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Abstract

We consider online stratified sampling for Monte Carlo estimation of the integral of a function given a finite
budget n of noisy evaluations to the function. In this paper we address the problem of choosing the best
number K of strata as a function of n. A large K provides a high quality stratification where an accurate
estimate of the integral of f could be computed by an optimal oracle allocation if the variances within each
stratum were known. However the performance of an adaptive allocation (which does not know the variance
within the strata) compared to the oracle one deteriorates with K. This defines a trade-off between the
stratification quality and the pseudo-regret of an adaptive strategy.

First we provide an improved pseudo-regret upper-bound of order O(K 1/3p—4/ 3) for the adaptive allo-
cation MC-UCB introduced in [1]. Then we prove a lower-bound on the pseudo-regret of same order, both
in terms of K and n, up to a logarithmic factor. Finally we explain how to choose the best value of K given
the budget n and deduce a tight minimax (on the class of Holder continuous functions) optimal bound on
the difference between the performance of the adaptive allocation MC-UCB, and the performance of the

estimate returned by the optimal oracle strategy.

1. Introduction

The objective of this paper is to provide an efficient strategy for Monte-Carlo integration of a function f
over a domain [0, 1]?. We assume that we can query the function n times. Querying the function at a time

t and at a point x; € [0, 1]¢ provides a noisy sample:

f(@e) + s(xt)et, (1)

where € is an independent sample drawn from v,,. Here v, is a distribution with mean 0, variance 1 and
whose shape may depend on x*. This model is actually very general (see Section 2), it is the usual model

for regression in thermoelastic noise.

Tt is the usual model for functions in heteroscedastic noise where we emphasize the standard deviation s(zx) of the noise at

any point x.
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Stratified sampling is a well-known variance reduction technique for estimating the integral of f based
on Monte-Carlo method. This method consists in partitioning the domain in K subsets called strata and
then select the number of samples that will be assigned to each stratum (see [12][Subsection 5.5] or [7]). If
the variances of the strata were known, the optimal static allocation would allocate a number of samples
proportional to the measure of the stratum times the standard deviation of a sample collected from the
stratum (see Equation 3 below). We refer to this allocation as optimal oracle strategy for a given partition.
However, in situations (which we consider in the paper) where the variations of f and s are unknown, it is
not possible to implement this strategy.

Consider first a fixed partition (stratification) of the space. A way to circumvent this problem consists in
estimating the variations of f as well as the noise within the strata online (exploration) while allocating the
samples according to the estimated optimal oracle proportions (exploitation). This approach is considered
in [4, 9, 1]. In the long version [3] of the last paper, the authors propose the so-called MC-UCB algorithm
which is based on Upper-Confidence-Bounds (UCB) on the standard deviation. They provide upper bounds
for the difference between the mean-squared error? of the estimate provided by MC-UCB and the mean-
squared error of the estimate provided by the optimal oracle strategy (optimal oracle variance) and prove
that the adaptive allocation performs almost as well as the optimal oracle strategy.

However, the authors of [3] do not discuss the optimality of their algorithm. As a matter of fact, and to
the best of our knowledge, there is no existing lower bound on the regret of any adaptive strategy compared
to the optimal oracle one.

Still in the same paper [3], the authors do not discuss the problem of how to stratify the space. In
particular, they consider that a partition is provided before-hand. However, in many applications, the
learner is allowed to construct the partition. In particular, one can often choose the degree of refinement of
the partition to use, such as the number of strata of this partition, assuming that all strata have the same
size. The question that naturally arises is: what is the best possible number K of strata to use for a given
budget n?

This problem has not been thoroughly investigated although some relevant papers are [8, 11, 5]. The
recent, state of the art, work of [5] describes a strategy that samples asymptotically almost as efficiently as
the optimal oracle strategy, and at the same time adapts the size and number of the strata incrementally.
Providing theoretical guarantees for the estimate mentioned in this paper appears very difficult, and the
authors do not pursue this aim. They however study theoretical properties of stratified estimates computed
using static allocations, in the limiting case when the diameter of the largest stratum in the partition A
converges to zero. They provide in this case convergence results for n times the mean squared error (MSE)

of the estimate under the optimal oracle allocation strategy. They prove that if the diameter of the largest

2The mean squared error is measured with respect to the quantity of interest, i.e. the integral of f.
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stratum converges to zero, n times this MSE converges to a constant that is independent of the shape of the
strata in N'. The diameter of the largest stratum is the quantity that determines the rate of convergence of
n times the MSE. The intuition behind this result is that the oracle strategy consists in selecting the number
of points in each stratum adaptively to the specific shape (and thus variance) of the stratum : this allocation
adapts to the function and if the partition is refined enough, the shape and positioning of the strata does not
really matter. This result highlights the fact that the shape or position of the strata is not the important
factor in this problem, but rather the refinement of the partition (i.e. the diameter of the largest stratum).
This also gives the intuition that partitioning the space into small balls (as e.g. hypercubes for the I, norm)
of same diameter is optimal : this partitioning is indeed the one that minimises the diameter of the largest
stratum. The main question that remains is then on the number of strata (the balls of same diameter) one

should use to partition the space.

Contributions. The more refined a partition is, the smaller the variance of the resulting optimal oracle
strategy, but also the more difficult it is to estimate the variance within each of the strata of the partition,
and thus the more difficult it is to perform almost as well as the optimal oracle strategy. This defines a
trade-off which is comparable to the one in model selection (and in all its variants, e.g. density estimation,
regression...): the larger the class of models considered, i.e. the larger the number of strata, the smaller the
distance between the true model and the best model of the class, i.e. the approximation error, but the larger
the estimation error. Selecting the number of strata is thus crucial and this is the problem we address in
this paper.

Although the work [5] does not provide finite-time bounds, it introduces very interesting ideas for bound-
ing the approximation error term. Now, as shown in [1] it is possible to build algorithms that have a small
estimation error. Thus by constructing tight and finite-time bounds for the approximation error, it is pos-
sible to select the number of strata that minimizes an upper bound on the performance. It is however not
clear how consistent this choice is, i.e. if a more efficient strategy exists. Thus the last essential ingredient
for making the best choice of the number of strata is to derive lower bounds both on the estimation error
and on the approximation error.

The objective of this paper is to propose a method for choosing the minimax-optimal number of strata.
This is the extended version of the paper [2], where we present the detailed proofs of the results in this

paper. Our contributions are the following.

e We first present results on what we call the quality Q, x of a partition N composed of K strata
(i.e., using the previous analogy to model selection, this would represent the approximation error).
Using very mild assumptions we derive a lower bound on the variance of the estimate given by the
optimal oracle strategy on the optimal oracle partition. We show that if the function and the standard
deviation of the noise are a—Holder continuous functions, then (under some assumptions specified
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later) Qn n = O(%/d) and this bound is minimax optimal on the class of a—Holder functions.

o We then report regret bounds on the estimation error for the estimate outputted by algorithm MC-UCB
of [1]. Actually we are able to improve the analysis of MC-UCB over [1] in terms of the dependence
on K. We show a problem independent bound on the pseudo-regret of order? O(K 1/3p—4/3 ) (whereas

it was only of order O(Kn~%/3) in [1]).

e We provide a lower bound on the pseudo-regret of order Q(K 1/3p—4/ 3) which matches the upper-bound
of MC-UCB both in terms of the number of strata and the number of samples (up to a logarithmic
factor). This is the main contribution of the paper, and we believe that the proof technique for this

bound is original.

e Finally, we combine the results on the quality of a partition and on the pseudo-regret of MC-UCB to
provide a value on the number of strata leading to a minimax-optimal trade-off (up to a \/log(n)) on

the class of a—Holder functions.

The rest of the paper is organized as follows. In Section 2 we formalize the problem and introduce the
notations used throughout the paper. Section 3 states the results on the quality of a partition. Section 4
improves the analysis of the MC-UCB algorithm, and establishes the lower bound on the pseudo-regret.
Section 5 reports the best trade-off for choosing the minimax optimal number of strata. And in Section 6,
we illustrate how important it is to choose carefully the number of strata with some numerical experiments.
We finally conclude the paper and suggest future works. The proofs of the statements presented in these

sections are in the appendices.

2. Setting

We consider the problem of numerical integration of a function f : [0, 1]¢

— R with respect to the
uniform (Lebesgue) measure. We are allowed to query the function n times (we refer to n as the budget) in
a sequential way. At round ¢, when querying the function at a point x;, we receive a noisy sample X (¢) of
the form described in Equation 1.

We now assume that the space is stratified in K Lebesgue measurable strata that form a partition N
of the space. We index these strata, that we write €, with indexes k € {1,..., K}, and write wy, for their
measures (according to the Lebesgue measure). We write py, = wik fﬂk Ecuw, [f(z)+s(x)eldr = wik ka f(z)dx
for their mean and o7 = w% ka Eewy, [(f(2) + s(x)e — py)?]dz for their variance. These correspond to the

mean and variance of the random variable X (¢) conditioned on the fact that the associated state x; is drawn

uniformly at random from the stratum €.

3Here O stands for a O notation up to a polynomial log(n) factor.
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We now state the following assumption, i.e. the Holder assumption.

Assumption 1 (Holder assumption). The functions f and s are (M, a)—Holder continuous, i.e., for g €

{f, s}, for any x and y € [0,1]%,[g(x) — g(y)| < M|z —yl|3.

We are not going to make this assumption for all the results in this paper, but it is going to be useful
for several of them.

We write A for an algorithm that allocates online the samples x; by selecting at each time step 1 <t <n
the index k; € {1,...,K} of a stratum and then sampling uniformly z; in the corresponding stratum
Q
Tim = ZtSn I{k; = k} the number of samples in stratum Qj, at time n. We denote by (Xk,t)

the samples collected from stratum 2, and we define /iy, », = ﬁ Zﬁ’l" X},+ the empirical mean per stratum.

.- The objective is to return the best possible estimate f[,, of the integral of the function f. We write

1<Sk<K,1<t<Tkn

Finally, we estimate the integral of f by fi, = 25:1 W U -
If we allocate a deterministic number of samples T}, to each stratum €2, and if the samples are independent

and chosen uniformly on each stratum 2, we have

Blin) = Y wiBlina] = Y wn = 3 [ fu)du= /[O S

k<K k<K k<K
and also

2 2

wio

N k%K
V(,un) = E 5

Ty

k<K

where the expectation and the variance are computed according to all the samples that the algorithm

collected.

2.1. Pseudo-risk of an algorithm, and oracle pseudo-risk

For a given algorithm A allocating T} , samples drawn uniformly within stratum €, we denote by

pseudo-risk the quantity
wio}
Lon(A) =

k<K

(2)

Tk,n

Note that if an algorithm A* has access the variances o7 of the strata, it can choose to allocate the
budget in order to minimize the pseudo-risk. The theoretical allocation that minimizes the pseudo-risk is,
for stratum k, T} = %n (this is the so-called oracle allocation). Defined as such, these optimal
numbers of samples can b_e non-integer values. In this case the proposed optimal allocation is not realizable.
But we still use its performance as a benchmark. Indeed, its theoretical pseudo-risk (which is also the
variance of the estimate here since the sampling strategy is deterministic) is then

2

L) = A5 2 )



where ¥+ = ), o) Wr0og, and is smaller than any realizable pseudo-risk. We also refer in the sequel as

WEOk

optimal proportion to Ay = = and as optimal oracle strategy to this allocation strategy. Although,

i<k Wioi’
as already mentioned, the optimal allocations (and thus the optimal pseudo-risk) might not be realizable,
it is still useful to characterize the smallest possible pseudo-risk on partition N. No static algorithm (even

oracle) has a pseudo-risk lower than L, ar(A*) on a given partition N.

