range processes with respective distributions µα−ε
and µα+ε de�ned by (I.15) . Letting then ε → 0, proves local equilibrium in the di�usive
phase, whereas the subcritical phase is not too challenging because everything freezes out
pretty quickly. We thus derive the microscopic counterpart to the entropy inequality (I.37)
[ESZ23b, Lemma 5.7], and, in turn, the FZRP’s hydrodynamic limit.

Given the zero-range processe’s hydrodynamic limit, we then need to map it back and
forth to derive that of the AFEP. The space mapping, unfortunately is not homogeneous nor
smooth. Indeed, recall that the sites in the zero-range processes sites y are de�ned as empty
sites in the exclusion process, starting from a tagged empty site with position X0(t). At the
macroscopic level, we denote by σ = σt := limN→∞X0(t)/N the macroscopic position of
the tagged empty site in the exclusion process, and we obtain the following identity between
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the exclusion processe’s macroscopic space variable u = ut = x/N and v = vt = y/N , that
of the FZRP:

v =

∫ u

σ

(1− ρ(u′))du′.

Writing this relation from the FZRP’s standpoint is more convenient, because it is the hy-
drodynamic limit we actually have access to. This yields

u := σ +

∫ v

0

(1 + α(v′)dv′. (I.41)

Next, we want to express σ as a function of the zero-range process as well, which is not hard,
because the tagged empty site jumps left (resp. right) in the FEP every time a particle jump
right (resp. left) over the origin in the FZRP. The variable σ can therefore be expressed as
minus the total current that has crossed the origin in the zero-range process up to time t

σt = −
∫ +∞

0

(αt(v)− α0(v))dv.

Once the space mapping u = ut(v) is de�ned, one can then recover ρ by letting

ρ(t, u) :=
α(t, v)

1 + α(t, v)
, (I.42)

which should be an entropy solution to (I.36) provided α is solution to (I.40) .

Because we are dealing with non-smooth functions (because of the interfaces between
phases and of the hyperbolic shocks), however, this last statement is by no means straight-
forward, so that one needs to smooth out both α and ρ in the spirit of the vanishing viscosity
limit, and show that both smoothed out solution respectively converge to the actual solu-
tions. More precisely, we consider the solution α to the viscous equation

∂tα
ε + (2p− 1)∂v

{
αε − 1

αε
1{αε>1}

}
= ε∂2

v

{
αε

1 + αε

}
, (I.43)

where both the interfaces and the shocks have been smoothed out. Then, we can de�ne uε,
σε and ρε as in (I.41) and (I.42) , and because everything is smooth, tedious but straightfor-
ward computations show [ESZ23b, Lemma 4.4] that ρε is solution to the viscous equation
(I.38) . Proving that αε and ρε resp. converge as ε → 0 in L1

loc to the entropy solutions to
(I.40) and (I.36) ([ESZ23b, Lemma 4.3]) then completes the macroscopic mapping and
proves Theorem 7.1.

Although the main upside of the strategy is that it allows to capture the hydrodynamic
behavior of the FEP in the asymmetric case, which would be very di�cult otherwise because
the latter is not attractive, the strategy of mapping hydrodynamic limits is by no means
restricted to the asymmetric case. In particular, we also use it to provide an alternative,
simpler proof of Theorem 6.2 in the symmetric case [ESZ23b, Theorem 2.3 - (I) ].

7.3 CLT stationary �uctuations for the FEP

We then exploited the same mapping strategy to derive the stationary �uctuations process
for the FEP on Z in the spirit of Theorem 1.3. We consider in this section the jump rates

pN := sN2 +Nγ and qN = sN2. (I.44)
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The parameter s will be either 0 or 1 to help us distinguish between the weakly asymmetric
and the totally asymmetric cases, whereas γ 6 3/2 tunes the strength of the asymmetry. We
now consider, for ρ > 1/2, a facilitated exclusion process on Z with those jump rates, and
started from the stationary state πρ de�ned in (I.25) .

As proved by the hydrodynamic limit of Theorem 7.1, in the asymmetric FEP at density
ρ, particles travel on average at a macroscopic velocity

v = v(ρ) :=
d

dρ
H(ρ) =

1− 2ρ2

ρ2
(I.45)

whereHwas de�ned I.35. Since the asymmetric jumps occur at rateNγ and space is rescaled
as 1/N , the �uctuations process thus travels at an average speed vNγ−1, so that we de�ne the
FEP’s �uctuation �eld YNt ∈ S ′(R) in this moving reference frame, acting on smooth test
functions H in the Schwartz space S(R) as

YNt (H) :=
1√
N

∑
x∈Z

(ηx(t)− ρ)H
( x
N
− tvNγ−1

)
. (I.46)

In order to present our main results in [EZ24], we introduce for ρ > 1/2 the di�usion
coe�cient

D(ρ) := a′(ρ) =
1

ρ2
, (I.47)

the compressibility
χ(ρ) := ρ(1− ρ)(2ρ− 1), (I.48)

and the conductivity

σ(ρ) :=
(1− ρ)(2ρ− 1)

ρ
. (I.49)

Note that clearly, the Einstein �uctuation-dissipation relation σ = Dχ holds. In order not to
burden this section unnecessarily, we now state in a formal setting our results from [EZ24].
First, we consider the weakly asymmetric case.

Theorem 7.2 (Theorem 2.2 of [EZ24]) Choose s = 1 in (I.44) , the FEP’s �uctuation �eld’s
trajectory {YNt , t > 0} converges as N → ∞ in the uniform topology on D([0, T ],S ′(R)) to a
process {Yt, t > 0} which is

i) solution to the stochastic heat equation

∂tYt = D(ρ)∂2
uYt +

√
2σ(ρ)∂uẆt (I.50)

for γ < 3/2, where D and σ are respectively given by (I.47) and (I.48) .

ii) solution to the stochastic Burgers equation

∂tYt = D(ρ)∂2
uYt +

1

2
D′(ρ)∂uY

2
t +

√
2σ(ρ)∂uẆt (I.51)

for γ = 3/2.

We do not give here the precise de�nition of the two limiting processes, and refer the reader
to [EZ24, De�nitions 2.1 and 2.3] for the details. Note that these two limits do not explicitly
depend on the asymmetry exponent γ, because we are already looking at the �uctuation
process YNt in a moving frame depending on γ. We now consider the totally asymmetric
case.
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Theorem 7.3 (Theorem 2.3 of [EZ24]) Choose s = 0 and γ < 4/3 in (I.44) , the FEP’s
�ucutation �eld’s trajectory {YNt , t > 0} converges as N → ∞ in D([0, T ],S ′(R)), in the weak
topology, to a process Yt =

√
2σ(ρ)∂uWt, meaning a gaussian process with covariance

E(Ys(G)Yt(H)) = 〈G, Tt−sH〉 for t > s,

for G,H ∈ S , where {Tt, t > 0} is the semi-group for the self adjoint operator Aρ := D(ρ)∂2
u.

The derivation of these results relies on the same mapping strategy that allowed us to
derive the FEP’s hydrodynamic limit in the asymmetric case. More precisely, we exploit
analogous results for attractive zero-range processes, namely the stationary �uctuations for
the weakly asymmetric zero-range process derived in [40, Proposition 2.1 and Theorem
2.2] and for the totally asymmetric zero-range process derived in [38, Theorem 2.5]. Note
that for these results, the two phased nature of the FZRP does not matter, because since
the FEP is in a stationary state, it is in particular initially in the ergodic component, so that
the FZRP in this case also starts from its ergodic component EK de�ned in (I.11) , and
therefore behaves as a “normal” constant-rate zero-range process, so that results in [40, 38]
apply straightforwardly.

Given those results, proving Theorems 7.2 and 7.3 amounts to going through the map-
ping. Compared to the hydrodynamic setting, the macroscopic mapping is much more
convenient because the density is constant, so that the macroscopic space variable u and v
for the FEP and FZRP are related through the a�ne relation

v = (1− ρ)(σ − u),

where as in the previous section σ is the macroscopic position of the tagged empty site.
However, unlike for the hydrodynamic limit, at the macroscopic level �uctuations are obvi-
ously stochastic, so that we need to estimate the expectation and variance of the position of
the tagged empty site X0(t). As mentioned before, this position is related to the total parti-
cle current going through edge (−1, 0) in the zero-range process before time t, denoted by
Jzr
−1,0(t), for which we can write

Jzr
−1,0(t) = X0(0)−X0(t).

With this identity, together with (I.9) , one obtains that the positionXy(t) of the y-th empty
site in the FEP can be expressed as a function of the zero-range process, namely

Xy(t) = X0(0)− Jzr
−1,0(t) +

y−1∑
y′=0

ωy′(t). (I.52)

Strikingly, the mapped zero-range process ω(0) := Π(η(0) is not in its stationary state even
though η(0) is, because of the degenerate way in which the origin’s cluster is built. How-
ever the di�erence between ω(0) and an stationary zero-range process only amounts to an
a.s. �nite number of particles at the origin. By attractiveness, those discrepancies do not
impact the large scale behavior of the process [EZ24, Proposition 3.1], so that we can con-
sider that the mapped zero-range process is in its stationary state µa, where a = a(ρ) is the
active density de�ned in (I.26) and µa the FZRP’s equilibrium distribution (I.15) . Under
this product measure, the last term in (I.52) can be sharply estimated by a large deviations
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estimate. The main estimate is therefore that of the maximal variance of the current, and
we prove in [EZ24, Lemma 3.2] that

Ea
(

sup
06t6T

{
Jzr
−1,0(t)− Ea(Jzr

−1,0(t))
}2
)

6 CN3/2(logN)3, (I.53)

where Ea represents the expectation w.r.t. µa. With this estimate, and thanks to (I.52) ,
Xy(t) can be replaced by its expected value, so that we can show that

sup
06t6T

∣∣ YNt (H)−ZNt (Hρ)
∣∣ −→
N→∞

0 (I.54)

in probability under Pπρ. Here, Hρ(v) = (1 − ρ)H(v/(1 − ρ)) is the test function distorted
by the mapping, and ZNt is the zero-range process’s �uctuation �eld,

ZNt (H) :=
1√
N

∑
y∈Z

(ωy(t)− 1− a)H
( y
N
− tv′Nγ−1

)
,

where v′ is the average velocity of a particle in the stationary zero-range process ω ∼ µa.
Thanks to (I.54) , we only need to use the results [40, 38] for the FZRP to conclude the

proof of Theorems 7.2 and 7.3.

In [EZ24], we further derive directly the equilibrium �uctuation process in the sym-
metric case s = 1, γ = −∞. This alternative proof does not rely on the mapping with the
zero-range process, and instead roughly follows the classical strategy laid out e.g. in [48,
Chapter 11] which is based on the Boltzmann-Gibbs principle. To obtain the latter for the
FEP, we proved [EZ24, Proposition 5.5] a new equivalence of ensemble bound, which was
much sharper than the one previously obtained in [BESS20].

