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CD EFG DHEIJHK LHM N HJOGE P N HDQ RGJSTHESTG UVDEJHUEM FHTG H KHJLG RGLJGG VW XGY SZ
[ SKSEQ\ ]FGMG HJG ODV^D HM _`abc VJ def ghijhk el VmESVDM \ ]FGQ HKKV^ EFGSJ V^DGJ EV
mIJUFHMG LHM RHSKQP HE H nYGR mJSUG HDR HUUVJRSDL EV H TVKIN G VW EFGSJ UFVSUG \ oHSKQP
N VDEFKQ HDRpVJ HDDIHK UVDMEJHSDEM VD EFG mIJUFHMGR TVKING HJG IMIHKKQ SDUVJmVJHEGR \
]FIM P EFG THKIHESVD VW MIUF UVDEJHUEM SM JGKHEGR EV H MEV UFHMESU UVDEJVK mJV[KGN P ^FSUF
^G MVKTG SD EFSM mHmGJ IMSDL DG^ DINGJSUHK N GEFVRM \ q SJMEKQP ^G GYEGDR EFG rVDLMEHsZ
tUF^HJu N GEFVRVKVLQ vVJSL SDHKKQ IMGR WVJ wGJNIRH VmESVDMx EV VIJ UHMG \ tGUVDRKQP
^G mJVmVMG E^V Gy USGDE mHJHN GEGJSuHESVDM VW EFG LHM UVDMINmESVD P VDG SM [HMGR VD
DGIJHK DGE^VJOM HDR EFG VEFGJ VD nDSEG GKGN GDEM \ CE HKKV^ M IM EV RGJSTG H KV UHK VmESN HK
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UVDMINmESVD KH^ IMSDL H MEV UFHMESU LJHRSGDE HMUGDE \ *INGJSUHK GYm GJSN GDEM SKKI MEJHEG
EFG Gy USGDUQ VW EFGMG HmmJVHUFGM \ qIJEFGJNVJG P ^G MFV^ EFHE EFG VmESN HK mIJUFHMG
SM VW [HDLZ[HDL EQmG \

+,- ./012 3 45 678 9:;697< = > 97;? @ABC9 <6DECA;697< = FA78GFA78 H97;B9C = :ABAD ?;B6H
H97<ED:;697 = <;9HIA<;6H 8BAJ6?7; K
LM N OPPP NQRS ,TU VWX22YZTXUY/[ [Q\R,02 3 ]^@_ Ê = ] Ê`^) = ]_abb K

cdefg hijekgd

467H? 7A;EBAC 8A< 6< A :Il<6HAC A<<?; = ;I? A<<9H6A;?J ?7?B8l D ABm?; 6< J6n ?B?7; 67J??J oB9D
;I? 797G:Il<6HAC ?pE6;l D ABm?;< K q7 oAH; = ;I? D 9J?C 7??J< ;9 67H9B: 9BA;? <: ?H6rH o?A;EB?< =
<EHI A< <?A<97AC6;l ?n ?H;< s 5? B?o?B o9B ;I?<? A<: ?H;< ;9 ;I? :A: ?B Fl tA6CC?; = u977 A7J
v9D:A6J6< w)^^x y A7J B?o?B?7H?< ;I?B?67 K z79;I?B J6n ?B?7H? = 97 5I6HI 5? o9HE< 67 ;I6<
59Bm = H9D ?< oB9D ;I? 7A;EB? 9o r7A7H6AC H97;BAH;< 5 B6;;?7 97 8A< K vI?<? CA;;?B< AB? A6D ?J
A; AHH9DD9JA;678 ;I? E7H?B;A67 {9CED ? 9o ?7?B8l :EBHIA<?J Fl ;I? ?7J E<?B A7J ;I?7 =
67HCEJ? D A7l |?b 6F6C6;6?< 9o J?C6{?BlK }AD ?Cl= ;I? 957?B 9o <EHI A H97;BAH; 6< E<EACCl
ACC95?J ;9 :EBHIA<? <9D ? AD 9E7; 9o 8A< A; <9D ? JA;?< K vI? :EBHIA<? D Al F ? JA6Cl= 9B A;
A rb?J 7EDF ?B 9o JA;?< HI9<?7 Fl ;I? 957?B K vI? {9CED ? 9o 8A< 6< <EF~ ?H; ;9 JA6Cl A< 5?CC
A< : ?B69J6H wD 97;ICl 9B A77EACy H97<;BA67;< K > 9B?9{?B = ;I? :EBHIA<? :B6H? D Al F ? rb?J 9B
:B?J?;?BD 67?J AHH9BJ678 ;9 <9D ? oAH;9B< = <EHI A< ;I? :A<; {ACE?< 9o ;I? HBEJ? 96C K vI?<?
9:;697< AB? m7957 A< ����� 9B ��������� �� 9:;697< w<?? ;I? J?<HB6:;697 67 vI9D:<97
wÊ]]�yy K vI?l AB? AC<9 ;BAJ?J 97 9;I?B ?7?B8l D ABm?;< w? K8 K ?C?H;B6H6;l y K �95?{?B = A< 5?
5 6CC H97<6J?B 67 ;I? <?pE?C ;I? HA<? 9o ������ � ��������� ;IA; AB? <: ?H6rH ;9 ;I? 8A< 67JE<;Bl=
5? 5 6CC D A67Cl o9 HE< 97 ;I6< A<<?; 67 9EB J6<HE<<697< K vI? A6D 9o ;I? :A: ?B 6< ;9 :B9: 9<?
7?5 7ED ?B6HAC A::B9AHI?< o9B ;I? :B6H678 9o 45 678 9:;697< A7J ;9 H9D:AB? ;I?D 56;I
?b 6<;678 D ?;I9J< K
vI? {ACEA;697 9o <EHI H97;BAH;< 6< m7957 ;9 F ? A HIACC?78678 ;A<m s ;I?6B :B6H? J?: ?7J< 97
;I? :B6H? 9o ;I? E7J?BCl 678 A<<?; A7J ;I? HEDECA;6{? H97<ED:;697 K zH;EACCl= 6; D Al F ?
5B6;;?7 A< A <9CE;697 9o A Jl7AD 6H :B98BADD 678 ?pEA;697 w<?? vI9D:<97 wÊ]]�y � �AB6G
�A{A<<A76 = 46D HI6 A7J �AB? w)^^ Êy � @C?5 C95 = 4;B6HmCA7J A7J �AD 67<m6 w)^^ Êy � u A6mAB A7J
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qC6� w)^^ Êy � tA6CC?; = u 977 A7J v9D:A6J6< w)^^x yy 5 6;I A ;59GJ6D ?7<697AC <;A;? {AB6AFC? w<??
�ABA8BA:I ) KÊ o9B A F ?;;?B J?<HB6:;697 y K z; ?AHI JA;? = 86{?7 A {ACE? 9o ;I? E7J?BCl678
A<<?; A7J ;I? HEDECA;6{? H97<ED:;697 = ;I? :B6H? 6< H9D:E;?J Fl D Ab6D 6� 678 9{?B ;I?
: 9<<6F C? H97<ED:;697< ;I? 6DD ?J6A;? :Al9n :CE< ;I? ?b: ?H;?J HA<I |95 < K q7 :BAH;6H? = A
D ?;I9J9C98l ?b;?7J678 ;I? E<EAC F679D 6AC ;B?? D ?;I9J HA7 F ? : ?Bo9BD ?J s 6; 6< ;I? <9GHACC?J
� ����� ���� A::B9AHI w<?? ;I? B?o?B?7H?< AF 9{?y K vI6< HA7 F ? <EHH?<<oE CCl 6D:C?D ?7;?J 67
;I? HA<? 9o A 97?GoAH;9B D 9J?C 97 ;I? o9B5ABJ :B6H?< K �95?{?B = ;I6< J6<HB?;6�?< A H97;67E9E<
Jl7AD 6H< 67 <:AH? A7J ;IE< 67H9B: 9BA;?< ?BB9B< 67 B?CA;697 ;9 ;I6< J6<HB?;6�A;697 :B9H?JEB? K
�EB;I?BD 9B? = o9B DEC;6GoAH;9B D 9J?C< = ;I? H9D:E;A;697AC H9D:C?b 6;l FC95 < E: A7J ;I?
D ?;I9J 6< 79; o?A<6F C? 67 :BAH;6H? K �9B ;I?<? B?A<97< = 6; D Al F ? D 9B? ?� H6?7; ;9 H9DF67?
;I? FAHm5ABJ Jl7AD 6H :B98BADD 678 ?pEA;697 5 6;I A o9B5ABJ <6DECA;697 9o ;I? E7J?BCl678
A<<?; = A7AC989E<Cl ;9 5IA; HA7 F ? J97? o9B `?BDEJA 9:;697< w5I?B? 97Cl 97? ?b?BH6H?
JA;? IA< ;9 F ? J?;?BD 67?J 67 A7 9:;6D AC 5Al y K 49 I?B? = 5? :B9: 9<? A7 AJA:;A;697 9o
;I? �978<;AnG4HI5AB� D?;I9J9C98l w�978<;An A7J 4HI5AB;� w)^^ Êyy ;9 9EB HA<? w5I?B?
9:;6D AC {9CED ?< A; ?AHI JA;? IA{? ;9 F ? H9D:E;?Jy K vI6< AJA:;A;697 6< J6<HE<<?J 67
4?H;697 ) K
�7? 67I?B?7; o?A;EB? 9o ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 6< ;IA; 5? IA{? A7 6J?A 9o ;I?
:B6H? ;9JAl= 97Cl 5I?7 ACC ;I? 67;?BD ?J6A;? 9:;6D AC H97<ED:;697< IA{? F ??7 H9D:E;?J =
67 A7l <;A;? = F ?;5??7 ;I? HEBB?7; JA;? A7J ;I? D A;EB6;lK z < ;I? :EBHIA<? oB?pE?7Hl
67HB?A<?< w6; 6< JA6Cl 67 9EB 7ED ?B6HAC ?bAD:C?<y = ;I 6< 6;?BA;697 ;Am?< D 9B? A7J D 9B? ;6D ?
A7J ;I? ?bAH; B?<9CE;697 9o ;I6< 797C67?AB :B9FC?D ;EB7< 9E; ;9 F ? ;99 H9<;ClK 49 = 67<;?AJ 9o
H9D:E;678 ;I? 9:;6D AC H97<ED:;697 = 5? D Al :B?o?B ;9 6J?7;6ol A oA6BCl 899J H97<ED:;697
BEC? 5I6HI 59ECJ :B9{6J? A :B6H? HC9<? ;9 ;I? 9:;6D AC 97? K vI6< 6< ;I? <9GHACC?J �� ���� � ����	
� �� ����	
 = 5I6HI ;BA7<o9BD < A <;9 HIA<;6H H97;B9C :B9FC?D 67;9 A :ABAD ?;B6H 9:;6D 6�A;697
97? w<?? �E<I7?B A7J �A78 wÊ]] Êyy K vI6< A::B9AHI 6< J?{?C9: ?J 67 4?H;697 _ K vI? <EHH?<<
9o ;I6< D ?;I9J J?: ?7J< <;B978Cl 97 9EB AF6C6;l ;9 r7J A 76H? :ABAD ?;?B6�A;697 9o ;I?
H97<ED:;697 K �7J?B <9D ? A<<ED:;697< = ;I? �97;BlA867 :B67H6: C? ?7AFC?< E< ;9 :B9{? ;IA;
;I? 9:;6D AC H97<ED:;697 6< 9o 
��� �
��� ;l: ? s ;I6< 7?5 B?<EC; 6< ~E<;6r?J 67 z:: ?7J6b z K
vI?7 = FA<?J 97 ;I6< 9F<?B{A;697 = 5? J?B6{? ;59 B?C?{A7; :ABAD ?;?B6�A;697< A7J ;?<; ;I?D
7ED ?B6HACClK
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�?B? 5? 86{? ;I? 79;A;697 5I6HI 5 6CC F ? E<?J ;IB9E8I9E; ;I? :A: ?B K
�? H97<6J?B H97;BAH;< 5 6;I D A;EB6;l

