D fr qyhuj hqwUhlqir ufhp hqwOhduqlqj doj r ulwkp lq wkh fr qwlqxr xv fdvh edvhg r q d I lqlwh Glffihuhqfh p hwkr g

Uìp l P xqr v^W FHP DJ UHI / OLVF/ Sduf gh Wrxuyrlh/ ES 454/ <54; 8 Dqwrq| Fhgh{/ I UDQFH1

Who=+3,4 73 <9 94 :<1 I d{ =+3,4 73 <9 93 ; 3

H0p dlo=Uhp l1P xqrvCfhp dj uhi1iu

Devwudfw

Lq wklv sdshu/ z h surs rvh d frqyhujhqwUhlq0 irufhp hqwOhduqlqj doj rulwkp iru vroylqj rswl0 p dofrqwurosureohp viruz klfk wkh vwdwh vsdfh dqg wkh wlp h duh frqwlqxrxv yduldeohv1 Wkh sureohp ri frp sxwlqj d jrrg dssur{lp d0 wlrq ri wkh ydoxh ixqfwlrq/ z klfk lv hvvhqwldo ehfdxvh wklv surylghv wkh rswlp dofrqwuro/ lv d gl! fxowwdvn lq wkh frqwlqxrxvfdvh1Lqghhg/ dv lwkdvehhq srlqwhg rxwe| vhyhudodxwkruv/ wkh xvh ri sdudp hwhul}hg ixqfwlrqv vxfk dv qhxudo qhwz runv iru dssur{lp dwlqj wkh ydoxh ixqfwlrq p d| surgxfhyhu| edg uhvxowvdqg hyhq glyhuj h1 Lq idfw/ z h vkrz wkdwfodvvlfdodoj rulwkp v/ olnh T0ohduqlqj / xvhg z lwk d vlp soh orrn0xs wd0 eoh exlowrq d uhj xodu j ulg/ p d| idlo wr frq0 yhuj h1 Wkh p dlq uhdvrq lv wkdwwkh glvfuhwl}d0 wlrq ri wkh vwdwh vsdfh lp solhv d orvwri wkh P dunry surshuw| hyhq irughwhup lqlvwlf frqwlq0 xrxv surfhvvhv1 Z h sursrvh wr dssur{lp dwh wkh ydoxh ixqf0 wlrq z lwk d frqyhuj hqwqxp hulfdovfkhp h edvhg rq d I lqlwh Gl�huhqfh dssur{lp dwlrq ri wkh Kdp lowrq0Mdfrel0Ehoop dq ht xdwlrq1 Wkhq z h suhvhqwd p rgho0iuhh uhlqirufhp hqwohduqlqj do0 j rulwkp / fdoohg I lqlwh Glffihuhqfh Uhlqirufh0 p hqwOhduqlqj/ dqg suryh lwv frqyhuj hqfh wr wkh ydoxh ixqfwlrq ri wkh frqwlqxrxv sureohp 1

4 Lqwur gxfwlr q

Wklv sdshu lv frqfhuqhg z lwk frqyhujhqfh uhvxowv ri Uh0 lqirufhp hqwOhduqlqj +UO, doj rulwkp vlq wkhfrqwlqxrxv0 wlp h/ frqwlqxrxv0vwdwh0vsdfh fdvh1 Z h glvfxvv wkh sure0 ohp ri wkhqhfhvvdu| glvfuhwl}dwlrq ri wkh vwdwhvsdfh dqg sursrvh d UO doj rulwkp wkdwfrqyhuj hv wr wkh rswlp do vroxwlrq1

WGDVVDXOW0DYLDWLRQ/ GJ W0GWQ0HO0Hw1 Dydqf�hv/ : ; t xdl P dufhoGdvvdxow/ <5547 Vdlqw0Forxg/ I UDQFH

Wkh remhfwlyh ri UO lv wr �qg 0wkdqnv wr d uhlqirufh0 p hqwvlj qdo0dq rswlp dovwudwhj | iruvroylqj d g| qdp lfdo frqwurosureohp / vxfk dvwduj hwrurevwdfoh sureohp v/ yl0 delolw| ru rswlp l}dwlrq sureohp v1 Wkh whfkqlt xh xvhg ehorqj v wr wkh G| qdp lf Surj udp p lqj +GS, p hwkrgv z klfk gh�qh dq rswlp do ihhg0edfn frqwuro e| dssur{l0 p dwlqj wkh ydoxh ixqfwlrq +YI ,/ z klfk lv wkh ehvwh{0 shfwhg fxp xodwlyh uhlqirufhp hqwdv d ixqfwlrq ri lqlwldo vwdwh1

Lq wkh frqwlqxrxv fdvh/ wkh YI kdv wr eh uhsuhvhqwhg z lwk d ixqfwlrq dssur{lp dwruz lwk d �qlwhqxp ehuri sd0 udp hwhuv1Vhyhudodxwkrukdyhsrlqwhg rxwwkdwwkhfrp 0 elqdwlrq ri UO dojrulwkp v z lwk j hqhudo dssur{lp dwlrq v| vwhp v+vxfk dvqhxudoqhwz runv/ ix}}| vhwv/ s ro| qrp ldo dssur{lp dwruv/ hwf1, p d| surgxfh xqvwdeoh ruglyhuj hqw uhvxowv hyhq iru yhu| vlp soh sureohp v +vhh ^Er| dq dqg P rruh/ 4<<8‘/ ^Edlug/ 4<<8‘/ ^J rugrq/ 4<<8‘,1 Khuh z h vkrz wkdwfodvvlfdoUO dojrulwkp v/ olnh T0ohduqlqj +vhh ^Z dwnlqv/ 4<; <‘,/ xvhg z lwk d orrn0xs wdeoh exlowiurp d vlp soh glvfuhwl}dwlrq ri wkh vwdwh vsdfh p d| surgxfh d yhu| edg dssur{lp dwlrq ri wkh ydoxh ixqfwlrq1 Wkh p dlq uhdvrq lv wkdwwkh glvfuhwl}dwlrq ri d ghwhup lqlv0 wlf frqwlqxrxv surfhvv lv qrwP dunryldq1 Vr dojrulwkp v vxfk dv T0ohduqlqj z klfk hvwlp dwh wkh ydoxh ri d vwdwh dvdq dyhudj h ri wkh ydoxhvri vxffhvvlyh vwdwhvdffruglqj wr wkhlu rffxuuhqfh z looqrwfrqyhujh1 Z h sursrvh dv dq dowhuqdwlyh dq doj rulwkp wkdwdyhudj hv wkh ydoxhv ri wkh qh{wvwdwhv dffruglqj wr wkh vwdwh g| qdp lfv1