2.2. Quality of a partition
The more refined the partition A the smaller L, nr(A*) (and thus X,r). For the same reason we deduce
that stratifying the space is always at least as efficient as not stratifying it, see e.g. [8]. Indeed, consider
a partition N and a more refined partition N’, where by more refined we mean that the strata of N/ are
included in those of N. Let (Q)ken and (Q))renr (vespectively (ok)rens (0% )kenr and (wg)ren and
(w},)ken) be the strata (resp. the standard deviation and the measure) of A" and N”. By definition of the
standard deviation in the strata, we have for any stratum k € A that
weop > Y wilop)?,
lEN":Q)CQy,
and we thus have by Cauchy-Schwartz
1 2 1 2
wot 2 (3 wier) = (> wiel)
IEN"QC L " e N7y, P lenrojcon

This implies (by taking the square-root of both sides), and summing over k € A, that (by definition of
ZN? E/\f’)

E]\/’ 2 E_N'/.

We immediately deduce that the optimal oracle pseudo-risk using N’ is smaller than the one using N'. We
thus define the quality of a partition @, a as the difference between the variance L, ar(A*) of the estimate
provided by the optimal oracle strategy on partition A/, and the infimum of the variance of the optimal

oracle strategy on any partition (optimal oracle partition) (with an arbitrary number of strata):

Qn,N = Ln,N(A*) - inf Ln,N’ (-’4*) (4)

N'measurable
The term infarmeasurable In. a7 (A*) is an important quantity since it is the optimal, oracle pseudo-risk,
on the best possible partition. We will study this object more in depth in Section 3, and we will prove in
particular that (see Proposition 1)
2 2
o T A =t S /H s(o)dz)
No stratified sampling algorithms, even oracle ones (i.e. that have access to the complete structure of
the noise s), can have a smaller pseudo-risk than this benchmark. Additional to this, another important
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information that Proposition 1 contains is that any sequence of partition (N,), such that the diameter
of its strata goes uniformly to 0 is such that lim, ¥y, — f[O,l]d s(z)dz - in other words, it converges to
an optimal partition. This implies in particular that the optimal, oracle pseudo-risk on this sequence of
partition converges to infarmeqsurabie Ln a7 (A*). Another important implication of this result is that the
shape of the strata does not really matter. Indeed, a partition will have a near-optimal quality when the

maximum diameter of its strata is small, and typical such partitions are the uniform ones.

2.8. Pseudo-regret

We also define the pseudo-regret of an algorithm A on a given partition N, as the difference between its

pseudo-risk and the variance of the optimal oracle strategy:
B N (A) = Lo n(A) = Ly (A7) (5)

2.4. Performance of a strategy: trade-off between quality and pseudo-regret

We assess the performance of an algorithm A by comparing its pseudo risk to the minimum possible
variance of an optimal oracle strategy on the optimal oracle partition:

Ly n(A) — inf Ly (AY) = Ry v (A) + Qnow- (6)

N’'measurable

Using the analogy of model selection mentioned in the Introduction, the quality @, as is similar to the

approximation error and the pseudo-risk R, nr(A) to the estimation error.

2.5. Motivation for the model f(x¢) + s(x¢)es

Assume that at any time ¢, the learner can select a point = and collect an observation F'(x, W), where
W; is an independent noise, that may depend on z. It is the general model for representing evaluations
of a noisy function. Set f(z) = Ew, [F(x, W;)], and s(x)e; = F(x, W;) — f(x). Since by definition ¢, is of
mean 0 and variance 1, we have in fact s(z) = \/E,, [(F (2, W;) — f(z))?] and ¢, = w Observing

)

F(x,Wy) is equivalent to observing f(x) + s(z)e;, and this implies that the model that we choose is also
very general.

There is also an important setting where this model is relevant, and this is for the integration of a function
F in high dimension d*. Stratifying in dimension d* seems hopeless, since the budget n has to be exponential
with d* if one wants to discretise every direction of the domain: this is the curse of dimensionality. It is
necessary to reduce the dimension of stratification by choosing a small amount of directions (1,...,d) that
are particularly relevant, and control/stratify in these d directions only*. Then the control/stratification

considers those d directions only, so when sampling at a time ¢, one chooses x = (x1,...,24), and the other

4This is actually a very common technique for computing the price of options, see [7].
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d* — d coordinates U(t) = (Ugy1(t),...,Uy-(t)) are uniform random variables on [0,1]% ~% (without any
control). When sampling z at time ¢, we observe F(z,U(t)). Thus our model is still valid in this setting

with f(2) = Eyyu(oa)e - [F(z, U(1))], and s(x)e; = F(z,U(t)) — f(=).

3. The quality of a partition: Analysis of the term Qn, ar.

In this Section, we focus on the quality of a partition defined in Section 2.

3.1. Convergence under very mild assumptions

As mentioned in Section 2 (see the extended discussion about the quality of a partition in Subsection 2.2),
the more refined the partition AV, the smaller L, »r(A*), and thus ¥. Through this monotonicity property,
we know that infa X, is also the limit of the (X,), of a sequence of partitions (N,), such that the
diameter of each stratum goes to 0. We state in the following Proposition that for any such sequence,

limy s o0 Xn, = f[o 14 s(z)dx. Consequently infy Xy = f[o 14 s(x)dx.

Proposition 1. Let (N,), = (e p)ke(l,.... K, ) pe(l,...+00} b€ a sequence of measurable partitions (where K,

is the number of strata of partition N,) such that

o AS1: Forallp>1, and 1 <k < Kp, 0 < wip < vy, for some sequence (vp)p>1, where v, — 0 for

p — +00.

e AS2: The diameters according to the ||.||a norm on R of the strata are such that maxy, Diam( ) <

D(wg,p), for some real valued function D(-), such that D(w) — 0 for w — 0.

If the functions f and s are in Ly([0,1]%), then

lim Yy = inf Y= d
p—glﬁ-loo No Nmelarslurable N /[071]4 S(x) *
which implies that
n X Qun, = n(LmNp (A*) — ~inf o Ly N (A*)) — 0, when p — 400,

2
where inf./\f/measurable Ln,j\/'/ (A*) = %(‘[[071](1 8($)d$) .

Sketch of Proof. The full proof is in Appendiz B. The form of the model and the definition of oy, imply
that

1 1 2 1
2 [ — d d 2d 7
Thp W /Qk,p (f(x) wrp Jor f(u)du) dz + W Jo s(z)?dz, (7)

where in the entire proof, we use a double index (k, p) for referring to quantities defined on partition N,.



We first prove that the result holds for uniformly continuous functions, and then generalize to Lo functions
based on a density argument.

Step 1: Convergence when f and s are uniformly continuous: Assume that f and s are uniformly
continuous with respect to the ||.||2 norm. For any v > 0, there exists n s.t. Vz,|s(z 4+ u) — s(z)| < v and
|f(z 4+ u) — f(x)] < v where u € Bs 4(n). We choose p large enough so that the size of the strata is smaller
than v, and their diameter is smaller than 7 (it is possible to do so since the diameter of the strata shrinks
to 0 as K, =, 00). From Equation 7 we deduce that

1
0,371) - (—/Q 5)% < 202,

Wk,p k,p

and using the concavity of the square-root function, we have >, wi pog p — f[O,l] 4+ 8 < V/2v, which concludes
the proof for uniformly continuous functions.

Step 2: Generalization to the case where f and s are in Ly([0,1)¢): From the density property of the
uniformly continuous functions in Ly ([0, 1]¢) (with respect to the ||.|| norm), we deduce that for any p and

v, there exists two uniformly continuous function f,, and s, such that:

Kp K, 1 2
; WhpThep — ,; W\/ / (fo@) = — | folw)du) do— / 52 (x)d

Wk,p JQy, k,p

<,

and also that [, [s(z) — s, (x)|dz < /F. One concludes by combining those two inequalities with Step 1. [

In Proposition 1, even though the optimal oracle allocation might not be realizable (in particular if the
number of strata is larger than the budget), we can still compute the quality of a partition, as defined in 4.
It does not correspond to any reachable pseudo-risk, but rather to a lower bound on any (even oracle) static
allocation.

When f and s are in Ly([0,1]?), for any appropriate sequence of partitions (N,),, X A, (which is the
principal ingredient of the variance of the optimal oracle allocation) converges to the smallest possible s
for given f and s. This smallest 3 is actually expressed only in function of s - the term in f vanishes -
and we have

Nmegggrable BN = /[071](1 s(z)da,

which implies

inf L * ! d ’
Nmezlzrslu'rable n,N(A ) o n(/[OJ]d S(l’) SE) '

This is why, as we already mentioned, the quantity f[o 14 s(x)dz is important. Note however that the
assumptions required above are not sufficient to obtain a rate of convergence. We now make a stronger

assumption under which a finite-time analysis can be considered.
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3.2. Finite-Time analysis under a Holder assumption:

The Hoélder assumption enables to consider arbitrarily non-smooth functions (for small «, the function
can vary arbitrarily fast), and is thus a fairly general assumption. We also consider the following partitions

in K hyper-cubic strata.

Definition 1. We write N the partition of [0,1]¢ in K hyper-cubic strata of measure wy, = w = % and

side length (%)1/‘1: we assume for simplicity that there exists an integer | such that K = [?.
The following Proposition holds.

Proposition 2. Under Assumption 1 we have for any partition Nx as defined in Definition 1 that
1\«o/d
S —/ s(z)dz < \/2dM<—> : 8)
[0,1]d K
which implies

2V2dM Yy, (i)“/d

Qn,NK < n K

where N7 stands for the “partition” with one stratum.

Sketch of Proof for Proposition 2. (the full proof is provided in Appendix C). We deduce from Assump-

tion 1 that
1 1 2 1 1 2 1\2/d
— r)— — u)du da:—&——/ s%(z)dx — —/ s(u)du)” < 2M?2d( = .
o (re) - 1w ) dat [ ade = (- | stwdu) (%)

Then, by using Equation 7 and by summing over all strata, we deduce Equation 8. Now the result on the
quality follows from the fact that

52 - (/[071](1 s(@)dr)® = (S —/

[0,1)¢

s(x)dz)(En + /

) 25 (B / s()dz).

[0,1]¢

Here is the corresponding lower bound.

Proposition 3. Let 0 < a < 1. There exists two functions (f,s) that are (1,a)—Holder (satisfying As-

sumption 1) and such that, for any partition N in less than K conver and measurable strata, the associated

Y verifies
f D dz > e(d)( )"
. B S 1
N measurable, Nll{blas K convez strata N /[0’1](1 S(SU) = C( )(K> ’
where c¢(d) = Wl“/;d/ﬂl) > 0 is a fized constant that depends on d only. This implies for these

functions that the associated quality satisfies

inf QT%NK >

N measurable, N has K convex strata n
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Sketch of Proof for Proposition 8. For any K, it is possible to construct two functions such that AV is an
optimal partition in K strata for these functions, such that (f,s) are (1, ) Holder, such that s = 0 and f
attains the Holder exponent in many points, and such that it is not well approximated by functions that

are constant by parts on the strata of AMx. For these functions, the lower bound holds. O

The full proof for this proposition is provided in Appendix D.