T
K 467H? ;I? <: 9; :B6H? 9o ;I? 8A< J9 ?< 79; H9BB?<: 97J

;9 A ;BAJAFC? 67<;BED ?7; = ;I? {ACEA;697 A7J ;I? I?J8678 9o H97;BAH;< 97 8A< AB? : ?Bo9BD ?J
;IB9E8I ;I? E<? 9o o9B5ABJ H97;BAH;< 5 6;I J6n?B?7; D A;EB6;6?<

t ∈ [0, T ]
w<?? ;I? A::B9AHI

86{?7 67 tA6CC?; = u977 A7J v9D:A6J6< w)^^x yy s ;I?6B :B6H?< AB? J?79;?J Fl
(F (s, t))0≤s≤t

K
vI? 67;?B?<; BA;?< AB? A<<ED ?J ;9 F ? H97<;A7; = ?pEAC ;9

r
A7J o9B ;I? <Am? 9o <6D:C6H6;l= 5?

H97<6J?B A 97?GoAH;9B l6?CJ = A< 67 tA6CC?; = u977 A7J v9D:A6J6< w)^^x y s

dF (s, t)

F (s, t)
= σe−α(t−s)dWs, 0 ≤ s ≤ t.

wÊ KÊy

q7 ;I? CA<; ?b:B?<<697 = ;I? 67 6;6AC H97J6;697 6< J?r7?J Fl ;I? o9B5ABJ HEB{?
(F (0, t))0≤t≤T

� 68EB? Ê s �A< �9B5ABJ @EB{?

wH9BB?<: 97J678 ;9 ;I? <?A<97AC6;l= A< <I957 97 � 68EB? Êy K q; 59ECJ F ? ?A<l ;9 67H9B: 9BA;?
?b;BA oAH;9B< 9B A H97{?76?7H? l6?CJ ;?BD = 5 6;I9E; D A~ 9B D 9J6rHA;697< ;9 5IA; o9CC95 < K
� 6;I67 9EB oBAD ?59Bm = ;I? <: 9; :B6H? A; ;6D ?

t
6< 86{?7 Fl

Ft = F (t, t)
K q7 apEA;697

wÊ KÊy = ;I? Jl7AD 6H< 6< 86{?7 J6B?H;Cl E7J?B ;I? E<EAC B6<mG7?E;BAC :B9FAF6C6;l D ?A<EB?
Q

K

W
J?r7?< A C67?AB `B9576A7 D 9;697 A7J <9 = ;I? :B9FAF6C6;l

Q
;BA7<o9BD < ;I? o9B5ABJ

H97;BAH; :B9 H?<<?< w9B ?pE6{AC?7;Cl ;I? J6<H9E7;?J 9:;697 :B6H?<y 67;9 D AB;678AC?< K �?
B?HACC ;IA; ;I? ;BE? Jl7AD 6H< 9o ;I? o9B5ABJ H97;BAH;< 6< 79; E7J?B

Q
FE; E7J?B ;I?

I6<;9B6HAC :B9FAF6C6;l � I95?{?B = ABF6;BA8? AB8ED ?7;< <I95 ;IA; ;I? oA6B {ACE? 9o A r7A7H6AC
H97;BAH; IA< ;9 F ? ?{ACEA;?J A< ;I?

Q
G?b: ?H;A;697 9o 6;< J6<H9E7;?J HA<IG|95 w<?? �ABA;�A<
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wÊ]��y o9B zD ?B6HA7 9:;697< = 9B tA6CC?; = u 977 A7J v9D:A6J6< w)^^x y o9B 45 678 9:;697<y K
467H? 5? o9 HE< 97 :B6H678 6<<E?< = 5? H97<6J?B ;I? Jl7AD 6H< 97Cl E7J?B

Q
K

} 95 = C?; E< J?<HB6F ? A 8?7?BAC 45 678 H97;BAH; K �? A<<ED ? ;IA; ?7?B8l 6< :EBHIA<?J A;
<9D ? rb?J JA;?<

0 = t0 < · · · < ti < · · · < tN = T
K vI? {9CED ? A; ;6D ?

ti
6< J?79;?J Fl

qti
A7J <EF~ ?H; ;9 ;I? H97<;BA67;

qmin ≤ qti ≤ qmax.
wÊ K)y

vI? HEDECA;6{? {9CED ? :EBHIA<?J E: ;9 ;6D ?
ti

6< 86{?7 Fl
Qti =

∑i−1
j=0 qtj

K q; DE<; <A;6<ol
;I? ;?BD 67AC H97<;BA67;

Qmin ≤ QT ≤ Qmax.
wÊ K_y

v9 <6D:C6ol= ;I? :EBHIA<? :B6H? 6< A<<ED ?J ;9 F ? H97<;A7; = ?pEAC ;9
K

K �95?{?B 6o 7?H?<<ABl=
6; HA7 F ? ?b;?7J?J ;9 A J?;?BD 676<;6H ;6D ? oE7H;697 K �?7H? = ;I? FEl?B 9o ;I? H97;BAH; 8?;<

qti(Fti −K)
A; ;6D ?

ti
K �EB;I?BD 9B? = 5I?7 ;I? 8C9FAC :EBHIA<? H97<;BA67;< AB? {69CA;?J = I?

D Al A::Cl <9D ? : ?7AC;6?< A; D A;EB6;lK vI?<? HA7 F ? :B9: 9B;697AC ;9 ;I? <: 9; :B6H?
FT

A;
D A;EB6;l A7J ;9 ;I? 9{?B 9B E7J?BGH97<ED:;697 s −A FT [QT−Qmin]−−B FT [QT−Qmax]+

=
5I?B?

A
A7J

B
AB? : 9<6;6{? H97<;A7;< K v9 F ? H97H6<? = 5? J?79;? ;I6< : ?7AC;l Fl PT (FT , QT )

67 ;I? <?pE?C K �9B A 86{?7 H97<ED:;697 <;BA;?8l
q = (qti)0≤i≤N

= ;I? oA6B :B6H? 6< ;IE< 86{?7
Fl

J (q) = E

(
N−1∑

i=0

e−rtiqti(Fti −K) + e−rTPT (FT , QT )

)
wÊ Kx y

w;I? ?b: ?H;A;697 6< : ?Bo9BD ?J E7J?B ;I? B6<mG7?E;BAC :B9FAF6C6;l D ?A<EB?
Q

y K

VX2, � �� �	 � � ���	 �� ��
 ����� � ��� ���
 ���� �
�� � �� ��� ���������� �� �	� � � ��������
�	 � ��
 � � � � ������ ��� �� ����
 ����� � σ = 70%

�
α = 4

�
r = 0%

�
qmin = 0

�
qmax = 6

�
Qmin = 1300

�
Qmax = 1900

�
K = 20

�
T = 1 ���� � ��	 ����� �� ������ �N = 365	 
 �� � �� �

��� �	 � � ������ ����� ������
�� �� 
 ����� �
 �� ������� �	 � �
���� �� ������� ���� �� �	 �
��
 ����� � � ��������� �� ��� � � ��� �������� � � �� � ������ ����� F (0, ti) = 20,∀0 ≤ i ≤ N 


vI? :B?H?J678 J?<HB6:;697 IA< ;9 F ? <C68I;Cl D 9J6r?J o9B ������ � ��� ������K q7 ;I6< HA<? =
A7 ?D:;l ;A7m 6< B?7; ;9 ;I? 957?B 9o ;I? H97;BAH; A7J ACC95 < I6D ;9 ?6;I?B FEl <9D ? 8A<
97 ;I? D ABm?; A7J 67~ ?H; 6; 67 ;I? ;A7m = 9B 5 6;IJBA5 6; A7J <?CC 6; 97 ;I? D ABm?; K z; ?AHI
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JA;? = ;I? :B9r; 6< 86{?7 Fl

ψ(Fti , qti) =






−qti(Fti + cI)
6o
qti ≥ 0

wq7~ ?H;697 y =

−qti(Fti − cW )
6o
qti ≤ 0

w� 6;IJBA5ACy =

0
6o
qti = 0

w4AD ? C?{?C o9B ;I? <;9BA8?y =

5I?B?
cI > 0

wB?<: K
cW > 0

y J?79;?< <9D ? <;B6H;Cl : 9<6;6{? 67~ ?H;697 wB?<: K 5 6;IJBA5ACy
H9<; K > 9B?9{?B = ;I? ;A7m HA:AH6;l IA< <9D ? {9CED ? C6D 6;A;697< = 5I6HI 6D: 9<?< H97<;BA67;<
C6m?

