Σ ˝i ?i h@*UL?ffli h˝i ?Ui 4 i — ΞL˙ uLh + i ı?uLhUi 4 i ?— wi @h?ı?˝ ı? — Ξi UL?— ı?ΛLΛt U@ti

Uh̄p l P xqrv

ß, ¨ Σ B+, 6cwW5ßc¸ @hU˙i ALΛhfflLıi ` ¸ �2�cb2�HDΣ ?—L?) ßi˙i c6+Σ Π ß , , ´4 @ı*G+i4 ı̆¨ Λ?Lt9 Ui4 @˝hiŭuh

Σ Mt— h@U— ˘ W? —Ξıt T@Tihc ¯ i ThLTLti @˝i?ih@* 4 i—ΞL˙ uLh ˙itı̋ ?ı?˝ UL?fflih˝i?— +iı?uLhUi4 i?— wi@h?ı?˝ @*˝Lhı—Ξ4 t ı? —Ξi U@ti LuUL?—ı?ΛLΛt t—@—i´tT@Ui @?˙ —ı4 i ffl@hı@M*it˘ AΞi 4 i—ΞL˙ ıt M@ti˙ L? —Ξi ˙ıtUhi—ı3@´ —ıL? Lu—Ξi UL?—ı?ΛLΛt ThLUitt M) UL?fflih˝i?— @TThL ı4 @—ıL? tUΞi4 it G—Ξi O@4 ı*—L?´a@ULMı́` i**4 @? i^Λ@—ıL? ıt hiT*@Ui˙ M) @# )?@4 ıU¸ hL˝h@4´ 4 ı?˝ E# ¸ ø i^Λ@—ıL? uLhtL4 i ¨ @h!Lfflı@? # iUıtıL? ¸ hLUitt Ë # ¸ ø˘ Wu —Ξi ˙@—@Lu —Ξi ¨ # ¸ ¯ ihi !?L¯ ?c ¯ i ULΛ*˙ UL4 TΛ—i —Ξi ffl@*Λi Lu —Ξi # ¸ i^Λ@—ıL? M) Λtı?˝ tL4 i # ¸ ΛT˙@—ı?˝ hΛ*it˘ OL¯ ifflihc ı? —Ξi +iı?uLhUi4 i?— wi@h?ı?˝ E+wø @TThL@UΞc —Ξi t—@—i ˙)?@4 ıUt @t ¯ i**@t —Ξi hiı?uLhUi4 i?— uΛ?U—ıL?t @hi @ThıLhıΛ?!?L¯ ?c*i@˙ı?˝ ı4 TLttıM*i —L Λti # ¸ hΛ*it˘ Oihi ¯ i ThLffli @˝i?ih@*UL?fflih˝i?Ui —ΞiLhi4 ¯ ΞıUΞ t—@—it —Ξ@— ıu —Ξi ffl@*Λit ΛT˙@—i˙ M) tL4 i +w @*˝Lhı—Ξ4 @hi U*Lti i?LΛ˝Ξ Eı? —Ξi ti?ti —Ξ@— —Ξi) t@—ıtu) @Œ¯ i@! Œ UL?—h@U—ıL? ThLTih—) ø —L —ΞLti Lu —Ξi # ¸ c —Ξi? —Ξi) UL?fflih˝i —L —Ξi ffl@*Λi uΛ?U—ıL? Lu—Ξi UL?—ı?ΛLΛt ThLUitt˘ AΞi 4 i—ΞL˙ ıt fflih) ˝i?ih@*@?˙ ıt ı**Λt—h@—i˙ ¯ ı—Ξ @4 L˙i*´M@ti˙ @*˝Lhı—Ξ4 MΛı*— uhL4 @�?ı—i´˙ıgihi?Ui @TThL ı4 @—ıL? tUΞi4 i˘

� W?— hL˙ΛU— ıL?

Wklv sdshu sursrvhv d frqyhujhqfh uhvxowiru Uhlqirufhp hqwOhduqlqj +UO, do0 jrulwkp v lq wkh fdvh ri frqwlqxrxv vwdwh0vsdfh dqg wlp h yduldeohv1UO xvhv wkh p hwkrg ri G— qdp lf Surj udp p lqj +GS, z klfk ghfflqhvwkhrswlp doihhg0edfn frq0 wuroe— dssur–lp dwlqj wkh ydoxh ixqfwlrq/ z klfk lv wkh ehvwixwxuh fxp xodwlyh uhlqirufhp hqwdvd ixqfwlrq ri lqlwldovwdwh1

D fodvvlfdo dssurdfk lq rswlp do frqwuro iru frp sxwlqj wkh ydoxh ixqfwlrq frqvlvwv lq xvlqj dssur–lp dwlrq vfkhp hv +ghgxfhg iurp fflqlwh0hohp hqwru fflqlwh0 glffihuhqfh p hwkrgv, z klfk uhsodfh wkh frqwlqxrxvsurfhvve— d glvfuhwh rqh +vhh N̂G¡5‘, iruvrp hj lyhq uhvroxwlrq1Z hrewdlq dfflqlwhP dunryldq Ghflvlrq Surfhvv +P GS, z krvh GS ht xdwlrq p d— eh frp sxwhg e— fodvvlfdoydoxh lwhudwlrq GS uxohv/ nqrz lqj wkdw+lq wkh glvfrxqwhg fdvh, wkh frqyhuj hqfh ri wklv p hwkrg lv j xdudqwhhg e— vrp h %vwurqj %frqwudfwlrq surshuw— vdwlvfflhg e— wkh xsgdwhg ydoxhv1

Krz hyhu/ lq wkhUOdssurdfk/ wkhvwdwhg— qdp lfvdvz hoodvwkhuhlqirufhp hqw ixqfwlrqv duh frqvlghuhg +dwohdvwsduwldoo— , xqnqrz q iurp wkh v— vwhp 1 Wkxv

wkh ydoxhv ri wkh GS xsgdwlqj uxoh duh xqnqrz q dqg wkh %vwurqj %frqwudfwlrq surshuw— lvqr p ruh ydolg1

Wklvsdshuvwdwhvwkdwli wklvfrqwudfwlrq surshuw— lvz hdnhqhg/ z h vwlookdyh wkh frqyhuj hqfh ri wkh p hwkrg dv wkh uhvroxwlrq ri wkh glvfuhwl˝dwlrq whqgv wr

˝hur dqg wkhqxp ehuri lwhudwlrqvwhqgvwr lqfflqlw— 1Wklvuhvxowdoorz vdssur–lp d0 wlrq z kloh nhhslqj wkh frqyhujhqfh1Wkh wkhruhp lvyhu— j hqhudodqg p d— dsso— irud z lgh fodvvri UOdoj rulwkp vvxfk dvp rgho0edvhg rup rgho0iuhh doj rulwkp v/ z lwk vrp h %rq0olqh%ru %rffi0olqh%xsgdwlqj uxoh/ iru ghwhup lqlvwlf ru vwrfkdvwlf vwdwh g— qdp lfv1Z h sursrvh dq h–dp soh ri p rgho0edvhg doj rulwkp lq wkh ghwhu0 p lqlvwlf fdvhz krvhydoxhvvdwlvi— wkh%z hdn%frqwudfwlrq surshuw— / wkxvlqvxulqj lwvfrqyhuj hqfh1