3.8. General comments

The impact of a and d. The quantity ¢, v, increases with the dimension d, because the Holder assumption
becomes less constraining with d. This can easily be seen since a hyper-cubic stratum of measure w has a
diameter of order w'/?. Qn Ny decreases with the smoothness a of the function, which is a natural effect
of the Holder assumption. Note also that when defining the partitions Ax in Definition 1, we made the
important assumption that K'/¢ is an integer. This fact is of little importance in small dimension, but

matters in high dimension, as illustrated in the last remark of Section 5.

Minimaz optimality of this rate. The rate n~' K~/ is minimax optimal on the class of a—Hblder functions
since for any n and K one can build a function with Holder exponent « such that the corresponding s,
is at least f[071]d s(z)dx 4+ cK /% for some constant ¢ (see Proposition 3). Also, choosing small strata of
same shape and size is also minimax optimal on the class of Holder functions, since the Holder assumption
provides no information on the localization of the irregularities of the function, but just a bound on their

magnitude.

Discussion on the shape of the strata. Whatever the shape of the strata, as long as the diameter of the
largest stratum goes to zero®, ¥ converges to f[o,1]d s(z)dx, see Proposition 1. Thus the shape of the strata
has an influence on the second order term only. This result was already made explicit, in a different setting
and under different assumptions, in [5]. Moreover, the important point for making sure that the second
order term vanishes to 0 at a rate faster than 1/n is that the diameter of the largest stratum goes to 0.
Intuitively, the optimal partition in K strata is then a partition in K balls of equal diameter (we consider
in this work hypercubes which are I, balls). This intuition is confirmed formally in this paper, where we
proved that choosing small strata of same shape and size is optimal on the class of Holder functions, see
Propositions 3 and 2. The important question that is remaining is then on the optimal number of strata

that one should consider.

5And note that in this noisy setting, if the diameter of the strata does not go to 0 on non homogeneous part of f and s,

then the standard deviation corresponding to the allocation is larger than f[o 14 s(u)du.
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The decomposition of the wvariance. Note that the variance Uﬁ within each stratum € comes from two
sources. First, from the noise s(x) which contributes by wik fﬂk s(x)?dz. Second, from the mean f -which

is not a constant function- which contributes by - [, (f(2) = 4+ [o, f(u)du)zd:z:. Note that when the

size of Qx goes to 0, this later contribution vanishes, and the optimal allocation is then proportional to

\/w;C ka s(x)?dz +o(1) = ka s(xz)dx 4 o(1). This means that for small strata, the variation in the mean

are negligible when compared to the contribution coming from the noise.

4. MC-UCB and a matching lower bound

4.1. Improved analysis of MC-UCB

In this subsection, we describe a slight modification of the algorithm MC — UCB introduced in [1].
The algorithm computes a high-probability bound on the standard deviation of each arm and samples the
arms proportionally to their upper-bounds times the corresponding weights. The only difference with the
algorithm described in [1] is that we change the form of the high-probability upper confidence bound on
the standard deviations, in order to simplify the proofs, and improve the analysis. The algorithm takes as
input four parameters: b and fimax, which are linked to the distribution of the arms, § which is a (small)

probability, and the partition Nx. We remind in Figure 1 the algorithm MC-UCB.

Input: b, fumax, 0, Nk.
Set A = 2(2fmax + 1)1/ (2fmax + 3b + 12f2,,) log(6nk/3)

Initialize: Sample 2 points in each stratum.

fort=2K+1,...,ndo

Compute By, = ﬁ (Erk,t,1 + A ™ LJ for each stratum 1 < k < K

Sample a point in stratum k; € argmaxi<i<r B,

end for

Output: fi, = Y 0| Wkflkn

Figure 1: The pseudo-code of the MC-UCB algorithm. The empirical standard deviations and means 6’% . and fig ¢ are computed

using Equations 9 and 10.

The estimates of &,%)Fl and fiy ¢+—1 are computed according to

Tk t—1
1 .
~92 o A 2
Okt—1= Trat ; (Xkyi — fik,e-1)" (9)
and
1 Tr,t—1
Or 1 = X . 10
Mk t—1 Tk,tfl ; ki ( )
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4.2. Upper bound on the pseudo-regret of algorithm MC-UCB.

We first state a sub-Gaussian assumption on the noise €;, satisfied for e.g., Gaussian as well as bounded

distributions.

Assumption 2. There exist b > 0 such that Yz € [0,1]¢, V¢, and Y\ < %,

2 2

E,, {exp()\et)} < exp (2

m) and E,, |exp(Ae? —w < exp (2

T

We also state an assumption on f and s.
Assumption 3. The functions |f| and s are bounded by fmax.

Note that since the functions f and s are defined on [0, 1]¢, if Assumption 1 is satisfied, then Assumption 3
holds for any constant fu.y larger than max(|f(0)|,s(0)) + Md*/?.
We now prove the following bound on the pseudo-regret. Note that we state it on partitions Nz, but it

actually holds for any partition in K strata.

Proposition 4. Under Assumptions 2 and 3 (where we choose fmax > 1), the pseudo-regret of MC-UCB

2

run on a partition N with n > max(4K, 2blog(2n)) and 6 = n™2, satisfies

4/3 K1/3 14KY3,,

E[Rn,NK (AMCfUCB)} S 24\/52./\/1( \/(2fmax + 3b + ]-er%ax) (2fmax + 1) W IOg(TLK) + TL2

The proof, provided in Appendix A, is similar to the one of MC-UCB in [1]. But an improved analysis
leads to a better dependency in terms of the number of strata K. We remind that in paper [1], the bound
is of order O(K n~%/3). This improvement is crucial here since the larger K is, the closer Y, is from
f[O,l]d s(x)dz. The next Subsection states that the rate K/30(n=%/3) of MC-UCB is optimal both in terms
of K and n.

4.8. Lower Bound

We now study the minimax rate for the pseudo-regret of any algorithm on a given partition Nx. Note

that we state it for partitions N, but it actually holds for any partition in K strata of equal measure.

Theorem 1. Let K € N. Let inf be the infimum taken over all online stratified sampling algorithms on N

and sup represent the supremum taken over all environments, then:

. K1/3
inf sup E[R, ] > CW’

where C is a numerical constant.

Sketch of proof (The full proof is reported in Appendiz F). For 2K smaller than some constant, we prove a
lower bound in n~*? with a two-armed bandit. For 2K larger than this constant, we consider a partition

13



in 2K strata. On the K first strata, the samples are drawn from Bernoulli distributions of parameter py
where px € {§,1,35}, and on the K last strata, the samples are drawn from a Bernoulli of parameter
1/2. We write 0 = \/m the standard deviation of a Bernoulli of parameter . We index by v a set
of 2K possible environments, where v = (v1,...,vg) € {—1,+1}¥, and the K first strata are defined by
pr = o+ vih. Write P, the probability under such an environment, also consider P, the probability under

which all the K first strata are Bernoulli with mean p.

We define €, the event on which there are less than % arms not pulled correctly for environment v
(i.e. for which T} , is larger than the optimal allocation corresponding to p when actually pp = 4, or

smaller than the optimal allocation corresponding to p when pj = 3%5). See Appendix F for a precise
definition of these events. Then, the idea is that there are so many such environments that any algorithm

will be such that for at least one of them we have P,(€2,) < exp(—K/72). Then we derive by a variant of

Pinsker’s inequality applied to an event of small probability that P, (€,) < KL(% Po) O("BI/<2 ). Finally,
by choosing o of order (£)/3 we have that P, () is bigger than a constant, and on Q¢ we know that
there are more than %

v of order Q(%//:) O

arms not pulled correctly. This leads to an expected pseudo-regret in environment

This is the first lower-bound for the problem of online stratified sampling for Monte-Carlo. Note that
this bound is of same order as the upper bound for the pseudo-regret of algorithm MC-UCB. It means that
this algorithm is, up to a logarithmic factor, minimax optimal, both in terms of the number of samples and
in terms of the number of strata. It is proven here on the partitions Nk only but we conjecture that a

2/3
similar result holds for any measurable partition N with a bound of order ( D oweN :A’fﬁ)

5. Best trade-off between Q. A, and R, ar (Anvic—ucB)

5.1. Best trade-off

We consider in this Section the hyper-cubic partitions N defined in Definition 1, and we want to find
the optimal number of strata K,, as a function of n. Using the results in Section 3 and Subsection 4.1, it is
possible to deduce an optimal number of strata K to assign as parameter to the MC-UCB algorithm. Note
that since the performance of the algorithm is defined as the sum of the quality of partition N, i.e. Qpn nrg
and of the pseudo-regret of the algorithm MC-UCB, namely R, n (Avc—vcs), one wish to (i) on the one
hand, use many strata so that @, is small but (ii) on the other hand, pay attention to the impact that
this number of strata has on the pseudo-regret R, n (Armc—ves). A good way to do that is to choose K,

as a function of n such that Q, v, and R, ., (Amc-vcg) are of the same order.

Theorem 2. Under Assumptions 1 and 2 (since on [0,1]%, Assumption 1 implies Assumption 3, by setting

d
fmax = max (1,max(|f(0)|,s(0)) + Mdo‘/z)), § =n~2, choosing K, = (L(nﬁ)l/dj) (< n#5s < n), we

14



have if n > max(4K,blog(2/5),29+3%) that

E[L,(Aymc-veB)] — L (A7)

1mn
N'measurable

4/3 N a
< 112VA(M + 1)v/ (2 fomme + 30 + 12f2) (Qfmax + 1) Faxnt™ 7555 1 flog(n) + 562, n~ e

If d < n, the simplified bound is

d+4a

Ly (A*) = O(n~ o¥a ).

E[L,(Ayxc—veB)] —

N’'measurable
n

2
We remind that inf xvmeasurabie Ln 7 (A*) = (f[o 14 s(x)dx) .

Sketch of proof of Theorem 2. (The full proof is in Appendix E) The definition of K, implies that K, >

d

(n Tee — 1) > na¥sa (1 — ﬁ) Also, by definition, K,, < n s By plugging these lower and upper
nd d+3a

bounds, in respectively @, n, and Ry a7, (Propositions 2 and 4), we obtain the the final bound. O

We can also prove a matching minimax lower bound using the results in Theorem 1.

Theorem 3. Let sup represent the supremum taken over all a—Holder functions (f,s) and inf be the
infimum taken over all algorithms that consider partitions in convex strata of same size (i.e. the (Nk)k),
then the following holds true:

infsupEL,(A) —  inf Lo (A%) = Q(n~ #5a ).