0 ≤ f1(t) ≤ Qt ≤ f2(t)
o9B <9D ? J?;?BD 676<;6H oE7H;697<

f1
A7J

f2
K �9B ;I? 7?b;

9:;6D 6�A;697 :B9FC?D = 5? HA7 o9BDECA;? ;I?<? :Il<6HAC H97<;BA67;< 67 ;?BD < 9o A <D 99;I
: ?7AC6�A;697 s −C∑N

i=0 e
−rti [(Qti −f1(ti))−]2−C∑N

i=0 e
−rti [(Qti −f2(ti))+]2

= 5 6;I A CAB8?
H97<;A7;

C
K qo 5? H97<6J?B ;I6< : ?7AC6�A;697 A< A r7A7H6AC : ?7AC;l= ;I? oA6B :B6H? 9o ;I6<

������ � �������� 6< ;I?7 86{?7 Fl

J (q) = E

(
N∑

i=0

Ψti(qti , Fti , Qti)

)
,

wÊ K�y

5I?B?
Ψt(q, F,Q) = e−rt

(
ψ(F, q) −C[(Q− f1(t))−]2 − C[(Q− f2(t))+]2

) 6o

t < tN
A7J

ΨtN (q, F,Q) = e−rtN
(
−C[(Q− f1(tN ))−]2 − C[(Q− f2(tN ))+]2

) K

VX2, O �	 � ������ � �������� � � ��� � �������� �� �	 � ��� � ��
 ����� � ��� ���
 �� �� �� ���	
�	�� �	 � ���� �� �
� �� �� �	 � 
 ������� �� �	 � �������� �Qmin = Qmax = 0	 ��� �	 � ����
��� ����� ���� �� �� ����� ��� ��	 �� �����
 �� �� �	 � � �������

f2	 
 �	 � ����
 ����� � �� � 
�
��� �� � � � ���� �

σ = 70%
�
α = 4

�
r = 0%

�
qmin = −0.2

�
qmax = 0.4

�
f1 ≡ 0

�
f2(ti) =

min(qmaxi, 20, qmin(i − N))
�
cI = 0.6

�
cW = 0.2

�
K = 20

�
T = 1 ���� � ��	 ����� �� ������

�N = 365	 
 � � � �� �	 � ����� ��������� �� ��� � ��� �	 � � ������ ����� �� 
 ����� �� 
� � � ���
�	 � � �� � ������ ����� F (0, ti) = 20 

vI?<? J?<HB6:;697< 9o 45 678 9:;697< A7J <;9BA8? H97;BAH;< HA7 F ? E76r?J 5 6;I67 ;I? o9CG
C95 678 o9BDECA;697 9o ;I? :B6H?

J (q) = E

(
N−1∑

i=0

Ψti(qti , Fti , Qti) + PT (FT , QT )

)
.

wÊ K�y

q7 ;I? AF 9{? =
q

6< A 86{?7 H97<ED:;697 <;BA;?8l=
Ψ·(·)

J?79;?< <9D ? A::B9:B6A;? 67<;A7;AG
7?9E< :B9r; A7J PT (·) <9D ? ;?BD 67AC : ?7AC;lK
v9 :B6H? ;I?<? 67<;BED ?7;< = 5? D Am? ;I? HBEH6AC A<<ED:;697 ;IA; ;I? H97<ED:;697 J?H6<697<
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 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� �

AB? ;Am?7 AHH9BJ678 ;9 ;I? <9C? ?{9CE;697 9o ;I? E7J?BCl678 A<<?; = A7J 79; ;I? B?AC 7??J< 67
8A< K 49 = ;I? :B6H? 6< 86{?7 Fl

sup
q

J (q).

q; 6< A <;9HIA<;6H 9:;6D AC H97;B9C :B9FC?D K q7 ;I? 7?b; <?H;697 = 5? <;A;? ;I? A<<9 H6A;?J
Jl7AD 6H :B98BADD 678 ?pEA;697 w<?? `?B;<?mA< A7J 4IB?{? wÊ]��y = `?B;<?mA< wÊ]]�yy oB9D
5I6HI 5? J?B6{? <9D ? 7ED ?B6HAC D ?;I9J< K

� �i��fkj�	 ��e�g h
 ��
�h gd h�d�� kj �fg�f��� kd� ��i��

ekgd

� 6B<; = o9B F 9;I ;I?9B?;6HAC A7J 7ED ?B6HAC :EB: 9<?< = 6; 6< F ?;;?B ;9 B?5B6;?
(Ft)0≤t≤T

E<678
A7 ?b;BA <;A;? {AB6AFC?

X = (Xt)0≤t≤T

J?r7?J Fl
Xt = σe−αt

∫ t

0 e
αudWu.

}9;? ;IA;
X

6<
A7 � B7<;?67G�IC?7F ?Hm :B9 H?<< = 5I6HI <9C{?<

dXt = −αXtdt + σdWt
K �?; = ;I 6< :B9: ?B;l

5 6CC 79; F ? B?ACCl E<?J 67 ;I? <?pE?C K > 9B?9{?B = A7 6DD ?J6A;? A::C6HA;697 9o q;� �< o9BDECA
l6?CJ<

F (s, t) = F (0, t) exp[e−α(t−s)Xs − σ2

4α
(e−2α(t−s) − e−2αt)]

K �? :AB;6HECABCl IA{?

Fti = F
(
0, ti

)
exp

(
Xti −

σ2

4α

(
1 − e−2αti

))
.

w) K�y

	 
� �
����� ��� ����� �� �
��
��� ��� ��������

z< ACB?AJl D ?7;697?J = ;I? {ACEA;697 9o 45 678 H97;BAH;< HA7 F ? ?DF?JJ?J 67;9 A <;9 HIA<;6H
H97;B9C oBAD ?59Bm K q7J??J = ;I? Jl7AD 6H< 9o ;I? <l<;?D 6< J?<HB6F ?J Fl A J6<HB?;?G;6D ?
> ABm9{ HIA67

(Fti , Qti)0≤i≤N

;IA; 6< H97;B9CC?J Fl ;I? C9 HAC H97<ED:;697
(qti)0≤i≤N−1

K
� 6{?7 A ;6D ?

ti
A7J A <;A;?

(F,Q)
= ;I? :B6H? 6< 86{?7 Fl

P (ti, F,Q) = sup
(qtj )i≤j≤N−1

E
(N−1∑

j=i

Ψtj (qtj , Ftj , Qtj ) + PT (FT , QT )|Fti = F,Qti = Q
)
.

q7 ;I? CA<; ?b:B?<<697 = ;I? <E: 6< ;Am?7 9{?B ACC AJD 6<<6F C? H97<ED:;697< K z <;A7JABJ B?<EC;
<;A;?< ;IA; = E7J?B D 6CJ A<<ED:;697< = ;I?B? ?b6<;< A7 9:;6D AC > ABm9{6A7 H97<ED:;697 = 86{?7
Fl ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 wAC<9 m7957 A< `?CCD A7 �< ?pEA;697 y K
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 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� �

� 0/�/2YUY/[ O �� � ���
 � �	�� � �� ��
 � �������� ���������
p ���

C
� �	 � � � � ������ �� ���� ��

����� 	� �� � �� ��� ti ∈ [0, T ]
�
F > 0

�
q ∈ [qmin, qmax]

���
(Q,Q′) ∈ [−N(qmin)−, N(qmax)+]

�

|Ψti(q, F,Q)| + |PT (F,Q)| ≤ C(1 + F p),

|Ψti(q, F,Q
′) − Ψti(q, F,Q)| ≤ C(1 + F p)|Q′ −Q|.

�	 �� � �	 ��� �� ���� �� �� ��
 � � � ����� �����
� ����
q∗(t, F,Q)

� �	 ��	 �� � ���� 
� �	 � ���
 ��
�� �	 � � � � ������ ����
 �� � ��� ��

 ��� �������� �

P (ti, F,Q) = max
q∈[qmin,qmax]

[
Ψti(q, F,Q) + E

(
P (ti+1, Fti+1

, Q+ q)|Fti = F
)]
, (ti < T ),

P (T, F,Q) = PT (F,Q).
w) K�y

}9;? ;IA; ;I6< B?<EC; I9CJ< o9B F 9;I 45 678 A7J <;9BA8? H97;BAH;< K
����� � vI6< 6< A7 6DD ?J6A;? A::C6HA;697 9o � B9: 9<6;697 � K� K 67 `?B;<?mA< A7J 4IB?{?

wÊ]��y K � 6B<; = ;I? H97J6;697< 97 ;I? 8B95;I 9o 67<;A7;A7?9E< A7J ;?BD 67AC :B9r;< ;98?;I?B
5 6;I ;I? HCA<<6HAC ?<;6D A;?<

E(sup0≤t≤T F
p
t ) < ∞ ?7AFC? E< ;9 HI?Hm A<<ED:;697< w�+y

A7J w�−y 67 � B9: 9<6;697 � K� K vI?7 = 6; B?D A67< ;9 :B9{? ;IA; ;I? <E:B?DED 67 w) K�y 6<
A;;A67?J K vI6< 6DD ?J6A;?Cl o9CC95 < oB9D ;I? H97;67E6;l 9o

P (ti+1, F,Q)
5 KB K; K

Q
w5I6HI 6<

A ?A<l H97<?pE?7H? 9o 9EB �6:<HI6;� H97;67E6;l Il: 9;I?<6<y K � 67ACCl= <67H? ;I? Jl7AD 6H< 9o
;I? o9B5ABJ H97;BAH;< J9 ?< 79; J?: ?7J 97

(qti)i
= ;I? E<EAC H97J6;697AC ?b: ?H;A;697 5 KB K; K

(Fti , Qti)
HA7 F ? <6D:C6r?J E<678 ;I? B?CA;697

Qti+1
= Qti + qti

K q; :B9{6J?< ;I? Jl7AD 6H
:B98BADD 678 ?pEA;697 A< ?b:B?<<?J 67 w) K�y K

�

�ABA8BA:I< ) K) A7J ) K_ B?<: ?H;6{?Cl 6D:C?D ?7; ;I?
maxq∈[qmin,qmax]