Vhfwlrq 5 sursrvhv wkh irup dolvp iru rswlp dofrqwurosureohp v lq wkh frq0 wlqxrxv fdvh1Wkh p hwkrg ri GS lv ghvfulehg =wkh ydoxh ixqfwlrq lv lqwurgxfhg dqg wkh Kdp lowrq0Mdfrel0Ehoop dq +KME, ht xdwlrq lv vwdwhg1D fflqlwh0glffihuhqfh dssur–lp dwlrq vfkhp h lv ghwdlohg dqg d wkhruhp ri frqyhuj hqfh iru wkh vfkhp h lv vwdwhg1Vhfwlrq 6 lv frqfhuqhg z lwk UO doj rulwkp v1Wkh j hqhudowkhruhp lv vwdwhg dqg lwv surri lv jlyhq1Wkhq dq h–dp soh ri p rgho0edvhg dojrulwkp exlow iurp d fflqlwh0glffihuhqfh vfkhp h lv ghvfulehg dqg wkh surri wkdwwkh frp sxwhg ydoxhvvdwlvi— wkh %z hdn%frqwudfwlrq surshuw— lvj lyhq lq dsshqgl– D1

2 AΞi ȷ T— ı4 @*ß L?— hL*6Lh4 @*ıt4

Z h looxvwudwh rxu p hwkrg lq wkh sduwlfxodu fdvh ri ghwhup lqlvwlf frqwuroohg v— v0 whp v z lwk lqfflqlwh wlp h krul˝rq dqg glvfrxqwhg uhlqirufhp hqw1D vwxg— ri wkh vwrfkdvwlf fdvh p d— eh irxqg lq P̂ E¡: ‘1

Ohwı+w, ▽ ßR eh wkh vwdwh ri wkh v— vwhp z lwk R dq rshq dqg erxqghg vxevhw ri LU_g 1Wkhhyroxwlrq ri wkhv— vwhp +lwvvwdwhg— qdp lfvi , ghshqgvrq wkhfxuuhqw vwdwh ı+w, dqg frqwurox+w, ¿lwlv ghfflqhg e— d frqwuroohg glffihuhqwldoht xdwlrq = g gw ı+w, @i +ı+w,>x+w,, +4, z khuh wkh frqwurox+w, lv d erxqghg/ Ohehvj xh p hdvxudeoh ixqfwlrq z lwk ydoxhv lq d frp sdfwX1 I urp dq— lqlwldo vwdwh ı/ wkh fkrlfh ri d frqwuro x+w, ohdgv wr d xqlt xh wudmhfwru— ı+w,1Ohwχ eh wkh h–lwwlp h ri ı+w, iurp ßR +z lwk wkh frqyhqwlrq wkdwli ı+w, doz d— v vwd— v lq ßR/ wkhq χ @ △ ,1Wkhq/ z h ghfflqh wkh glvfrxqwhg uhlqirufhp hqwixqfwlrqdori vwdwh ı/ frqwurox+/, = M+ı¿x+/,, @ ⊎^χ 3 ζ_wu+ı+w,>x+w,,gw. ζ_χU+ı+χ,, Z khuhu+ı>x, lvwkhuxqqlqj uhlqirufhp hqwdqg U+ı, wkherxqgdu— uhlqirufhp hqw1 ζ lvwkh glvfrxqwidfwru +3 ⪰ ζ ⋆ 4,1

Wkhre mhfwlyh r i wkh fr qwuros ur eohp lvwr fflqg wkhrswlp dofrqwuro+z klfk fdq ehh–suhvvhg khuhdvd ihhg0edfn odz x

±+ı,, wkdwrswlp l˝hvwkhuhlqirufhp hqw ixqfwlrqdoirudq— vwdwh ı1

514 Wkh P hwkr g r i G— qdp lf S ur j udp p lqj +GS ,

WkhGS p hwkrg frp sxwhvwkhrswlp dofrqwuroe— lqwurgxflqj wkhydoxh ixqfwlrq/ p d–lp doydoxh ri wkh ixqfwlrqdodvd ixqfwlrq ri lqlwldovwdwh ı =

Y+ı, @vxs^{x+/,} M+ı¿x+/,, +5,

I roorz lqj wkh GS sulqflsoh/ z h suryh wkdwwkh ydoxh ixqfwlrq vdwlvfflhvd ffluvw0 rughuqrqolqhdusduwldoglffihuhqwldoht xdwlrq fdoohg wkh Kdp lowrq0Mdfrel0Ehoop dq ht xdwlrq +vhhÎ V¡6‘irud vxuyh— , +lq wkhvwrfkdvwlf fdvh/ lwlvri d vhfrqg rughu,1

Wkhr uhp 4 =Kdp lowr q0Mdfr el0Ehoop dq1 Li Y lv glffihuhqwldeoh dwı ▽ R/ ohw

GY+ı, eh wkh judglhqwri Y dwı/ wkhq wkh iroorz lqj KME htxdwlrq krogv dwı1 Y+ı, oqζ . vxs^{x▽ X}ĜY+ı,/i +ı>x, . u+ı>x,‘@3 K— s r wkhvhv 4 Lq wkh iroorz lqj / z h dvvxp h wkdw=

0i dqg u duh erxqghg z lwk P^i +uhvshfwlyho— P^u, dqg Olsvfklw̋ldq= ⇕i +ı>x, ∗ i +ȷ >x,⇕⪰ O^i \ı ∗ ȷ \^4 +uhvs1 ⇕u+ı>x, ∗ u+ȷ >x,⇕⪰ O^u \ı ∗ ȷ \^4,/ z lwk wkh qrup ⇕⇕ı⇕⇕^4 @ ⋃^g l@4 ⇕ı^l⇕1 0U lvOlsvfklw̋ldq=⇕U+ı, ∗ U+ȷ ,⇕⪰ O^U \ı ∗ ȷ \^41

0Wkh erxqgdu— CR lvF_5/

Ehvlghv/ z h frqvlghuwkh iroorz lqj k— srwkhvlvfrqfhuqlqj wkh vwdwh g— qdp lfv durxqg wkh erxqgdu— / dqg z h vwdwh d uhvxowri frqwlqxlw— iru Y +vhh Êdu¡7‘,1

K— s r wkhvlv 5 I ru dooı ▽ CR>ohw∗↔q +ı, eh wkh rxwz dug qrup dori R dwı/ z h dvvxp h wkdw= 0Li ℜx ▽ X>v1w1i +ı>x,/∗↔q +ı, ⪰ 3 wkhq ℜy ▽ X>v1w1i +ı>y,∗↔q +ı, ⋆ 3/ 0Li ℜx ▽ X>v1w1i +ı>x,/∗↔q +ı, ∼ 3 wkhq ℜ y ▽ X>v1w1i +ı>y,∗↔q +ı, A 3/ Wkhr uhp 5 =F r qwlqxlw— 1 Vxssrvh wkdwwkhvh k— srwkhvhv krog/ wkhq wkh ydoxh ixqfwlrq lv frqwlqxrxv lq R1