Conclusion and perspectives

Kinetically constrained lattice gases can roughly be split into two categories, cooperative and
non-cooperative models [14]. In non-cooperative models such as the Kob-Andersen model
[50], or the one considered in [41], mobile clusters allow to locally mix the con�guration,
therefore symmetric non-cooperative models roughly behave di�usively.

For this reason, in order to understand the behavior of non-cooperative models, it is
crucial to understand the dynamical behavior of mobile clusters. For a model like the one
considered in [41] (GLT), for example, mobile clusters in the vacuum roughly perform ran-
dom walks. In the presence of other particles, however, the picture becomes much less clear,
as the clusters interact among themselves and with isolated particles to form new mobile
clusters. Controlling the spread of these mobile clusters, is, in fact, a key point in under-
standing the behavior of the GLT model in the presence of an empty region [11], as well
as to be able to understand the hydrodynamic behavior of the non-gradient version of the
model. Although we put the emphasis on the model studied in [41] because it is a particu-
larly simple and rich example of non-cooperative lattice gas, the question of understanding
the behavior and spread of random clusters is of interest for the class of non-cooperative
models as a whole.

For cooperative models like the FEP, whose macroscopic behavior was thoroughly stud-
ied in the articles presented in this section, we observe a phase-separated behavior depending
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on whether the kinetic constrained is typically satis�ed or not at the considered density. The
FEP is a very interesting prototype of cooperative model, because despite its strongly degen-
erate dynamics, its stationary states are still explicit, and its various mapping features allow
to derive in great detail its macroscopic behavior. The FEP has attracted a lot of attention
in recent years, both from the physics [8, 32] and mathematics [36, 35, 7] communities,
however many open questions remain.

In [EM24], we describe in some detail the way the FEP reaches its ergodic or frozen
components through a cuto� window, which was then used in [58] to derive the FEP’s mix-
ing time on the ring in the symmetric setting. The SSEP with traps introduced in [EM24] to
characterize the FEP’s transience time is a very interesting model in its own right, and raises
a number of natural questions. First, although our estimates give a clear picture of its worst
transience time, they do not identify which critical con�gurations realizes it. We conjecture
that the con�guration with a single deep trap should be the worst from a transience time per-
spective, but have not managed to prove it so far. Still, the SSEP with traps being attractive,
we expect that some well-designed coupling arguments might yield this conclusion. One
might also use its deep mapping features, in particular the mapping to the FEP or the FZR,
to prove this. Identifying the worst con�guration from a transience standpoint might also
open the way to a more precise characterization of the transient behavior for the SWT. In
the spirit of [51], where the cuto� pro�le for the SSEP’s mixing time is fully characterized
in a di�usive time window around the cuto� time, we hope to characterize in more details
the way the transient component is left by the FEP.

Another fundamental question is the e�ect of the underlying jump rates on both the FEP
and the SWT’s transience and mixing time. It is not clear as of now if a cuto� remains in
force for the transience time in the asymmetric case, for example. A speci�c question that
deserves some consideration is that of the relaxation from the FEP to the SSEP: instead of
imposing a hard constraint on “inactive” particles, one can consider a FEP with temperature,
where the higher the temperature, the higher the rate for an inactive particle’s jump. Because
of our Markovian description of the FEP’s equilibrium state, we should be able to explicitly
build the stationary states for such a model as a ponderation of Markovian and independent
transitions. Deriving those equilibrium states would then allow to derive the macroscopic
behavior of the FEP with temperature in a fairly general setting. We expect that for �xed
(positive) temperature, its hydrodynamic limit should then be easier than that of the FEP to
derive, because of its single microscopic phase. For temperatures decaying withN , however,
the picture is less clear and technical challenges may arise.

We are also interested in the behavior of similar kinetic constraints in higher dimensions.
Two natural options, represented in Figure I.6, are available to de�ne a two-dimensional
FEP, depending on whether a neighboring particle only allows to jump in the opposite di-
rection to the particle (referred to as FEP2) or whether a neighboring particle allows to jump
on any neighboring empty site (CLG2, studied in [25]). Simulations suggest that the behavior
of these two-dimensional models is much richer than that of the FEP in one dimension, and
that several phase transitions exist as the density increases, as represented in Figure I.7. The
CLG2’s behavior at criticality was numerically studied in [25]. Unlike the FEP, the SWT can
straightforwardly be de�ned on more general graphs than Z, and we also hope to be able to
characterize its transience and mixing regimes on di�erent lattices, which may be done by
comparing with analogous known results for the SSEP in contact with reservoirs [66].

Mathematically speaking, however, because we lose the mappings and the explicit sta-
tionary states that are speci�c features of dimension 1, two dimensional FEPs are very dif-
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FEP2 CLG2

Figure I.6

�cult to study, and answering even basic questions require signi�cant e�ort. For example,
understanding the timescales over which the FEP freezes at low density is a delicate ques-
tion. To answer it, a �rst step would be to understand the way a single dense particle cluster,
in a large empty box, spreads out. This could open the way to use multi-scale analysis in the
spirit of [47, 67], to show that starting from an arbitrarily low density product measure, the
system eventually freezes, which although intuitively clear, is by no means easy to show. It
is not obvious either that at high density (red region in Figure I.7), there is always only one
ergodic component.

Overall, cooperative kinetically constrained lattice gases are still poorly understood, and
the FEP remains one of the constraint on which the most is known. A much more ambitious
goal is to try and categorize kinetically constrained lattice gases in broad categories deter-
mining their macroscopic behavior, in the same spirit of what was achieved in recent years
for Glauber-type Kinetically Constrained Spin Models (KCSM) (see [56] and references
therein).
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Figure I.7: A tentative phase diagram for the two dimensional counterparts to the FEP. In the
blue region (low density), we expect that the system quickly freezes. In the red (high density) region,
both models should exhibit roughly di�usive hydrodynamic behavior. In the green region, it seems the
system eventually freezes, but over timescales that are much larger than the di�usive one, and therefore
we expect that in the green region, starting from a Bernoulli product measure, a hydrodynamic limit
holds. In the black hatched region for the FEP2, particles seem to organize in a 1-D like pattern,
where every other row or column is completely empty, so that particles remain active but only inside
their row/column. It is not clear if the latter persists at high system sizes or is a �nite-size feature of
the FEP2.
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Chapter II

Macroscopic behavior of boundary-driven
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In this chapter, I present results obtained on the macroscopic behavior of interacting lattice gases
when particles can be created and deleted at the system’s boundaries. Boundary-driven lattice gases
have been under deep scrutiny in recent years, in parts because they provide simple examples of non-
equilibrium systems, for which �uctuations and large deviations regimes cannot be described solely with
the system’s free energy, and non-equilibrium features need to be taken into account.

As laid out in the introduction, we consider throughout most of this chapter boundary-
driven exclusion processes on ΛN := {1, . . . , N}, characterized by their Markov generator

LN = N θ(Lleft + Lright) +N2Lbulk, (II.1)

where the SSEP’s bulk dynamics’s generator is simply given by

Lbulkf(η) :=
N−1∑
x=1

{
f
(
ηx,x+1

)
− f(η)

}
. (II.2)

Let ηx denote the con�guration where site x has been �ipped (see (37) ) and let p be a �xed
integer. The boundary dynamics a�ect the boundary sets

Λleft := {1, . . . , p} Λright := {N + 1− p, . . . , N} (II.3)

and is driven by the generators

Lleftf(η) :=
∑
x∈Λleft

γx(η) {f (ηx)− f(η)} and Lrightf(η) :=
∑

x∈Λright

γx(η) {f (ηx)− f(η)} .

(II.4)
Note that we ignore the dependency in N in our notation for Λright since it is just the

rightmost box of size p in the system. In what follows, we assume that for x ∈ Λleft (resp.
x ∈ Λright) the boundary rates γx(η) only depend on the con�guration through η|Λleft

(resp.
η|Λright

), meaning that the creation/annihilation rate at any site in the boundary sets only
depends on the con�guration in the same boundary set. A typical case is that of equilibrium
reservoirs with density α and β at each extremity, which correspond to the case p = 1, and
the boundary rates are given by

γ1(η) := α(1− η1) + (1− α)η1, γN(η) = β(1− ηN) + (1− β)ηN (II.5)

as in (39) .

At the macroscopic level, for θ = 2 (strong boundary interactions) we would expect
fairly generally that boundary dynamics like (II.4) would impose on the hydrodynamic limit
Dirichlet boundary conditions whose values depends on the boundary rates γx and in partic-
ular on the boundary dynamics equilibrium states. This is not always the case, however, and
in the presence of boundary rates that create strong local correlations, at the hydrodynamic
level, the boundary e�ect at the macroscopic level can remain random. We start by present-
ing the results we obtained on strong non-reversible boundary dynamics where Dirichlet
boundary conditions are indeed enforced at the hydrostatic and hydrodynamic limit.

8 Hydrostatic and hydrodynamic limit for non-reversible z
boundary dynamics
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8.1 Hydrostatics for a linear boundary dynamics

From the hydrodynamic limit perspective, the SSEP connected at each end to a reservoir of
a given density with rates (II.5) is not very challenging : these reservoir dynamics also admit
Bernoulli product measures as stationary states, so that entropy techniques can be applied
at each boundary to derive the hydrodynamic limit, in the form of the heat equation with
Dirichlet(α, β) boundary conditions. However, connecting additionally, for example, site
x = 2 to a reservoir with di�erent density α′ 6= α, entropy tools start to fail, because no
common local product measure agrees with the dynamics at the boundary sites x = 1 and
x = 2, so that the left boundary would create entropy at a very fast rate w.r.t. any product
measure. This emphasizes the need for di�erent tools to approach boundary-driven models.
The �rst boundary dynamics considered in [ELX18] is a generalization of the previous
example, in which at each boundary set, three boundary mechanisms can coexist. More
precisely, we consider for any x ∈ Λleft ∪Λright non-negative rates rx, and densities αx ∈ [0, 1]
and for y in the same boundary set as x (either Λleft or Λright), two families of non-negative
rates cx,y, ax,y. The left boundary dynamics is then de�ned, for x ∈ Λleft for example, by the
following.

• Site x is in contact at rate rx with an equilibrium reservoir with density αx.

• Site x copies the value of site y at rate cx,y: it becomes occupied if y is occupied, and
empty otherwise.

• Site x anti-copies (becomes the opposite of) site y at rate ax,y: it becomes occupied if
y is empty, and empty otherwise.

It is not hard to check that these mechanisms correspond to the choice of boundary jump
rates

γx := rxκαx(ηx) +
∑
y∈Λleft

cx,yκηy(ηx) + ax,yκ1−ηy(ηx) for x ∈ Λleft (II.6)

in (II.4) and similarly for x ∈ Λright, where as in the introduction we de�ned

κr(σ) := r(1− σ) + (1− r)σ. (II.7)

We consider an analogous dynamics at the right boundary, so that these rates de�ne a gen-
erator for the SSEP with strong boundary interactions,

LN = N2(Lleft + Lright + Lbulk), (II.8)

and we denote by µN its (unique) stationary state. Note that obviously the scaling N2 above
does not a�ect the stationary state, what matters is that we consider the boundary and bulk
dynamics on the same timescales.