9: ?BA;697 A7J ;I? H9D G
:E;A;697 9o

E(·|Fti = F )
o9B <9C{ 678 A::B9b6D A;?Cl ;I? Jl7AD 6H :B98BADD 678 ?pEA;697

w) K�y K

	 
	 	�
�
�� �� ��
����������� � � ��� ����� �� 

��
��� ��� ��������

z< E<EAC = <9C{ 678 ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 w) K�y 6< oAB oB9D F?678 ;B6{ 6AC F ?HAE<?
9o ;I? H97J6;697AC ?b: ?H;A;697 A7J ;I? 9:;6D 6�A;697 5 KB K; K

q
A; ?AHI ;6D ? K �9B A 7ED ?B6HAC

B?<9CE;697 = ;I6< o9BDECA;697 DE<; F ? <6D:C6r?J K v9 J9 <9 = 5? rB<; J6<HB?;6�? ;I? <?; 9o
AJD 6<<6F C? {ACE?< 9o

qti
s
qti ∈ {qmin, qmin + ∆q, . . . , qmax − ∆q, qmax}

5I?B?
∆q

J?79;?< A
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 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� ]

� 68EB? ) s u ?<;B6H;697 9o ;I? <?; 9o AJD 6<<6F C? :EBHIA<?J {9CED ?< 5I?7 ;I? 8C9FAC H97<;BA67;<
HA7 79; F ? {69CA;?J K

: 9<6;6{? H97<ED:;697 <;?: K@97<?pE?7;Cl= ;I? :EBHIA<?J HEDECA;6{? {9CED ?
Qti =

∑i−1
j=0 qtj

F ?C978< ;9 A <?; 9o : 9<<6F C? {ACE?< {Q1
t
i
, Q2

t
i
, . . . , Q

Mti
t
i

} = 5I?B?
Mti

J?79;?< ;I? 7EDF ?B 9o
: 9<<6F C? HEDECA;6{? {9CED ?< ;IA; AB? :EBHIA<?J E: ;9 ;6D ?

ti
K qo 6; 6< 79; ACC95?J ;9 FB?Am

;I? 8C9FAC :EBHIA<? H97<;BA67;<
Qmin

A7J
Qmax

w6 K? K ;I? A::C6?J : ?7AC;6?< AB? 67r76;?y = ;I?
<?; A = {(ti, Qti) : 0 ≤ i ≤ N} 9o AJD 6<<6F C? HEDECA;6{? H97<ED:;697< HA7 F ? ?� H6?7;Cl
C6D 6;?J K vI6< 5 6CC F ? ?b;B?D ?Cl E<?oEC ;9 <: ??J E: ;I? B?<9CE;697 9o w) K�y K �9B ?bAD:C? = C?;
E< H97<6J?B A H97;BAH; 5 6;I ;I? HIABAH;?B6<;6H<

Qmax = 1
=
Qmin = 0

=
∆q = qmax = 1

A7J

qmin = −2
= 9{?B ;I? : ?B69J {t0 = 0, t1, . . . , t4 = T} K vI? <?; A 6< B?:B?<?7;?J 97 � 68EB? ) K

�9B A 86{?7 H9E:C?
(ti, Qti)

= J?79;? Fl
Adm(ti, Qti)

;I? <?; 9o J6<HB?;? AJD 6<<6F C? {ACE?<
9o
qti

K qo ;I? H97<;BA67;< HA7 F ? FB9m?7 = ;I?7
Adm(ti, Qti) = {qmin, qmin + ∆q, . . . , qmax −

∆q, qmax}
K � ;I?B5 6<? 6; HA7 F ? DEHI <D ACC?B w<?? � 68EB? )y K vIE< = o9B A7l

(ti, Qti) ∈ A =
w) K�y F ?H9D ?<

P (ti, F,Qti) = max
q∈Adm(ti,Qti

)

[
Ψti(q, F,Qti) + E

(
P (ti+1, Fti+1

, Qti + q)|Fti = F
)]
.

w) K]y

q7 C68I; 9o w) K]y = 5? <I9ECJ H9D:E;? A< D A7l oE7H;697<
P (ti, ·, Qti)

A< ?C?D ?7;< 67 ;I? <?; A K
� 95?{?B = ;I6< CA;;?B HA7 F ? pE6;? CAB8? w<?? abAD:C? Êy = A7J ;IE< DEHI ;6D ? H97<ED 678 K
vI6< 6< A7 67I?B?7; JBA5FAHm 9o ;I6< A::B9AHI A7J A< 5? 5 6CC CA;?B <?? = 5? J9 79; D ??;
;I?<? 6<<E?< 5 6;I ;I? A::B9AHI?< FA<?J 97 :ABAD ?;?B6�?J H97<ED:;697< K

��X\� W, � �������� � ������ � �������� �	 ���� �	 � ������ � ����� �� � �� �� �� ������ �	 �

 �� �
 �
 � ����
�� �� ��
 � �� �� ����� ��� �	 � � �� � �� ��
 � ��� ��� � ��� �� �� � 
��� ��� �
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 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Ê^

����� ��� � � ����� 
 �	 � ��� A ��� ����� ��� �� 
 ����� �� � ���� �� ���� �
�� � �	 � ��
� ��� ��� 

�	 � ����� ��� ������ ��� ����� �� ��� ���� � �� �� ����� � �	 ����� �	 � � ��	����� � �������� ��
�� � ����� 
 �� �������� �� �	 �� �� �
� �� �� �����
�� �� ������ ����� 
 � ���� qti ��� ���� ���
����� �� �� ��� 
��� ��� �� ��� �
 �� ��� ��� �� ��� �� �	 � ���� �� ���� �� �� � ���	 �� ����
 �
�	�� �	 � �����
� ���� �� �� 
��� �
��� ��� � ���� �	 ����
 � 
� 
����	 
 �� �	 �� ����� �� ���
��
� �� ���� ∆q = qmax − qmin 


� 68EB? _ s 4;A;?< 5I?B? ;I? :B6H? oE7H;697
P (ti, Qti , ·)

<I9ECJ F ? H9D:E;?J

v9 H9D:C?;? ;I? B?<9CE;697 9o ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 w) K]y = 5? J?{?C9: 67 ;I?
<?pE?C ;59 J6n ?B?7; <;BA;?86?< K

Ê K � <678 A ;B679D 6AC ;B?? ;9 J?<HB6F ? ;I? ?{9CE;697 9o
(Fti)0≤i≤N

K q; C?AJ< ;9 ;I? <9G
HACC?J o9B?<; 9o ;B??< AC89B6;ID w<?? �AB6G�A{A<<A76 = 46D HI6 A7J �AB? w)^^ Êy � tA6CC?; =
u 977 A7J v9D:A6J6< w)^^x yy K

) K � <678 > 97;? @ABC9 <6DECA;697< 9o
(Fti)0≤i≤N

= 5I6HI AB? DEHI D9B? AJA:;?J ;9
DEC;6GoAH;9B D 9J?C< K vI?l ?7AFC? ;9 H9D:E;? H97J6;697AC ?b: ?H;A;697< 67{9C{?J 67
w) K]y w5 6;I A79;I?B B?:B?<?7;A;697 y E<678 B?8B?<<697 ;?HI76pE?< wA7AC989E< ;9 ;I?
�978<;AnG4HI5AB;� A::B9AHI w)^^ Êy o9B `?BDEJA 9:;697<y K vI6< A::B9AHI IA< 79;
F ??7 E<?J 67 ;I? ?b6<;678 C6;?BA;EB? 97 45 678 9:;697< K
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� ��
��� � � �
���

O �� �� � ,2T0Y�UY/[ / � U�, XW�/0YU�\

q7 C68I; 9o w) K�y = 5? 7??J ;9 H97<;BEH; A ;B679D 6AC ;B?? = 67 9BJ?B ;9 J?<HB6F ? I95
(Xti)0≤i≤N

wA7J ;I?B?o9B?
(Fti)0≤i≤N

y ?{9C{?< K �? FB6?|l B?D 67J ;I? H97<;BEH;697 9o <EHI A ;B?? wo9B
J?;A6C< = <?? �AB6G�A{A<<A76 = 46D HI6 A7J �AB? w)^^ Êyy K aAHI 79J? HA7 ?6;I?B 89 E: = 9B 89
J957 9B ?{?7 <;Al 67 ;I? <AD ? :Il<6HAC <;A;? K vIB?? m67J< 9o FBA7HI?< AB? ;I?7 A{A6CAFC?
;9 r; ;I? D ?A7GB?{?B;678 F ?IA{69B 9o

X
K 4?? � 68EB?

4
= 5I?B? HA<? ) A7J _ H9BB?<: 97J

B?<: ?H;6{?Cl ;9 ;I? ;9: A7J ;I? F 9;;9D 9o ;I? ;B679D 6AC ;B?? K vI? <:AH678 F ?;5??7 79J?<

� 68EB? x s �7 ;I? C?o; = ;IB?? : 9<<6F C? FBA7HI?< K �7 ;I? B68I; = ;B679D 6AC ;B?? K

6< ?pEAC ;9
σ
√

3∆t

= 5I?B?
∆t

J?79;?< ;I? J6<HB?;6�A;697 ;6D ? <;?: K vAFC? Ê 86{?< ;I?
:B9FAF6C6;6?< 97 ?AHI AC;?B7A;6{? FBA7HI678 K vI?<? CA;;?B< AB? H9D:E;?J 67 9BJ?B ;9 D A;HI
;I? rB<; ;59 D 9D ?7;< = A7J ;I?6B <ED 6< 7A;EBACCl ?pEAC ;9 97? K z < :B9FAF6C6;6?< DE<; 79;
F ? 7?8A;6{? = 5? J?JEH? ;IA; 7?H?<<AB6Cl

jmax =
⌈

0.184
α∆t

⌉ = A7J ;I6< F 9E7J< ;I? ;B?? �< 5 6J;I
<67H?

j ∈ [−jmax, jmax]
K � ?79;? Fl

X
j
ti

;I? {ACE? 9o
Xti

97 79J?
j

67 ;I? ;B679D 6AC ;B?? = A7J

@A<? Ê @A<? ) w
j = jmax

y @A<? _ w
j = −jmax

y

pup
1
6 − 1

2αj∆t + 1
2 [αj∆t]

2 7
6 − 3

2αj∆t + 1
2 [αj∆t]

2 1
6 + 1

2αj∆t + 1
2 [αj∆t]

2

pmiddle
2
3 − [αj∆t]

2 −1
3 + 2αj∆t − [αj∆t]

2 −1
3 − 2αj∆t − [αj∆t]

2

pdown
1
6 + 1

2αj∆t + 1
2 [αj∆t]

2 1
6 − 1

2αj∆t + 1
2 [αj∆t]

2 7
6 + 3

2αj∆t + 1
2 [αj∆t]

2

vAFC? Ê s � B9FAF6C6;6?< J?: ?7J678 97 ;I? {?B;6HAC : 9<6;697
j

67 ;I? ;B?? K



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Ê)

Fl
Lti

;I? 7EDF ?B 9o 79J?< A; ;6D ?
ti

K v9 ?AHI : 967; (
ti, Q

jti
ti

)

jti
=1,...,Mti

97 ;I? 8BA:I6H =

H9BB?<: 97J< A BA78? (
X

j
ti

)

j=1,...,Lti

9o 79J?< 67 ;I? ;B?? wA; ;6D ?
ti

y K �9BDECA w) K�y 86{?< ;I?