515 Ds s ur–lp dwlr q Vfkhp hv

Lq rughuwr dssur–lp dwhwkhydoxhixqfwlrq/ z hxvhwkhqxp hulfdovfkhp hv+iruh–0 dp sohedvhg rq fflqlwh0hohp hqw+I H, rufflqlwh0glffihuhqfhv+I G, p hwkrgv, ri Nxvk0 qhu N̂G¡5‘/ z klfk uhsodfh wkh frqwlqxrxv sureohp e— d glvfuhwh rqh1Wkh KME ht xdwlrq lvglvfuhwl˝hg/ iruvrp h uhvroxwlrq η>e— d GS ht xdwlrq iruvrp h P GS/ z krvh ydoxh lv Y_η1Z h vwdwh wkdwwkh ydoxh Y_η ri wkh dssur–lp dwlrq vfkhp h frqyhuj hvwr wkh ydoxh ixqfwlrq Y ri wkhfrqwlqxrxvsurfhvvdvwkh glvfuhwlvdwlrq vwhs η whqgvwr 3/Dv dq looxvwudwlrq/ z h ghvfuleh khuh wkh I G p hwkrg1

Ghvfuls wlr q r i d I G vfkhp h = Ohwh_4>h_5>///>h_g eh d edvlviruLU^g1Wkh vwdwh g— qdp lfv lv =i @ +i_4>///>i_g,1 Ohwwkh srvlwlyh dqg qhj dwlyh sduwv ri i_l eh = i^._l @p d–+i_l>3,>i^∗_l @p d–+∗ i_l>3,/

Iru dq— glvfuhwl˝dwlrq vwhs η>z h frqvlghu wkh odwwlfh η~^g @ √ η/ ⋃_g l@4 m_lh_l √ z khuh m_4>///>m_g duh dq— lqwhjhuv/ dqg ghfflqh =

0wkh glvfuhwl˝hg vwdwh vs dfh =Ψ^η @η~^g ∨R +vhh fflj xuh 4,/ dqg 0lwv iur qwlhu CΨ^η @⟩ σ ▽ η~^g ∐ Ψ^η/ vxfk wkdwdwohdvwrqh dgmdfhqwsrlqwv σ⊖ ηh_l ▽ R|

6 ı̋ ˘�˘ AΞi ˙ıtUhi—ı3i˙ t—@—i tT@Ui

N^B E—Ξi t^Λ@hi ˙L—tø@?˙ ı—t uhL?—ıihYN^B E—Ξi hLΛ?˙ ˙L—tø˘ Σ —h@˚iU—Lh) ϱEȷøUhLttit —Ξi ?iı̋ ΞMLΛhΞLL˙ Υ E1øEı? ˙@h! ˝hi)øLufflih—i 1˘ wi— 2 TLı?—t Lu—Ξi —h@˚iU—Lh) ϱ’ ϱEȷ f ø @?˙ ⇁ ’ ϱEȷ f n βø Mi tΛUΞ —Ξ@— —Ξi UL?—hL*Ξ ıt !iT— UL?t—@?— ˙Λhı?˝ ȷ Mdȷ_f cȷ_f n βoνAΞi? ¯ i 4 @!i —Ξi 4 L˙i* [sE1cΞø ’^{⇁∋ ϱ}_β Lu—Ξi t—@—i ˙)?@4 ıUt sE1cΞø˘

Z h dssur–lp dwh wkh frqwurovsdfh X e— vrp h fflqlwh frqwurovsdfhv X^η ≫ X vxfk wkdwiruη ⪰ η^∋ z h kdyh X^{η∋} ≫ X^η dqg ehvlghv/ ∧_ηX^η @X1 Wkh I G dssur–lp dwlrq frqvlvwvlq glvfuhwl˝lqj wkh KME ht xdwlrq e— =

Y^η+σ, oqζ. vxs_{x▽ Xη} ⟩_g ⋃ l@4 ⌋ i^._l +σ>x,/Ξ^._l Y^η+σ, . i^∗_l +σ>x,/Ξ^∗_l Y^η+σ, ⌈ . u+σ>x, / @3 +6, z khuhwkhjudglhqwGY+σ, lvuhsodfhg e— wkhiruz dug dqg edfnz dug glffihuhqfh t xrwlhqwv ri Y dwσ lq gluhfwlrq l @4//g =

Ξ^._l Y+σ, @ 4 η Ŷ+σ. ηh_l, ∗ Y+σ,‘ Ξ^∗_l Y+σ, @ 4 η Ŷ+σ∗ ηh_l, ∗ Y+σ,‘

Nqrz lqj wkdw+Ξ woqζ, lv dq dssur–lp dwlrq ri +ζ_{Ξ w}∗ 4, dv Ξ wwhqgv wr 3/ z h rewdlq iurp +6, wkh iroorz lqj ht xlydohqwht xdwlrq=iruσ ▽ Ψ_η>

Y_η+σ, @ vxs^{x▽ Xη} √ ζ_{χ+σ>x,} ⋃ σ_∋ s+σ>σ ∋>x,/Y_η+σ^l, . χ+σ>x,u+σ>x, √ +7, z lwk =χ+σ>x, @ η ⇕⇕i +σ>x,⇕⇕^4 dqg =s+σ>σ_∋>x, @ i_⊖^l +σ>x, ⇕⇕i +σ>x,⇕⇕^4 iruσ_∋ @σ⊖ ηh^l +8,

@3 rwkhuz lvh1

Wklv ht xdwlrq lv d GS ht xdwlrq iru d fflqlwh P GS +vhh Î V¡6‘, z krvh vwdwh vsdfh lv Ψ_η ∧ CΨ_η/Lwv frqwurovsdfh lv X_η dqg wkh suredelolwlhv ri wudqvlwlrq s+σ>σ_∋>x, iurp wkh vwdwh σ>wr wkh qh–wvwdwh σ_∋ z lwk vrp h frqwurox duh wkh qrup dol˝hg frruglqdwhv_{⇕i l +σ>x,⇕}^{⇕⇕i +σ>x,⇕⇕4} 1

Ehvlghv/ z h kdyh wkh erxqgdu— frqglwlrq Y_η+σ, @U+σ, iruσ ▽ CΨ_η1

Uhvr oxwlr q r i wkh vfkhp h =E— ghfflqlqj wkh dssur–lp dwlrq vfkhp h I_η>rshu0 dwrurq wkh vsdfh ri ixqfwlrqv rq Ψ_η =