We now state the hydrostatic limit, showing that in the stationary state, a law of large
numbers holds at the boundaries.

Theorem 8.1 (Theorem 2.1 of [ELX18]) Assume that∑
x∈Λleft

rx > 0 and
∑
x∈Λright

rx > 0. (II.9)

Then, there exists two constants α, β ∈ [0, 1], such that the stationary state µN is associated in the
sense of De�nition 1.1 to the pro�le ρ which is solution to the linear equation{

∂2
uρ = 0

ρ(0) = α ρ(1) = β.
(II.10)
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Since the strategy will be similar for the other results obtained in [ELX18], [Eri18] and
[EGN20b], we sketch the main arguments used to prove this result.

8.2 sketch of the proof of Theorems 8.1

As we have already mentioned, classical entropy-based techniques are not well suited to this
boundary dynamics, whose stationary state is not a Bernoulli product measure. We instead
exploit the SSEP’s duality properties, which are preserved for our choice of boundary con-
ditions. More precisely, de�ne the stationary discrete density and two-points correlation
�elds, for x, y ∈ ΛN , as

ρNx := EµN (ηx) and ϕNx,y := EµN (ηxηy)− ρNx ρNy . (II.11)

Since µN is the stationary state for the process, for any x, y ∈ ΛN we have

EµN (LNηx) = EµN (LNηxηy) = 0. (II.12)

Applying this identity in the bulk yields after straightforward computations that for any x,
y /∈ Λleft, Λright such that |y − x| > 2

∆Nρ
N
x := ρNx+1 + ρNx−1 − 2ρNx = 0 (II.13)

and
∆

(2)
N ϕNx,y := ϕNx+1,y + ϕNx−1,y + ϕNx,y+1 + ϕNx,y−1 − 4ϕNx,y = 0.

In other words, both functions are harmonic in the bulk. When x and y are neighbors, how-
ever, the two-points correlation function picks up some contributions, and we have instead

∇Nϕ
N
x,x+1 := ϕNx−1,x + ϕNx,x+1 − 2ϕNx,x+1 = (ρNx+1 − ρNx )2. (II.14)

The reason for our choice of boundary conditions is that they do not increase the degree
of the equation, meaning that the boundary dynamics also yields a closed equation for the
density �eld ρN , as well as for the two-points correlation function ϕN . This is a very simple
instance of stochastic duality, a property that has been under deep scrutiny in recent years
and has a number of applications [63, 16]. Because of this, we can write using (II.12) , on
two enlarged sets Λ̂N and Λ̂

(2)
N , equipped with cemetery sets ∆ and ∆1, ∆2, that

{
L †

1 ρ
N = 0 on Λ̂N

ρN = f on ∆.
and


L †

2 ϕ
N = m on Λ̂

(2)
N

ϕN = 0 on ∆1

ϕN = g on ∆2.

. (II.15)

In the second identity, the function m(x, y) := mx,y := (ρNx − ρNy )21|x−y|=1 is the diagonal
contribution identi�ed in (II.14) , and f , g are explicit functions on the boundaries depend-
ing on the reservoir densities (αx). The cemetery states play the role of boundaries for the
equations (II.15) above, but in order not to confuse with the boundary sets Λleft and Λright, we
call them cemetery states instead.

Crucially, these two dual operators L †
1 and L †

2 above can also be interpreted as Markov
generators of random walks, as represented in Figure II.1 and II.2. We can therefore express
ρN and ϕN with the help of two Markov processes X , Y on the enlarged sets Λ̂N and Λ̂

(2)
N ,
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Figure II.1: Representation of the enlarged set Λ̂N and the Markov processX in the neighborhood of
the left boundary. The latter perform a random walk until a reservoir clock rings (red arrows) while
it is on the corresponding boundary sites, at which point X reaches the cemetery set ∆ (dashed circles)
and stays there. Two copies of the initial set ΛN are made, andX passes from one to the other when an
anticopy clock rings (blue arrows). Copy clocks (green arrows) makes X jump inside the boundary.
On top of those clocks, X jump at rate 1 to any neighboring site (due to the SSEP dynamics).

stopped at the time τ when they reach one of the cemetery states. More speci�cally, we
obtain by Feynman-Kac’s formula that for any x, y ∈ ΛN

ρNx = Ex(f(Xτ )) and ϕNx,y = Ex,y
(
g(Yτ )1{Yτ∈∆2} +

∫ τ

0

m(Ys)ds

)
(II.16)

where Ex and Ex,y represent the expectation w.r.t. the distributions of X , Y resp. started
from x and (x, y). Note that thanks to (II.13) , ρN is a�ne, and therefore the function m is
of order 1/N2

We now give a heuristic interpretation of the link between the �elds ρN and ϕN . Recall
that ρNx represents the probability that site x is occupied in the stationary state. To compute
it, we consider a process in the stationary state, and we tag site x, whose value needs to be
determined. Then, we explore the past of the process, by looking at all the Poisson clocks
that have a�ected the tagged site; if a clock has rung between site x and site x+1, this means
that the value we are looking for has moved to x + 1, so that the tagged site moves as well.
This process carries on, through SSEP jumps, copies and anticopies, until it reaches one of
the reservoirs. Since the action of the reservoirs replace the site by a Bernoulli(α), at that
point the value of the tagged site is determined. The trajectory of the tagged site is exactly
the Markov process X , and the �nal value is given by the function f in II.15.

The same strategy work for the two-points correlation �eld ϕN , except that in this case
we have a pair of tagged sites, and we can assume by symmetry that x < y. As for the
density �eld, each of those tagged sites performs a random walk, so that we can see the
corresponding dual process as a random walk on the triangle {(x, y), x < y}. In this case, if
one of the tagged sites jumps to a reservoir, correlations are broken because the Bernoulli(α)
variable is centered and independent from the rest of the process, hence the boundary value
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Figure II.2: A representation of the enlarged set Λ̂
(2)
N and the Markov process Y close to the left

boundary. In the blue region, the x coordinate is in the left boundary set, and the other coordinate y
is not, so that Y can jump at one of the rates r to the cemetery state. In the red region, the boundary
function g’s value is not zero, but the red region is reached with very small probability for most values
of Y0 = (x, y), so that the contribution of the red boundary to the second identity of (II.16) is small.
Along the diagonal, we have (x, y) = (x, x+ 1), and Y can only be re�ected.

0 at the cemetery set ∆1. As represented in Figure II.2, the second boundary set ∆2 is in
the corners of the triangle, and is reached with small probability. However, unlike for the
density �eld, we have to estimate the diagonal contribution in (II.16) of the function m,
which is proportional to the amount of time the two tagged sites have spent in neighboring
sites before a cemetery state is reached. But since the system is of size N , this time is of
order 1/N and this contribution is negligible.

We now have all the tools to give the important ingredients of the hydrostatic limit given
in Theorem 8.1. We will give the proof in some details, because the same type of arguments
will be used to derive the hydrodynamic limit, and to treat the case of other boundary con-
ditions. We want to show that for any test function H ,

1

N

∑
x∈ΛN

ηxH(x/N)−
∫
ρ(u)H(u)du

vanishes in µN-probability. Adding and substracting 1
N

∑
x∈ΛN

ρNx H(x/N) in the di�erence
above, one easily checks that the hydrostatic limit follow from two ingredients:

1. Showing that there exists α, β in [0, 1] such that the discrete density �eld ρNx converges
weakly (integrated against test functions) to the solution ρ of (II.10) .

2. showing that the correlation �eld ϕNx,y vanishes in L1(ΛN × ΛN)

For the �rst point, according to (II.13) ρNx is a�ne in the bulk. In particular, we only need
to show that the sequences pN := ρNp and qN := ρNN+1−p respectively converge to constants
α and β as N → ∞. This is not too hard, thanks to the dual representation of those two
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quantities given by the Feynman-Kac Formula (II.16) : we start the process X at site p and
wait for it to reach a cemetery state, at which point taking the expectation gives the value
of ρNp . But the only way this quantity depends on the system size N is if the process X has
reached the other boundary Λright before hitting a cemetery state. By Assumption (II.9) , at
each visit at one of the boundaries,X has a positive probability of reaching a cemetery state.
Starting from site p, the process X therefore performs a geometric number of excursions
away from the boundary (in the bulk) before time τ , and since such an excursion has a
probability O(1/N) of reaching the other boundary, we conclude that the in�uence of the
system size is small, and that the limit α we are looking for is simply

α = Ep(f(X̃τ )) and β = EN+1−p(f(X̃τ )) (II.17)

where X̃ is the process X with all jumps to the bulk (i.e. to site p+ 1 or N − p) suppressed.
This proves point 1. above.

For the second point, we consider a typical pair (x, y) at distance δN from the triangle’s
boundary (which is OK since we only need to show that ϕN vanishes in L1. Once again,
any visit to the boundary of one of the coordinates has a positive probability of leading
to the cemetery state and killing the correlation function (except at boundary δ2 which is
only reached with small probability). The �rst term in the correlation identity in (II.16)
therefore vanishes. To estimate the second term, since Y roughly behaves as a symmetric
random walk re�ected at the diagonal, it is not hard to check that τ is w.h.p. of orderO(N2),
and therefore that the time spent at the diagonal before τ is of order N . Furthermore, as
we already pointed out, ρN is a�ne, so that the contribution m is of order 1/N2. The last
term in (II.16) is �nally of order O(1/N), which proves that the two points correlation �eld
vanishes in L1(ΛN × ΛN). Those two ingredients prove the hydrostatic limit.

8.3 Hydrodynamic limit

Building on the same techniques as in the hydrostatic limit allows to derive the hydro-
dynamic limit. We consider here a process η(·) driven by the generator LN de�ned in
(II.28) and started from an initial product distribution µN �tting an initial smooth pro�le
ρ0 : [0, 1] → [0, 1]. As before, the distribution of {η(t), t > 0} and the corresponding ex-
pectation are denoted by PµN and EµN , and we denote by µNt the processe’s distribution at
time t.

Theorem 8.2 (Hydrodynamic limit, Theorem 2.1 of [Eri18]) Under the same assumption
as in Theorem 8.1, the hydrodynamic limit of {η(t), t > 0} is the unique weak solution to the
linear equation 

∂tρ = ∂2
uρ

ρ(t, 0) = α ρ(t, 1) = β for t > 0

ρ(0, ·) = ρ0,

(II.18)

where α and β are the same as in the hydrostatic limit and given by (II.17) .