H9BB?<: 97J678 <: 9; :B6H?< 9o 8A< (
F

j
ti

)

j=1,...,Lti

K @97<6J?B 795 ;I? AC89B6;ID o9B ;I? o9B?<;
9o ;B??< K `l apEA;697 w) K]y = ;I? :B6H?

P (t0, F
1
t0
, Q1

t0
)

9o ;I? 9:;697 6< H9D:E;?J FAHm5ABJ<
67 ;I? o9B?<; = 67 ;I? o9CC95 678 5AlK

• �[YUYX WY�XUY/[ K @9D:E;? ;I? ;?BD 67AC {ACE?<
P (tN , F

j
tN
, Qk

tN
)

o9B
j = 1, . . . , LtN

A7J

k = 1, . . . ,MtN

K

• �U,0XUY/[ K z <<ED ? 795 ;IA; ;I? {ACE?<
P (ti+1, F

j
ti+1

, Qk
ti+1

)
o9B

j = 1, . . . , Lti+1

A7J

k = 1, . . . ,Mti+1

AB? m7957 K �?7H? = o9B ?AHI : 9<<6F C? HEDECA;6{? {9CED ? (
ti, Q

k
ti

) 56;I
A <: 9; :B6H? ?pEAC ;9

F
j
ti

= 5? H9D:E;? ;I? {ACE?
Ψti(q, F

j
ti
, Qk

ti
)+E(P (ti+1, Fti+1

, Qk
ti

+

q)|F j
ti
)
= o9B A7l

q
67

Adm(ti, Q
k
ti
)
= E<678 ;I? :B9FAF6C6;6?< 67 ;I? ;B?? w<?? vAFC? Êy K

vI? D Ab6DED 9{?B
q

86{?<
P (ti, F

j
ti
, Qk

ti
)
K

vI?7 = 6;?BA;678 ;6CC ;6D ?
t0

:B9{6J?< ;I? :B6H? 9o ;I? H97;BAH; K

O �� �O �Q\,0YTXW 0,2QWU2

�? 86{? 7ED ?B6HAC B?<EC;< o9B ;I? ;59 HA<?< J?<HB6F ?J 67 4?H;697 Ê K �? AC<9 :C9; ;I?
9:;6D AC 8A< H97<ED:;697 5 6;I B?<: ?H; ;9 A 7A;EBAC 8A< <AD:C? :A;I K �? 9F<?B{? A FA78G
FA78 F ?IA{69B o9B ;I? 9:;6D AC H97<ED:;697 = A< 6; 6< ;I?9B?;6HACCl ~ E<;6r?J 67 4?H;697 _ KÊ K
��X\� W, � 3 N. Y[� T/[U0XTU � vI? {ACE?< 9o :ABAD ?;?B< AB? <?; ;9 ;I9<? 9o @A<? Ê K q7
;I? ;AFC? F ?C95 = F 9;I o9B5ABJ HEB{?< AB? H97<6J?B?J K v9 IA{? H9D:ABAFC? B?<EC;< 5 6;I
J6n ?B?7; H97<ED:;697 oB?pE?7H6?< = 5? AJ~E<;

qmin
A7J

qmax
K �9B 67<;A7H? = 5 6;I A 5??mCl

H97<ED:;697 = 5? <?;
qmin = 0

A7J
qmax = 6 × 7

K

@97<ED:;697 : ?B69J � CA; o9B5ABJ HEB{? u?AC o9B5ABJ HEB{?

� JAl< )�^^ xx_]
_ JAl< )�] Ê x���
) JAl< )�^x x�^�
Ê JAl )�Ê� x� ÊÊ



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Ê_

� 68EB? � s 45 678 H97;BAH; K �:;6D AC 8A< J?H6<697 o9B A 7A;EBAC 8A< <AD:C? :A;I K �7 ;I? C?o; =
5 6;I A |A; o9B5ABJ HEB{? K �7 ;I? B68I; = 5 6;I ;I? B?AC o9B5ABJ HEB{? 9o � 68EB? Ê K

@97<ED:;697 : ?B69J � CA; o9B5ABJ HEB{? u?AC o9B5ABJ HEB{?

� JAl< �� K�] ))x K]
x JAl< �� K_� )_]

) JAl< �� K�� )x) K)
Ê JAl �� K]) )x) K_

��X\� W, O 3 2U/0X�, T/[U0XTU � vI? {ACE?< 9o :ABAD ?;?B< AB? <?; ;9 ;I9<? 9o @A<? ) K
�9B F 9;I HA<?< = ;I? :B6H? H97{?B8? A< ;I? H97<ED:;697 oB?pE?7Hl 67HB?A<?< K vI? H97{?BG

8?7H? 6< <C95?B 5 6;I ;I? B?AC o9B5ABJ HEB{? F ?HAE<? 9o ;I? I68I <?A<97AC6;lK q7 ;I? <?pE?C =
;I? AF 9{? {ACE?< AB? ;Am?7 A< B?o?B?7H?< o9B ;I? 9;I?B 7ED ?B6HAC D ?;I9J< K �? AC<9 79;?
;IA; ;I? B?AC6�?J 9:;6D AC H97<ED:;697 6< 9o;?7 9o FA78GFA78 ;l: ? w;I6< 6< ;I?9B?;6HACCl
H97rBD ?J Fl vI?9B?D _ KÊy K

	 
� � ���� ��
 �� ������ ����� ������������
�
�� ������� ���� �			 �


O �� �� � ,2T0Y�UY/[ / � U�, XW�/0YU�\

�? 7??J ;9 <6DECA;?
NMC

67J?: ?7J?7; B?AC6�A;697< 9o
F = (Fti)0≤i≤N

K v9 J9 <9 A7J
67 {6?5 9o w) K�y = 6; <E� H?< ;9 <6DECA;?

(Xti)0≤i≤N

= 5I6HI HA7 F ? J97? Fl 5B6;678
Xti =

σe−ati
∑i−1

j=0 gj

= 5I?B?
gj =

∫ tj+1

tj
eαudWu

K vI?7 = <67H?
(gj)j

AB? 67J?: ?7J?7; �AE<<6A7
BA7J9D {AB6AFC?< 5 6;I A �?B9 D ?A7 A7J A {AB6A7H? ?pEAC ;9 ∫ tj+1

tj
e2αudu = e

2αtj+1−e
2αtj

2α

=



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Êx

� 68EB? � s 4;9BA8? H97;BAH; K �:;6D AC 8A< J?H6<697 o9B A 7A;EBAC 8A< <AD:C? :A;I K �7 ;I?
C?o; = 5 6;I A |A; o9B5ABJ HEB{? K �7 ;I? B68I; = 5 6;I ;I? B?AC o9B5ABJ HEB{? 9o � 68EB? Ê K

;I? <6DECA;697 9o
(Xti)0≤i≤N

6< <;A7JABJ K }9;? ;IA; A7 ?b;?7<697 ;9 DEC;6GoAH;9B D 9J?C<
6< <;BA68I;o9B5ABJ 5 6;I ;I6< A::B9AHI w?{?7 6o 5? J9 79; :B?<?7; B?CA;?J B?<EC;< I?B?y K

�? 795 ?b:CA67 I95 ;I? AC89B6;ID 6< J?{6<?J K �7H? ;I? 9:;6D AC H97<ED:;697
q
∗,m
ti

o9B
;I?

m
G;I :A;I J?;?BD 67?J = ;I? :B6H? 6< H9D:E;?J {6A A >97;? @ABC9 A::B9b 6D A;697 9o ;I?

o9BD
1

NMC

NMC∑

m=1

[N−1∑

i=0

Ψti(q
∗,m
ti

, Fm
ti
, Q

∗,m
ti

) + PT (Fm
T , Q

∗,m
T )

]
.

�9B ;I6< = 5? rB<; IA{? ;9 r7J A; A7l 86{?7 JA;?
ti

= ;I? 9:;6D AC <;BA;?8l o9B ACC <6DECA;?J
:A;I<

(Fm)1≤m≤NMC

A7J ACC AJD 6<<6F C? HEDECA;6{? H97<ED:;697<
Q

w6 K? K
(ti, Q) ∈ Ay K �?