I_η Ẑ ‘+σ, @ vxs^{x▽ Xη} √ ζ_{χ+σ>x,} ⋃ σ_∋ s+σ>σ ∋>x,/Z +σ^l, . χ+σ>x,u+σ>x, √ > +9, ht xdwlrq +7, ehfrp hv Y_η @ I_η ⌋ Y_η ⌈ 1 Wkh vroxwlrq Y_η p d— eh frp sxwhg e— vrp h GS ydoxh lwhudwlrq p hwkrg z khuh Y_η lv rewdlqhg dv d olp lwri vxffhvvlyh lwhudwlrqv=

Y_η^{q. 4} ↓ I_η ⌋ Y_η^q ⌈ / +:,

Iru dq— lqlwldoY_η^3 >z h frp sxwh Y_η^4 ↓ I_η ⌋ Y_η^3 ⌈ >wkhq Y_η^5 ↓ I_η ⌋ Y_η^4 ⌈ >dqg vr rq1Wkdqn wr wkh glvfrxqwhg idfwruζ>vxfk xsgdwhg ydoxhvvdwlvi— wkh iroorz lqj

%vwur qj %fr qwudfwlr q s ur s huw— +z lwk vrp h ξ @4∗_η^{5P i} oq_4^ζ , = ( Y_η^{q. 4} ∗ Y_η ( Ψ_η ∧ CΨ_η ⪰ ξ/ ( Y_η^q ∗ Y_η ( Ψ_η ∧ CΨ_η +;,

+z lwk ⇕⇕/⇕⇕^Υ ghqrwlqj vxs^{σ▽ Υ} ⇕/⇕,/ iurp z klfk z h ghgxfh wkdwiru dq— j lyhq glv0 fuhwlvdwlrq vwhs η/ wkh frqvwdqwξ ⋆ 4 wkxv wkh ydoxhv Y_η^q frqyhujh wr Y_η dv q whqgv wr lqfflqlw— 1

F r qyhuj hqfh ri wkh vfkhp h Wkh iroorz lqj wkhruhp / z krvh surri xvhv wkh jhqhudo frqyhujhqfh uhvxowri Eduohv +vhh ÊV¡4‘ dqg Êdu¡7‘, dqg wkh vwurqj frp sdulvrq uhvxowehwz hhq vxe0 dqg vxshu0 ylvfrvlw— vroxwlrq +vhh Î V¡6‘, ri

KME ht xdwlrqv/ lqvxuhv wkdwY_η lvd frqyhuj hqwdssur–lp dwlrq ri Y1

Wkhr uhp 6 =F r qyhuj hqfh ri wkh vfkhp h1 Ohwxv dvvxp h wkdwwkh k— srwkh0 vhv 4 dqg 5 krog/ wkhq Y_η frqyhujhv wr Y dv η whqgv wr 3 = olp^{η↘3} σ↔ ı Y_η+σ, @Y+ı, xqlirup o— rq dq— frp sdfwγ ≫ R

I lj xuh 5 vxp p hul˝hvwkh wz r suhylrxvuhvxowvri frqyhuj hqfh/ z klfk duh =iru dq— glvwuhwl˝dwlrq vwhs η>wkh ydoxhvY^η_q frp sxwhg e— wkh GS xsgdwlqj uxoh +: , whqg wr wkh ydoxh Y^η ri wkh GS ht xdwlrq +7, dvq whqgvwr lqfflqlw— / dqg iurp wkh frqyhuj hqfh ri wkh vfkhp h +wkhruhp 6,/ Y^η whqgvwr wkh ydoxh ixqfwlrq Y ri wkh frqwlqxrxvsurfhvvdvη whqgv wr ˝hur1

6 ı̋ ˘2˘ AΞi Oa` i^Λ@—ıL? ıt ˙ıtUhi—ı3i˙c uLh tL4 i hitL*Λ—ıL? Bc ı?—L @# ¸ i^Λ@—ıL? ¯ ΞLti tL*Λ—ıL? ıt T^B˘ AΞi UL?fflih˝i?Ui Lu—Ξi tUΞi4 i ı?tΛhit —Ξ@— T^B ℜ T @t T ℜ fν AΞ@?!t —L —Ξi Œt—hL?˝Œ UL?—h@U—ıL? ThLTih—)c —Ξi ı—ih@—i˙ ffl@*Λit T^B_⋆ —i?˙ —L T^B@t ⋆ ℜ ↑ ν

fi + i ı?uLhUi 4 i ?— wi @h?ı?˝

UO lv d frqvwuxfwlyh dqg lwhudwlyh surfhvv/ edvhg rq h–shulhqfh/ wkdwlqwhqgv wr hvwlp dwh wkh ydoxh ixqfwlrq e— vxffhvvlyh dssur–lp dwlrqv1Wkxv/ lq wkh UO ds s ur dfk/ z h kdyh wkh frqvwudlqwwkdwwkh vwdwh g— qdp lfv i dqg wkh uhlqir ufhp hqwixqfwlr qv u>U duh d s ulr ul xqnqrz q iur p wkh v— vwhp 1 Wkxv wkh suredelolwlhv ri wudqvlwlrq s+σ>σ^∋>x, dqg wkh wlp h χ+σ>x, duh xq0 nqrz q dqg kdyh wr eh dssur–lp dwhg1Z h ghgxfh wkdwwkh vwurqj frqwudfwlrq surshuw— +; , fdqqrwkrog dq— p ruh1 Krz hyhu/ z h suryh wkdwli vrp h z hdnhu frqwudfwlrq surshuw— grhv krog/ wkhq z h fdq rewdlq wkh frqyhuj hqfh dv z hoo1 Wkh iroorz lqj vhfwlrq vwdwhvwkh j hqhudofrqyhuj hqfh wkhruhp iruUOdoj rulwkp v surylghg wkdwwkhxsgdwhg ydoxhvvdwlvi— vrp h%z hdn%fr qwudfwlr q s ur s huw— 1 Wkh vwdwhp hqwri vxfk %jrrg dssur–lp dwlrqv%vdwlvi— lqj wklvsurshuw— lvwkh edvlv iru ghvljqlqj frqyhujhqwdojrulwkp v1

614 D j hqhudoWkhr uhp r i F r qyhuj hqfh

Wkhr uhp 7 =F rqyhuj hqfh r i UO doj r ulwkp v1 Vxssrvh wkdwwkh ydoxhv Y^η_q xsgdwhg z lwk vrp h dojrulwkp vdwlvi— wkh iroorzlqj %z hdn%fr qwudfwlr q s ur s 0 huw— z lwk uhvshfwwr d vroxwlrq Y^η ri d frqyhujhqwdssur–lp dwlrq vfkhp h +vxfk dv +9,, = ( Y^η_{q. 4} ∗ Y^η ( Ψ^η ⪰ +4∗ n4/η,/ ( Y^η_q ∗ Y^η ( Ψ^η . h+η,η +¡, ( Y^η_{q. 4} ∗ Y^η ( CΨ^η ⪰ n5/η +43,

iru vrp h srvlwlyh frqvwdqwv n^4>n^5 dqg vrp h irqfwlrq h+η, ⇒ 3 dv η ⇒ 3/Wkhq iru dooϱA 3>wkhuh h–lvwv Ξ dqg Q>vxfk wkdw∅ η ⪰ Ξ >∅ q ∼ Q/ vxs^{Ψ η ∨ γ} ( Y_η^q ∗ Y ( ⪰ ϱrq dq— frp sdfwγ ≫ R/