Let us now outline the proof for this results, that follows a similar strategy as the hydro-
static limit. This time, the density and correlation �elds are time-dependent, and de�ned
as

ρNx (t) := EµN (ηx(t)) and ϕNx,y(t) := EµN (ηx(t)ηy(t))− ρNx (t)ρNy (t). (II.19)
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Note that since the generator is accelerated by a factor N2, time t here is a macroscopic
quantity. As in the hydrostatic case, to prove the hydrodynamic limit, it is enough to show
that for any time t, the discrete density �eld ρN(t) weakly converges asN →∞ to the unique
weak solution ρ(t, ·) to (II.29) , whereas the correlation �eld ϕN(t) vanishes in L1(ΛN ×ΛN)
for any t > 0.

Dynkin’s formula yields analogous identities to (II.15) on the same enlarged sets Λ̂N and
Λ̂

(2)
N , namely
∂tρ

N = N2L †
1 ρ

N on Λ̂N

ρN(t) = f on ∆

ρN(0) = ρ0(·/N)

and


∂tϕ

N = N2L †
2 ϕ

N −mt on Λ̂
(2)
N

ϕN(t) = 0 on ∆1

ϕN(t) = gt on ∆2

ϕN(0) = 0.

(II.20)

Note that the last boundary conditions comes from the fact that we started from a product
distribution, with no correlations. The function m(t) can be de�ned, as in the stationary
case, as

mt(x, y) := (ρNx (t)− ρNy (t))21{|x−y|=1}. (II.21)

In the time-dependent case, the initial time boundary must be taken into account when
exploring the past of the process, so that the processes X and Y are now taken backwards in
time, and we can rewrite (II.16) as

ρNx (t) = Ex
(
f(Xτ )1{τ6t} + ρ0(Xt/N)1{τ>t}

)
(II.22)

ϕNx,y = Ex,y
(
gt−τ (Yτ )1{Yτ∈∆2, τ6t} +

∫ τ∧t

0

mt−τ (Ys)ds

)
, (II.23)

since the initial correlations vanish by assumption.

The strategy to derive the hydrodynamic limit then follows the same steps as the sta-
tionary case. First, we prove [Eri18, Proposition 3.1] that for any positive t,

lim
N→∞

ρNp (t) = α, and ρNN+1−p(t) = β, (II.24)

which yields that ρN given by (II.20) weakly converges as N → ∞ to the unique weak
solution to (II.29) . Second, that the correlation �eld vanishes in L1. The �rst claim is
proved using (II.22) , for any macroscopic time t, by starting the dual processX at site p, and
letting it performs excursions in the bulk until it reaches a cemetery state. Those excursions
last on average a macroscopic time of order O(1/N) and the number of such excursions is
distributed geometrically, so that w.h.p. τ 6 t and the time boundary can be ignored for
t > 0, thus recovering the boundary condition (II.17) .

Estimating the correlations is more delicate because the function m in (II.21) is in gen-
eral not of orderO(1/N2). Indeed, the heat equation enforces Dirichlet Boundary condition
instantaneously, so that if the initial pro�le ρ0 does not verify the same initial boundary con-
ditions, the hydrodynamic limit ρ will exhibit very sharp gradients as t→ 0 and u→ 0 and
1. The same goes for the discrete derivative appearing in (II.21) , so that as t → 0, mt can
be of order 1 rather than 1/N2. However, this is only an issue if the dual process Y hits
the diagonal close to time t, which is unlikely, so that in general we have a su�ciently sharp
bound on the gradients [Eri18, Corollary 3.6] to estimate the contribution of the function
mt and in turn obtain that the correlations vanish in L1 [Eri18, Proposition 4.1], which
proves Theorem 8.2.
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8.4 Small perturbation of equilibrium reservoirs

In the second general boundary dynamics we considered in [ELX18], the boundary dy-
namics did not depend too much on the boundary itself. For simplicity, we assume here
that only the �rst and last sites can be �ipped, meaning that γx = 0 for x 6= 1, N in (II.4) .
For σ ∈ {0, 1}, de�ne

γσleft := min
{0,1}p−1

γ1(σ, η2, . . . , ηp) and γσright := min
{0,1}p−1

γN(ηN+1−p, . . . , ηN−1, σ)

(II.25)
the minimal rate at which each boundary site is �ipped when it is in a state σ. We then
de�ne for a boundary con�guration ξ ∈ {0, 1}p−1, we introduce

λleft(σ, ξ) := γ1(σ, ξ)− γσleft > 0 and λright(ξ, σ) := γN(ξ, σ)− γσright > 0. (II.26)

By introducing these quantities, we can now interpret the boundary dynamics as follows. If
the boundary site x = 1 (resp. x = N ) is in a state σ, it is �ipped to 1− σ at a constant rate
γσleft (resp. γσright). On top of that, it is also �ipped at an extra con�guration-dependent rate
λleft(σ, ξ) if the boundary con�guration is given by (σ, ξ), and similarly at the other boundary.
We can now state the hydrostatic limit for general boundary conditions, assuming that the
boundary dynamics does not depend too much on the boundary state.

Theorem 8.3 (Theorem 2.4 of [ELX18]) We now assume that

(p− 1)
∑

η∈{0,1}p
λleft(η) < γ0

left + γ1
left and (p− 1)

∑
η∈{0,1}p

λright(η) < γ0
right + γ1

right, (II.27)

meaning that the con�guration-dependent part of the �ipping rates are small w.r.t. their constant
counterparts. Then, there exists two constants α, β ∈ [0, 1], such that the stationary state µN is
associated with the solution to the linear equation (II.10)

We do not formally state the hydrodynamic limit, which would be Theorem 8.2’s counter-
part for this model. However, we emphasize that its hydrodynamic limit would only require
incorporating straightforwardly elements of the proof of Thorem 8.3 into [Eri18]. We now
brie�y describe the proof of Theorem 8.3.

The basis for the proof is the same as the one presented in Section 8.2 for linear bound-
ary conditions: the density pro�le is a�ne inside the bulk, so that to derive the hydrostatic
limit it is enough to prove that ρNp and ρNN+1−p admit limits α and β as N → ∞. The main
challenge in that respect is that the dual equations for ρN and ϕN are not closed because of
the non-linear boundary condition. To try and see why this is the case, consider the dual
process X which helped us derive the limiting density at the left boundary. The latter was
interpreted as an exploration of the past of site p, which behaved as a random walk because of
the linear boundary conditions, and was killed at the cemetery states. We make the following
claim:

text
“The dynamics remains unchanged, if instead of �ipping a site in state σ at
constant rate γσleft, we instead replace its content, regardless of what it previ-
ously was, at rate γ0

left by an empty site, and at rate γ1
left by a particle.” 1 (C1)

This claim is trivial, because replacing an empty site by another empty site changes noth-
ing to the dynamics, and removing a particle to place another particle in its place leaves the
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system unchanged as well. The big upside of this new construction of the boundary dynam-
ics comes through the graphical representation (see e.g. [39, Page 5]) with Poisson clocks of
our Markov process. Fix for 1 6 x 6 N − 1 rate 1 independent Poisson clocks Nx,x+1. We
can now choose at each boundary, and for σ ∈ {0, 1}, ξ ∈ {0, 1}p, a family of independent
Poisson clocksN ?,σ

left ,N ξ
left,N ?,σ

right ,N ξ
right, with respective rates γσleft, λleft(ξ), γσright, λright(ξ), and build

the same process in the following way.

• When a clock Nx,x+1 rings, we exchange the content of sites x and x+ 1.

• When a clock N ?,σ
left (resp. N ?,σ

right ), we replace the value of site x = 1 (resp site x = N )
by σ.

• Finally, when a clock N ξ
right (resp. N ξ

left) rings, we �ip the value of site x = 1 (resp site
x = N ) if η1, . . . , ηp = ξ (resp. ηN+1−p, . . . , ηN = ξ).

It is not hard to check that this process follows our initial generator. Consider now the
evolution of our dual process : we want to determine the value of an unknown site, and
explore its past. it performs a symmetric random walk under the Poisson clocksNx,x+1, until
it reaches one of the boundary sites and a boundary clock rings. Then, if the clock is one of
the N ?,σ

left N ?,σ
right , we know that at this point the site has taken the value σ and the exploration

ends. If, instead, the clock is one of the N ξ
left, N ξ

right, in order to know whether something
happened because of the clock, we need to know the state of all sites at the boundary at
that moment. We therefore also tag all the p − 1 other sites at the boundary, and keep on
exploring all of their past with the same rules. The dual process is therefore a process that
can branch or be killed at the boundary.

Assumption (II.27) ensures that this process is subcritical, so that with high probability
the process dies after a �nite number of branchings : on average, each time a boundary event
occurs, the number of particles in the process decreases. In particular, since this process is
roughly composed of random walks, if the process starts from the boundary, it will only
explore w.h.p. a �nite region (with size independent of N ) around the boundary, and not
the rest of the system. As in the previous linear case, this shows that the branching process’s
exploration is not impacted by the size of the system and that ρNp and ρNN+1−p must converge
as N →∞.

Regarding the correlations, the reasoning is roughly the same. Consider the correlations
between sites x = p and y = δN (for a small δ) for example. The dual process starts with
two tagged “particles” Y 1

t , Y 2
t at x and y, which perform random walks, branch out, and die

as for the density. However, since Y 1
t is initially at the boundary, and Y 2

t has a macroscopic
distance to travel before ever reaching it, w.h.p. the past of tagged site x is fully explored
before it is ever in�uenced by the past of site y. This means that those two dual processes
evolve close to independently, and therefore that for any positive δ, ϕp,δN = oN(1). Letting
then δ → 0, this shows that the boundary conditions in the second part of (II.15) vanish,
and therefore that the static correlation �eld vanishes in L1 as wanted as N → ∞, with the
same estimate for the diagonal contribution m.

8.5 Stronger boundary dynamics

We now consider the case where the boundary dynamics is accelerated w.r.t. the bulk dy-
namics, meaning that the generator is given, for a sequence (`N)N∈N going to∞ asN →∞,
by

LN = `NLleft + Lright + Lbulk. (II.28)
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We assume here for simplicity that

Lrightf = {β(1− ηN) + (1− β)ηN}(f(ηN)− f(η))

at the right boundary is given by a non-accelerated equilibrium reservoir dynamics with den-
sity β. We assume that the boundary generators are ergodic, meaning that LN has a unique
stationary state. Note that since we will only state the hydrostatic limit, we did not accel-
erate the generator on a di�usive timescale, so that the N2 factor vanished. Because of the
accelerated left boundary dynamics, the boundary relaxes very fast to equilibrium, and the
hydrostatic limit holds in great generality.

Theorem 8.4 (Theorem 2.9 of [ELX18]) There exists a constant α ∈ [0, 1], such that the sta-
tionary state µN is associated with the solution to the linear equation (II.10)

The proof of this result uses di�erent tools than the duality approach of the previous results,
and instead exploits the fast relaxation to equilibrium at the left boundary. We therefore
consider the stationary state of the left boundary dynamics Lleft on its own, which is a dis-
tribution ν on {0, 1}p, and we de�ne α = ν(ηp = 1). Consider now the linear interpolation

fx = α + (β − α)
x− p
N − p,

we approximate the stationary state µ of our process by

νN,p := ν ⊗
[

N
⊗

x=p+1
Bernoulli(fx)

]
.