;I?B?o9B? 7??J ;9 D ?A<EB? ;I? pEA7;6;l

R(ti, F,Q+ q) = E
( N−1∑

j=i+1

Ψtj (q
∗
tj
, Ftj , Q

∗
tj

) + PT (FT , Q
∗
T )|Fti = F,Qti+1

= Q+ q
)
,

5I?B?
(q∗tj )j>i

J?79;?< ;I? 9:;6D AC H97;B9C A; ;6D ?
tj

A7J
(Q∗

tj
)j>i

;I? H9BB?<: 97J678 HEG
DECA;?J H97<ED:;697 K vI6< 6< ;I? F ?<; ?b: ?H;?J B?;EB7 oB9D JA;?

ti+1
;6CC ;I? ?7J 9o

;I? H97;BAH; K z <<ED ? = o9B A 5I6C? = ;IA;
R(ti, F,Q + q)

6< 7ED ?B6HACCl A::B9b6D A;?J Fl

R̂(ti, F,Q + q)
= E<678

NMC

>97;? @ABC9 <6DECA;697< K vI?7 ;I? 9:;6D AC <;BA;?8l= A; ;6D ?

ti
= o9B ;I?

m
G;I :A;I A7J ;I? AJD 6<<6F C? HEDECA;6{? H97<ED:;697

Q
6< J?;?BD 67?J Fl s

q∗ti(F
m
ti
, Q) = arg max

q∈Adm(ti,Q)

[
Ψti(q, F

m
ti
, Q) + R̂(ti, F

m
ti
, Q+ q)

]
.

�?7H? = Fl ?<;6D A;678 ;I? H97J6;697AC ?b: ?H;A;697
R(ti, F,Q + q)

o9B ?AHI JA;? A7J ?AHI
: 9<<6F C? HEDECA;6{? H97<ED:;697

Q
= ;I? 9:;6D AC ?b?BH6<? <;BA;?8l 6< H9D:C?;?Cl <: ?H6r?J



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Ê�

AC978 ?AHI :A;I K �9CC95 678 ;I? �978<;AnG4HI5AB;� D?;I9J9C98l= 5? rb
(ti, Q)

A7J A::B9bG
6D A;? ;I? BA7J9D {AB6AFC?

R(ti, Fti , Q)
A< ;I?

L2
G:B9~ ?H;697 9o ∑N−1

j=i+1 Ψtj (q
∗
tj
, Ftj , Q

∗
tj

) +

PT (FT , Q
∗
T )

= 97 ;I? <:AH? <:A77?J Fl A <?; 9o <?C?H;?J FA<6< oE7H;697<
[Φl(Fti)]0≤l≤L

K q;
C?AJ< ;9

R̂(ti, F,Q) =
∑L

l=0 α̂l(ti, Q)Φl(F )
= 5I?B? ;I? H9 ?� H6?7;<

[α̂l(ti, Q)]0≤l≤L

<9C{? ;I?
C?A<;G<pEAB?< :B9FC?D

arg min
(αl)l

NMC∑

m=1




N−1∑

j=i+1

Ψtj (q
∗,m
tj

, Fm
tj
, Q

∗,m
tj

) + PT (Fm
T , Q

∗,m
T ) −

L∑

l=0

αlΦl(F
m
ti

)




2

56;I A7 676;6AC H97<ED:;697
Qti+1

= Q+ q
K �AB69E< D ?;I9J< AB? A{A6CAFC? ;9 <9C{? 7ED ?BG

6HACCl ;I6< :B9FC?D = J?: ?7J678 97 ;I? {9CA;6C6;l A7J ;I? ?b?BH6<? oB?pE?7HlK �9B A 8?7?BAC
B?o?B?7H? 97 C?A<;G<pEAB?< :B9FC?D < = <?? �9CEF A7J �A7 �9A7 wÊ]]�y K q;?BA;678 ;I? :B9 H?G
JEB? = 5? 9F;A67 FAHm5ABJ< A7 A::B9b6D A;697

q∗ti(F
m
ti
, Q)

AC978 ACC <6DECA;?J :A;I< A7J ACC
: 9<<6F C? HEDECA;6{? H97<ED:;697< K vI? :B6H? 9o ;I? H97;BAH; ?A<6Cl o9CC95 < K

O �� �O �Q\,0YTXW 0,2QWU2

vI? :B6H678 IA< F ??7 : ?Bo9BD ?J 5 6;I �^^^ <6DECA;697< w:CE< A7;6;I?;6Hy = 5 6;I ;I? rB<; o9EB
HA7976HAC : 9Cl79D 6AC< w

Φ(x) = xi = 0 ≤ i ≤ 3
y A7J 5 6;I {AB69E< H97<ED:;697 oB?pE?7H6?< K

�? IA{? 79; B?: 9B;?J A7l B?<EC; o9B : ?B69J< <D ACC?B ;IA7 x JAl< = <67H? ;I? B?<9CE;697 9o
;I? C?A<;G<pEAB?< :B9FC?D < E<EACCl 8?7?BA;?< 67<;AF6C6;6?< o9B <D ACC 67 6;6AC ;6D ?<

ti
K

��X\� W, � 3 N. Y[� T/[U0XTU � �9B ;I? o9CC95 678 B?<EC;< = ;I? <;A;6<;6HAC ?BB9B< JE? ;9

@97<ED:;697 : ?B69J � CA; o9B5ABJ HEB{? u?AC o9B5ABJ HEB{?
Ê� JAl< )x�^ xx Ê^
Ê^ JAl< )� Ê^ xx�^
� JAl< )��^ xx�^
x JAl< )�x^ x� Ê^

�9B?<; 9o ;B??< wJA6Cl :EBHIA<?y )�Ê� x� ÊÊ

>97;? @ABC9 <6DECA;697< AB? AF 9E; Ê^^ E76;< A; ;I? ]�
%

C?{?C K � ?7H? = ;I6< A::B9AHI 86{?<
899J B?<EC;< K
��X\� W, O 3 2U/0X�, T/[U0XTU � vI? {ACE?< 9o :ABAD ?;?B< AB? <?; ;9 ;I9<? 9o @A<? ) K �?
J6B?H;Cl :C9; ;I? B?<EC;< 5 KB K; K ;I? oB?pE?7HlK



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Ê�

� 68EB? � s � CA; o9B5ABJ HEB{? 97 ;I? C?o; K u?AC o9B5ABJ HEB{? 97 ;I? B68I; K

@97H?B7678 ;I? oE7H;697< FA<6< = 5? IA{? 9F<?B{?J ;IA; ;I? 7ED ?B6HAC {ACE?< AB? pE6;?
67<?7<6;6{? ;9 ;I? 7EDF?B 9o : 9Cl79D 6AC< oB9D ;I? D 9D ?7; ;IA; ;I? J?8B?? _ 6< AHI6?{?J K
vI? <;A;6<;6HAC ?BB9B JE? ;9 <6DECA;697< C6D 6;< A7l : 9<<6F C? 6D:B9{?D ?7; w5I?7 5? ;Am?
D 9B? FA<6< oE7H;697<y K
> 9B?9{?B = 67 9EB 7ED ?B6HAC ?b: ?B6D ?7;< w<6D 6CABCl ;9 ;I? o9B?<; D ?;I9Jy = 6; A:: ?AB< ;IA; ;I?
H97<ED:;697 6< 9o FA78GFA78 ;l: ? K v9 :B?:AB? ;I? H977?H;697 5 6;I ;I? oEB;I?B H97<ED:;697
:ABAD ?;?B6�A;697 A::B9AHI = 5? :C9; 97 � 68EB? � ;I? 9:;6D AC 67~ ?H;697 ;IB?<I9CJ o9B ;I?
<;9BA8? H97;BAH; w<?? �ABA8BA:I _ K_ KÊy K � ?B? = 5? ;Am? ;I? |A; HEB{? B?<HAC?J A; C?{?C Ê
o9B H97{?76?7H? K vI? ;59 rB<; Ab?< <;A7J B?<: ?H;6{?Cl o9B ;I? ;6D ? A7J ;I? {9CED ? 9o
<;9B?J 8A< K vI? <EBoAH? <I95 < ;I? J?: ?7J?7H? 9o ;I? 8A< :B6H? 5 KB K; ;I? {9CED ? A7J ;I?
9:;6D AC ;6D ? o9B 67~ ?H;697 K }9;? ;IA; ;I? :B6H? o9B 5I6HI 5? IA{? ;9 67~ ?H; J?HB?A<?< A< ;I?

� 68EB? � s



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� Ê�

{9CED ? 9o ;I? <;9B?J 8A< 67HB?A<?< K � I?7 ;I? ;A7m 6< ?D:;l= 5? 67~ ?H; A; ��� H9<; K �7 ;I?
H97;BABl= 5I?7 ;I? ;A7m 6< ACD 9<; oECC = ;I? :B6H? DE<; F ? DEHI C95?B ;9 67~ ?H; <9D ? D9B?
8A< K vI?<? 9F<?B{A;697< AB? 67;E6;6{?Cl <A;6<ol 678 K qBB?8ECAB6;6?< 9o ;I? 9:;6D AC oB97;6?B AB?
JE? ;9 <;A;6<;6HAC ?BB9B< 67 ;I? >97;? @ABC9 AC89B6;ID K �95?{?B = ;I? 9{?BACC <IA: ? <??D <
pE6;? <D 99;I K vIE< = D 9J?C678 ;I6< 9:;6D AC oB97;6?B 5 6;I A <D 99;I :ABAD ?;?B6�A;697 D Al
C?AJ ;9 ?� H6?7; :B9 H?JEB?< K vI6< 6< J?{?C9: ?J 67 ;I? <?pE?C K

� ��f���efkj ���fg� k��ekgd

q7 ;I6< <?H;697 = 5? J?{?C9: 7ED ?B6HAC :B9H?JEB?< FA<?J 97 :ABAD ?;?B6�?J H97<ED:;697< K
vI? :EB: 9<? 6< ;9 A{96J E<678 ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 w) K�y = 5I9<? B?<9CEG
;697 HA7 F ? DEHI ;6D ? H97<ED 678 K vI? A::B9AHI F ?C95 C?AJ< ;9 AHHEBA;? ?<;6D A;697< 9o

supq J (q)
= :B9{6J?J ;IA; ;I? :ABAD ?;?B6�A;697 6< B?C?{A7; ?79E8I K v9 ;I6< ?7J = 5? rB<;