Vhfwlrq 5 sursrvhv d irup dolvp iru rswlp do frqwuro sureohp v lq wkh frqwlqxrxv fdvh1 Wkh YI lv lqwur0 gxfhg dqg wkhKdp lowrq0Mdfrel0Ehoop dq +KME, ht xdwlrq lv vwdwhg1 Vhfwlrq 6 glvfxvvhv wkh orvwri wkh P dunry surshuw| z lwk wkh glvfuhwl}dwlrq ri wkh vwdwh vsdfh dqg vwxglhv wkh T0ohduqlqj doj rulwkp z lwk d orrn0xs wdeoh1 Vhfwlrq 7 ghvfulehv wkh glvfuhwl}dwlrq ri wkh KME ht xd0 wlrq e| d I lqlwh Gl�huhqfh +I G, p hwkrg/ z klfk ohdgv wr d GS ht xdwlrq iru d �qlwh P dunry Ghflvlrq Surfhvv +P GS, dqg z krvh vroxwlrq dssur{lp dwhv wkh YI 1Vhf0 wlrq 8 suhvhqwv wkh doj rulwkp / fdoohg I lqlwh Glffihuhqfh Uhlqirufhp hqwOhduqlqj +I GUO,/ wkdwfrqyhuj hv wr wkh

ydoxh ixqfwlrq ri wkh frqwlqxrxv surfhvv1 Dsshqgl{ D j lyhv wkh surri ri frqyhuj hqfh ri wkh doj rulwkp 1

5 D ir up dolvp ir u Uhlqir ufhp hqw

Ohduqlqj lq wkh fr qwlqxr xv fdvh

Lq wklv sdshu/ z h frqvlghu ghwhup lqlvwlf frqwuroohg v| v0 whp vz lwk lqfflqlwh wlp hkrul}rq dqg glvfrxqwhg uhlqirufh0 p hqw1 Ohwı+w, ▽ ßR eh wkh vwdwh ri wkh v| vwhp z lwk R

≫ LU_g dq rshq dqg erxqghg vxevhw1Wkh hyroxwlrq ri wkh v| vwhp +wkh vwdwh g| qdp lfv i , ghs hqgv rq wkh fxuuhqw vwdwh ı+w, dqg frqwurox+w, >lwlv gh�qhg e| d frqwuroohg gl�huhqwldoht xdwlrq = g gw ı+w, @i +ı+w,>x+w,, +4, z khuh wkh frqwurox+w, lv d erxqghg/ Ohehvj xh p hdvxu0 deoh ixqfwlrq z lwk ydoxhv lq d frp sdfwX1

I urp dq| lqlwldovwdwh ı/ wkh fkrlfh ri d frqwurox+w, ohdgv wr d xqlt xh wudmhfwru| ı+w,1 Ohwχ eh wkh h{lwwlp h ri ı+w, iurp ßR +z lwk wkh frqyhqwlrq wkdwli ı+w, doz d| v vwd| vlq ßR/ wkhq χ @△ ,1Wkhq/ z hgh�qhwkh glvfrxqwhg uhlqirufhp hqwixqfwlrqdori vwdwh ı/ frqwurox+/, = M+ı¿x+/,, @

⊎_χ 3 ζ^wu+ı+w,>x+w,,gw. ζ^χU+ı+χ,, Z khuhu+ı>x, lvwkhuxqqlqj uhlqirufhp hqwdqg U+ı, wkh erxqgdu| uhlqirufhp hqw1 ζ lv wkh glvfrxqwidfwru +3 ⪰ ζ ⋆ 4,1

Wkh r e mhfwlyh r i wkh fr qwur o s ur eohp lv wr �qg wkh rswlp doihhg0edfn frqwurox^±+ı, wkdwrswlp l}hv wkh uhlqirufhp hqwixqfwlrqdoiru dq| vwdwh ı1

514 Wkh Uhlqir ufhp hqwOhduqlqj ds s ur dfk UOwhfkqlt xhvehorqj vwr wkh fodvvri GS p hwkrgvz klfk frp sxwh wkh rswlp dofrqwuroe| wkh p hdqv ri wkh ydoxh ixqfwlrq/ z klfk lv wkh p d{lp xp ydoxh ri wkh ixqfwlrqdo dv d ixqfwlrq ri lqlwldovwdwh ı =

Y+ı, @vxs_{x+/,} M+ı¿x+/,,

Lq wkhUOdssurdfk/ wkhv| vwhp wulhvwr dssur{lp dwhwklv ixqfwlrq z lwkrxwnqrz lqj wkh vwdwh g| qdp lfv i qru wkh uhlqirufhp hqwixqfwlrqv u>U/UO dsshduv dv d frqvwuxf0 wlyh dqg lwhudwlyh surfhvv/ edvhg rq h{s hulhqfh/ wkdwhv0 wlp dwhvwkh ydoxhixqfwlrq e| vxffhvvlyh dssur{lp dwlrqv1

515 Wkh Kdp lowr q0Mdfr el0Ehoop dq ht xdwlr q I roorz lqj wkhg| qdp lf surj udp p lqj sulqflsoh/ wkhydoxh ixqfwlrq vdwlv�hv d �uvw0rughu qrqolqhdu sduwldogl�huhq0 wldoht xdwlrq fdoohg wkh Kdp lowrq0Mdfrel0Ehoop dq ht xd0 wlrq +vhh ^I ohp lqj dqg Vrqhu/ 4<<6‘ iru d vxuyh| ,1

Wkhr uhp 4 +Kdp lowr q0Mdfr el0Ehoop dq, Li Y lv glffihuhqwldeoh dwı ▽ R/ ohwGY+ı, eh wkh judglhqwri Y dwı/ wkhq wkh iroorz lqj KME htxdwlrq krogv dwı1 Y+ı, oqζ . vxs_{x▽ X}ĜY+ı,/i +ı>x, . u+ı>x,‘@3 Ehvlghv/ Y vdwlvfflhv wkh iroorz lqj erxqgdu| frqglwlrq = Y+ı, ∼ U+ı, iru ı ▽ CR Uhp dun 4 Wkh fkdoohqjh ri ohduqlqj wkh ydoxh ixqfwlrq lv p rwlydwhg e| wkh idfwwkdwiurp Y/ zh fdq ghgxfh wkh iroorz lqj rswlp doihhg0edfn frqwurosrolf| = x^±+ı, @duj vxs_{x▽ X}ĜY+ı,/i +ı>x, . u+ı>x,‘ Lq wkh iroorz lqj / z h dvvxp h wkdw= 0i dqg u duh erxqghg z lwk P_i +uhvshfwlyho| P_u, dqg Olsvfklw}ldq = ⇕i +ı>x, ∗ i +ȷ >x,⇕⪰ O_i \ı ∗ ȷ \_4 +uhvs1 ⇕u+ı>x, ∗ u+ȷ >x,⇕⪰ O_u \ı ∗ ȷ \_4,1 0U lv Olsvfklw}ldq =⇕U+ı, ∗ U+ȷ ,⇕⪰ O_U \ı ∗ ȷ \_4 / z lwk wkh qrup ⇕⇕ı⇕⇕_4 @ ⋃_g l@4 ⇕ı_l⇕1 0Wkh erxqgdu| CR lv F^5/ Ehvlghv/ z h frqvlghuwkh iroorz lqj k| s rwkhvlvfrqfhuq0 lqj wkh vwdwh g| qdp lfv i durxqg wkh erxqgdu| CR dqg z h vwdwh d wkhruhp ri frqwlqxlw| z krvh surri lv lq ^Edu0 ohv dqg Shuwkdp h/ 4<<3‘1 I ru dooı ▽ CR>ohw∗↔q +ı, eh wkh rxwz dug qrup dori R dwı/ z h dvvxp h wkdw= 0Li wkhuh h{lvwv x ▽ X>vxfk wkdwi +ı>x,/∗↔q +ı, ⪰ 3 wkhq wkhuh h{lvwv y ▽ X>vxfk wkdwi +ı>y,∗↔q +ı, ⋆ 3/ 0Li wkhuh h{lvwv x ▽ X>vxfk wkdwi +ı>x,/∗↔q +ı, ∼ 3 wkhq wkhuh h{lvwv y ▽ X>vxfk wkdwi +ı>y,∗↔q +ı, A 3/ Wkhr uhp 5 Vxssrvh wkdwwkhvh k| srwkhvhv krog/ wkhq wkh ydoxh ixqfwlrq lv frqwlqxrxv lq R1