For any function g depending only on the boundary state η|Λleft
, g is only a�ected by the

boundary dynamics and the stirring dynamics restricted to {1, . . . , p+1}, so that in particular
we must have

Eµ(Lleftg) = − 1

`N
Eµ(Lbulkg) = O(1/`N).

In particular, letting FN be the boundary density between our two distributions,

FN =
dµ(η|Λleft

= ·)
dν

,

we obtain after a short computation that

||FN − 1||∞ = O(1/
√
`N).

This yields that the density ρNp at the left boundary does not depend too much on N and
we obtain the wanted limit. The correlation �eld can be estimated exactly in the same way,
thus proving the hydrostatic limit for accelerated boundary dynamics.

8.6 Weaker boundary dynamics

We now get back to our original de�nition (II.1) of the generator, and scale the boundary
dynamics by a factor N θ, where the bulk dynamics is as before scaled di�usively in N2.
The duality tools were developed for strong boundary dynamics, meaning for θ = 2 (the
boundary and bulk dynamics operate on the same timescales). Similar techniques were used
for s speci�c set of non-linear boundary conditions, in the case of so called weak boundaries
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(θ = 1) in [20], where the cascading correlation �eld is carefully estimated by using dual
branching processes. In subsequent work, we bridged the gap between these two regimes,
and we use duality estimates for 0 < θ < 1, avoiding the delicate n-points correlation
estimates necessary in [20]. The model we considered belongs to the class of perturbations
of constant rates �ipping described in Section 8.4, where sites x = 1 and x = N are put
in contact at rates r, r′ with reservoirs with density ρ and ρ′, and sites x = 2, x = N can
either copy sites 1 and N (at rates c, c′), but also copy them if they are occupied at rates b, b′.
The last mechanism breaks the linearity of the boundary conditions, resulting in cascading
correlations at the boundary.

We consider for θ < 2 a SSEP {η(t), t > 0} with those boundary rates, and started from
a product distribution �tting a pro�le ρ0. We derive the following hydrodynamic limit for
1 < θ < 2, which holds under analogous assumptions to (II.27) .

Theorem 8.5 (Theorem 2.1 of [EGN20b]) Assume that

b < r and b′ < r′

the hydrodynamic limit of {η(t), t > 0} is the unique weak solution to the linear equation
∂tρ = ∂2

uρ

ρ(t, 0) = α, ρ(t, 1) = β for t > 0

ρ(0, ·) = ρ0,

(II.29)

where α and β are solution to

r(ρ− α) + bα(1− α) = 0 and r′(ρ′ − β) + b′β(1− β) = 0. (II.30)

The proof of this result follows the same strategy as the one of Theorem 8.3. However,
some re�ned duality estimates are required w.r.t. the latter, since the boundary dynamics,
which was the one who broke correlations and allowed for explicit computation of the den-
sity, is now slower. We therefore need much sharper bounds, especially because our result
encompasses all θ going to 1, at which point a transition occurs and the boundary conditions
are no longer of Dirichlet type, but rather of Robin type. Furthermore, we explore in much
more details the behavior of the branching process at the boundary, and de�ne with this
branching process what we call a determination tree, which is stochastic labeled tree coupled
with the process, whose distribution determines explicitly the boundary Dirichlet values
(II.30) for weak boundary conditions [EGN20b, Lemma 5.4]. Although we did not state it
in [EGN20b], the hydrostatic also holds for this model, since using our duality techniques,
the hydrostatic limit is a simpler case of the hydrodynamic limit.

We then study the transition to Robin (θ = 1) and then Neumann (θ > 1) boundary
conditions in the second part of our work, [EGN20a], in which a slightly more general model
is considered. In these regimes, we prove both the hydrodynamic and hydrostatic limit.

Theorem 8.6 (Hydrodynamic limit, Theorem 2.8 of [EGN20a]) For θ = 1, there exists
two operators Dleft, Dright : [0, 1] → R explicitly depending on the boundary rates, such that the
hydrodynamic limit of {η(t), t > 0} is the unique weak solution to the linear equation with Robin
boundary conditions 

∂tρ = ∂2
uρ,

∂uρ(t, 0) = Dleft(ρ(t, 0)) for t > 0,

∂uρ(t, 1) = Dright(ρ(t, 1)) for t > 0,

ρ(0, ·) = ρ0.

. (II.31)
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For θ > 1, the same holds, but the boundary operators then vanish, meaning Dleft = Dright = 0.

Theorem 8.7 (Hydrostatic limit, Theorem 2.8 of [EGN20a]) With the same notations as in
Theorem (8.6) , for θ = 1, the stationary state µ of {η(t), t > 0} is associated with the linear pro�le

∂2
uρ = 0,

∂uρ(0) = Dleft(ρ(0))

∂uρ(1) = Dright(ρ(1)).

(II.32)

For θ < 1, there exists a unique constant m such that µ is associated with the constant pro�le ρ ≡ m.

Because the boundary dynamics is very weak, to prove this result we can exploit once again
entropy tools, because the entropy production at the boundaries is not strong enough to
deeply perturb the SSEP’s stationary states, whereas duality tools start to break down for
very weak interactions with the reservoirs. For this reason, Theorem (8.6) follows from the
same strategy as in [6], i.e. from replacement Lemmas, in the bulk and at the boundary, in
the spirit of Lemma 1.2.

Using duality tools, the hydrostatic limit derived in [ELX18] is a simpler case of the hy-
drodynamic limit ([Eri18]), since it neglects the e�ect on the density and correlation �eld of
the time boundary. With entropy techniques like the ones exploited in [EGN20a], however,
this is in general not the case, and the hydrostatic limit can, on the contrary, require that the
hydrodynamic limit be already established. This is the case here, and to establish Theorem
8.7, we exploit the long-time behavior of the hydrodynamic limit, where the hydrostatic
pro�le arises, following the strategy developed in [54, 72].

9 Static large deviations for SSEP with weak boundary in-
teractions

9.1 Static large deviations functional for the non-equilibrium SSEP

As clearly indicated by (II.15) , even in the stationary state, the SSEP in contact with reser-
voirs at density α and β exhibits, through the function m, non trivial correlations, which
only disappear in the equilibrium case where α = β, since in the latter, the dynamics
is reversible w.r.t. Bernoulli(α) product distributions. According to our previous work
[ELX18, EGN20b], these correlations are small in the law of large numbers regime, so
that the hydrostatic limit allows us to derive the stationary state’s limiting pro�le (Theorems
8.1 and 8.7). At the level of large deviations, however, these correlations can no longer be
neglected, and they have a deep impact on the SSEP’s large deviations regime.

More precisely, consider in this section the SSEP in weak contact with equilibrium reser-
voirs with respective densities α and β, with generator

LNf(η) := N θ
(
κα(η1)

{
f
(
η1
)
− f(η)

}
+ κα(η1)

{
f
(
ηN
)
− f(η)

})
+N2

N−1∑
x=1

{
f
(
ηx,x+1

)
− f(η)

}
. (II.33)

where the reservoir rates were de�ned in (II.7) . Because of the di�erent boundary densities,
this model is maintained out-of-equilibrium by the constant �ow of particles going from
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the higher density reservoir to the lower density reservoir. For this reason, for any positive
θ, non-trivial correlations appear in the stationary state as soon as α 6= β, meaning that
although we are able to derive its macroscopic pro�le, the process’s stationary state µθ of LN

is by not explicit, so that deriving for it a large deviations principle in the spirit of Theorem
1.4 is by no means trivial. To be more speci�c, we are interested in �nding a functional S
on the set of density pro�les γ : [0, 1]→ [0, 1] such that the empirical measure πN satis�es

µ(πN ' γdu) � exp−NS[γ]. (II.34)

The identity above is to be taken in the large deviations sense, meaning that

lim
N→∞

1

N
log µ(πN ' γdu) = −S[γ]

Since µ is non-explicit, one way to understand the static large deviations regime is to exploit
the long-time convergence of the microscopic model to the stationary state. This is called
the Onsager-Machlup principle, which roughly states the the stationary large deviations cost
of creating a pro�le γ, S[γ], should be the minimal dynamical cost V [γ] of creating, over a
long time T →∞, the same pro�le γ starting from the stationary pro�le ρ

V [γ] = lim
T→∞

inf
ρ
I[0,T ][ρ], (II.35)

where ρ represent a time-dependent trajectory, I[0,T ][ρ] represents the dynamical counter-
part to S introduced in Theorem 1.4 and the in�mum is taken over trajectories ρ satisfying
ρ0 = ρ, ρT = γ. Doing so, one has a reasonable strategy to characterize V , since the dy-
namical large deviations can in great generality be derived according to the Macroscopic
Fluctuations Theory (MFT, [10]). However, It is not always clear that this quasi-potential
V de�ned through (II.35) coincides up to a constant with the large deviations functional S
associated with the stationary state, and has so far only be proved for Dirichlet boundary
conditions, i.e. for strong boundary interactions, in [12].

9.2 Dynamical large deviations and weakly asymmetric dynamics

To understand the large deviations regime of the density pro�le for processes like the SSEP,
rather than focusing on the density itself, one should rather focus on the particle current
locally going through the system. Of course, with the exception of the boundary where
particles can be created and deleted, the SSEP is conservative, so that regardless of the un-
derlying stochasticity, at the macroscopic level the particle density and its current must be
linked by the conservation relation

∂tρ(t, u) = ∂uj(t, u). (II.36)

For the SSEP at density ρ, one expects an averrage current J [ρ] = ∇ρ. To produce a large
deviations, the system creates a current that is far from its average, meaning at the mi-
croscopic level, at the edge (x, x+ 1) that there has been an imbalance between the Poisson
clocks for rightwards jumpsNx→x+1 and that for the leftwards jumpsNx+1→x. Particle jumps
over the edge at a total rate (ηx− ηx+1)2, whose expectation under local equilibrium is given
by 2ρx(1− ρx) + oN(1). In particular, assuming local equilibrium, the instantaneous current
jNx over the edge (x, x + 1) has variance proportional to σx, and therefore its approximate
distribution, by CLT for the local Poisson jump clocks

PN(jNx − J(ρx) ' α) � exp

(
− α2

σ(ρx)

)
, (II.37)
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where we de�ned σ(r) = r(1− r). In particular, since those currents rely on independent
Poisson clocks, one �nally obtains, at least formally, that the probability of observing a cur-
rent j : [0, 1]× [0, T ], and therefore the associated density �eld ρ de�ned by (II.36) , is given
by

PN(j) � exp
(
−NI[0,T ][ρ]

)
:= exp

(−N
2

∫ T

0

∫
T

(j − J(ρ))2

σ(ρ)
duds

)
.