Uhp dun1 Khuh/ rqh fdqqrwh–shfwdq— p ruh wkdwiru d j lyhq η wkh ydoxhv Y_η^q frqyhuj h wr Y_η/Krz hyhu wkh wkhruhp vwdwhv wkdwwkh frqyhujhqfh rffxuv dv η ⇒ 3 dqg q ↔ △ /I ljxuh 6 vxp p hul˝hvwklvuhvxow1

6ı˝˘fi˘ ‘ Ξi? —Ξi Œt—hL?˝Œ UL?—h@U—ıL? ThLTih—) ThLTih—) ˙Lit ?L— ΞL*˙ @?) 4 Lhic

L?i U@??L— i TiU— —Ξ@— —Ξi UL4 TΛ—i˙ ffl@*Λit T

B ⋆ —i?˙ —L T^BνOL¯ ifflihc —Ξi —ΞiLhi4 t—@—it —Ξ@—c—Ξ@?! t —L—Ξi Œ¯ i@!Œ UL?—h@U—ıL? ThLTih—)c—Ξi ffl@*Λit T^B_⋆ —i?˙ —L—Ξi ffl@*Λi uΛ?U—ıL? T @t ⋆ ℜ ↑ @?˙ B� fν

Surri ri wkhruhp 71 Ohwxvghqrwh H^η_q @ ( Y^η_q ∗ Y^η ( Ψ^η ∧ CΨ^η /Ohwγ ≫ R eh dq—

frp sdfw1Iru dq— ϱA 3>ohwxvfkrrvh ϱ_4 A 3 dqg ϱ_5 A 3 vxfk wkdwϱ_4 . ϱ_5 @ϱ/ Iurp wkh frqyhujhqfh ri wkh vfkhp h/ wkhruhp 6 vwdwhvwkdwwkhuh h–lvwvΞ_4 vxfk wkdwirudooη ⪰ Ξ_4>vxs_{ı▽ γ} ⇕Y^η+ı, ∗ Y+ı,⇕⪰ ϱ_4/Wkh lghd lvwr suryh wkdwwkhuh h–lvwvΞ_5/ iruη ⪰ Ξ_5/ wkhuh h–lvwvQ>irudooq ∼ Q/

H^η_q ⪰ ϱ_5/ +44,

Wkhq z h z loorewdlq wkdwirudq— η ⪰ Ξ @p lq⟩ Ξ_4>Ξ_5| >irudooq ∼ Q/ vxs σ▽ γ ∨ Ψ^η ⇕Y^η_q +σ, ∗ Y+σ,⇕⪰ vxs_{ı▽ γ} ⇕Y^η+ı, ∗ Y+ı,⇕. vxs_{σ▽ Ψ η ∧ CΨ η} ⇕Y^η_q +σ, ∗ Y^η+σ,⇕ ⪰ ϱ_4 . ϱ_5 @ϱ

D vxȷ flhqwfr qglwlr q ir u +44, = Vxssrvh wkdwwkhuh h–lvwv d srvlwlyh frqvwdqwδ vxfk wkdwwkh iroorz lqj frqglwlrqv krog wuxh=

Li H^η_q A ϱ_5 wkhq ( Y^η_{q. 4} ∗ Y^η ( Ψ^η ⪰ H η q ∗ δ +45,

Li H^η_q ⪰ ϱ_5 wkhq ( Y^η_{q. 4} ∗ Y^η ( Ψ^η ⪰ ϱ5 +46,

wkhq z h ghgxfh wkdwwkhuh h–lwv Q vxfk wkdwiru q ∼ Q> ( Y_η^{q. 4} ∗ Y_η ( Ψ_η ⪰ ϱ5/ Ehvlghv/ iurp wkhsurshuw— +43,/ iruη ⪰_{ϱ5}^{n5} > ( Y_η^{q. 4} ∗ Y_η ( CΨ_η ⪰ ϱ5>wkxvH η q ⪰ ϱ^5/ Sur r i ri wkh vxȷ flhqwfr qglwlr q =

Ohwxv suryh wkdwiru dooϱ^5 A 3>wkhuh h–lvwv Ξ^5 vxfk wkdwiru dooη ⪰ Ξ^5> frqglwlrqv +45, dqg +46, duh vdwlvfflhg1Iru dq— ϱ^5 A 3>iurp wkh frqyhujhqfh ri h+η, wr 3 dv η ↘3>wkhuh h–lvwv Ξ^5 vxfk wkdwiru η ⪰ Ξ^5 wkh iroorz lqj frqglwlrq krog= h+η, ∗ n^4/ ϱ^5 5 ⪰ 3 +47,

I luvw/ vxssrvh wkdwH_η^q A ϱ^5/ wkhq iurp +¡,/ ( Y_η^{q. 4} ∗ Y_η ( Ψ_η ⪰ +4∗ n4/η,H η q . h+η,/η ⪰ H_η^q ∗ n^4/η/ϱ^5 . h+η,/η/ dqg iurp +47,/ ( Y_η^{q. 4} ∗ Y_η ( Ψ_η ⪰ H η q ∗ n^4/η/_{ϱ5}^5 . h+η,/η∗ n^4/η/_{ϱ5}^5 ⪰ H_η^q ∗ n^4/η/_{ϱ5}^5 /

Wkxv frqglwlrq +45, krog wuxh iruδ @n^4/η/_{ϱ5}^5 1

Qrz vxssrvh wkdwH_η^q ⪰ ϱ^5>wkhq iurp +¡,/ ( Y_η^{q. 4} ∗ Y_η ( Ψ_η ⪰ +4∗ n4/η, ϱ^5 5 . ϱ^5 5 . h+η,η∗ n^4/η ϱ^5 5 ⪰ ϱ^5 5 . ϱ^5 5 @ϱ^5 dqg frqglwlrq +46, lv wuxh1Wkxv frqglwlrqv +45, dqg +46, duh wuxh dqg iru η ⪰

Ξ @p lq⟩Ξ^4>Ξ^5>_{ϱ5}^{n5} | >irudooq ∼ Q/ z h kdyh= vxs σ▽ γ ∨ Ψ_η ⇕Y_η^q +σ, ∗ Y+σ,⇕⪰ vxs^{ı▽ γ} ⇕Y_η+ı, ∗ Y+ı,⇕. vxs^{σ▽ Ψ η ∧ CΨ η} ⇕Y_η^q +σ, ∗ Y_η+σ,⇕ ⪰ ϱ^4 . ϱ^5 @ϱ