6 Wkh glvfuhwl}dwlr q lp s olhv d or vwr i wkh P dunry s ur s huw|

Ohwxv glvfuhwl}h wkh vwdwh vsdfh lqwr d uhj xodu j ulg dqg gh�qh d �qlwh glvfuhwl}hg vwdwh vsdfh frp srvhg ri fhoov ♭ 1 Frqvlghu d wudmhfwru| ı+w, dqg wkh fruuhvsrqglqj vht xhqfh ri fhoov ♭_l frqwdlqlqj lw= ı+w, ▽ ♭_l iru w▽ ŵ_l>w_{l. 4}‘1 Vxss rvh wkdwwkh frqwurox_l lv nhswfrqvwdqw lqvlgh ♭_l/Z h revhuyh wkdwwkh wudqvlwlrq iurp d fhoo♭ wr dq dgmdfhqwfhoo♭_4 qrwrqo| ghshqgv rq ♭ exwdovr rq wkh sodfh iurp z klfk wkh wudmhfwru| hqwhuv lqvlgh ♭ +vhh �j xuh 4,1 Wkxv/ lq jhqhudo/ wkh vxffhvvlrq ri fhoov ♭_l grhv qrwsurylgh d P GS hyhq z khq wkh frqwlqxrxv surfhvv lv ghwhup lqlvwlf1

T 0ohduqlqj z lwk d or r n0xs wdeoh= UO dojrulwkp v vxfk dv T0ohduqlqj +vhh ^Z dwnlqv/ 4<; <‘, duh fodvvlfdoo| xvhg lq rughu wr dssur{lp dwh wkh ydoxh ixqfwlrq1 Khuh/ wkh xsgdwlqj uxoh frxog eh=

Ξ T+♭_l>x, @ δ_l ζ̂^{χl} Y+♭_{l. 4}, ∗ T+♭_l>x, . χ_lu+♭_l,‘ z lwk Y+♭ , @ vxs_{x▽ X} T+♭ >x,

I ljxuh 4=Glvfuhwl}dwlrq ri wkh vwdwh vsdfh1 Wkh vhulh ri wkh vxffhvvlyh fhoov ♭^l frqwdlqlqj wkh fxuuhqwvwdwh ı+w, lv qrwd P GS1Khuh/ wkh wudqvlwlrq iurp ♭ wr ♭^4 ru ♭^5

+rffxulqj iruvrp h wudmhfwrulhvı^4+w, dqg ı^5+w,, ghs hqgv rq wkh lqsxwsrlqwv +ı^4 dqg ı^5,1 iru vrp h wlp h χ^l dqg vrp h ghfuhdvlqj ohduqlqj udwh δ^l/

Wklv lv dq lwhudwlyh uhfxuvlyh ht xdwlrq wkdwlqfuhp hq0 wdoo| frp sxwhv wkh dyhudj h ri wkh ydoxhv ri vxffhvvlyh fhoovdffruglqj wr wkhlurffxuuhqfh1P hdqz kloh/ iurp wkh qrq0P dunryldq dvshfwri wkh vxffhvvlrq ri fhoov/ lq j hq0 hudo/ wklv doj rulwkp +z krvh frqyhuj hqfh lv suryhg iru �0 qlwh P GS, kdv qr fkdqfh wr frqyhuj h1 I ru h{dp soh/ vxss rvh wkdwlq �j xuh 4/ p rvwri wkh wudmhfwrulhv frp hv lqvlgh♭ iurp lwverwwrp vlghwkxvohdyhv♭ iurp lwvuljkw vlgh1 Wkhq iurp wkh doj rulwkp / T+♭ >x, z loodop rvwh{0 foxvlyho| ghshqg rq Y+♭^4,/Lq idfw/ wkh ydoxhvfrp sxwhg e| vxfk dojrulwkp vz looghshqg rq wkhh{sorudwlrq vwudwh0 j lhv dqg z looqrwfrqyhuj h wr wkh ydoxh ixqfwlrq1

Dvwkh T0ohduqlqj z lwk orrn0xs wdeoh gr qrwfrqyhuj h/ wkh frp elqdwlrq ri vlp lodu UO doj rulwkp v z lwk ixqfwlrq dssur{lp dwruv dsshduv xqolnho| wr frqyhuj h1 Dv dq do0 whuqdwlyh/ z h sursrvh wkdwwkh xsgdwlqj uxoh vkrxog wdnh lqwr dffrxqwwkh vwdwh g| qdp lfv i lq rughu wr dssur{l0 p dwh d frqyhuj hqwI G vfkhp h vwxglhg qh{wvhfwlrq1

7 D I lqlwh Glffihuhqfh vfkhp h

Ohwh^4>h^5>///>h^g eh d edvlv iru LU_g1 Wkh vwdwh g| qdp lfv lv =i @+i^4>///>i^g,1 Ohwwkh s rvlwlyh dqg qhj dwlyh sduwv ri i^l eh = i_.^l @p d–+i^l>3,>i_∗^l @p d–+∗ i^l>3,/I ru dq| glvfuhwl}dwlrq vwhs η>ohwxvfrqvlghuwkh odwwlfhv=η~_g @ √ η/ ⋃^g l@4 m^lh^l √ z khuhm^4>///>m^g duhdq| lqwhj huv/ dqg Ψ_η @