'measurable

Proof of Theorem 3. (The full proof is in Appendix G) This is a consequence of Theorem 1 and of Propo-

sition 3, dividing the domain in parts in order to fit the conditions of these two results. O

5.2. Discussion

Optimal pseudo-risk. The dominant term in the pseudo-risk of MC-UCB with proper number of strata
is W = %(f[o,ud s(x)dx)2 (the other term is negligible). This means that MC-UCB is almost as
efficient as the optimal oracle strategy on the optimal oracle partition. In comparison, the variance of the
estimate given by crude Monte-Carlo is f[o,l]d (f(z) - f[O,l]d f(u)du)de + f[O,l]d s(x)?dz. Thus MC-UCB
enables to have the term coming from the variations in the mean vanish, and the noise term decreases (since

by Cauchy-Schwarz, (f[o o s(m)dm)2 < f[o 1 s(z)%dr).

Minimaz-optimal trade-off for algorithm MC-UCB. The optimal trade-off on the number of strata K, of
order nis= depends on the dimension and the smoothness of the function. The higher the dimension, the
more strata are needed in order to have a decent speed of convergence for X x,,.. The smoother the function,
the less strata are needed.

It is also important to notice that this trade-off is not perfect and a \/m factor remains between the
lower and upper bound.
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2 2
W9
Tk,n

Link between risk and pseudo-risk. It is important to compare the pseudo-risk L, (A) = Zszl and
the true risk E[(i,, — p)?]. These quantities are in general not equal for an algorithm A that allocates the
samples in a dynamic way: indeed, the quantities T} , are in that case stopping times and the variance of
the estimate fi,, is not equal to the pseudo-risk. However, in the work [3], some links between the risk and
the pseudo-risk were discussed. Links between L, (A) and Zle WIE[(fuk,n, — pr)?] were established since
E[(fkn — pr)?] < %E[Tk’n], where T ,, is a lower-bound on the number of pulls T}, , on a high probability
event. A bound on fhe cross products E[(tg,n — £tk ) (fip,n — thp)] was also deduced. A tight analysis of these

terms as a function of the number of strata K remains to be investigated.

Knowledge of the Holder exponent. In order to be able to choose properly the number of strata in order
to achieve the rate in Theorem 2, it is needed to know a correct lower bound on the Hoélder exponent of
the function: indeed, the rougher the function is, the more strata are required. On the other hand, such
a knowledge on the function is not always available and an interesting question is whether it is possible
to estimate this exponent simultaneously as sampling the function. There are interesting papers on that
subject like [10] where the authors tackle the problem of regression and prove that it is possible, up to a
certain extent, to adapt to the unknown smoothness of the function. The authors in [6] further prove (in
the case of density estimation) that it is even possible, under the assumption that the function attain its
Holder exponent, to have a proper estimation of this exponent and thus adaptive confidence bands. An idea

would be to try to adapt those results in the case of finite sample.

MC-UCB On a noiseless function.. Consider the case where s = 0 almost surely, i.e. the samples collected
are noiseless. Proposition 1 ensures that infa Xar = 0: it is thus possible to achieve a pseudo-risk that has
a faster rate than O(%) If the function f is smooth, e.g. Hélder with a not too low exponent «, it may be
efficient to use low discrepancy methods to integrate the functions. An idea would consists in stratifying the
domain in n hyper-rectangular strata of minimal diameter, and select at random one sample per stratum.
The variance of the resulting estimate is of order O(npriéa/d) Algorithm MC-UCB is not as efficient as a
low discrepancy scheme: it needs a number of strata K < n in order to be able to estimate the variance of
each stratum. Its pseudo-risk is then of the order O(m) It is however only true when the observations

are noiseless. Otherwise, the order for the variance of the estimate is in O(1/n), no matter what strategy

the learner chooses.

In high dimensions. The first bound in Theorem 2 expresses precisely how the performance of the estimate
2
returned by MC-UCB relies on d. The first bound states that the quantity L, (A) — %(f[o,l]d s(;zc)dw) is
negligible compared to 1/n when n is exponential in d. This is not surprising since our technique aims at
stratifying equally in every direction, and it is not possible to stratify in every directions of the domain if

the function lies in a high dimensional domain (i.e. such that n < exp(d)). This is however not a reason for
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not using our algorithm in high dimensions. Indeed, stratifying even in a small number of strata already
reduces the variance, and in high dimensions, any variance reduction techniques are welcome. As mentioned
in the end of Section 2, the model that we propose for the function is suitable for modeling d* dimensional
functions that we only stratify in d < d* directions (and exp(d) < n). A reasonable trade-off for d can also
be inferred from the bound, but we believe that a good choice of d heavily depends on the specific problem.
We then believe that it is a good idea to select the number of strata in the minimax way that we propose.
Again, having a very high dimensional function that one stratifies in only a few directions is a very common
technique in financial mathematics, for pricing options (practitioners stratify an infinite dimensional process

in only 1 to 5 carefully chosen dimensions). We illustrate this idea in the next Section.

6. Numerical experiment: influence of the number of strata for the Pricing of an Asian option

We consider the pricing problem of an Asian option introduced in [8] and later considered in [11, 4]. This
uses a Black-Scholes model with strike C' and maturity 7. Let (W (¢))o<i<r be a Brownian motion. The
discounted payoff of the Asian option is defined as a function of W, by:

F((W)o<i<r) = exp(—rT) max {fOT So exp ((r — st + Sth)dt -C, O} , (11)

where Sy, r, and sg are constants, and the price is defined by the expectation p = Ey F(W).

We want to estimate the price p by Monte-Carlo simulations (by sampling on W). In order to reduce the
variance of the estimated price, we can stratify the space of W. In [8] it is suggested to stratify according
to a one dimensional projection of W, i.e., by choosing a time t and stratifying according to the quantiles
of W; (and simulating the rest of the Brownian according to a Brownian Bridge, see [11]). They further
argue that the best direction for stratification is to choose t = T, i.e., to stratify according to the last time
of T. This choice of stratification is also intuitive since W has the highest variance, the biggest exponent
in the payoff (11), and thus the highest volatility. [11] and [4] also use the same direction of stratification.
We stratify according to the quantiles of Wy, i.e. the quantiles of a normal distribution A (0,7). When
stratifying in K strata, we stratify according to the 1/K-th quantiles (so that the strata are hyper-cubes of
same measure).

We choose the same numerical values as in [11]: Sy = 100, r = 0.05, s = 0.30, T =1 and d = 16. Like
in [11], we discretise the Brownian motion in 16 equidistant times, so that we are able to simulate it. We
choose C' = 120.

In this paper, we only do experiments for MC-UCB, and exhibit the influence of the number of strata.
For a comparison between MC-UCB and other algorithms, see [1]. By studying the range of the F(W), we
set the parameter of the algorithm MC-UCB to A = 1501og(n).

For n = 200 and n = 2000, we observe the influence of the number of strata in Figure 2. We observe the
trade-off that we mentioned between pseudo-regret and quality, in the sense that the mean squared error
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of the estimate returned by MC-UCB (when compared to the true integral of f) first decreases and then
increases with K. We also illustrate that for a large n the minimum of the mean squared error is reached
with a larger number of strata K. The numerical results corroborate (surprisingly well) the theoretical
findings. Finally, note that our technique is never outperformed by a uniform stratified Monte-Carlo: it is

thus always a good strategy to use MC-UCB on a relevant number of strata.

Mean squared error in function of the number Mean squared error in function of the number

of strata for n = 200 05 _of strata for n=2000
o ‘ ‘ ‘ ‘ osd |7 Crude MC |
é S4 +Crude MC £ ---Uniform Stratified MC
= ---Uniform Stratified MC % 0.52- — MC-UCB 1
052 —MC-UCB S —— ]
c (]
- E .
8 ' 5 0.5r . 4
5t Nt \

£ ' 2049 1
g . o *

S T 0.48 AT T 4
% 48 T - D O T L
= S 0.47
c' R (= |
c g
g 48 S 0.46 ,
S (]

=045 1
4'40 ﬁo 46 éo éo 100 0.4 ‘ ‘ : ‘
Number of strata e 20 40 60 80 100

Number of strata
Figure 2: Mean squared error for uniform stratified sampling for different number of strata, for (Left:) n=200 and (Right:)

n=2000.

7. Conclusion

In this paper we studied the problem of online stratified sampling for the numerical integration of a
function given noisy evaluations, and more precisely we discussed the problem of choosing the minimaz-
optimal number of strata.

We explained why, to our minds, this is a crucial problem when one wants to design an efficient algorithm.
We enlightened the fact that there is a trade-off between a large number of strata (in order to have a low
approximation error, called the quality of a partition) but not too many, in order to perform almost as well
as the optimal oracle allocation on a given partition (small estimation error, called pseudo-regret).

When there is noise to the function, the noise is the dominant quantity in the optimal oracle variance on
the optimal oracle partition. Indeed, decreasing the size of the strata does not diminish the (local) variance
of the noise. In this case, the pseudo-risk of algorithm MC-UCB is equal, up to negligible terms, to the
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mean squared error of the estimate outputted by the optimal oracle strategy on the best (oracle) partition,
at a rate of O(n_%) where « is the Holder exponent of s and f. This rate is minimax optimal on the
class of a-Hélder functions: it is not possible, up to a logarithmic factor, to do better on simultaneously all
a-Holder functions.

We believe that there are (at least) three very interesting remaining open questions:

e The first one is to investigate whether it is possible to estimate online the Holder exponent fast enough
when this exponent is initially unknown, and perform almost as well as if this exponent where known

(and used to compute the best number of strata for MC-UCB).

e The second direction is to build a more efficient algorithm in the noiseless case. We noticed that in this
case, MC-UCB is not as efficient as a simple non-adaptive method. The problem comes from the fact
that in the case of a noiseless function, it is important to sample the space in a way that guarantees
that the points are as spread out as possible. An interesting problem is thus to build an algorithm

that mixes ideas from quasi Monte-Carlo and ideas from online stratified Monte-Carlo.

e Another question is the relevance of fixing the strata in advance. Although it is minimax-optimal on
the class of a—Holder functions to have hyper-cubic strata of same measure, it might in some cases
be more interesting to focus and stratify more finely at places where the function is rough. On that
perspective, it could be more efficient to design an adaptive procedure that would also decides where

to refine the stratification.
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Appendix A. Proof of Proposition 4

Let Mk be the partition of the space that we consider. At each time ¢, the algorithm can choose between
the K strata (arms) and observes a sample X (¢) = X}, if it chooses stratum K. We write vy, for the
distribution of stratum (arm) K, i.e. the distribution of the sample conditional to the fact that the state x;

is chosen in ;. Then the X} ; ~ v and are independent.

Appendiz A.1. Main tool: a high probability bound on the standard deviations

Upper bound on the standard deviation:

Lemma 1. Let Assumption 2 and 3 hold and n > blog(2/0). Define the following event

< Aﬁ , (A1)

§=Eknl(0) = m ’ %Z(Xk,i—%z)(k,j)z_gk
1 =1

1<k<K, 2<t<n i=

where A = 2(2fmax + 1)/ (2fmax + 3b + 12f2,. ) log(6nK/5). Then Pr(¢) > 1 —6.

Note that the first term in the absolute value in Equation A.1 is the empirical standard deviation of arm
k computed like in Equation 9 with ¢ samples. The event £ plays an important role in the proofs of this

section and a number of statements will be proved on this event.