Wklv wkhruhp surylghv d j hqhudo p hwkrg iru ghvlj qlqj frqyhuj hqwUO do0 j rulwkp v1Lwp d— dsso— wr p rgho0iuhh +vhh P̂ xq¡9‘ ruP̂ xq¡: ‘, rup rgho0edvhg dojrulwkp v/ z lwk rq0olqhrurffi0olqh+iruh–dp sohv— qfkurqrxv/ J dxvv0Vhlgho/ dv— q0 fkurqrxv, GS xsgdwlqj p hwkrgv/ dqg irughwhup lqlvwlf ruvwrfkdvwlf g— qdp lfv1

615 Dq H–dp s oh r i P r gho0Edvhg Doj r ulwkp

Wkh lghd lv wr exlog d p rghori wkh vwdwh g— qdp lfv i dqg ri wkh uhlqirufhp hqw ixqfwlrq u dwwkh yhuwlfhv σ ri wkh glvfuhwl˝dwlrq iurp vdp sohv ri wudmhfwrulhv j rlqj wkurxjk wkhlu qhlj kerxukrrg1Wkhq/ iurp wklv p rgho/ z h ghfflqh wkh ds0 sur–lp dwhg wudqvlwlrq suredelolwlhv z klfk duh xvhg/ lqvwhdg ri wkh h–dfwrqhv s+σ>σ_∋>x,>lq wkh xsgdwlqj uxoh +: ,1

Lq wkhiroorz lqj / z hdvvxp hwkdwwkhvwdwhg— qdp lfvi lverxqghg iurp ehorz

+wkhuh h–lvwvp^i vxfk wkdw\i \^4 ∼ p^i ,1

~ Hvwlp dwlr q ir u σ ▽ Ψ_η =I ru dq— yhuwh– σ ▽ Ψ_η>dq— frqwurox ▽ X_η>z h exlog d p rgho[i dqg [u>dssur–lp dwlrqvri i dqg u iurp wudmhfwrulhvı+w, j rlqj wkurxj k wkh qhlj kerxukrrg ri σ=z h frqvlghu vrp h vwdwhv ı @ ı+w^3, dqg ȷ @ı+w^3 . χ, vxfk wkdw=

0ı ▽ Q+σ, qhljkerxukrrg ri σ +z krvh gldp hwhu lv lqihulru wr n^Q /η iru vrp h srvlwlyh frqvwdqwn^Q ,/

0wkh frqwurox lvnhswfrqvwdqwiru w▽ ŵ_3>w_3 . χ‘> 0wkh wlp h χ vdwlvfflhv/ iru wz r srvlwlyh frqvwdqwhvn_4 hwn_5/ wkh uhodwlrq=

n_4η ⪰ χ ⪰ n_5η/ +48,

Vhh fflj xuh 41Wkhq z h p dnh wkh iroorz lqj p rghoiruvwdwh σ dqg frqwurox = [i +σ>x, @ȷ ∗ ı χ [u+σ>x, @u+ı>x, Wkhq z h frp sxwh wkh dssur–lp dwhg suredelolwlhv [s+σ>σ^∋>x, dqg wlp h [χ+σ>x, e— xvlqj lq wkh ht xdwlrqv +8, wkh p rgho [i lqvwhdg ri i dqg rewdlq wkh iro0 orz lqj xsgdwlqj uxoh edvhg rq +: , = Y^η_{q. 4}+σ, ↓ ζ^{[χ+σ>x,} / ⋃ σ

∋ [s+σ>σ^∋>x,/Y^η_q +σ^∋, . [χ+σ>x,/[u+σ>x, +49, z klfk fdq ehxvhg dvdq %rffi0olqh%+v— qfkurqrxv/ J dxvv0Vhlgho/ dv— qfkurqrxv, ru %rq0olqh%+iru h–dp soh e— xsgdwlqj Y^η_q +σ, dv vrrq dv d wudmhfwru— ohdyhv wkh qhlj kerxukrrg ri σ, xsgdwlqj GS p hwkrg +vhh ÊEV¡8‘,1 ~ Hvwlp dwlr q ir u σ ▽ CΨ^η =Dv vrrq dv d wudmhfwru— ı+w, h–lwv iurp wkh vwdwh vsdfh dwȷ ▽ CR>z h frqvlghu wkh vwdwhv σ ▽ CΨ^η z krvh uhvshfwlyh qhlj kerxukrrgvQ+σ, frqwdlq ȷ dqg z h xsgdwh wkhluydoxh z lwk=

Y^η_{q. 4}+σ, ↓ U+ȷ , +4:,

Wkh iroorz lqj wkhruhp vwdwhv wkdwwkh doj rulwkp frqvlvwlqj lq xsgdwlqj uhj 0 xoduo— doo wkh vwdwhv σ ▽ Ψ^η z lwk uxoh +49, dqg doovwdwhv σ ▽ CΨ^η +dwohdvw rqfh hdfk, z lwk +4: , vdwlvfflhvwkh %z hdn%frqwudfwlrq surshuw— +¡, dqg +43, wkxv ghfflqhvd frqyhuj hqwdoj rulwkp 1Wkh surri lv jlyhq lq dsshqgl– D1

Wkhr uhp 81 F r qyhuj hqfh r i wkh p r gho0edvhg/ I G doj r ulwkp 1 Wkh xs0 gdwlqj uxohv +49, dqg +4: , vdwlvi— wkh %zhdn%frqwudfwlrq surshuw— +¡, dqg +43, zlwk uhvshfwwr wkh frqyhujhqwdssur–lp dwlrq vfkhp h +9,/ wkxv wkh wkhruhp 7 dssolhv dqg wkh p rgho0edvhg I G dojrulwkp lv frqyhujhqw1

e ß L?U*ΛtıL?

Z h sursrvhg d iudp hz run iru ghvlj qlqj UO doj rulwkp v dqg surylqj wkhlu frq0 yhuj hqfh1Wkh p hwkrg lv yhu— j hqhudovlqfh wkh rqo— uht xluhg surshuw— lv wkh %z hdn%frqwudfwlrq surshuw— z lwk uhvshfwwr vrp h frqyhuj hqwdssur–lp dwlrq vfkhp h1Wkh fkrlfh ri vxfk d qxp hulfdovfkhp h lv iuhh dqg p d— frp h iurp dq— glvfuhwl˝dwlrq p hwkrg vxfk dvfflqlwh glffihuhqfh rufflqlwh hohp hqwp hwkrg/ xvlqj d frqvwdqwru d yduldeoh uhvroxwlrq1Dvdq looxvwudwlrq/ z h sursrvhg d yhu— vlp soh p rgho0edvhg doj rulwkp exlog iurp d fflqlwh0glffihuhqfh dssur–lp dwlrq vfkhp h dqg suryhg lwv frqyhuj hqfh1