Once this identity is established, one can wonder what a typical trajectory of the micro-
scopic process creating a current large deviations j looks like. The answer to this question
is obtained easily enough, and it is su�cient to submit the microscopic dynamics to a weak
external �eld ∂uH

(j)
t (t, u) = j(t, u) − J(ρ(t, u)) proportional to the current deviation. In

other words, assuming that sites x and x+ 1 are exchanged at rate

1− (ηx+1 − ηx){H(j)
t ((x+ 1)/N)−H(j)

t (x/N)}. (II.38)

If j and ρ are smooth enough, the second term above is of order 1/N , so that this new drifted
process is a weakly asymmetric simple exclusion process, and this tilted weakly asymmetric
dynamics de�nes the typical microscopic behavior of the SSEP in the presence of a large
deviations producing a density/current pro�le (ρ, j). Unfortunately, the conservation rela-
tion between current and density is not easily exploitable as is, and it can be useful to derive
a self-contained de�nition for the large deviations functional only involving ρ. This can be
done, but at the cost of a variational principle over the unknown weak �eld H that produces
the large deviation, meaning that we can also de�ne I as a function of the sole density as

I[0,T ][ρ] = sup
H
JT,H(ρ), (II.39)

where the supremum is taken over smooth functions H , and

JT,H [ρ] := 〈ρT , HT 〉 − 〈ρ0, H0〉

−
∫ T

0

dt
{
〈ρt, ∂tHt〉+ 〈ρt, ∂2

uHt〉+ 〈σ(ρt), (∂uHt)
2〉
}

+

∫ T

0

dtBt[ρ]. (II.40)

In this identity, the extra terms Bt[ρ] = Bt[ρ, θ, α, β] are boundary terms, and depend on
the nature and scaling of the boundary dynamics.

9.3 DLS equation and static characterization

Recall that we are interested in estimating the quasi-potential V , meaning the dynamical
cost of creating a pro�le γ starting from the stationary pro�le ρ (see (II.35) ). In this respect,
inserting (II.39) into (II.35) yields a double variational principle, �rst over trajectories ρ
linking ρ and γ, �rst, and second on the weak �eld H that creates this deviation. Such vari-
ational principles are not easily exploitable, and it is therefore crucial to obtain other, more
easily accessible formulations for the quasi-potential S. For strong boundary interactions
(θ = 1 in (II.33) ), Derrida et al. use in [23] the so-called Matrix Ansatz [21] to show that the
quasi-potential S[γ] = Sbulk[γ] can be expressed as

Sbulk[γ] :=

∫ 1

0

γ(u) log
γ(u)

F (u)
+ (1− γ(u)) log

1− γ(u)

1− F (u)
+ log

F ′

β − α (II.41)
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if γ(0) = α and γ(1) = β, and∞ otherwise. The function F above does not have an explicit
expression, but it is characterized as the γ-dependent solution of the non-linear so-called
DLS equation

F ′′ = (γ − F )
(F ′)2

F (1− F )
. (II.42)

supplemented by the same Dirichlet boundary conditions as the density, F (0) = α and
F (1) = β.

In [BEL23], we tackle the case of the weak boundary regime θ = 1, in which the hydro-
static and hydrodynamic limit are characterized by Robin boundary conditions

∂uρ(0) = ρ(0)− α, and ∂uρ(1) = β − ρ(1).

We rely on the characterization of the dynamical large deviations for the SSEP with weak
boundary conditions derived in [28], and denote by I[0,T ] the corresponding large deviations
functional given by (II.39) . Not to burden further this paragraph, we do not explicitly de-
scribe the boundary terms Bt[ρ] in (II.40) , they can be found in [BEL23, Equation (2.2) ].
Our main results is the following, that expresses the quasi-potential depending on the solu-
tion to the DLS equation with Robin boundary conditions.

Theorem 9.1 (Theorem 2.4 in [BEL23]) For θ = 1, the quasi-potential V de�ned by (II.35)
can be written as V [γ] = S[γ]− S[ρ], where

S[γ] := Sbulk[γ] + log
F (0)− α
β − α + log

β − F (1)

β − α . (II.43)

In the latter, as well as in the formula (II.41) for Sbulk, the function F = F [γ] is the unique solution
to the DLS equation (II.42) with Robin boundary conditions

F ′(0) = F (0)− α and F ′(1) = β − F (1).

9.4 Sketch of the proof of Theorem 9.1

We now brie�y sketch the salient points of the proof. Throughout, the pro�le γ is �xed, we
do not indicate it in our notations, however all trajectories ρ considered here are assumed
to be starting from the stationary pro�le ρ0 = ρ and ending at ρT = γ. We start by de�ning
an (explicit) HamiltonianH depending on ρ and its conjugate F , with which we rewrite the
dynamical large deviations functional I[0,T ] as the associated action functional

I[0,T ][ρ] = sup
H

∫ T

0

dt {〈∂tρt, Ht〉 − H(ut, Ht)} . (II.44)

First, we check that for any γ, a variational computation yields the Hamilton–Jacobi equation

H
(
γ,
δV

δγ

)
= 0, (II.45)

where δV/δγ stands for the functional derivative of V w.r.t. γ.

Then, we prove that given γ, if F [γ] solves the DLS equation with Robin boundary
conditions, then H(γ,Γ) = 0, where we de�ned

Γ[γ] = log
γ

1− γ − log
F [γ]

1− F [γ]
, (II.46)
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which together with (II.45) , identi�es Γ as δV/δγ. Given a trajectory ρ = {ρt, 0 6 t 6 T},
we can then de�ne Γt = Γ[ρt], and use the Hamilton–Jacobi equation H(ρt,Γt) = 0 as well
as (II.47) for Ht = Γt, to show that

I[0,T ][ρ] >
∫ T

0

〈∂tρt,Γt〉dt. (II.47)

A straightforward computation shows that S was de�ned in such a way that

δS

δγ
[γ] = Γ[γ], (II.48)

so that (II.47) yields, since ρ links ρ and γ, that I[0,T ][ρ] > S[γ]− S[ρ]. Since the right-hand
side does not depend on the chosen trajectory, only its endpoints, (II.35) yields the �rst
inequality V [γ] > S[γ]− S[ρ].

We now turn to the proof of the second inequality, namely

V [γ] 6 S[γ]− S[ρ]. (II.49)

To prove the latter, we need to identify the optimal trajectory for the variational problem
(II.35) . According to the general framework of the macroscopic �uctuations theory [10],
this optimal trajectory is given by the time-reversal of the adjoint dynamics’s hydrodynam-
ics, which is formally given by

∂tρ̃ = −∂2
uρ̃+ 2∂u

(
σ(ρ̃) ∂u

δS

δρ̃

)
,

which, in light of (II.46) and (II.48) , rewrites

∂tρ̃ = ∂2
uρ̃− 2∂u

(
σ(ρ̃) ∂u log

F [ρ̃]

1− F [ρ̃]

)
with suitable boundary conditions. The main di�culty in the proof of (II.49) is therefore
to show that this trajectory ρ̃ is indeed the optimal one, in the sense that its time reversal
solves the variational principle (II.35) . In [BEL23, Lemma 4.4], we show that this is the
case, under the assumption that it converges to ρ. However, because ρ̃′s construction relies
at each �xed time on the solution F [ρ̃] of the DLS equation, showing this assumption is by
no means straightforward. However, thanks to the Hamiltonian formalism, we obtain an
autonomous simple equation for the evolution of the function Ft := F [ρ̃t], which in turn
allows us to show that ρ̃ −→

t→∞
γ and yields (II.49) .

10 Destruction at the origin for the asymmetric ZRP

In keeping with our exploration of the e�ect on the macroscopic behavior of boundary-
driven particle systems of the scaling of the boundary dynamics, we then turned to the asym-
metric zero-range process on Z, and studied in [ESZ23a] the e�ect of an empty reservoir
linked to the origin.

79



10.1 Asymmetric zero-range process with destruction at the origin

The zero-range process we considered is characterized by its bulk generator

Lbulkf(ω) :=
∑
y∈Z

g(ωy)
{
pf
(
ωy,y+1

)
+ (1− p)f

(
ωy,y−1

)
− f(ω))

}
, (II.50)

where p ∈ (1/2, 1], so that the overall current throughout the system �ows from left to right.
The boundary dynamics intervenes at the origin, where particles are removed according to
the same jump rates as in the bulk dynamics. In other words, the boundary dynamics is
driven by the generator

L0f(ω) := rg(ω0) {f(ω − 10)− f(ω)} , (II.51)

where ω−10 represents the con�guration obtained after removing a particle at the origin in
ω, and r > 0 tunes the boundary dynamics. As explained for the FEP in Section 2.3, attrac-
tiveness is a crucial tool in order to derive the hydrodynamic limit of asymmetric models,
so that we assume the rate function g to be non decreasing on the set of positive integers
{1, 2, . . . }, making our zero-range process attractive. By convention, we assume g(0) = 0.

In [ESZ23a], we derive the hydrodynamic for the zero-range process {ω(t), t > 0} with
generator LN de�ned as

LN := NLbulk +N θL0, (II.52)

depending on the value of θ.

10.2 Stationary states

As emphasized in the introduction, understanding the processe’s local stationary states is
crucial in order to be able to derive the hydrodynamic limit. For the zero-range process
(with no boundary interaction), with generator (II.50) , the stationary states are explicit. To
introduce them, de�ne for k > 1, g!(k) := g(1)g(2) . . . g(k), with the convention g!(0) =
1. We can then de�ne Lbulk’s stationary state as the product distribution on ZN with site
marginals

ν̃ζ(ωy = k) =
1

Z(ζ)

ζk

g!(k)
, (II.53)

where Z(ζ) :=
∑

k>0 ζ
k/g!(k) is a suitable renormalizing partition function. However, this

parametrization of the distribution is not very convenient, so that we de�ne its marginal
expectation R(ζ) :=

∑
k kν̃ζ(k), which is a strictly increasing function, and by Φ = R−1

its inverse. We now index the stationary states by their density, by de�ning να = ν̃Φ(α), for
which straightforward computations yield the identity

Φ(α) =
∑
k>0

g(k)να(ω0 = k), (II.54)

meaning that Φ is the average jump rate at density α. Whenever convenient, we denote
by Eα the expectation w.r.t. να. As explained in [ESZ23a, Lemma 3.1], stationary product
distribution can also be found for the dynamics with destruction driven by the full generator
LN . We do not give this construction here, and refere the interested reader to the article
itself.
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10.3 Hydrodynamic limit

We now state our main result from [ESZ23a]. Recall that we are dealing with an asymmet-
ric zero-range process, whose hydrodynamic limit therefore takes the form of a hyperbolic
PDE. As for the FEP, we therefore need to single out the unique entropy solution which is
physically relevant, and is de�ned in a similar way as in De�nition (7.1) . Once again, not to
burden excessively this section, we do not rede�ne completely each relevant hyperbolic so-
lution, and instead refer to them simply as the entropy solution to the equation on a domain
Γ ⊂ R {

∂tα + (2p− 1)∂uΦ(α) = 0 on Γ

α(0, ·) = α0.
(II.55)

As we will see, because particles are destroyed at the origin, we need to distinguish three
cases for this equation that will appear in the hydrodynamic limit. The �rst one, is the
setting where the full macroscopic system Γ = R is una�ected by the boundary condition,
in which case we denote by α? the corresponding entropy solution on R. The second one is
the case {

Γ = (0,+∞)

α(t, 0) = a(t) for t > 0,
(II.56)

which corresponds to the right-hand side of the system, while the left-hand side acts through
a source term a(t) at the origin operating as a Dirichlet Boundary condition. We denote by
α(a) the unique entropy solution of (II.55) on (0,+∞) with boundary condition (II.56) .
The third case we need to consider is the one where the boundary condition operates on the
current j(t) going through the origin,{

Γ = (0,+∞)

∂t
∫ +∞

0
α(t, v)dv = j(t) for t > 0.