Proof. Under Assumption 2 and 3, all assumptions of Lemma 4 are verified and with probability 1 — ¢ we

have
t t
1 1 2 (Qfmax + 3b + 12-](3’1&)() 10g(6/(5)
o ) < .
‘ — 2:: (X t;XW) o] < 2(2fmax+1)\/ : , (A.2)
since frax > max;(max(|EXy |, /VXk,:)) = max;(max(p;, 0;)).
Then by doing a simple union bound on (k,t), we obtain the result.
O

We deduce the following corollary when the number of samples T}, ; are random.

Corollary 1. Foranyk=1,...,K andt =2K,...,n, let {Xy;}; be n i.i.d. random variables drawn from
Vi, satisfying Assumption 2. Let Ty be any random variable taking values in {2,...,n}. Let &l%,t be the

empirical variance computed from Equation 9. Then, on the event &, we have:

. [ 1
|O'k,t70'k‘SA m, (Ag)

where A = 2(2fmax + 1)/ (2fmax + 3b + 12f2,.) log(6nK/4).
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Appendiz A.2. Main Proof

Proof of Proposition 4. Step 1. Lower bound of order O(n?/3). Let k be the index of an arm such that
Ten > % (this implies Ty ,, > 4 as n > 4K, and arm k is thus pulled after the initialization) and let t+1 <n
be the last time at which it was pulled 9, i.e., Tp+ = Thpn — 1 and Ty 441 = Tj,n. From Equation A.3 and

the fact that Ty , > %, we obtain on §

wi 1 Kuwy, (crk + QA)
B, < = 24 — | <K ——————— 72 A4
kt+l S Ty o+ Toe ) = " ) (A.4)

where the second inequality follows from the facts that Ty ; > 1, wror < Xpr, and wy < >, wy = 1. Since

at time ¢ + 1 the arm k has been pulled, then for any arm ¢, we have
By i+1 < Br 41 (A.5)

From the definition of B, 41, and also using the fact that T, ; < T} ,,, we deduce on { that

2Aw 2Aw
By > e s 200 (4.6)
Tq,é Tq,él
Combining Equations A.4—-A.6, we obtain on &
2Aw, Kuwy, (O'k + 2A>
T n '
Finally, this implies on & that for any ¢ (since wy, = wy),
24 n\2/3
Tynz (A1) A
= \op +24K (A7)

2/3 2/3
Thus Vq, T, > C(%) where C' = (me—%) .

Step 2. Properties of the algorithm. We first remind the definition of B ;41 used in the MC-UCB

algorithm

w . 1
Byt1 = Tiqt <0q,t +A Tt)
q, q,

Using Corollary 1 it follows that, on &

w 1
4 < By < Tiq <O'q +2A T). (A.8)

Let t4+1 > 2K +1 be the time at which an arm ¢ is pulled for the last time, thus Tj, ; = T, , — 1. Note that
there is at least one arm such that this happens since n > 4K. Since at ¢ + 1 arm ¢ is chosen, then for any

other arm p, we have

Bp,t-i—l S Bq,t+1 . (Ag)

6Note that such an arm always exists for any possible allocation strategy given the constraint n = Zq Tyn-
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From Equation A.8 and T, = 1j , — 1, we obtain on &

w 1 w 1
By < =% 24 =4 24,/ —— | A10
ot =T (U’I - Tq,t> Tyn —1 (U‘l N Tyn — 1> (4.10)

n

Furthermore, since T}, ; < T, ,, then on §

Wp9p -, WpOp

Byii1 > (A.11)

Pt Tp,n

Combining Equations A.9-A.11, we obtain on £

WpTp

1
. (Tq,n - 1) S 'LUq (Uq + 2A 1‘%—1) .

0 q

Summing over all ¢ such that the previous Equation is verified, i.e. such that T, , > 3, on both sides, we

w 1
Tzﬂ Yo (Tn-1< Y wq<aq+2A,/T_1>.
P 1Ty >3 Al Tgn>3 on

This implies (since Eq\Tq,nzs(Tq,n -1)=n- quTq,n<3 2— Eq\Tq,nzs 1>n-2K)

obtain on &

WpTp

K
1
(n—2K) <> wy|og+24, | —|. (A.12)
Tpm e Tym —1

Step 3. Lower bound. Plugging Equation A.7 in Equation A.12,
Wpop 1

[9K?2/3
q
2v24 K1/3
\/6 n1/3’

(as T, > 2). Finally as n > 4K, and since -2 > 1 + 2z, we obtain on ¢ the

l—-z —

<3ng +

Tllv'"'

on &, since Ty ,, —1 >
following bound

Wy S, 224 K'/3
Tpn — n—2K VO (n—2K)nl/3

Y 1 +4\/§AK1/3
n 1-2K/n VC nt/3
by 4K . 4V2A K'/3

n VC nA/3

Y N 424 K1/3 N 4K Y pr,
n \@ n4/3 n2 ’

IN

(A.13)
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Step 4. Regret. By summing and using Equation (A.13) which holds for all p, we obtain on ¢ (with
probability 1 — §)

n,NK—Zprn Y e Rt

This implies since EL,, = E[L,I{¢}] + E[L,1{¢°}] and since § = n~2

SR | 40a V2A K3 AKYR 2 2y 2
ELp Ny < nK + \K@ 73 + 3 K +(zp:wpap)n

< E?\/K +42NK\/§AK1/3+5KE./2\/K
=, JC  ni/s n2

N

since ) wiol < ¥R, .
n-

Since § =n~2 and n > 4K > 8, we have

A < 6(2fmax + 1)V (2fmax + 3b + 12f2, ) log(nK).

Also, we have A > 24/log(211) > 4, which implies (since C' is an increasing function of A)

2A )2/3_ ( 8 )2/3

cC>(——— _
- (fmax+2A fmax + 8

These last equations lead to

4/3 g1/3

>3 14K2
ELnNie €~ + 2V2EN v/ @l + 35+ 120200 (2hmax +1) | — 17 VVIog(nE) + —2%.

2

n

Appendix B. Proof of Proposition 1

Step 1: Expression of the variance of the stratified estimate. Note that the samples f(x) + s(z)e; are such
that e; ~ v, and E,_[e;] =0, V,_[e:] = 1, and the €; are independent. We have

ot = o [, B [(al®) i)l
o [ B @ s o [ s
- L [ = [ - o [ )iz + L [ &, [se]as
- wik . (f(x) - wik o flu)du)®dz + wik /m s(x)2dw

Step 2: Proof for the uniformly continuous functions. We first prove the result for a subset of Lo([0,1]%),

namely the set of functions f and s that are uniformly continuous.
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Proposition 5. If the functions f and s are uniformly continuous and if the strata satisfy the Assumptions

of Proposition 1, we have
thpak@ - / s(z)dz —, 0.
k [071]d

Proof. Let v > 0. As s and f are uniformly continuous, we know that 3n such that Vz, Vu € Bs 4(n) (where
By 4(n) is the ball of center 0 and radius 7 according to the ||.||2 norm) we have |s(z + u) — s(z)| < v and
o +w) — ()] < v.

By Assumption ASI, we know that wy, < wv,. Note that the diameter of strata ), is such that
D(wg,p) < D(vyp). Let us choose p big enough, i.e. such that D(v,) < n and v, < v.
We have

1 1 1 > ] 1 2
oo [ rm [ (o [ ) o [ (e [ )
Wk,p Jo Wk,p JQy,, Wk,p JQ Wk,p JQy , Wk,p JQy ,

k,p k,p

1 1 2 1 1 2
- (s~ ) + (7~ f)
Wk,p JQ Wk,p JQ Wk,p JQu Wk,p JQy

k,p k,p <

IN

v? 40?2 < 202,
By concavity of the square-root function, we have

Okp — (L/Q s) < V2v,

wkvp k,p

and by summing up we get
Zwkypakyp - / s < V0.
k [071]d

O

Step 3: Density of uniformly continuous functions in Lo. We first remind a property of the functions in

L ([0, 1]%).
Proposition 6. The uniformly continuous functions according to the ||.||a norm are dense in La([0,1]¢).
Proof. The result follows directly from the facts that

e The continuous functions are dense in Lo (£2) (Stone-Weierstrass Theorem).

e The uniformly continuous functions on a compact space 2 according to the ||.||2 norm are dense in

the space of continuous functions.

e [0,1]¢ is a compact.
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This means that we can approximate with arbitrary precision according to the ||.|| measure on Lo ([0, 1]%)
any function in Lo (]0,1]%) by an uniformly continuous function. Using this proposition, we can prove the
Yy ) Yy Yy g prop ) p

following Lemma.

Lemma 2. For a given p and a given v, there exist two uniformly continuous function m, and s, such

that:

Wk,p JQy Wk,p JQy,

]%ﬁm%fgimw¢/ (- [ potwdn) de-—— [ ] <.
k=1 k=1

Proof. Let us fix pand v < 1.

Let f, be an uniformly continuous function such that
2

[ (@) = @) < minw) .

and s,, be an uniformly continuous function such that

U2

/Q<S(w) — su())’dz < min(wyp) 7.

A choice of such functions is possible from Proposition 6 and since wy, > 0. Note that we thus have

L @ - fepar < 2 B.1)
WE,p Qi p 16

and
1 (5(z) — 8y(x))%dx < U—Z (B.2)
wk,p Qi p 16

Since for a functional Lo norm, || f — gll2 > ||| fll2 — llgll2],

1
(s(z) — sy(x))?dx > ’ / x)2dx — / x)2dzx|,
Wk,p Qi p Wk,p Qi p Wk,p Qk.p

by combining this with Equation (B.2), we get

1 v\ 2 1 1 v\ 2
—_— s(x)2dx— =) < so(2)2dx < —/ s(x)2dz + - ) ,
(o [, sorae= ) = g [ wtoraes ([ [ soraest)

which implies

1 1 V2
—/ s(x)?dr — — dx’ < / 2dm + —. (B.3)
U}k’p Q. wk,p Qe " 'lU]ﬁp Qe ].6

k,p

A bias variance decomposition implies

1 — :C2I
L ((2) - fo (@))%

wk,P k,p
1 1 1 2
= z) — folx) — — z)dr — —— v(x)dr ) dx
W@ﬂm01>f<> g o F@de == [ fila) )
1 1 2
+ f(z)dx — fo(x)dx)™,
oy o, T = [ gt
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and together with Equation (B.1),

— [ (@)= 1.0 - ()dz

Wk,p k.p Wk,p JQy, , Wk,p J O,

U2

16"

2
fo (a:)dx) dx <

Applying a reasoning similar to the estimation of the integral in s, we have

‘w;p /Q (f(x) — w;p - f(x)dx) de _ wi,p /Q (fv(ac) — wi,p o fv(x)dx)zdx‘

k,p k,p

1 1 2 v 0
<,/ — ( z)— —— xdm) dr— + —.
\/ o/ (@ [ s g G
These both steps (last equation and Equation (B.3)) imply (since J,%’n = ﬁ ka (f(x)fﬁ ka f(u)du)?do+

i o sa)?de)
2

ot (= [ (@) —om [ futwde) das — [ )| < Van

Wk,p JQy, Wk,p JQ, , Wk,p

By concavity of the square-root function, we have

1 1 2 1 02
_ () — - (u)d ) d 2(2)d ‘ <\/ 2 v
‘O’k,p \/wk,P /Qk,p <f (x) WE,p Qi.p f (U) " v Wk, p /Q Sv(x) o= \fO'kJ,U + 8

k,p

And finally, by summing up

‘gwmam - i \/UTP\//QM (fv(x) b fu(u)du)Qdm - /Qk’p s%(m)dm‘ < 2/0 fanaes

wk,p Qk.p

since v <1 < fraxs Ok,p < fmax, and \/\/i + 1/8 < 2. This concludes the proof. O
Step 4: Combination of all the preliminary results to finish the proof. Finally, we finish the proof of Propo-
sition 1.