Σ ß L?ffli h˝i ?Ui Lu— Ξi ¨ L˙i *´` @ti ˙ 6# Σ *˝Lhı— Ξ4

D14 Vr p h P dmr udwlrqv

F r p s dulvr q r i wkh wlp hv χ+σ>x, dqg [χ+σ>x,/

Iurp wkh Olsvfklw̋ surshuw— ri i >z h kdyh wkh iroorz lqj Wd— orup dmrudwlrq= ⇕⇕ȷ ∗ ı ∗ i +ı>x,/χ⇕⇕^4 ⪰_4^5 O^i /χ_5 Vlqfh wkh qhljkerxukrrg ri σ lvri d gldp hwhulqihulru wr n^Q /η>z h kdyh= ⇕⇕i +ı>x, ∗ i +σ>x,⇕⇕^4 ⪰ O^i /⇕⇕ı ∗ σ⇕⇕^4 ⪰ O^i n^Q η/ Exw⇕⇕ȷ ∗ ı ∗ i +σ>x,/χ⇕⇕^4 @⇕⇕ȷ ∗ ı ∗ i +ı>x,/χ . χî +ı>x, ∗ i +σ>x,‘⇕⇕^4>wkxv iurp +48,/ z h kdyh=⇕⇕ȷ ∗ ı ∗ i +σ>x,/χ⇕⇕^4 ⪰ ]^{n5} 5 . n^Q ⌊ O^i n^5η_5/Dqg ehfdxvh wkh vwdwh g— qdp lfv i lv erxqghg iurp ehorz e— p^i dqg wkdwχ ∼ n^4η>z h kdyh ⇕⇕ȷ ∗ ı⇕⇕^4 ∼ n^4p^i η>wkxv= ⇕χ+σ>x, ∗ [χ+σ>x,⇕⪰ n^χη_5 +4; , z lwk=n^χ @_+

n 5 5 . n_Q ,O_i n_5

n_4 p^5_i /Z h ghgxfh/ e— xvlqj d surshuw— ri wkh h–srqhqwldo

ixqfwlrq wkdw= \ \ζ_{χ+σ>x,} ∗ ζ_{[χ+σ>x,} \⪰ n_χ oq 4 ζ /η^5 +4¡,

F r p s dulvr q ri wkh s ur edelolwlhv s+σ>σ^∋>y, dqg [s+σ>σ^∋>y,/ Iruσ^∋ ∃@σ⊖ ηh_l>[s+σ>σ^∋>y, @s+σ>σ^∋>y, @3 dqg iruσ^∋ @σ⊖ ηh_l>z h kdyh= \ \^{[i ⊖}l^{+σ>x,} \^[i +σ>x,\_4 ∗ i^⊖_l +σ>x, ⇕⇕i +σ>x,⇕⇕_4 \ \⪰ ⇕\^{[i +σ>x,}\4^{∗ ⇕⇕i +σ>x,⇕⇕4} ⇕^. ⇕^{i ⊖l +σ>x,∗ [i ⊖l +σ>x,}⇕ ⇕⇕i +σ>x,⇕⇕_4 I urp z kdwsuhfhghv/ ( ( [i +σ>x, ∗ i +σ>x, ( (_4 ⪰ ]_{n5} 5 . n_Q ⌊ O_i η dqg z h ghgxfh= ⇕[s+σ>σ^∋>y, ∗ s+σ>σ^∋>y,⇕⪰ O_i p_i +n_5 . 5n_Q ,η +53,

D15 F r qyhuj hqfh ri wkh P r gho0Edvhg I G Doj r ulwkp

Wkh ydoxh Y^η_q +σ, lv xsgdwhg z lwk=

Y^η_{q. 4}+σ, ↓ vxs_{x▽ Xη} ζ^{[χ+σ>x,} / ⋃ σ^∋ [s+σ>σ^∋>x,/Y^η_q +σ^∋, . [χ+σ>x,/[u+σ>x,

dqg lwvglffihuhqfh wr wkh ydoxh Y^η ri wkh vfkhp h/ lv=

Y^η+σ, ∗ Y^η_{q. 4}+σ, @ vxs_{x▽ Xη} ⋃ σ^∋ ⌋ ζ^{χ+σ>x,} s+σ>σ^∋>x,/Y^η+σ^∋, ∗ ζ^{[χ+σ>x,} [s+σ>σ^∋>x,/Y^η_q +σ^∋, ⌈

. χ+σ>x,/u+σ>x, ∗ [χ+σ>x,/[u+σ>x,|

Y_η+σ, ∗ Y_η^{q. 4}+σ, @ vxs^{x▽ Xη} ζ_{χ+σ>x,} ⋃ σ_∋ ŝ+σ>σ_∋>x, ∗ [s+σ>σ_∋>x,‘Y_η+σ_∋, . ⌋ ζ_{χ+σ>x,} ∗ ζ_{[χ+σ>x,} ⌈ ⋃ σ_∋ [s+σ>σ_∋>x,/Y_η+σ_∋, . ζ_{[χ+σ>x,} ⋃ σ_∋ [s+σ>σ_∋>x,/ ⌋ Y_η+σ_∋, ∗ Y_η^q +σ_∋, ⌈

. [χ+σ>x, û+σ>x, ∗ [u+σ>x,‘. χ̂+σ>x, ∗ [χ+σ>x,‘u+σ>x,| Dqg iurp +4¡,/ +4; , dqg wkh Olsvfkw̋ surshuw— ri u>z h ghgxfh= \ Y_η+σ, ∗ Y_η^{q. 4}+σ, \ ⪰ vxs^{x▽ Xη} √ ζ_{χ+σ>x,} / \ \ ⋃ σ_∋ ŝ+σ>σ ∋>x, ∗ [s+σ>σ_∋>x,‘Y_η+σ_∋, \ \ . ζ_{[χ+σ>x,} ⋃ σ_∋ [s+σ>σ ∋>x,/ \ Y_η+σ_∋, ∗ Y_η^q +σ_∋, \√ +54,

. n^χ oq 4 ζ /P^Y η /η_5 .

n^5O^u n^4p^i

η_5 . n^χP^uη_5/

P dmr udwlr q ri ⋃ σ_∋ ŝ+σ>σ ∋>x, ∗ [s+σ>σ_∋>x,‘Y_η+σ_∋, = Z h kdyh=Y_η+σ_∋, @Y_η+σ, . ⌋ Y_η+σ_∋, ∗ Y_η+σ, ⌈ /Exwiurp wkhsurshuwlhvri wkh suredelolwlhv s+σ>σ_∋>x, dqg [s+σ>σ_∋>x,>z h ghgxfh= ⋃ σ_∋ ŝ+σ>σ_∋>x, ∗ [s+σ>σ_∋>x,‘Y_η+σ_∋, @ ⋃ σ_∋ ŝ+σ>σ_∋>x, ∗ [s+σ>σ_∋>x,‘ ⌋ Y_η+σ_∋, ∗ Y_η+σ, ⌈ +55, P ruhryhu/ ⇕Y_η+σ_∋,∗ Y_η+σ,⇕⪰ ⇕Y_η+σ_∋,∗ Y+σ_∋,⇕. ⇕Y+σ_∋,∗ Y+σ,⇕. ⇕Y+σ,∗ Y_η+σ,⇕/ Iurp wkhwkhruhp 6/ wkhdssur–lp dwlrq huuruvxs^γ \ Y_η ∗ Y \ ri wkhvfkhp hwhqgv wr 3 dvη ↘3 irudq— frp sdfwγ ≫ R dqg wkdqnvwr wkhfrqwlqxlw— ri Y +wkhruhp 5,/ vxs^{℘▽ γ\k\⪰ η} ⇕Y+℘, ∗ Y+℘ . k,⇕whqgvwr 3 dvη ↘3/ Z h ghgxfh= \ Y_η+σ_∋, ∗ Y_η+σ, \ ⪰ ϱ+η,> z lwk ϱ+η, @ 5vxs^{℘▽ γ} \ Y_η+℘, ∗ Y+℘, \ . vxs ℘▽ γ^{\k\⪰ η} ⇕Y+℘, ∗ Y+℘ . k,⇕>z klfk whqgv wr 3 dvη ↘3/Iurp +55, dqg +53,/ z h rewdlq= \ \ ⋃ σ_∋ ŝ+σ>σ ∋>x, ∗ [s+σ>σ_∋>x,‘Y_η+σ_∋, \ \⪰ O^i p^i +n^5 . 5n^Q ,η/ϱ+η, +56,