(II.57)

We �nally denote by α(j) the unique entropy solution of (II.55) on (0,+∞) with boundary
condition (II.57) . Recall that r and θ are respectively the strength and the scaling factor of
the destruction dynamics (see (II.51) and (II.52) ), and de�ne

να0 := ⊗y∈Zνα0(y/N) (II.58)

the initial product state �tting a smooth initial pro�le α0. We are now ready to state our
main result from [ESZ23a].

Theorem 10.1 (Theorem 2.4 in [ESZ23a]) The hydrodynamic limit of the process {ω(t), t >
0} started from να0 and driven by the generator LN de�ned in (II.52) is given by:

• [Case θ < 0] by
α := α?,

meaning the boundary dynamics has no macroscopic e�ect.

• [Case θ = 0] By α := α?1{v<0} + α(a)1{v>0}, where the boundary condition a in (II.56) is
given by

a(t) := R

(
2p− 1

2p− 1 + α
Φ(α?(t, 0))

)
. (II.59)
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• [Case θ > 0] By α := α?1{v<0} + α(j)1{v>0}, with current boundary condition j(t) ≡ 0 in
(II.57) .

Let us now sketch the proof of this result. Once again, we exploit the fact that this process
is attractive, as in the case of the Facilitated Zero-Range Process (see (I.17) ), and create a
process of second class particles in the following way. Consider our zero-range process ω,
we denote by {ζ(t), t > 0} the process of second class particles, which is de�ned this way;

• initially, there are no second-class particles, so that ζy(0) = 0, ∀y ∈ Z.

• Whenever a particle is destroyed at the origin, we create a second class particle in ζ at
the origin.

• At site y, a second class particle jumps at rate g((ζ + ω)y(t)) − g(ωy(t)), to the right
with probability p and to the left with probability 1 − p. It is not hard to check that
the process ω + ζ behaves as a zero-range process without destruction, meaning with
generator Lbulk given by II.50.

Depending on β, we then obtain [ESZ23a, Lemma 3.3] a bound, depending on t, N and β,
on the total number of second class particles created throughout the process.

Once this process is well de�ned, we are in a position to prove the hydrodynamic limit.
Once again, since we are dealing with an asymmetric process, a big challenge to do so is
to derive a microscopic equivalent of the entropy inequality, to show that as N → ∞, the
hydrodynamic limit converges to the unique physically relevant solution to the hyperbolic
equation. This requires introducing local spatial averages, which can be done using attrac-
tiveness and by comparing with equilibrium zero-range processes: we can locally sandwich
our original process between two equilibrium processes with slightly larger and slightly lower
densities, and show that in a typical local box, these three processes will be ordered. This, in
turn, allows us to introduce local averages, both to derive the microscopic entropy inequal-
ity and to prove the one block estimate. Once the entropy inequality is obtained, the last
ingredient needed is the characterization of the macroscopic boundary dynamics.

In the case θ < 0, particles are destroyed at a very low rate. In particular, we can show
that the process of second-class particles has no macroscopic particle density, therefore the
destruction at the origin as no macroscopic e�ect and hydrodynamic limit α? does not ex-
hibit any boundary condition.

Furthermore, because of the asymmetry, particle cannot macroscopically move left-
wards, so that regardless of the value of θ, the process of second class particles has no macro-
scopic e�ect (see [ESZ23a, Lemma 3.4]) left of the origin. In particular, the hydrodynamic
limit restricted to (−∞, 0) coincides with α? for all values of θ. In the case θ = 0, we then
couple with a stationary zero-range process to derive the macroscopic boundary condition
(II.59) . In the case θ > 0, we further need to prove that no macroscopic current manages
to cross the origin. To do so, we use once again attractiveness, and distinguish two cases.
If θ > 1, we can couple our zero range process with in�nite-rate destruction of particles
at the origin (meaning any particle at the origin is destroyed), and show with the process
of second class particles that both processes have the same macroscopic behavior. Finally,
in the intermediary regime 0 < θ < 1, this crude coupling does not work, and we instead
adapt arguments from [52], once again coupling our process with a time-stationary copy,
and then use attractiveness to compare their behavior around the origin and show that no
current manages to go through the latter [ESZ23a, Lemma 4.5].
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Finally, we present in this article an alternative proof in the particular case where g(k) =
k, in which particles behave as independent random walkers. In the latter, we duality esti-
mates like the ones from [ELX18, Eri18] (see Section 8), except in a simpler setting with
no actual interaction between particles, which allows us to derive the hydrodynamic limit in
the asymmetric setting.

11 Hydrodynamic behavior for the boundary-driven FEP

Most recently, we �nally considered the e�ect of boundary dynamics on the facilitated ex-
clusion process whose macroscopic behavior was studied in detail in the previous chapter.
We study in [DCES24] the unique interaction the FEP has with reservoir dynamics, where
the latter cannot impose their own density because they cannot enforce subcritical macro-
scopic densities at the FEP’s boundaries. Once again, in this section we slightly modify our
notations w.r.t. [DCES24] in order to keep coherent notations throughout the manuscript.

11.1 Kinetically constrained reservoirs and dynamics

For this boundary-driven FEP, we �x two parameters α, β ∈ (0, 1) to represent the reser-
voir’s densities. As in Chapter I, the bulk dynamics is driven by the FEP’s generator

Lbulkf(η) :=
N−1∑
x=1

(ηx−1ηx(1− ηx+1) + ηx+2ηx+1(1− ηx))
{
f
(
ηx,x+1

)
− f(η)

}
.

Note that the generator above requires the values η0 and ηN , which are set to η0 := α and
ηN := β respectively. In other words, this convention entails that a boundary particle is
active only with probability α (resp. β), in which case it can jump towards the inside of the
bulk. The boundary dynamics is driven by the generators

Lleftf(η) := γ1(η)
{
f
(
η1
)
− f(η)

}
and Lrightf(η) := γN(η)

{
f
(
ηN
)
− f(η)

}
,

where

γ1(η) := (1− α)η1η2 + α(1− η1) and γN(η) := (1− α)ηNηN−1 + α(1− ηN).

In other words, a particle is created at one of the empty boundary sites at resp. rate α,
β, whereas an active particle at the boundary jumps out of the system at respective rate
1 − α, 1 − β. The boundary rates involved in Lbulk, Lleft, Lright are exactly the same as
if the FEP was de�ned on the whole line Z, but that the two boundary con�gurations on
{. . . ,−2,−1, 0} and {N + 1, N + 2, . . . } were permanently distributed as the equilibrium
states πρ(α), πρ(β) de�ned in I.25 with respective active densities α, β. Given these generators,
we �x two positive parameters θ, κ > 0 that will allow us to tune the boundary dynamics,
and de�ne the complete generator

LN = κN θ(Lleft + Lright) +N2Lbulk. (II.60)

For technical reasons, we want to start our process from the FEP’s ergodic component
(see Section 5.1), from a distribution �tting a given continuous macroscopic pro�le ρ0 :
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[0, 1] → (1/2, 1]. This continuous density pro�le can be associated with an active density
�eld

a0
x :=

ρ0(x/N) + ρ0((x+ 1)/N)− 1

ρ0(x/N)
' a(ρ(x/N)),

where the function a was de�ned in I.26. To build an initial state µN �tting ρ0 and supported
on the ergodic component, we exploit the Markovian construction of the FEP’s equilibrium
state (see (I.28) ), and choose under µN that η1 ∼ Ber(ρ0(1/N)), and for any 2 6 x 6 N ,

µN(ηx = 1 | ηx−1 = 1) = a0
x−1 and µN(ηx = 1 | ηx−1 = 0) = 1. (II.61)

It is not hard to check that for any x ∈ ΛN , µN(ηx = 1) = ρ0(x/N), and by a simple
decorrelation estimate on the initial state’s Markov chain [DCES24, Theorem A.3]

1

N

N−1∑
x=1

G
( x
N

)
ηx −−−−→

N→+∞

∫ 1

0

G(u)ρ0(u)du

in µN probability. Furthermore, µN clearly only charges the ergodic component since un-
der the Markovian construction, any empty site is always followed by a particle. We now
consider a Markov process {η(t), t > 0} driven by the generator LN de�ned in (II.60) and
started from µN , whose distribution we denote as before by PµN .

11.2 Hydrodynamic limit for weak and strong reservoir interactions

The main result of [DCES24] is the hydrodynamic limit for this boundary-driven FEP
in the di�erent regimes for θ. For concision, we do not give the full description of the
notion of solution in each case. Roughly speaking however, we consider solutions to the
hydrodynamic equation which satisfy a weak form of the hydrodynamic equation, such that
a(ρ) ∈ L2([0, T ],H 1). More precisely, we have the following result.

Theorem 11.1 (Theorem 2.2 of [DCES24]) The hydrodynamic limit for {η(t), t > 0} is
given by the unique weak solution ρ(t, u) : [0,+∞)× T→ [0, 1] to the di�usion equation{

∂tρ = ∂2
ua(ρ)

ρ(0, ·) = ρ0,
(II.62)

with boundary conditions respectively given by

ρ(t, 0) = ρ(α) :=
1

2− α, and ρ(t, 0) = ρ(β) :=
1

2− β for θ > 1

∂uρ(t, 0) = κ(ρ(t, 0)− ρ(α)), and ∂uρ(t, 1) = κ(ρ(β)− ρ(t, 1)) for θ = 1

and

∂uρ(t, 0) = ∂uρ(t, 1) = 0 for θ < 1.

To prove this result, we rely on classical entropy tools. However, such tools are typically
applied to SSEP-like processes with product equilibrium distribution [13, 30], so that a
number of adaptations need to be made to account for locally correlated equilibrium states.

The �rst challenge, as for any entropy based argument, is to de�ne a reference mea-
sure, i.e. an good enough approximation of the boundary-driven FEP’s stationary state.
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To do so, recall that the FEP is gradient, and that the quantity appearing in the hydrody-
namic limit is the active density a(ρ). We can therefore expect that in the stationary state,
the boundary-driven FEP’s active density interpolates between its boundary values. Further-
more, it is straightforward to check that our choice of boundary dynamics is reversible w.r.t.
the equilibrium states πρ parametrized by the boundary densities ρ(α), ρ(β) de�ned in The-
orem 11.1, so that in particular the active density at the boundaries must be set at α, β, at
least for strong boundary interactions.