J?;?BD 67? <9D ? 67;B67<6H :B9: ?B;6?< 9o ;I? 9:;6D AC H97<ED:;697 = 5I6HI 5 6CC I?C: 67 <?;;678
;I? :ABAD ?;?B6�A;697 K

� 
� 	���
����� � 
��� ��� � ��������� ������
����

�?B?Ao;?B = 5? <;A;? A B?D ABmAFC? ;I?9B?;6HAC B?<EC; H97H?B7678 ;I? 7?H?<<ABl 9:;6D AC6;l H97G
J6;697< <A;6<r?J Fl ;I? 9:;6D AC H97<ED:;697 = 67 ;I? 45 678 H97;BAH; w5 6;I A : ?7AC;l A C6;;C?
<D 99;I?B ;IA7 PT (F,Q) = −AF [Q−Qmin]− −BF [Q−Qmax]+

y K vI? :B99o 6< B?C?8A;?J
;9 z:: ?7J6b z K q; <;A;?< ;IA; ;I? 9:;6D AC H97<ED:;697 6< 9o FA78GFA78 ;l: ? E7J?B <9D ?
A<<ED:;697< K vI6< IA< F ??7 7ED ?B6HACCl 9F<?B{?J 5 6;I ;I? :B9 H?JEB?< :B?<?7;?J F ?o9B? K

��,/0,\ � �� �������� � ��
��
 � wÊ K�y � ��	 Ψti(q, F ) = e−rtiq(F − K) ��� PT (F,Q) =

−e−rTFP (Q)
�
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���� � ���������� �� ��� �������
�� � ������� 

�� �	 � � � � ������ ��������� 	� ���

P
[
e−rti (Fti −K) + E

(
e−rTFTP

′(Q∗
T )|Fti , Q

∗
ti

)
= 0
]

= 0,
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���� ��~ ����{Ä~ �����{�� � 	~ �{�~ ��� Æ ~~� {Æ�~ �� }~���~ {�{��Ä��� ��Ä����� �~����� Æ ~�{��~ � 
 ��~ �{��
� 
 �¢ �����~�� � 
 Ψti

(q, F ) 	 ¡� ¡� ¡ q ¡ ��	~�~� � 
��¢ {� ��¢½��{����� ���	 ��{� ��~ �½��¢ {� �����¢½����
~��~���{��º �{�~� ���~~ �{��~� {qmin, 0, qmax}.
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�

q∗(ti, Fti , Q
∗
ti
) =qmax1

e−rti(Fti
−K)+E

“

e−rT FT P ′(Q∗
T

)|Fti
,Q∗

ti

”

>0

+ qmin1
e−rti(Fti

−K)+E

“

e−rT FT P ′(Q∗
T

)|Fti
,Q∗

ti

”

<0
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�
 ��
Qti ∈ [Qmin − qmin (N − i), Qmax − qmax (N − i)]

� �	 � ���
 �� � � ��������� �� � �� �

� ������ �� �	������ 	��� ���

(QT ∈ [Qmin, Qmax]) 
 �	 � �����
� ���� �	���	� �� ��
�	 ���� ��� ���� � �� �	 � ����� � K ��� �	 � �� ��
 � � �����
� ���� ����� �	 � � � � ������ � ��

���� � ��� 1

�� 
 ����� ��	

qti = qmax 1Fti
>K + qmin 1Fti

≤K .

� 
 ��
Qti + qmin (N − i) ≥ Qmax

� �� ��� ������� �� 
� �� ����������
� ���� �� �	 �
��
 � 	������ ���

P ′(QT ) = −A 
 �	 �� ����� �	 � ��������
F (ti, T ) = E (FT |Fti)

� �	 �
�� ��
 � � �����
� ���� �� �� �	 � � ��
 �� ��� 
 � ��� 2

�� 
 ����� ��	

qt = qmax 1e−rti(Fti
−K)−A e−rT F (ti,T )>0 + qmin 1e−rti(Fti

−K)−A e−rT F (ti,T )≤0.
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Qti + qmax (N − i) ≤ Qmin
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 �
	������ ���

P ′(QT ) = B 
 �	 � �� ��
 � � �����
� ���� �� � ���� 
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 � ��� 3
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 �����

��	
qt = qmax 1e−rti(Fti
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−K)+B e−rT F (ti,T )≤0.
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;I? 7?EBAC 7?;59Bm <??D < ;9 F ? B?C?{A7; K �EB;I?BD 9B? = 5? HA7 <?? ;IA; ;I?<? ;59 ;?<;<
:B9{6J? : 95?BoEC 67<68I;< H97H?B7678 ;I? ;l: ? 9o H97{?B8?7H? ;IA; D Al F ? 9F<?B{?J 67 ;I?
9:;6D 6�A;697 AC89B6;ID < w67J?: ?7J?7;Cl 9o ;I? <?C?H;?J :ABAD ?;?B6�A;697 y K �9B ;I? rB<;
o9B5ABJ HEB{? = 5? HA7 <?? ;IA; ;I? AC89B6;ID B?pE6B?< 97Cl

1000
6;?BA;697< ;9 H97{?B8? =

A7J ;IE< 6; 6< E<?C?<< ;9 89 E7;6C
3000

6;?BA;697< K �7 ;I? H97;BABl= o9B ;I? <?H97J o9B5ABJ
HEB{? = 5? IA{? A <C95?B 9:;6D 6�A;697 = 5I6HI 6< ?{?7 : ?Bo9BD ?J 67 ;59 <;?:< wA< 6o A C9 HAC
9:;6DED 5?B? B?AHI?J A; A7 67;?BD ?J6A;? <;A8?y K vI? pEAC6;l 9o B?<EC;< A7J ;I? ;l: ? 9o
H97{?B8?7H? AB? ;IE< <;B978Cl B?CA;?J ;9 ;I? <?C?H;?J o9B5ABJ HEB{? K
��X\� W, O 3 2U/0X�, T/[U0XTU � vI? {ACE?< 9o :ABAD ?;?B< AB? <?; ;9 ;I9<? 9o @A<? ) K vI?
<;?: <6�? o9B ;I? <;9HIA<;6HG8BAJ6?7; AC89B6;ID 6< H97<;A7; A7J ?pEAC ;9

0.1
K vI? ;?BD 67AC

: ?7AC;6?< AB? AC5Al< <A;6<r?J 67 ;I6< HA<? K q7 oAH; = A< ACB?AJl D ?7;697?J = ;I? H97<;BA67;< 67
;I? <;9BA8? HA<? HA7 F ? o9BDECA;?J A< o9CC95 <

f1(t) ≤ Qt ≤ f2(t),∀t ∈ [0, T ].

� ?79;? Fl
qparams(t)

;I? 9E;:E; 9o ;I? 7?EBAC 7?;59Bm A; ;6D ?
t
K

� Qt ≥ f1(t)
o9B ?{?Bl

t ∈ [0, T ]
K vIE< A< <997 A< |Qt − f1(t)| ≤ |qmin| dt

= 5? B?:CAH?
;I? 9E;:E; 9o ;I? 7?;59Bm Fl s

q1t =





qparams(t),

6o
qparams(t) +Qt dt ≥ f1(t)

f1(t)−Qt

dt
,

9;I?B5 6<?
.

� Qt ≤ f2(t)
o9B ?{?Bl

t ∈ [0, T ]
K vIE< 6o

q1t dt+Qt > f2(t)
= 5? B?:CAH?

q1t
Fl f2(t)−Qt

dt

K

� 67ACCl= ;I? B?;A67?J H97;B9C A; ;6D ?
t

;Am?< ;I? o9BD 9o

qt =
D67 [

q1t ,
f2(t) −Qt

dt

]
=

D67 [DAb (
qparams(t),

f1(t) −Qt

dt

)
,
f2(t) −Qt

dt

]
.

}9;? ;IA; ;I? AF 9{? H97<ED:;697 6< 79; 9o HCA<< C1
A7l D 9B? K �95?{?B = ;I? <;9 HIA<;6H

8BAJ6?7; AC89B6;ID 6< <;6CC A::C6HAFC? = <67H? ;I?B? 6< 97Cl A r76;? <?; 9o : 967;< 5I?B? ;I?
oE7H;697 6< 79; J6n ?B?7;6AFC? K
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}?EBAC 7?;59Bm �9B?<; 9o ;B??<
� CA; o9B5ABJ

64.7 ± 0.4 �� =]
HEB{? w

NIT = 3000
y

u?AC
218.7 ± 0.6 )x) K_

o9B5ABJ HEB{? w
NIT = 6000

y

vAFC? _ s � 67AC :B6H? 9o ;I? <;9BA8? H97;BAH; w;I? {ACE?< Ao;?B ± ?pEAC ;I? IACo 9o ;I? ]��
H97rJ?7H? 67;?B{AC 5 6J;I y K

vI? B?<EC;< B?: 9B;?J 67 vAFC? _ AB? H9D:E;?J 5 6;I
NIT = 3000

wB?<: K
NIT = 6000

y
6;?BA;697< o9B ;I? |A; o9B5ABJ HEB{? wB?<: K o9B ;I? o9B5ABJ HEB{? oB9D � 68EB? Êy = <;6CC
E<678

NMC = 100000
:A;I< o9B ;I? r7AC {ACE? K }9;? ;IA; ;I? 7?EBAC 7?;59Bm 86{?< A C?<<
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� 68EB? ÊÊ s � B6H? 9o ;I? <;9BA8? H97;BAH; 5 KB K; K ;I? 7EDF ?B 9o 6;?BA;697< K �7 ;I? C?o; = 5 6;I
A |A; o9B5ABJ HEB{? K �7 ;I? B68I; = 5 6;I ;I? o9B5ABJ HEB{? 9o � 68EB? Ê K

<A;6<ol 678 :B6H? 67 ;I? HA<? 9o ;I? B?AC o9B5ABJ HEB{? K vI? <;B978 <?A<97AC6;l H9D: 97?7;
9o ;I? HEB{? 6< E7J9EF;?JCl A7 6D: 9B;A7; ?b:CA67 678 oAH;9B K zJJ678 D 9B? I6JJ?7 7?EB97<
H?B;A67 Cl 6D:B9{?< ;I? pEAC6;l 9o ;I? :B6H? = FE; AC<9 6D:C6?< C978?B H9D:E;678 ;6D ?< K
�?; E< r7ACCl <;B?<< ;IA; 79 ;IB?<I9CJ678 A; ;I? 9E;:E; 9o ;I? 7?;59Bm IA< F ??7 A::C6?J
I?B? K �7C6m? ;I? 45 678 H97;BAH; = 5? IA{? 79; F ??7 AFC? 67 ;I6< HA<? ;9 r7J A B?C?{A7;
;IB?<I9CJ678 BEC? A; ;I? 9E;:E; 9o ;I? 7?;59Bm K
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� 
� ��
��� 
�
�����
������� � � ��� 
�
����� ��
���� ��

� �� �� �/0 U�, N. Y[� T/[U0XTU

�7C6m? ;I? :B?{69E< A::B9AHI 5 6;I 7?EBAC 7?;59Bm< = I?B? ;I? :ABAD ?;?B6�A;697 9o
q(ti, F,Q)

J9?< 79; 7??J ;9 F ? <D 99;I 5 6;I B?<: ?H; ;9 :ABAD ?;?B< K �? BA;I?B o9 HE< 97 ;I? FA78GFA78
F ?IA{69B 5I6HI HA7 F ? ?b: ?H;?J oB9D vI?9B?D _ KÊ K vIE< = 5? I?B? A<<ED ? ;IA;

• q∗(ti, Fti , Qti)
;Am?< 97Cl ;59 {ACE?<

qmin
A7J

qmax
=

• q∗(ti, Fti , Qti)
6< A7 67HB?A<678 oE7H;697 5 KB K;

Fti

K

vI? <?H97J :B9: ?B;l 6< I?EB6<;6H s 5? ?b: ?H; ;IA; A I68I?B :B6H? 9o 8A< 5 6CC C?AJ ;9 A I68I?B
H97<ED:;697 A; A rb?J :B6H?