Wkh %z hdn%fr qwudfwlrq s ur s huw— +¡, dqg +43, kr ogv =

~ Vxssrvh wkdwσ ▽ Ψ_η =iurp wkh surshuw— ri wkh h–srqhqwldoixqfwlrq ζ_{Ξ w}⪰

4∗_{Ξ w}^5 oq_4^ζ iruΞ wvp doohqrxj k/ z hghgxfh=ζ_{[χ+σ>x,} ⪰ 4∗_{[χ+σ>x,}^5 oq_4^ζ >wkxvζ_{[χ+σ>x,} ⪰

4∗_η^{5P i} oq_4^ζ iru vp dooη/ dqg iurp +54, dqg +56, z h ghgxfh wkdw= \ Y_η^{q. 4}+σ, ∗ Y_η+σ, \ ⪰ +4∗ n/η,H_η^q . h+η,/η

z lwk=n @ 4 5P_i oq 4 ζ dqg =h+η, @ O_i p_i +n_5 . 5n_Q ,ϱ+η, . n_χ oq 4 ζ /P_Y η /η. n_5O_u n_4p_i η. n_χP_uη Vlqfh ϱ+η, ↘3 dv η ↘3>h+η, dovr whqgv wr 3 dqg wkh surshuw— +¡, krogv1 ~ Qrz vxssrvh wkdwσ ▽ CΨ^η =iurp wkh Olsvfklw̋ surshuw— ri U/ \ Y^η_{q. 4}+σ, ∗ Y^η+σ, \ @⇕U+ȷ , ∗ U+σ,⇕⪰ O_U/\ȷ ∗ σ\ ⪰ O_U /n_Q /η dqg wkh surshuw— +43, krogv1

Wkxv wkh wkhruhp 7 dssolhv dqg wkh p rgho0edvhg I G dojrulwkp lv frqyhu0 j hqw1

+ i ui hi ?Ui t

d̀ @hbeo BΛ) ` @h*it˘ 5L*Λ—ıL?t ˙i fflıtULtı—�i ˙it �i^Λ@—ıL?t ˙i O@4 ı*—L?´a@ULMıc fflL*´ Λ4 i �. Lu¨ @—Ξ�i4 @—ı̂ Λit i— Σ TT*ıU@—ıL?t˘ 5Thı?˝ih´Vih*@˝c�bbe˘ d̀ ` 5bDo Σ ?˙hi¯ B˘ ` @h—Lc5—iffli? a˘ ` h@˙—!ic@?˙ 5@—ı?˙ih ¸ ˘ 5ı?˝Ξ˘ wi@h?ı?˝ —L@U— Λtı?˝ hi@*´—ı4 i ˙)?@4 ıUThL˝h@4 4 ı?˝˘ Σ h—ı�Uı@* W?—i**ı̋ i?Uic E. 2øGH�ff�fiHc �bbD̆ d̀ 5b�o BΛ) ` @h*it @?˙ ¸ ˘, ˘ 5LΛ˝@?ı̇ ıt˘ ß L?fflih˝i?Ui Lu@TThL ı4 @—ıL? tUΞi4 it uLh uΛ**) ?L?*ı?i@htiUL?˙ Lh˙ihi^Λ@—ıL?t˘ Σ t)4 T—L—ıUΣ?@*)tıtceG2. �ff2Hfic�bb�˘ d65bfio ‘ i?˙i**O˘ 6*i4 ı?˝ @?˙ O˘ ¨ i—i 5L?ih˘ ßL?—hL**i˙ ¨ @h!Lffl ¸ hLUittit @?˙ VıtULtı—) 5L*Λ—ıL?t˘ Σ TT*ıU@—ıL?t Lu¨ @—Ξi4 @—ıUt˘ 5Thı?˝ih´Vih*@˝c�bbfi˘ dk # b2o O@hL*˙ a˘ k ΛtΞ?ih @?˙ # ΛTΛıt˘ Π Λ4 ihıU@* ¨ i—ΞL˙t uLh 5—LUΞ@t—ıUß L?—hL* ¸ hLM*i4 t ı? ß L?—ı?ΛLΛt Aı4 i˘ Σ TT*ıU@—ıL?t Lu¨ @—Ξi4 @—ıUt˘5Thı?˝ih´Vih*@˝c �bb2˘ d̈ ` b. o +�i4 ı¨ Λ?Lt @?˙ ¸ @Λ*` LΛh˝ı?i˘ +iı?uLhUi4 i?— *i@h?ı?˝ uLh UL?—ı?ΛLΛt t—L´ UΞ@t—ıUUL?—hL*ThLM*i4 t˘ Π iΛh@*W?uLh4 @—ıL? ¸ hLUittı?˝ 5)t—i4 tc�bb.˘ d̈ Λ?bSo +�i4 ı¨ Λ?Lt˘ Σ UL?fflih˝i?— hiı?uLhUi4 i?— *i@h?ı?˝ @*˝Lhı—Ξ4 ı? —Ξi UL?—ı?Λ´ LΛt U@ti G—Ξi �?ı—i´i*i4 i?— hiı?uLhUi4 i?— *i@h?ı?˝˘ W?—ih?@—ıL?@*ßL?uihi?Ui L? ¨ @UΞı?i wi@h?ı?˝c�bbS˘ d̈ Λ?b. o +�i4 ı¨ Λ?Lt˘ Σ UL?fflih˝i?— hiı?uLhUi4 i?— *i@h?ı?˝ @*˝Lhı—Ξ4 ı? —Ξi UL?—ı?Λ´ LΛt U@ti M@ti˙ L? @�?ı—i ˙ıgihi?Ui 4 i—ΞL˙˘ W?—ih?@—ıL?@*aLı?— ßL?uihi?Ui L? Σh—ı�Uı@*W?—i**ı̋ i?Uic�bb.˘

AΞıt @h—ıU*i ¯ @t ThLUitti˙ Λtı?˝ —Ξi w^ΣA, j 4 @UhL T@U!@˝i ¯ ı—Ξ wwΠ ß5 t—)*i