⟩ σ ▽ η~_g vxfk wkdwdwohdvwrqh dgmdfhqws rlqwvσ⊖ ηh^l ▽

R| 1 Wkh lqwhulru ri Ψ_η lv Ψ_η ∨ R1 OhwCΨ_η/ wkh iurqwlhu ri Ψ_η>ghqrwh wkh vhwri s rlqwvri Ψ_η z klfk duh qrwlq wkh lqwhulru ri Ψ_η/

OhwX_η ≫ X eh d �qlwh frqwurovhwwkdwdssur{lp dwhv

X lq wkh vhqvh =η ⪰ η_∋ ⇔ X_η

∋ ≫ X^η dqg ∧_ηX^η @X1 E| uhsodflqj wkh judglhqwGY+σ, e| wkh iruz dug dqg edfnz dug gl�huhqfh t xrwlhqwv ri Y lq σ =

Ξ^._l Y+σ, @ 4 η Ŷ+σ. ηh_l, ∗ Y+σ,‘ Ξ^∗_l Y+σ, @ 4 η Ŷ+σ∗ ηh_l, ∗ Y+σ,‘ z h fdq dssur{lp dwh wkh KME ht xdwlrq e| wkh iroorz lqj ht xdwlrq =

Y^η+σ, oqζ . vxs_{x▽ Xη} ⟩_g ⋃ l@4 ⌋ i^._l +σ>x,/Ξ^._l Y^η+σ,

. i^∗_l +σ>x,/Ξ^∗_l Y^η+σ, ⌈ . u+σ>x, | @3 +5,

Nqrz lqj wkdw+Ξ woqζ, lv dq dssur{lp dwlrq ri +ζ^{Ξ w}∗ 4, dv Ξ wwhqgv wr 3/ dqg e| lqwurgxflqj wkh t xdolwlhv T^η+σ>x, vxfk wkdwY^η+σ, @vxs_{x▽ X}η T^η+σ>x,>+5, j lyhv= T^η+σ>x, @ ζ^{η⇕⇕i +σ>x , ⇕⇕}4 g⋃ l@4 ⇕i_l+σ>x,⇕ ⇕⇕i +σ>x,⇕⇕_4 /Y^η+σ_l, . η ⇕⇕i +σ>x,⇕⇕_4 u+σ>x, +6, z lwk σ_l @ σ . ηh_l li i_l+σ>x, A 3 dqg σ_l @ σ ∗ ηh_l li i_l+σ>x, ⋆ 3/ Wklvht xdwlrq fdq eh lqwhusuhwhg dvd GS ht xdwlrq iru d �qlwhP GS +vhh^I ohp lqj dqg Vrqhu/ 4<<6‘, z krvhvwdwh vsdfh lv Ψ^η>wkh frqwurovsdfh lv X^η dqg wkh suredelolwlhv ri wudqvlwlrq s+σ>x>σ_l, iurp vwdwh σ>frqwuro x wr qh{w vwdwh σ_l duh wkh frruglqdwhv^{⇕i l +σ>x,⇕}_{⇕⇕i +σ>x,⇕⇕4} +vhh �jxuh 5 iru d jhrp hwulfdolqwhusuhwdwlrq,1

I lj xuh5=D jhrp hwulfdolqwhusuhwdwlrq ri wkhI G vfkhp h1 Wkh wudqvlwlrq suredelolwlhvs+σ>x>σ_l, ri wkh fruuhvsrqg0 lqj P GS duh wkh frruglqdwhv ri wkh yhfwru^4_η σκ z lwk κ wkhsur mhfwlrq ri σ rqwr wkhvhj p hqw+σ_4σ_5, lq d gluhfwlrq sdudoohowr i +σ>x,1

Wkdqnv wr d frqwudfwlrq surshuw| gxh wr wkh glvfrxqw idfwru ζ +vhh ^Ehuwvhndv/ 4<; :‘,/ GS wkhru| lqvxuhv wkdw wkhuh h{lvwv d xqlt xh vroxwlrq +wkh �{hg0s rlqw, Y^η wr

ht xdwlrq +6, iruσ lqwhulru wr Ψ_η z lwk wkh erxqgdu| frq0 glwlrq Y_η+σ, @U+σ, iru σ ▽ CΨ_η1

Wkh iroorz lqj wkhruhp / z krvh surri xvhv wkh j hqhudo frqyhujhqfh uhvxowri ^Eduohv dqg Vrxj dqlglv/ 4<<4‘ dqg wkh vwurqj frp sdulvrq uhvxowehwz hhq vxe0 dqg vxshu0 ylvfrvlw| vroxwlrq +vhh ^Fudqgdoo hwdo1/ 4<<5‘, ri KME ht xdwlrqv ri ^Eduohv/ 4<<7‘/ lqvxuhv wkdwY_η lv d frqyhu0 j hqwdssur{lp dwlrq ri Y1

Wkhruhp 6 +F r qyhuj hqfh r i wkh I G vfkhp h, Ohw xv dvvxp h wkdwwkh k| srwkhvhv ri vhfwlrq 5 krog/ wkhq Y^η frqyhujhv wr Y dv η whqgv wr 3 =

olp_{η↘3} σ↔ ı Y^η+σ, @Y+ı, xqlirup o| rq dq| frp sdfwfl ≫ R

Uhp dun 5 Wkh P GS exlowkhuh ghshqgv rq wkh vwdwh g| qdp lfv i dqg lv lqghshqghqwri wkh uxqqlqj ri wudmhf0 wrulhv zklfk jhqhudwhv d qrq0P dunry vxffhvvlrq ri fhoov dv lwkdv ehhq vhhq lq vhfwlrq 61

Lq wkh qh{wvhfwlrq/ z h surs rvh d UO doj rulwkp wkdw dssur{lp dwhv wklv I G vfkhp h1

8 Wkh I GUO doj r ulwkp

Ohwxv frqvlghu d j ulg J^η ≺ R frp srvhg ri uhjxodufhoov ♭ vxfk wkdwwkh fhqwhuri wkh fhoovduh wkh suhylrxvo| gh0 �qhg yhuwlfhv σ ri wkh odwwlfh1 OhwCJ^η @⟩ ♭ ▽ J^η>♭ ∨ CR ∃@ ⊤| lwv erxqgdu| 1 OhwT^η_q +♭ >x, dqg Y^η_q +♭ ,>wkh ydoxhv ri fhoo ♭ frp sxwhg e| wkh doj rulwkp dwvwdj h q>lqwhqg wr dssur{lp dwh T^η+σ>x, dqg Y^η+σ,/Z h kdyh wkh uhodwlrq Y^η_q +♭ , @vxs_x T^η_q +♭ >x,/Ohwξ A 3 eh dq| +vp doo, frqvwdqw1