Let v > 0 and f,, and s, be as in Lemma 2. We know that

Kp Kp 1 2
’ Z Wi pOhp — Z N / (fv(x) — fv(u)du) dx + / s%(x)dx’ <w,
k=1 k=1 Qk,p Q.

Wk,p Q. p

and also that

/ (5(x) — s, (2))?dz <
[0,1]4

VRS

Note that by Cauchy-Schwartz:

/[Oal]d |s(x) — sy (x)|de < \//[071](1(8@) — su(2))2dx < \/g

Note also that Proposition 5 tells us that for p large enough

K, -
,;1 W\//Q (ol - — folu)du)”dz + /Q

Wk,p Sy,

$2 (z)dx — / Sy (z)dz < v.
[0,1]¢

k,p
When combining all those results, one gets the desired result.

Note finally that if we choose the strata as being small boxes of size % and side (%)1/ 4 then the

assumptions of Proposition 1 is verified.
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Appendix C. Proof of Proposition 2

Note first that

= 1 (f(x) L f(u)du)zda: + i/ s2(z)dx
k wr Jo, Wk Ja, Wk Jqu, '

The term in f. Since the function f is (a, M )— Holder, we know that V(z,y) € Q,|f(z)—f(y)| < M||lz—y]|5.
Thus

= (f(m) _ L f(u)du)Qd:E < M2D(y)*
Qg

W WE Ja,

1
<M2 - 2a/d.
< M)

The term in s. Since the function s is (o, M)— Holder, we know that V(z,y) € Q, |s(z) —s(y)| < M||lz—y]|5.

1 2 1/ 2 1 1 2 2 2
—_— s“(x)dx — (— s(u)du)” = — s(x) — — s(u)du) "de < M*D(Q)*“
wr @ = G [ stman)® = (ot [ s()*de < ar2D(0)

1
< MPd(— )/,
< M7d(4)

Finally... By combining those two results

WkOk —/Q s(x)dx < wk\/olzC - (wik/Q S(x)da;)2

1 1
< wk\/MQd(K)m/d + M2d(?)20‘/d.

By summing over all the strata, one obtains

1
DIV —/ s(x)dz < V2dM (=)',
[0,1]¢ K

Appendix D. Proof of Proposition 3

Let us consider a stratum € € N (which is an hypercube of side length K -1/ 4). Let aj be the center

of this stratum. Let us define a function on [0, 1]¢ such that
() = llo = arlls (K /4— |lz — arll2)* 1{lle — axll2 < K~V/¢/4}.

Consider the sphere Sj, defined by the points at a distance K —1/4 /4 of aj,. Consider the function hy, defined
on the ring defined as the difference between the ball of center aj and diameter K~/¢/2 and the ball of
center aj, and diameter K —1/4 /4. For any point z in this ring, define u as the point of intersection between
Sk and the segment [z, ag]. Set hy(x) = —gr(x — (x — w)). In other words it is the symmetric through u of

gk restricted to the segment [ag,u — ag]. Let ¢ be a constant, and consider the function

fe(x) = g + chg.
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Consider the ¢ such that f[o 174 fi = ka f§ = 0 (since by definition, g, hi are non zero only in ). By
definition of hy, gk, we know that ¢ € [—1,0]. We now refer to fj as ff with this specific c.
Le us define now for any x € [0, 1]¢

s(x) =0 and f()= Y fr

k<K
These two functions are (1, «) Holder (since each fi is (1, «) Holder and is non-zero only on stratum ).
For such functions (s, f) the best partition on K convex strata is Nx: indeed, there are K circular ”bumps”
of exactly the same shape and which are circular, so grouping some of them and separating some others is
not going to provide a better partition in K strata than this one.

Now by definition we have

2
Uim:wik o (f(x) . f( )d ) dw+wik o, s (z)dx
2
-/ (fk<x>—w—k [ i(uydu) da
1
= 0. fr(x)?da. (D.1)

Now since the function fj is increasing in any direction until the border of the sphere centered in a; and

with radius K~'/¢/8, we have

1 1
— fk( ) dx > — fk(x)de
Wi Wk Jg:||z—ap|2<K-1/4/8
1
> — (K—*/4/32)da

Wk Jg:K=1/4/16<||z—ak||2<K~-1/4/8

1 7r¢1/2(K71/Ul/8)d
Tw, T(d/241)
d/2

(10 32) (1~ 1/2°)

1 T
>
T wg 2 x 322897 (d/2 + 1)

d/2
m / —2a/d

= K
2 x 32281 (d/2 + 1) ’

K71K72a/d

where I' is the classic Gamma function.

This implies, together with Equation (D.1), that

Okp > c(d)K*a/d,

where ¢(d) = ”Wﬁd/%—l) > 0 is some fixed constant that depends on d only.

Since s = 0, this implies that
SNk — / s(x)de > e(d) K=/,
(0,1]

which concludes the proof (the bound on the quality follows trivially from this).
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Appendix E. Proof of Theorem 2
The definition of K,, implies that (since n is such that n > 24+3%)
K, > (nm - 1)d > (ndﬁm)d > w20, (E.1)
Also, by definition
K, < n@a. (E.2)
Proposition 2 implies together with Equation (E.1)
Sh, < /[0 .y s(x)dz + V2dMnaTsa 2% (E.3)
We thus have

Z%Kn - (f[o,l]d s(:r)dx)2

n <
QnNie, < — "
2% 2dMn TF3a 2% o
< Nk, \/> n _ 2a+3/22NK \/&M?’l_ 3i§a . (E4)
- n

On this partition, using Equation(E.2), Proposition 4, and Equation (E.3), one gets

d+ia
i+3a

4/3 »
ERnne. < 48505 v/ (2fma + 36+ 122, (2 Fanax + 1) n~ 5 \/log(n) + 1453, n~ e
By combining this last equation with Equation (E.4), we obtain

E[L,(Ayvc-veB)] — inf L n (AY)

N’'measurable

< 20H3/2y . \JAMn~ Fe

4/3 . i
+ASE N, V2 + 30+ 12F50) (2f max + 1) n~ 55 \/log(n) + 1453, n~ e

4/3 to o
< (2a+3/ 2VAM + 48/ (2 fmax + 3b + 12f2,) (meax + 1) )2 N, 75 \flog(n) + 1453, n~ e

< 2VAM + D)/ @+ 36+ 127200 (2fimax +1) Finan™ 55 \/log(n) + 562, n ™ 555

since Y, < Yn, < 2fmax. This concludes the proof.

Appendix F. Proof of Theorem 1

Let us write the proof of the lower bound using the terminology of multi-armed bandits. We first prove

a lower bound of order n=%/3 for a two-armed bandit, which will be the lower bound considered for a small

K (for K < 2 x 288log(2)). We then prove a lower bound in K/3n=%/3 for any bandit with more than

2 x 288log(2) arms. This implies in all the cases the desired lower bound, i.e. of order K'/3n=%/3 (since for

small K, i.e. K <2 x 288log(2), then K is smaller than a constant).
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Appendiz F.1. Lower bound with two arms

Consider a bandit with 2 Bernoulli arms, with means respectively uq > 0 and ps = 1/2.

Let p > 0 and o = p1/2 such that
O<p—a<pu<pt+a<l/2

Note that for arm 1, one has that 02 = u(1 — ), and thus: ./%,u <o < /p. We define o, and 044
the two other standard deviation, and notice that 3/t < 0_o < \/&i, and that \/Fu < 010 < \/3p/2. We
choose p small enough so that o = W

We consider 3 bandit environments M (o), M(o_,), M(04+q) (characterized by the standard deviation

of the first arm), and we denote by P,, P,__, P the probability with respect to the corresponding

a? O+to

environments.

n times and arm

_ (041/2)°
4n :

The optimal static allocation for environment M (¢’) is to play arm 1, ¢1(0’) = #/1/2

2, ta(0’) = 0/1/12 730 times. The corresponding quadratic error of the resulting estimate is / (o)

Consider deterministic algorithms first (extension to randomized algorithms will be discussed later). An
algorithm is a set (for all t = 1 to n — 1) of mappings from any sequence (uq,...,u) € {0,1} of ¢ observed
samples (where us € {0, 1} is the sample observed at the s-th round) to the choice of an arm I € {1,2}.
The algorithm then returns an estimate and we write L(uq,...,ur) the (random variable) corresponding

quadratic error.

From Pinsker’s inequality, we have:

P, [T} < t1(0)] < Po[Ty < t1(0)] + / KL(Py_.,Py)/2,
P, [Ty > t1(0)] < P,[Ty < t1(0)] + \/ KL(P,,. ,Py)/2,

and

which implies

(Bo [Ty < 61(0)] + B, [Ty > 11(0)]) < Bo[Th < t1(0)] + \/max (KL(B,_, . P,), KL (B, . P,)) /2

| =

(F.1)

Now by the “chain rule” for Kullback Leibler divergence, we have

KLP,__,Py) = E,__[Th]kl(p — o, p),

where kl(a,b) = alog(%) + (1 — a)log(1=%) denotes the KL for Bernoulli distributions with parameters a

anb b. Using the property ki(a,b) < %, we deduce

KL(P,_..Py) < B, [T1]————
oo Bo) = Bo o G0

2
«
S Ea,u[Tl] 2

g
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Let us assume that the algorithm has access to ;1 and «, and knows which arm is which (but does not know

the environment). An optimal strategy will pull arm 1 such that: (ﬁ)n <T < (a+JJr1/2>n' We

thus have
KL(P, .,P,)< (7‘”@ )a2
O_art o) = — n.
“ Ota+1/2/ 02

The same reasoning provides exactly the same bound for KL(P,, ,P,). We thus deduce (since o < 2 from

the previous bound, and Equation (F.1))

1 1 o /n Ota
(P, [Ty <t P,. [Ty >t <=4 & R [ Tra
3 Pooo 1 SO+ P, [T > 1(0)]) 2+0\/; o t1/2
1 2
<+ 2 n/o
2 o
1 2«
<-+Zm
<3tV
Thus
min(Pg [Ty < t1(0)], Py [T1>t1(0')])<1+27a\/ﬁ'
—a = ) ta =9 \/E

2

Note that %2 < a < Z-. This says that (at least) one of the two events:

1. {T1 > t1(0)} under environment M (o_,)

2. {T1 < ti(0)} under environment M (0 44)

holds with probability at least 3 — %\/ﬁ >1- %/2\/77 Let us assume that it is the first, i.e. P({7} >

ti(o)}) > 3 - ‘732/2 v/n. Under the environment M (u — «), the event {17 > t1(0)} means that the algorithm

pulls arm 1 too many times by at least this number of pulls:

o O_q
= n — n
o+1/2 0o +1/2
S o O—q
n — n
“otr12" Tr1)2
SVl Vel -3)

o+1/2 Z+1/2

AT = tl(O') —tl(J,a)

> Con.