For this reason, we de�ne the active stationary �eld interpolating between α and β

ax := α +
x− 1

N − 1
(β − α).

We then consider the distribution µN driven by the same Markov construction used for the
initial pro�le, but this time started from η1 ∼ Ber(ρ(α)), and with transition probabilities
(II.61) built with ax instead of a0

x. In the same way that the non-equilibrium SSEP’s sta-
tionary state is not exactly a product one, the non equilibrium FEP stationary state is not µN .
However, for the purpose of proving the hydrodynamic limit, µN provides a good enough
approximation (see [DCES24, Lemma 4.4]) of the stationary state in order to apply the
entropy method. Note that as for the SSEP, in the equilibrium case α = β, the stationary
state simply amounts to the grand canonical state µN = πρ(α). Locally around any site x, we
can then show that µN ' πρ(ax).

Once the stationary state is closely approximated, the main remaining challenges to adapt
the entropy method is to prove the two-blocks estimate, and to estimate the density at the
boundary. The quasi-reversible nature of our reference measure w.r.t. the boundary dy-
namics solves the latter. Regarding the former, some care needs to be taken to account for
the non-product nature of the reference distribution, so that conditioning to the behavior
of microscopic boxes is not straightforward.

As mentioned in the introduction, the kinetic constraint makes the FEP’s interaction with
boundary dynamics highly unusual: because of its two-phased nature, boundary dynamics
are not able to impose their own equilibrium densities on the FEP, because they cannot
dynamically impose subcritical densities. Instead, any reservoir interaction with the FEP
(regardless of the reservoir’s exact rates) imposes a supercritical boundary density ρ > 1/2,
because it keeps pumping particles inside the system until the ergodic component is locally
reached at the boundary.

Conclusion and perspectives

Boundary-driven models have been under deep scrutiny in recent years. At the level of
hydrodynamics, depending on the bulk and boundary dynamics considered, and whether
the bulk dynamics is symmetric or not, a wide range of behavior can be obtained, see e.g.
[77, 27], [Eri18]. At the level of large deviations, the presence of two boundaries enforcing
di�erent equilibrium densities maintains the system out of equilibrium, so that one cannot
easily de�ne a free energy to fully understand the large scale behavior of the process. One
must therefore resort to the general framework of the Macroscopic Fluctuations Theory
[10] to characterize the stationary and dynamical large deviation regime.

A natural question arising from our duality estimates from [ELX18, Eri18], which allow
to characterize the large scale hydrodynamics of the SSEP with rather general boundary
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conditions, is whether our central assumption (II.27) is purely technical, and if the hy-
drodynamic description we give actually holds outside of this assumption. As of writing
this manuscript, I cannot give a de�nitive answer to this question, however one can de�ne
boundary dynamics which do not ful�ll (II.27) , and for which there is no deterministic hy-
drodynamic limit, meaning that our assumption are not only technical, but rather that they
guarantee proper decorrelation at the boundary.

An example of a setting for which it can be shown the (deterministic) hydrodynamic
limit does not hold is de�ned by “voting” boundary conditions, where for some integer p, a
particle is created (resp. removed) at rate 1 if there are at least p particles (resp. empty sites)
among the boundary set {2, . . . , 2p}. For p large enough (e.g. p > 4), one can prove that
starting for example from a ⊗Ber(1/2) product distribution, the hydrodynamic limit is not
deterministic, in the sense that depending on a local �uctuation, the model macroscopically
behaves as a reservoir with density 1 (resp. 0) with probability 1/2. It would be interesting to
understand better the behavior of such a highly correlated boundary-driven model. On the
one hand, its boundary behavior is very complex, in large parts because it does not preserve
product distributions. On the other hands, it is paired with a simple SSEP bulk dynamics,
which allows for rich duality estimates, so that many questions on its macroscopic behavior
amount to random walks hitting time/probability estimates. In general, most of the work
performed on boundary-driven models in recent years has centered around equilibrium
reservoirs, which have the very nice property of breaking down correlations and introducing
mixing in the system. To the contrary, the non-linear boundary dynamics described in
Section 8 introduce strong correlation at the boundary, so that mixing relies strongly on the
bulk dynamics. Such models are so far poorly understood in a general setting, and much
remains to be done.

Duality properties like the ones exploited in Section 8 have been extensively used in re-
cent years to derive the macroscopic behavior of various lattice gases with di�erent boundary
dynamics, e.g. the inclusion process [27], the KMP model [15], or even the SSEP in random
environments [62]. This is particularly relevant given recent interest in non-equilibrium sta-
tionary states (NESS), as duality yields a potent tool to obtain �ne estimates on non explicit
stationary states for various processes. In this context, it would be of great interest to extend
our results on general boundary dynamics [ELX18, Eri18] to more general dynamics than
the SSEP. This would yield robust tools to derive the macroscopic behavior for fairly gen-
eral pairings of boundary and bulk dynamics. Overall, duality can be exploited for a range
of applications, and we strongly expect that e.g. non-equilibrium �uctuations and large de-
viations principles could be derived, at least is some regimes, for dual interacting particle
systems interacting with non-linear boundary dynamics.

The FEP is an striking example of model which naturally adopts non-linear boundary
interactions, and given its unusual interactions with reservoir dynamics, [DCES24] has only
been a �rst step in understanding the interplay between kinetic constraints and boundary dy-
namics. In particular, technically speaking, a number of assumptions from [DCES24] need
to be lifted. The �rst one is the assumption on the initial con�guration, which we assumed
fully supercritical and ergodic. We expect that none of these assumptions are necessary w.r.t.
the existence and validity of the hydrodynamic limit, which should, under fairly general ini-
tial states �tting an initial pro�le ρ0, be given by the Stefan problem (29) with appropriate
boundary conditions. Proving this conjecture, however, requires overcoming very signif-
icant technical challenges, be it on the probability side or on the analysis side, where the
existence and uniqueness of such solutions is not completely straightforward. In particu-
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lar, the motion of the particle front, away from the boundary, starting e.g. from an empty
con�guration is not trivial, and would be very interesting to characterize.

Another strong restriction on our work [DCES24] relates to the boundary dynamics.
Although our choice of boundary dynamics is the physically natural one, one naturally ex-
pect that the non-equilibrium FEP’s hydrodynamic limit should hold for a much larger
choice of boundary dynamics. For the set of boundary dynamics preserving the ergodic
component (e.g. a particle at site 1 cannot be removed unless site 2 is occupied), our proofs
should be adaptable to yield the wanted result. For boundary dynamics that do not preserve
the ergodic component, entropy-based techniques might not be a �tting choice, and other
approaches will be necessary.

Another natural question, in light of Chapter I, provided we are able to derive dynam-
ical large deviations estimates and hydrodynamic limit for the boundary-driven FEP (see
the concluding remarks at the end of chapter I), would be to understand the statical and
dynamical large deviations regime and the e�ect of slowing down boundary dynamics on
the FEP. I expect that its dynamical large deviations with boundary might be accessible,
although this is by no means straightforward. However, assuming one is able to do so, it
would be fascinating to know what would take the place of the DLS equation (43) , which is
very likely uniquely associated with the SSEP. Although some of these questions will likely
be approchable mathematically, some of them may be too di�cult given the intrinsic com-
plexity of the FEP, so that a �rst step would be to concentrate on its ergodic phase, which is
roughly SSEP-like. Formal computations and simulations might also considerably help in
that respect.
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Séparation de phase et e�ets de bords pour des gaz sur réseau hors-
équilibres

Résumé: l’un des dé�s majeurs de la physique statistique moderne est de construire des outils robustes pour
l’étude des systèmes microscopiques hors-équilibre (e.g. sous l’action de thermostats, in�uence d’un champ
extérieur, matière active), permettant de comprendre leur comportement à grande échelle. Parmi ces outils,
la théorie des limites d’échelles des gaz sur réseau, qui a reçu ces dernières décennies beaucoup d’attention dans
diverses communautés (Physiciens, Mathématiciens, Biologistes), permet de faire le lien entre un système
stochastique de particules microscopique, et sa limite d’échelle typiquement caractérisée par une equation
aux dérivées partielles.

Dans ce cadre général, mes travaux de recherche ont porté en grande partie sur l’étude du comportement
macroscopique de trois grandes familles de modèles microscopiques :

– Les systèmes de matière active, qui présentent une phénoménologie extrêmement riche, en particulier
des phénomènes d’auto-organisation et de condensation spontanée.

– Les gaz sur réseau cinétiquement contraints, en particulier le processus d’exclusion facilitée (FEP), des modèles
de séparation et de transitions de phase dans lesquels le mouvement des particules est soumis à une
contrainte locale, perturbant leur équilibre.

– Les modèles non-équilibre, a�ectés par des dynamiques de bord, qui eux aussi peuvent avoir des com-
portemens extrêmement variés selon le réseau, la dynamique de bord et la dynamique de bulk consid-
érée.

L’introduction de ce manuscrit dé�nit succinctement les objets mathématiques fondamentaux nécessaires
à la construction des gaz sur réseaux et de leurs limites d’échelles, ainsi qu’à la présentation de ces trois
thématiques et de leur état de l’art. Les deux chapitres du manuscrit sont ensuite respectivement dédiés à
mes travaux sur l’e�et macroscopique de contraintes cinétiques, et à celui de dynamiques de bords, qui ont
représenté la majorité de mes travaux mathématiques post-thèse.
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Phase separation and boundary e�ects in out-of-equilibrium lattice gases

Abstract: One of the major challenges of modern statistical physics is to build robust tools to study out-
of-equilibrium microscopic systems (e.g. submitted to thermostats or external �elds, active matter) and
understand their large-scale behavior. Among such tools, the theory of scaling limits of lattice gases, which
has received in the last decades signi�cant attention from various communities (physics, mathematics, biol-
ogy) links microscopic stochastic particle systems with their macroscopic limit, typically characterized by a
partial di�erential equation.

In this framework, my research work has focused on the the macroscopic behavior of three classes of micro-
scopic models:

– Active matter models, whose phenomenology is very rich and exhibits both self organization patterns
and spontaneous condensation phenomena.

– Kinetically constrained lattice gases, with a speci�c focus on the Facilitated Exclusion Process (FEP), which are
models for phase separation and transitions in which particle jumps are subject to a local constraint,
which distorts their equilibrium states.

– Non-equilibrium models, a�ected by boundary dynamics, which can also exhibit varied behavior, depend-
ing on the microscopic lattice, as well as the microscopic details of both bulk and boundary dynamics
considered.

This manuscript’s introduction is dedicated to de�ning the fundamental mathematical objects on which lat-
tice gases and their scaling limits are based, and to presenting these three statistical physics thematics in the
context of their state of the art. The two chapters of the manuscript are then respectively dedicated to de-
scribing in more details my works on the macroscopic e�ect of boundary dynamics and kinetic constraints,
on which most of my post-PhD work has focused.

Keywords: Statistical mecanics; Probability; Hydrodynamic limits;
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