Ohwd wudmhfwru| ı_l+w, hqwhuv d fhoo♭ dwvrp h srlqw ı_l >wkhq d frqwurox ▽ X^η lv fkrvhq dqg nhswfrqvwdqw1 0Li ♭ ∂▽ CJ^η wkhq wkh wudmhfwru| h{lwv dwvrp h srlqw ȷ_l ▽ ♭ ∨ ♭_l iruvrp h dgmdfhqwfhoo♭_l +vhh �j xuh 4,1 Ohw u+℘_l>x, eh wkh fxuuhqwuhlqirufhp hqwrewdlqhg dwvrp h srlqw℘_l ri wkhwudmhfwru| lqvlgh♭ 1Ohwχ_l ehwkhuxqqlqj wlp h ri wkh wudmhfwru| lqvlgh ♭ /

Wkh doj rulwkp lv lqvsluhg e| wkh GS ht xdwlrq +6, iru z klfk i +σ>x, lv dssur{lp dwhg e|^{∗∗↔ı l ȷ l}_{χl} =

Li \∗∗↔ı_lȷ_l\_4 ∼ ξ/ηwkhq xsgdwhvrp hydoxhT^η_q +♭ >x>♭_l, = T^η_q +♭ >x>♭_l, @ζ η/χ l \^{∗∗↔}ı_l ȷ_l \_4 Yη q +♭_l, . η/χ_l \∗∗↔ı_lȷ_l\_4 u+℘_l>x, +7, Wkhq z hfrqvlghudq rwkhuwudmhfwru| ı_m+w, j rlqj wkurxjk ♭ iurp ı_mwlooȷ_m▽ ♭ ∨ ♭_mz lwk frqwurox>z klfk ohdgvwr xsgdwh T^η_q +♭ >x>♭_m,>dqg wkh surfhvv lv uhshdwhg xqwlo doo s rvvleoh wudqvlwlrqv +♭ >x, ↔ ♭_n iru n @ 4//g duh fduulhg rxwdwohdvwrqfh1 Wkhq z h frqvlghu d yhfwru ∗↔ıȷ @ ∗∗↔ı_nȷ_n iru vrp h n +iru h{dp soh/ fruuhvsrqglqj wr wkh p rvwuhfhqwwudmhfwru| , dqg frp sxwh=

T^η_{q. 4}+♭ >x, @ g⋃ l@4 ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 T^η_q +♭ >x>♭_l, +8, z khuh +/,_l ghqrwh wkh l^{wk} frruglqdwh1 I ru h{dp soh/ lq �jxuh 4/ li ı_4+w, rffxuv �uvw/ T^η_q +♭ >x>♭_4, lv frp sxwhg/ wkhq z khq ı_5+w, rffxuv/ T^η_q +♭ >x>♭_5, dqg T^η_{q. 4}+♭ >x, duh xsgdwhg,1

0Li ♭ ▽ CJ^η dqg li wkh wudmhfwru| uhdfkhv wkh erxqg0 du| ȷ_l ▽ CR lqvlgh ♭ >xsgdwh=

Y^η_{q. 4}+♭ , @U+ȷ_l, +9,

Wkh iroorz lqj wkhruhp vwdwhv wkdwz lwk wkh iroorz lqj k| s rwkhvlv ri h{sorulqj0hyhu| 0srvvleoh0wudqvlwlrq= Z h frqvlghu vhulhv ri wudmhfwrulhv vxfk wkdw wkh I GUO doj rulwkp ohdgv wr wkh xsgdwlqj ri hyhu| fhoo♭ ∂▽ CJ^η z lwk uxoh +7, irudoofrqwuro x dqg doosrvvleohvxffhvvlyhfhoo♭_n dq| +�qlwh, qxp ehu ri wlp hv dqg hyhu| fhoo♭ ▽ CJ^η z lwk uxoh +9, dwohdvwrqfh1 wkh ydoxhvfrp sxwhg e| wkh dojrulwkp frqyhujh wr wkh YI ri wkh frqwlqxrxv sureohp = Wkhr uhp 7 +F r qyhuj hqfh r i wkh doj r ulwkp , Vxssrvh wkdwwkh k| srwkhvhv ri vhfwlrq 5 dqg wkh rqh ri h{sorulqj0hyhu| 0srvvleoh0wudqvlwlrq krog/ wkhq= Iru dq| frp sdfwfl ≫ R>∅ ϱA 3/ ℜΞ vw1 ∅ η ⪰ Ξ / e| xvlqj wkh I GUO dojrulwkp / ℜQ>∅ q ∼ Q/ vxs_{ı▽ fl} ⇕Y^η_q +♭ ̸ı, ∗ Y+ı,⇕⪰ ϱ/ Uhp dun 6 Wkh I GUOlvd nlqg ri UhdoWlp h +rudv| q0 fkurqrxv, GS dqg qrwd nlqg ri T0ohduqlqj +wkhuh lv qr ohduqlqj udwh δ_q wkdwdyhudjhv wkh vxffhvvlyh ydoxhv df0 fruglqj wr wkhlu rffxuuhqfh,1 Wklv vhhp v p ruh uhohydqw khuh ehfdxvh wkh dyhudjlqj +z lwk uxoh +8,, ri wkh ydoxhvri qh{wfhoovfrp hviurp wkh glvfuhwl}dwlrq surfhvvlwvhoi dqg qrwiurp wkh vwdwh g| qdp lfv ri wkh frqwlqxrxv surfhvv zklfk lv ghwhup lqlvwlf1 Uhp dun 7 Rqfh wkh T^η_q +♭ >x, ydoxhv kdyh ehhq frp 0 sxwhg/ wkh fxuuhqwrswlp dofrqwurolq fhoo♭ lv= x^± @duj vxs_{x▽ X}η T^η_q +♭ >x,/

9 F r qfoxvlr q

Wklv sds hu xvhv I G p hwkrgv iru dssur{lp dwlqj wkh YI dqg j hqhudwlqj d frqyhujhqwUOdoj rulwkp 1Lwqhhg wr eh frp sduhg wr wkh I lqlwhHohp hqwp hwkrg xvhg lq ^P xqrv/ 4<<9‘ wkdwdssur{lp dwhv wkh YI z lwk slhfhz lvh olqhdu ixqfwlrqv gh�qhg rq d wuldqj xodwlrq ri wkh vwdwh vsdfh1 Lq sudfwlfdoxvh ri wklv doj rulwkp / dqg lq j hqhudo/ iru doo dssur{lp dwlrq v| vwhp v ri frqwlqxrxv ixqfwlrqv/ z h duh idfhg wr wkh frp elqdwruldo h{sorvlrq ri wkh qxp 0 ehu ri ydoxhv wr eh hvwlp dwhg1 I xwxuh z run vkrxog frqvlghu dgdswlyh p xowl0uhvroxwlrqv whfkqlt xhv +olnh wkh sduwl0j dp h doj rulwkp ri ^P rruh/ 4<<7‘ ru wkh p xowlj ulg p hwkrgv ri ^Dnldq/ 4<<3‘,1