Note also that for a reasonable algorithm, (%ﬁl/z)n <T) < (ﬂ"*rl /z)n, and this leads to

AT < Don.
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The regret is at least:

B ji—a

vV

o2 O_a+1/2 ’
(tl( : )_411( ) ]

o )+ AT T An—ti(o ) = AT) "

1 =

P({T1 > t1(0)}) [

.

P{Ty > t1(0)}) [

X —

1 1(U_a+1/2>2]

(- ATC R P tBAr) 4
2
1 (020 +1/2 2 1 1
— T > (o)) [4(n) (17T e A7)

—a

2

1 1 (7-0+1/2)

) _L

(- ATl 1+ e BAT) 4

O_a+1/2 ’ 2o 2

4 n n20_,
y 1
(1— AT“’—;/;/ 2)(1 + =2 AT

Since 0 < 557575, then P({Ty > t1(0)}) < 1/4, and also AT > Cn?/3, and we know that

1 202n4/3n1/3

1
RTL —Q -
" 256n n? (1— %)(1 + —2:Dn?/3)
1
S OQW.

The same holds for environment M (o4,,) if it is event {77 < t1(0)} that has a large probability in this
event. We have thus proved the lower bound.

Now, the extension to randomized algorithms is straightforward: any randomized algorithm can be seen
as a static (i.e., does not depend on samples) mixture of deterministic algorithms (which can be defined
before the game starts). Each deterministic algorithm satisfies the lower bound above in expectation, thus

any static mixture does so too.

Appendiz F.2. Lower bound when the number of arms is such that K > 288log(2)

Assume now that the number of arms satisfies K > 2881log(2). Each arm k represents a stratum and the
distribution associated to this arm is defined as the distribution of a noisy sample of the function collected
when sampling uniformly in the strata.

Let us choose 31/2 < 1/2 and o = 4. Consider 2K Bernoulli bandits (i.e., 2K strata where the
samples follow Bernoulli distributions) where the K first bandits have parameter (ux)1<k<k, Where each

wk € {p — a, p, u+ o}, and the K last ones have parameter 1/2.
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Define 02 = (1 — p) the variance of a Bernoulli of parameter j, which is such that %,u <o </ (since
u < 1/2). We write o_,, and o4, the two other standard deviations, and notice that %\/ﬁ <0_oq < /I, and
\/; <044 < %,u. We will in the sequel consider p such that 3u/2 < 1/2 and such that the associated
standard deviation is such that o = min (2—10(%)1/37 1/2).

We consider the 2% bandit environments M (v) (characterized by v = (vk)1<k<x € {—1,+1}%) defined
by (ur = p+ vga)i<p<x. We write P, the probability with respect to the environment M (v) at time n.

We also write M (o) the environment defined by all K first arms having a parameter o, and write P, the

associated probability at time n.

Tupa

T SE onatk2"
n times. The corresponding quadratic error of the resulting

The optimal oracle allocation for environment M (v) consists in playing arm k < K, 7 (v)
— 1/2

o Zf(:l U'Ui"‘+K/2
_ (i 00 tK/2)?

n

times and arm k > K, 73(v)

estimate is I(v) . For the environment M (o), the optimal oracle allocation consists in

playing arm k < K, t(o) = n times (and arm k > K, t3(0) = n times).

o __ _1/2
Ko+K/2 Ko+K/2

Consider deterministic algorithms first (extension to randomized algorithms will be discussed later).
An algorithm is a set (for all ¢ = 1 to n — 1) of mappings from any sequence (rq,...,7:) € {0,1} of ¢

observed samples (where rs € {0,1} is the sample observed at the s-th round) to the choice of an arm

Iiy1 €{1,...,2K}. Write Ty(r1,...,r,) the (random variable) corresponding to the number of pulls of arm
k up to time n. We thus have n = ifl Ty.

Now, consider the set of algorithms that know that the K first arms have parameter uy € {u—a, u, p+at,
and that also know that the K last arms have parameters 1/2. Given this knowledge, an optimal algorithm

will not pull any arm k£ < K more than < )n times. Indeed, the optimal oracle allocation in

O 4o
Ko_otK/2
J4+a

m)n samples to each arm k£ < K. In addition, since

all such environments allocates less than (
the samples of all arms are independent, a sample collected from arm k does not provide any information
about the relative allocations for the other arms. Thus, once an arm has been pulled as many times as
recommended by the optimal oracle strategy, there is no need to allocate more samples to that arm. Writing
A the class of all algorithms that do not know the set of possible environments, A, the class of algorithms
that know the set of possible environments M (v) and A,y the subclass of A, that pull all arms k < K less

than ( )n times, we have

O4o
Ko_o+K/2

inf sup ER,, > inf sup ER,, = inf sup ER,,
A M) Av M(v) Aopt M (v)

where the first inequality comes from the fact that algorithms in A, possess more information than those
in A, which they can use or not. Thus A C A,.

Now for any v = (vy,...,vk), define the events

K
Q,={w:3WC{l,....K}: Ul < 5 and Vk € U, v Ty, > vit(o)}.
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Note that by definition

Qu =

Cen

U {{ NoTi < vt@} O { N {0 = vkt(a)}}}.

1uc{l,.. . Ky:u|=p \  keu keuc

p

By the sub-additivity of the probabilities, we have

Mw\w

Py () <

3 IP’H{ N{oTe < vt@} O { N {0 = vkt(a)}}} .

1UC{1,...K}:|U|=p keu keuc

p

Let us consider a fixed U, and let us write for any v, the corresponding v = (1{k € U}1{v;, =
—1} + 1{k € U°}1{vy = 1})x. This transformation is a bijection from {—1,1}¥ to {0,1}¥. This implies

that the events {mkeu{vak < Ukt(a)}} N { Niere {veTre > ’Ukt(O')}} are disjoint for different v, and

cover all the space when all v are considered. They thus form a partition of the space and

ZIP’[, {{ m {vpTy < vkt(a)}} ﬂ{ ﬂ {vpTy > Ukt(a)}}}] =1.
v keu keuc

We deduce that

;m(av) <Y Y B H{ N oT < ot} O { N 10T > vkt(a)}}H

v p=1UC{l,..,K}:|U|=p keu keuc

[

_ XK: 3 ) H{ () {veTx < Ukt(a)}} ﬂ{ M {wTi > vkt(U)}}H

p=1Uc{l,...K}:|U|=p v keu keuc
K
3

= 1

P=1UC{L,....K}:[U|=p
K

23: "

p=1 p

Since there are 2% environments v, we have

K
. 1 -
ml}nIP’a(Qv) < oK g P,(9,) < oK E

v p=1

K

= ]P’(X:,(JK:1 X, < &) where (Xi,...,Xg) are K independent Bernoulli

K
Note that g Y%, 3

p
random variables of parameter 1/2. By Chernoff-Hoeffding’s inequality, we have P(Zszl X < %) =
P(1/2 - &+ Zszl X > %) < exp(—K/72). Thus there exists Ui, such that Py (Q,.,.) < exp(—K/72).

Let us write p = Py, (Qu,in) and po = Py (Qy,...)- Let kl(a,b) = alog($) + (1 — a) log(3=%) denote the

KL for Bernoulli distributions with parameters a and b. Note that because V2, K L(P,, . (.|Q),P,(.|Q?)) > 0,
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we have

kl(p7pU)SKL(]P> Pﬂ')'

From that we deduce that p(log(p) —log(ps)) + (1 — p)(log(1 — p) —log(1 —py)) < KL(P,,,,.,Ps), which
implies, using p, < exp(—K/72), that

KL(Py,,,,Ps) > %K +plog(p) + (1 — p)log(1 —p)

p

> 2o

2 o5 K —log(2),

since the entropy —plog(p) — (1 — p)log(1 — p) of a Bernoulli random variable is upper bounded by log(2)
for any p. This leads to

72
p S ? (KL(]PU,nm ) EDU) + 1Og(2))'

(F.2)
Let us now consider any environment (v). Let Ry = (rq,...,7:) be the sequence of observations, and
let P! be the law of R; for environment M (v). Note first that P, = P?. Adapting the chain rule for

Kullback-Leibler divergence, we get

KL(Py, Py)

=KL, Py + > > PR KL(PL(|R—1), P (|Ry))
t=2 R;_1

—KLELP)+Y [ > PUMReORram+ Y PRk a,p)

t=2 Ry _i|vr,=+1 Ry_1|vr,=—1
= kl(p— B[ Y Tl +kl(p+a,mE] DY Tyl
kvp=—1

k:vp=+1

We thus have, using the property that ki(a,b) < %,

KL(P,,Py) = kl(p — c, m)Bo[ D> Ti) +kl(p+ o, m)E[ > T

kvp=—1 kvp=+1

Note that for an algorithm in A,p, we have Zszl T < K ( Zto L

m)n. Sincca:gand0<,u§%
we have

KL(P,,P,) < (K$> S
vl = Ko_ o+ K/2/ 02
2
§4U+a%n
ag

«
S 877%
g
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We thus deduce using Equation F.2

72

= (KL(Po, o) +l0g(2)

576 o 721log(2)

Koo't TR
721og(2)

<l/44+ ——=

<1/4+ %

1

53

]Pvmin (vain) =p<

<

<

since 0 < ()13 and o = £ where & < 02 < i, and K > 2881log(2).

Let w € 2, . We know that for any w, there are at least % arms among the K first ones, that are not
pulled correctly: either % arms among the arms with parameter y — o or among the arms with parameter
i+ « are not pulled correctly. Assume that for this fixed w, there are % arms among the arms with
parameter u — o which are not pulled correctly. Let U (w) be this subset of arms.

We write AT =37, 1, Tk — > ey Tk(v) the number of times those arms are over pulled. Note that on

w we have AT > %(t(a) — mn) We have

K K 1 Ko 1 Koo
AT = —t(0) = =Ho-a) = ¢ 6
610~ 5Ho-a) = 5oy k2" 6T v + K2
>1 Ko n—l Ko_q n
“6Ko+K/2 6Ko_o+K/2
n Y I—a
> - )
“6\oc+1/2 o_o+1/2
S ﬁ g — 0_q
T 12(0+1/2) (00 +1/2)
n
ZE(U—U—a)
n
>7
— 120

1

n
> . v K1/3 2/3
2 min (575, 5aaa Kn7),

S

since 0_, < %30 < 0.90, by definition of these quantities and since o = min(; (%)1/3, 1/2).
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Thus on w, the regret is such that

o (@)= S Mol 1 (D et K/2)
T Umin T = Te(w) (2K)2 n
Z wio? N Z wio: 1 (Zf{:l Ovo + K/2)2

= o 2

kel (w) k(W) ke (w)C Ti(w)  (2K) "

1K 2, L (Eioue Ko o6+ K/2)° 1 (S ovet K/2)°
T K26 ti(o_) + 6AT/K (2K — K/6)2(n — AT) (2K)? n

. 14 ((ZfilavioﬂLK/Q)AT (=K, ouatK/2)aT )
- 1 (Zfil Ovia + K/2) (Ko—a/6)n (TK, 0vja—Ko—o/6+K/2)n
~ (2K)? n (1 N 6AT (K 000 +K/2) ) (1 (=K ouatK/2)AT )
Ko—an (K, ova—Ko_a/6+K/2)n

_ 1 (Zfil Oviax + K/2)2

(2K)? n

( (SK, 00,0+ K/2) AT ) ((Zle auia+K/2>AT>
2
> 1 (Zthl UU7Q+K/2) (Zf(:l auiafKU_a/GJrK/Z)n (Ka_a/G)n
~ (2K)? n (1 N 6AT (K | 040+ K/2) ) (1 B (T, 00,0+ K/2) AT )
Ko_an (Zfil U“ia—KO'_a/6+K/2)'I’L
> O/ (AT)Q
- n3c
K1/3
> 0=
where C’, C' are numerical constants. Note that for events w where there are % arms among the arms with

parameter i 4+ a which are not pulled correctly, the same result holds.