Dq rwkhulp suryhp hqwvkrxog ehwr vwxg| wkhvwrfkdv0 wlf fdvh iru z klfk d T0ohduqlqj yhuvlrq ri I GUO frxog eh uhohydqw1

D Ds s hqgl{ = s ur r i r i wkhr uhp 7

D14 Lghd r i wkh s ur r i

Wkh lghd ri wkh ghp rqvwudwlrq lv wr suryh wkdwiru dq| ϱ^5 A 3>iru vp doohqrxj k ydoxhv ri η> vxs^{σ▽ Ψ η} ⇕Y_η^q +♭ ̸σ, ∗ Y_η+σ,⇕⪰ ϱ^5 +:,

Wkhq iru dooϱA 3>z h fdq �qg ϱ^4 A 3 dqg ϱ^5 A 3 vxfk wkdwϱ^4 . ϱ^5 @ϱdqg iurp wkh frqyhuj hqfh ri wkh vfkhp h

Y_η +wkhruhp 6,/ vxs^{ı▽ fl} ⇕Y_η+ı, ∗ Y+ı,⇕⪰ ϱ^4 iruvp dooη/

Wkxv= vxs^{ı▽ fl} ⇕Y_η^q +♭ ̸ı, ∗ Y+ı,⇕⪰ ϱ^4 . ϱ^5 @ϱ

Lq rughu wr suryh +: ,/ z h qhhg wr hvwlp dwh wkh gli0 ihuhqfh

\ T^η_{q. 4}+♭ >x, ∗ T^η+σ>x, \ diwhu kdylqj xsgdwhg T^η_q +♭ >x, z lwk uxoh +8,1

Z lwk H^η_q @vxs_{σ▽ Ψ} η \ Y^η_q +♭ ̸σ, ∗ Y^η+σ, \ >z h suryh lq vhfwlrq D15 wkdw= \ T^η_{q. 4}+♭ >x, ∗ T^η+σ>x, \ ⪰ +4∗ n/η,H^η_q . h+η,/η iru vrp h frqvwdqwn dqg vrp h ixqfwlrq h+η, wkdwwhqgv wr 31 Wkhq z h jlyh lq vhfwlrq D16 d vx! flhqwfrqglwlrq iru H^η_q ⪰ ϱ_5 dqg vxp p dul}h wkh surri lq vhfwlrq D171 Lq wkh iroorz lqj ri wklv vhfwlrq/ z h j lyh vrp h frp sdulvrqv1 F r p s dulvr q r i wkh wlp hv^η_{⇕⇕i +σ>x,⇕⇕4} dqg^η_{\∗↔ıȷ \4} /χ I urp Wd| oru*v wkhruhp / ⇕⇕∗↔ıȷ ∗ i +ı>x,/χ⇕⇕_4 ⪰^4_5O_i /χ^51 Dv wkh vwdwh g| qdp lfv lv erxqghg iurp ehorz / wkh wlp h χ lv erxqghg e|^{g/η}_{p i} /I urp wkh Olsvfklw} surshuw| ri i / ⇕⇕i +ı>x, ∗ i +σ>x,⇕⇕_4 ⪰ O_i /⇕⇕ı ∗ σ⇕⇕_4 ⪰^{g/η}_5 O_i 1 Exw⇕⇕∗↔ıȷ ∗ i +σ>x,/χ⇕⇕_4 @ ⇕⇕∗↔ıȷ ∗ i +ı>x,/χ . χî +ı>x, ∗ i +σ>x,‘⇕⇕_4> wkxv=⇕⇕∗↔ıȷ ∗ i +σ>x,/χ⇕⇕_4 ⪰^{g5 η5}_{5p i} O_i /+4.^4_{p i} ,/Dv⇕⇕∗↔ıȷ ⇕⇕_4 ∼ ξ/η/ z h kdyh= \ \ η \∗↔ıȷ \_4 /χ ∗ η \i +ı>x,\_4 \ \⪰ n_χη^5 +;,

z lwk =n_χ @^{g5}_{5ξ/p 5i} O_i /+4.^4_{p i} ,/Z h ghgxfh iurp d surs0 huw| ri wkh h{srqhqwldoixqfwlrq wkdw= \ \ζ^{η\ ∗↔ı ȷ \4 /χ} ∗ ζ^{η\ i +ı >x , \ 4} \ \⪰ nχ oq 4 ζ /η^5 +<,

F r p s dulvrq r i^{+∗↔ıȷ , l}_{⇕⇕ıȷ ⇕⇕4} dqg^{i l +σ>x,}_{⇕⇕i +σ>x,⇕⇕} =

I urp wkh idfwwkdwiru dq| frxsoh ri yhfwru d dqg e vxfk wkdw⇕⇕d∗ n/e⇕⇕⋆ ϱ>z h kdyh ⇕^{⇕dl ⇕}_{⇕⇕d⇕⇕}∗^{⇕el ⇕}_{⇕⇕e⇕⇕}⇕⪰^{5ϱ}_{n/⇕el ⇕∗ 5ϱ}> z h ghgxfh iurp +;, wkdw \ \⇕+ ∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 ∗ ⇕i_l+σ>x,⇕ \i +σ>x,\_4 \ \ ⪰ 5p^i /n^χ/η 4∗ 5p_i /n_χ/η ⪰ 7p_i /n_χ/η +43,

iru dq| η ⪰ Ξ_4 @^4_{7p i /nχ} /

D15 Hvwlp dwlr q r i ⇕T^B_{⋆ n �}+♭ >x, ∗ T^B+σ>x,⇕ Diwhu kdylqj xsgdwhg T^η_q +♭ >x, z lwk uxoh +8,/ ohwΣ gh0 qrwh wkh gl�huhqfh \ T^η_{q. 4}+♭ >x, ∗ T^η+σ>x, \ 1 I urp +6,/ +7, dqg +8,/ Σ ⪰ \ \ \ ζ^{η⇕⇕i +σ>x , ⇕⇕}4 / g⋃ l@4 ] ⇕i_l+σ>x,⇕ ⇕⇕i +σ>x,⇕⇕_4 ∗ ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 ⌊ Y^η+σ_l, \ \ \ . \ \ \ ) ζ^{η⇕⇕i +σ>x , ⇕⇕}4 ∗ ζ^{η\ ∗↔ı ȷ \}4^{/χ} [ / g⋃ l@4 ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 Y^η+σ_l, \ \ \ . \ \ \ ζ^{η\ ∗↔ı ȷ \}4^{/χ}/ g⋃ l@4 ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 ⌋ Y^η+σ_l, ∗ Y^η_q +σ_l, ⌈ \ \ \ . g⋃ l@4 ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 η/χ_l \∗∗↔ı_lȷ_l\_4 ⇕u+σ>x, ∗ u+℘_l>x,⇕

. g⋃ l@4 ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 \ \ ] η/χ_l \∗∗↔ı_lȷ_l\_4 ∗ η ⇕⇕i +σ>x,⇕⇕_4 ⌊ u+σ>x, \ \