Note finally that P(€2, ) > 1/2. We thus have that the regret is lower-bounded as

ERTM“min Z Z R”ﬂ)min (W)P'anin (UJ)

WESL, i
K1/3
> Z CWPvmin(w)
wEQ%min
1 KL/3 K1/3
= §C nd/3 = Tl A

which proves the lower bound for deterministic algorithms. Again, the extension to randomized algorithms
is straightforward: any randomized algorithm can be seen as a static (i.e., does not depend on samples)
mixture of deterministic algorithms (which can be defined before the game starts). Each deterministic

algorithm satisfies the lower bound above in expectation, thus any static mixture does so too.

Appendiz F.3. Conclusion

Consider a multi-armed bandit with K arms. If K < 2 x 288log(2), we know from the lower bound with
2 arms that there exists a bandit with K arms (with 2 arms defined as in the lower bound with two arms,
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and all other arms that always output 0) such that

a3 Cs K1/3 - Cs K1/3

> = —
ERn v = Con K1/3 nd/3 = 94 pa/3’

since K < 2 x 2881og(2). Now if K > 2 x 288log(2), we know from the lower bound with K arms that there

exists a bandit with K arms such that

K1/3

ER, v .. = C1—=.
N, Umin = 1 n4/3

This concludes the proof.

Appendix G. Proof of Theorem 3

Set K = nd+d3a, and D be some large constant.

Let v € {0,1}%. We define the functions (f,s) = (f,,s,) as follows.

e On the first fifth of the domain (i.e. on [0,1/5] x [0,1]971), set f and s such that s = 0 and f =

D keNspr.nC[0,1/5]x[0,1)4-1 [k (Where fi as in the proof of Proposition 3).

e On the third fifth of the domain (i.e. on [2/5,3/5] x [0,1]¢71) set f, s and the distribution of the noise
such that the distribution when one samples in z is a Bernoulli of parameter 1/2 (i.e. f = 1/2 and

s=1/2).

e On the fifth part of the domain (i.e. on [4/5, 1] x [0,1]971), the construction is more involved. Consider
first a stratification of the fifth part in K strata of same size. For each stratum, consider the ball that
is in the middle of the stratum, and whose radius is a quarter of the side length of the stratum. Let g,
be the function whose value is 0,, € {o_,04} on the ball (where we write o_ and o for the o_, and
the o, in the proof of Theorem 1, in order to avoid confusion with the Holder exponent). Outside
the ball, let the function go linearly to 0 from o,, (it reaches 0 on the ball that is in the middle of the
stratum, and whose radius is half of the side length of the stratum. Then the function remains 0 in
the rest of the stratum. We define f = f, and s = s, such that the distribution in x is a Bernoulli of

standard deviation g, and associated mean smaller than 1/2 (i.e. f =g, and s = \/g,(1 — g.)).

e Finally, connect linearly the three parts of the function f,s on the second and fourth fifth, so that

they are continuous.

This construction defines the functions (f, s) = (f,, s,) (which differ according to v on the fifth part).

The functions (f,,s,) are clearly (5,a)-Holder on parts 1 to 4 of the domain, and continuous on the
whole domain. We remind that in the proof of Theorem 1, the quantity o is of order (K/n)'/? = K—/4,
and o_, 0 are of the same order. Let us write ¢ for the constant such that o_ < oy = ¢cK~*/¢. The linear
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part linking o, with 0 is of length Kl/d/4. So for any two points (z, 2 4 u) in the linear junction part, we
have W < SUPg<y<K1/d /4 1@5}7;“/“0404—139 So s is (max(5,¢), «)-Holder on the whole domain.
The same holds for f since f is the Bernoulli mean associated with f, and since f is very small on the fifth
domain, then f ~ s? and has a regularity higher than f on this domain. So it is also (max(5, ¢), a)-Holder
on the whole domain.

As proved in Proposition 3, for any partition of DK or less than DK strata, we have that the difference
in quality is larger than the difference in quality in the first part of the domain (since the quality on the rest

of the domain is positive by definition), and

K—o/d d+da

= cn d+3a R

inf >c
N Qn,./\f el

where ¢ > 0 depends on d only. This concludes the proof for any algorithm that considers partitions in less
than DK strata (since the pseudo-regret is positive by definition).

Now consider partitions in more than DK strata, and consider a partition N/, K’ > DK. For such a
partition, we have more than K’/5 arms which are Bernoulli of variance 1/2 (third part of the domain). For
K’ > DK (where we choose D large enough for this), the number of arms which are Bernoulli of standard
deviation o_ is larger than uwK’ where v > 0 is some constant that depends on d only. The same holds for
the number of arms which are Bernoulli of standard deviation 0. We can thus apply Theorem 1 since we
are in the same configuration when v is varying (up to some constants) than in this theorem, and we get

that there exists some constant ¢ such that

(UK/)1/3 dida

infsup R >t > nTdH3a,
Vp n,NK/ - n4/3 -

This concludes the proof.

Appendix H. Large deviation inequalities for independent sub-Gaussian random variables

We first state Bernstein inequality for large deviations of independent random variables around their

mean.
Lemma 3. Let (Xi,...,X,) be n independent random variables of mean (p1,...,un) and of variance
(02,...,02). Assume that there evists b > 0 such that for any A < %, for any © < n, it holds that

E|exp(MX; — ul))} < exp (%) Then with probability larger than 1 — ¢

%zn:Xi . %iuil . \/2(,12?_1 0?)105(2/9)  blog(2/6)
i=1

n n
i=1
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Proof. If the assumptions of Lemma 3 are verified, then
P( Z X; — Z i > m}) =P lexp (A(Z?Zl X, =3, pl)) > exp(n)\v)]
i=1 i=1

<E

exp(nAv)

[exp (/\(Z?:l Xi=2i w)) ]

A2 ;
< exp(% Yoim gy — PAY)-
By Setting A= % we obtain
i=1 "1

2,,2

(ZX Zulznv)<exp( Q(Znng ))

i=1 05 +bnv

By an union bound we obtain

2,,2

(|ZX Zul|>nv)<2exp( Z(Z"nv ).

v, 02+ bno)

This means that with probability 1 — d,

|711§n:Xi;imlé\/%’l‘zylz)bg@/é) blog(2/5)
i=1 =1

n

O

We also state the following Lemma on large deviations for the variance of independent random variables.

Lemma 4. Let (Xi,...,X,) be n independent random variables of mean (u1,...,un) and of variance

(02,...,02). Assume that there exists b > 0 such that for any X < %, for any i < n, it holds that

2 _2

E|exp(A(X; — m))} < exp (ﬁ) and also E[exp()\(Xi —u)? — /\01»2)} < exp (ﬁ) Assume also
that there exists fmax such that max;(max(o;, |ii])) < fmax, With fumax > 1.
LetV = % (i — % > wi)? + % >on o2 be the variance of a sample chosen uniformly at random among

the n distributions, and V = %22;1 ( Z ) the corresponding empirical variance. Then if
n > blog(2/0), with probability larger than 1 — 4,

|\/§_\/‘7| <2(2fmax+1)\/(2fmax+3b+4V)lOg(6/5)

n
< 2(2fmax + 1)\/(2fmax +3b+12f2,.) log(6/6).

n
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Proof. By decomposing the estimate of the empirical variance in bias and variance, we obtain with proba-

bility 1 — &

We then have by the definition of V,

n

VoV = 23K ) —fza #2006 = = ) = (30X = S

i=1

Similar to Lemma 3 (since for any i < n, |p; — + > Hj| < 2fmax), it holds that with probability larger
than 1 —§

\% D (X = ) (i = % > w)| < 2fmax\/2(,i iz f;?) log(2/9) 2fmaxb1°gT(2/5). (.2)

If the assumptions of Lemma 4 are verified, we have

]P’(i(Xi — ;)% — iaf > nv) = lexp ( Z | X — wl® — Za ) > exp n)\v)]
i rxp (A(Zizl X = puf? = S0y a%))]

exp(nAv)

< ﬁErxp (MIX: = il - o?))]

exp(Av)

n

2
g;
S 2 exp()\2 Z m 'I’LA'U)

By choosing A = Wgﬂlbv we obtain
P(S(x 23 02 5 i H.3
i — i) — o; > nvu ) < exp(— - .
(Fexi-mr -3 AT o7 v o) 1

By a union bound we get

2,,2

- = n-v
(| ;(Xi T ;a;ﬂ >nv) < 20D~ 5 )

This means that with probability larger than 1 — 6,

S = 2302 < [Ha Rz ) 08/ blos2/a), Y
i=1 2
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Finally, by combining Equations (H.1), (H.2) and (H.4) with Lemma 3, we obtain with probability larger
than 1 — 36

4(5 X0, 07) log(2/9) L 20Pog(2/6)° V/2<;§:1 107)108(2/9)  blog(2/9)

n n? n n

2fmax

¢ 2(1 37" 02)log(2/5) blog(2/6)

< (2 + 1>\/ 25 2101 07)108(2/6) | (2fmax +3b+ 45 3L, o) log(2/9)

n n
2V 10g(2/6) . (3b+ 4V + 2fmax) log(2/6)

< (2fmax + 1) n + n )

when n > blog(2/4), since V > 1 377

zlz'

This implies with probability larger than 1 — 39 that

0g(2/6) (2 fmax + 3b+ 4V) log(2/6)
2n

V- (Qfmaerl) + (2fmax+1)21 n
+ (2fmax +1)?) log(2/6)

<l’\/V—(2fmax+1)\/10%721/6)<\/‘7 (2fmax +3b + c
= VV = (2fmax + 1) log;l/ ) V¥ V4 (2fman + 1) \/ (2fmax + 3b 4 4V) log(2/9)

n
LT < \/§+2(2fmax+1)\/(2fmax+3b+4v) log(2/8)

n

2V log(2/0)
T + (Qfmax + 1)

V
V

since fumax > 1.

On the other hand, we have also with probability larger than 1 — 3§ (on the same event as before)

V<V A+ (2fmax +1)

2V108(2/3) , (3b+ 4V + 2 ) log(2/0)
n n

= VV <V 4202 e + 1)\/ (fman + 35+ 4V) 108(2/0)

n

Finally, we have with probability larger than 1 — 3¢

IV = VV] < 22w + 1)\/(2fmax PR LR, )

n
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