Ohwxv frqvlghud olqhduixqfwlrq [Y =LU^g ↔ LU vxfk wkdw [Y+σ_l, @Yη+σ_l, iru l @4//g1 Dv^{⇕i l +σ>x,⇕}_{⇕⇕i +σ>x,⇕⇕4} dqg ⇕^{+∗↔ıȷ , l} ⇕_{\∗↔ıȷ \4} fdq eh lqwhusuhwhg dv edu| fhqwulf frruglqdwhv/ z h kdyh= g⋃ l@4 ] ⇕i_l+σ>x,⇕ ⇕⇕i +σ>x,⇕⇕_4 ∗ ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 ⌊ Y^η+σ_l, @[Y+κ, ∗ [Y+κ^∋,

z lwk κ @σ. η/^{i +σ>x,}_{⇕⇕i +σ>x,⇕⇕4} +vhh�j xuh5, dqg κ^∋ @σ. η/^{∗↔ıȷ}_{\∗↔ıȷ \4} / J hrp hwulfdofrqvlghudwlrqv jlyh=ℜ n>o▽ ^4>g‘ vw1= \ \[Y+κ, ∗ [Y+κ^∋, \ \⪰ g/ ⇕⇕κ ∗ κ^∋⇕⇕_4/⇕Y^η+σ_n, ∗ Y^η+σ_o,⇕ ⇕⇕σ_n ∗ σ_o⇕⇕_4 +44,

P ruhryhu/ ⇕Y^η+σ_n, ∗ Y^η+σ_o,⇕⪰ ⇕Y^η+σ_n, ∗ Y+σ_n,⇕ . ⇕Y+σ_n, ∗ Y+σ_o,⇕. ⇕Y+σ_o, ∗ Y^η+σ_o,⇕ OhwH^η_fl @vxs_{ı▽ fl} ⇕Y^η+ı, ∗ Y+ı,⇕/ Wkdqnv wr wkh frqwlqxlw| ri Y/ wkhuh h{lvwv Ξ_5>iru η ⪰ Ξ_5>⇕Y+σ_n,∗ Y+σ_o,⇕⪰ H^η_fl /Wkxv/ ⇕Y^η+σ_n,∗ Y^η+σ_o,⇕⪰ 6H^η_fl /I urp +44, dqg +43,/ z h kdyh= \ \ \ g⋃ l@4 ] ⇕i_l+σ>x,⇕ ⇕⇕i +σ>x,⇕⇕_4 ∗ ⇕+∗↔ıȷ ,_l⇕ \∗↔ıȷ \_4 ⌊ Y^η+σ_l, \ \ \ ⪰ 9/g^5/p_i /n_χ/H^η_fl /η Wkxv/ iurp +<,/ +; , dqg wkh Olsvfklw} surshuw| ri u =

Σ ⪰ 9g^5p_i n_χH^η_fl η. n_χ oq 4 ζ η^5P_Y η .

η^5 p_i O_u . n_χO_uη^6

. n_χη^5P_u . \ \ \ ζ^{η\∗↔ı ȷ \}4^{/χ}/ g⋃ l@4 +∗↔ıȷ ,_l \∗↔ıȷ \_4 ⌋ Y^η+σ_l, ∗ Y^η_q +σ_l, ⌈ \ \ \

OhwH_η^q @vxs^{σ▽ Ψ} η \ Y_η^q +♭ ̸σ, ∗ Y_η+σ, \ / Dv ζ_{η\∗↔ı ȷ \} 4_{/χ} ⪰ 4 ∗_{η/χ}^{\∗↔ıȷ \4} oq_4^ζ ⪰ 4 ∗ +_η^{P i} ∗ n^χη_5, oq_4^ζ > z h kdyh= Σ ⪰ +4∗ n/η,H_η^q . h+η,/η +45, z lwk n @_4^{P i} oq_4^ζ dqg h+η, @ 9/g_5/p^i /n^χ/H_η^fl .

n^χ oq_4^ζ /η/P^Y η ._η^{p i} O^u . n^χO^uη_6 . n^χηP^u . n^χηoq_4^ζ H_η^q /

D16 F r qglwlr q ir u HB⋆ ⪰ ϱ2

Ohwxv vxssrvh wkdwiru fhoov ♭ ∂▽ CJ^η>wkh iroorz lqj frqglwlrqv krog iru vrp h δ A 3

H^η_q A ϱ_5 ⇔ \ T^η_{q. 4}+♭ >x, ∗ T^η+σ>x, \ ⪰ H^η_q ∗ δ +46,

H^η_q ⪰ ϱ_5 ⇔ \ T^η_{q. 4}+♭ >x, ∗ T^η+σ>x, \ ⪰ ϱ_5 +47,

I urp wkh k| srwkhvlv ri h{sorulqj 0hyhu| 0s rvvleoh0 wudqvlwlrq/ wkhuh h{lvwv dq lqwhj hu p vxfk wkdwdwvwdj h q . p doowkh fhoov ♭ ▽ J^η kdyh ehhq xsgdwhg dwohdvw rqfhvlqfhvwdj hq1Vlqfhfhoov♭ ▽ CJ^η duhxs gdwhg z lwk uxoh+9,/ ⇕Y^η_{q. 4}+♭ ,∗ Y^η+σ,⇕@⇕U+ȷ_l,∗ U+σ,⇕⪰ O_U /η ⪰ ϱ_5 iru dq| η ⪰ Ξ_6 @^{ϱ5}_{OU} /Wkxv/ iurp +46, dqg +47, z h kdyh=

H^η_q A ϱ_5 ⇔ H^η_{q. p} ⪰ H^η_q ∗ δ H^η_q ⪰ ϱ_5 ⇔ H^η_{q. p} ⪰ ϱ_5

Wkxv wkhuh h{lvwv Q vxfk wkdw=∅ q ∼ Q>H^η_q ⪰ ϱ_51 D vx! flhqwfr qglwlr q =ohwxv vxssrvh wkdw +4∗ n/η,/ ϱ_5 5 . h+η,η ⪰ ϱ_5 5 +48,

krogv/ wkhq frqglwlrqv +46, dqg +47, duh wuxh1 Lqghhg/ dvvxp h +48, lv wuxh1 OhwH^η_q A ϱ_5/ wkhq iurp +45,/ Σ ⪰ H^η_q ∗ n/η/ϱ_5 . h+η,η ⪰ H^η_q ∗ n/η/^{ϱ5}_5 /Wkxv +46, krogv iru δ @n/η/^{ϱ5}_5 1

Qrz vxssrvh wkdwH^η_q ⪰ ϱ_5/I urp +45,/ Σ ⪰ +4 ∗ n/η,ϱ_5 . h+η,η ⪰^{ϱ5}_5 .^{ϱ5}_5 dqg frqglwlrq +47, lv wuxh1

D17 F r qyhuj hqfh r i wkh doj r ulwkp Ohwxv suryh wkhruhp 71 I ru dq| frp sdfwfl ≫ R>iru dooϱA 3/ ohwxv frqvlghu ϱ_4 A 3 dqg ϱ_5 A 3 vxfk wkdw ϱ_4 . ϱ_5 @ ϱ1 Dv h+η, whqgv wr 3>wkhuh h{lvwv Ξ_7 iru η ⪰ Ξ_7/ +48, z klfk lv ht xlydohqwwr = h+η, ∗ n^{ϱ5}_5 ⪰ 3 krogv1

Wkxv iru η ⪰ p lq⟩ Ξ_4>Ξ_5>Ξ_6>Ξ_7| / wkh vx! flhqwfrq0 glwlrq +48, lv vdwlv�hg dqg frqglwlrqv +46, dqg +47, duh wuxh1Vr wkhuh h{lvwvQ>irudooq ∼ Q/ H^η_q ⪰ ϱ_5/Ehvlghv/ iurp wkh frqyhuj hqfh ri wkh vfkhp h +wkhruhp +6,,/ wkhuh h{lvwv Ξ_3 vw1 ∅ η ⪰ Ξ_3>vxs_{ı▽ fl} ⇕Y^η+ı, ∗ Y+ı,⇕⪰ ϱ_4/ Wkxv iru η ⪰ p lq⟩Ξ_3>Ξ_4>Ξ_5>Ξ_6>Ξ_7| >ℜQ>∅ q ∼ Q/ vxs_{ı▽ fl} ⇕Y^η_q +♭ ̸ı, ∗ Y+ı,⇕⪰ vxs_{σ▽ Ψ η} ⇕Y^η_q +♭ ̸σ, ∗ Y^η+σ,⇕ . vxs_{ı▽ fl} ⇕Y^η+ı, ∗ Y+ı,⇕⪰ ϱ_4 . ϱ_5 @ϱ/

Uhihuhqfhv

^Dnldq/ 4<<3‘ P duldqqh Dnldq1P ìwkrghvp xowljuloohvhq frqwuœoh vwrfkdvwltxh1SkG wkhvlv/ Xqlyhuvlw| SdulvL[ Gdxsklqh/ 4<<31 ^Edlug/ 4<<8‘ Ohhp rq F1 Edlug1 Uhvlgxdo dojrulwkp v = Uhlqirufhp hqwohduqlqj z lwk ixqfwlrq dssur{lp dwlrq1 P dfklqh Ohduqlqj = surfhhglqjv ri wkh Wzhoiwk Lqwhu0 qdwlrqdoFrqihuhqfh/ 4<<81 ^Eduohv dqg Shuwkdp h/ 4<<3‘ J x| Eduohv dqg E1Shuwkdp h1 Frp sdulvrq sulqflsoh iru glulfkohw0w| s h kdp lowrq0mdfrel ht xdwlrqv dqg vlqjxodu shuwxued0 wlrqv ri ghj hqhudwhg hoolswlf ht xdwlrqv1 Dssolhg P dwkhp dwlfv dqg Rswlp l}dwlrq/ 54=54�77/ 4<<31 ^Eduohv dqg Vrxj dqlglv/ 4<<4‘ J x| Eduohv dqg S1H1 Vrxj dqlglv1 Frqyhuj hqfh ri dssur{lp dwlrq vfkhp hv iruixoo| qrqolqhduvhfrqg rughuht xdwlrqv1Dv| p swrwlf Dqdo| vlv/ 7=5: 4�5; 6/ 4<<41 ^Eduohv/ 4<<7‘ J x| Eduohv1 Vroxwlrqv gh ylvfrvlwì ghv ìtxdwlrqv gh Kdp lowrq0Mdfrel/ yroxp h 4: ri P dwkì0 p dwltxhv hwDssolfdwlrqv1 Vsulqjhu0Yhuodj/ 4<<71 ^Ehuwvhndv/ 4<;: ‘ Glp lwul S1 Ehuwvhndv1 G| qdp lf Sur0 judp p lqj = Ghwhup lqlvwlf dqg Vwrfkdvwlf P rghov1 Suhqwlfh Kdoo/ 4<; : 1 ^Er| dq dqg P rruh/ 4<<8‘ M1D1Er| dq dqg D1Z 1P rruh1 J hqhudol}dwlrq lq uhlqirufhp hqwohduqlqj = Vdiho| ds0 sur{lp dwlqj wkh ydoxh ixqfwlrq1 Dgydqfhv lq Qhxudo Lqirup dwlrq Surfhvvlqj V| vwhp v/ : / 4<<81 ^Fudqgdoohwdo1/ 4<<5‘ P 1J 1Fudqgdoo/ Klwrvkl Lvkll/ dqg S1O1Olrqv1 Xvhu*v j xlgh wr ylvfrvlw| vroxwlrqv ri vhf0 rqg rughusduwldogl�huhqwldoht xdwlrqv1Exoohwlq ri wkh Dp hulfdq P dwkhp dwlfdoVrflhw| / 5: +4,/ 4<<51 ^I ohp lqj dqg Vrqhu/ 4<<6‘ Z hqghoo K1 I ohp lqj dqg K1 P hwh Vrqhu1 Frqwuroohg P dunry Surfhvvhv dqg Ylvfrvlw| Vroxwlrqv1 Dssolfdwlrqv ri P dwkhp dwlfv1 Vsulqj hu0Yhuodj / 4<<61 ^J rugrq/ 4<<8‘ J 1J rugrq1 Vwdeoh ixqfwlrq dssur{lp d0 wlrq lq g| qdp lf surjudp p lqj 1 LqwhuqdwlrqdoFrqihu0 hqfh rq P dfklqh Ohduqlqj/ 4<<81 ^P rruh/ 4<<7‘ Dqguhz Z 1 P rruh1 Wkh sduwl0jdp h do0 j rulwkp iruyduldeoh uhvroxwlrq uhlqirufhp hqwohduqlqj lq p xowlglp hqvlrqdovwdwh vsdfh1 Dgydqfhv lq Qhxudo Lqirup dwlrq Surfhvvlqj V| vwhp v/ 9/ 4<<71 ^P xqrv/ 4<<9‘ U�p lP xqrv1D frqyhuj hqwuhlqirufhp hqw ohduqlqj doj rulwkp lq wkh frqwlqxrxv fdvh =wkh �qlwh0 hohp hqwuhlqirufhp hqwohduqlqj 1LqwhuqdwlrqdoFrqihu0 hqfh rq P dfklqh Ohduqlqj/ 4<<91 ^Z dwnlqv/ 4<; <‘ Fkulvwrskhu M1F1K1Z dwnlqv1 Ohduqlqj iurp ghod| hg uhz dug1 SkG wkhvlv/ Fdp eulgj h Xqlyhu0 vlw| / 4<;<1