K
K � B?{69E< AC89B6;ID < FA<?J 97 ;I? Jl7AD 6H :B98BADD 678

?pEA;697 w<?? 4?H;697 )y 86{? B?<EC;< ;IA; H97rBD ;I6< I?EB6<;6H K �B9D ;I?<? ;59 :B9: ?B;6?<
5? J?JEH? ;IA; 6o

q
6< 9:;6D AC = ;I?B? ?b6<;< A ;IB?<I9CJ

S∗ J?: ?7J678 97 F 9;I
ti

A7J
Qti

<EHI ;IA;

qti = qmax1{Fti
>S∗(ti,Qti

)} + qmin1{Fti
≤S∗(ti,Qti

)}.

�EB A::B9AHI 6< ;9 D 9J?C ;I6< 9:;6D AC ;IB?<I9CJ :B6H? A< A oE7H;697 9o
t

A7J
Qt

K �? HA7
J6{6J? ;I? <?; 9o H9E:C?<

(ti, Qti)
67;9 o9EB �97?< K

• �97? Ê H9BB?<: 97J< ;9 A H97<ED:;697 <EHI ;IA; ;I? H97<ED ?B 6< <EB? ;9 B?<: ?H; ;I?
8C9FAC H97<;BA67;< K vI? 9:;6D AC ;IB?<I9CJ 6< ?pEAC ;9 ;I? <;B6m?

K
K

• �97? ) wB?<: K_y H9BB?<: 97J< ;9 A7 9{?B wB?<: K E7J?By H97<ED:;697 K q7 ;I?<? ;59 HA<?<
;I? 9:;6D AC ;IB?<I9CJ 6< A7 ?b:C6H6; oE7H;697 9o

ti
K qo ;I? 8C9FAC : ?7AC;6?< AB? 67r76;? =

;I?<? ;59 �97?< AB? E<?C?<< K

• �97? x 6< ;I? 97Cl 97? 5I?B? ;I? ;IB?<I9CJ IA< ;9 F ? o9E7J K

a{?7 6o
Fti

|EH;EA;?< A C9; = 5? ?b: ?H; ;IA; ;I? ;IB?<I9CJ
S∗ HIA78?< A C6;;C? 5 6;I B?<: ?H;

;9
ti

A7J
Qti

K �9B 67<;A7H? = 67 ;I? <: ?H6AC HA<? 5I?B?
Fti

6< J?;?BD 676<;6H 5 6;I
r = 0

=
S∗ 6<

H97<;A7; K @97<?pE?7;Cl=
S∗(ti, Qti)

DAl F ? A::B9b 6D A;?J Fl A <D 99;I oE7H;697 9o
(ti, Qti)

K
� 68EB? � AF 9E; ;I? 67~ ?H;697 9:;6D AC J?H6<697 H97rBD < ;IA; ;I? ;IB?<I9CJ <EBoAH? D Al F ?
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t

1

2

3

4

Qt

Qmin

Qmax

t = T

Qt = qmax × t

Qt = qmin × t

.

.

.

.

.

.

..

.

.

. .

.

....

. .

..

. .

..

1

2

3

4

t = T

Qt − qmin × t

t −
Qt−qmin×t

qmax−qmin

Qmax − qmin × t

Qmin − qmin × t

� 68EB? Ê) s �ABAD ?;?B6�A;697 9o ;I? ;IB?<I9CJ A< A oE7H;697 9o F 9;I
(t,Qt)

A7J
(t −

Qt−qmin

qmax−qmin
, Qt − qmin × t)

K

A::B9b 6D A;?J Fl A <D 99;I 97? o9B ;I?<? H97;BAH;< K zH;EACCl= 6; 6< D 9B? ?� H6?7; ;9 ?b:B?<<

S∗ A< A oE7H;697 9o
(
i− Qti − qmin × i

qmax − qmin
, Qti − qmin × i

)
,

;I? <E:: 9B; 9o ;I? oE7H;697
S∗ F ?678 795 A B?H;A78C? K vI? :ABAD ?;?B<

θ
9o ;I? oE7H;697

S∗ AB? {ACE?< 9o ;I? ;IB?<I9CJ A; A rb?J : 9<6;697 <:B?AJ = 97 A E76o9BD 8B6J 5 6;I A HI9<?7
<6�? w

5 × 5
o9B ?bAD:C?y K vI? {ACE? 9o

S∗ 9E;<6J? ;I? 8B6J 6< ?pEAC ;9 ;I? <;B6m? 6o ;I?
H9E:C?

(ti, Qti)
6< 67 �97? Ê = A7J ;9 A F6C67?AB 67;?B: 9CA;697 9o ;I? o9EB 7?AB?<; 7?68IF 9B< =

9;I?B5 6<? K

� �� �O ��UY\ Y�XUY/[ / � �X0X\,U,02

� 6;I ;I6< :ABAD ?;?B6�A;697 = ;I? oE7H;697 J (θ)
;9 D Ab6D 6�? 6< 79; <D 99;I = A7J A <: ?H6rH

9:;6D 6�A;697 :B9 H?JEB? IA< ;9 F ? HABB6?J 9E; K
467H? :ABAD ?;?B<

θ
AB? ;IB?<I9CJ {ACE?< = ;I?l HA7 F ? 676;6AC6�?J 7?AB ;I? {ACE?

K
K vI?

6J?A 9o ;I? 9:;6D 6�A;697 6< ;I? o9CC95 678 K � 6;I A 86{?7 <?; 9o <6DECA;697< = 5? HA7 ?{ACEA;?

Ĵ (θ)
o9B A7l {ACE? 9o

θ
K �? AB? C99m678 o9B ;I? 9:;6D AC :ABAD ?;?B Fl A::Cl678 H99BJ67A;?G

5 6<? 6;?BA;6{? : ?B;EBFA;697< 9o ;I? :ABAD ?;?B< K vI? <6�? 9o ;I? : ?B;EBFA;697 ?pEAC<
ε

A7J
:ABAD ?;?B< AB? 6;?BA;6{?Cl HI9<?7 AHH9BJ678 ;9 A <;A;6<;6HAC ;?<; FA<?J 97 ;I? ?D:6B6HAC
D ?A7 A7J {AB6A7H? 9o ;I? 6D:B9{?D ?7; K v9 8?; F ?;;?B A7J F ?;;?B :ABAD ?;?B< 5? 67HB?A<?
;I? <6�? 9o ;I? <?; 9o <6DECA;697< 67 <?{?BAC <;A8?< K �? <;AB; 5 6;I

l = 0
A7J

NMC = 10000
K

�? J?r7?
θ

+
j0

= (θ1, . . . , θj0 + ε, . . . , θd)
A7J

θ
−
j0

= (θ1, . . . , θj0 − ε, . . . , θd)
K vI? AC89B6;ID

HA7 F ? J?<HB6F ?J A< o9CC95 < K
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• 4;A8?
l

�
46DECA;? A <?; 9o

2lNMC

67J?: ?7J?7; :A;I<
(Fti)i

K

�
� ?79;? Fl

σ̂(X)
;I? ?D:6B6HAC <;A7JABJ J?{6A;697 9o

X
H9D:E;?J 5 6;I ;I6< <?;

9o :A;I< K

�
� I6C? Ĵ (θ)

6< 6D:B9{?J

∗ @9D:E;? ;I? ?D:6B6HAC D ?A7 9o Ĵ (θ)
E<678 ;I6< <?; 9o :A;I< K

∗ �9B ?AHI :ABAD ?;?B H99BJ67A;?
θj0

· 6o Ĵ (θ+
j0

) − Ĵ (θ) > 1.65 × σ̂(J (θ+
j0

) − J (θ))
9B

· 6o Ĵ (θ−
j0

) − Ĵ (θ) > 1.65 × σ̂(J (θ−
j0

) − J (θ))

HIA78? ;I? {ACE? 9o
θj0

A7J H97;67E? ;I? 9:;6D 6�A;697 5 6;I ;I? F ?<; 9o ;I?<?
;IB?? <?;< 9o :ABAD ?;?B< K

• l → l + 1
K

q;?BA;697< AB? <;9:: ?J 5I?7
2lNMC

6< ;9 9 CAB8? o9B H9D:E;A;697< 9B 5I?7 ;I?B? 6< 79 D 9B?
6D:B9{?D ?7; K

� �� �� L�� WYTXUY/[2 U/ 2U/0X�, T/[U0XTU

z <6D 6CAB <;BA;?8l HA7 F ? E<?J o9B ;I? <;9BA8? H97;BAH; = <67H? 5? ?b: ?H; ;IA; ;I? 9:;6D AC
H97<ED:;697

q(t,Qt, Ft)
;Am?< 97Cl ;IB?? {ACE?< K q7 ;I6< HA<? 5? FE6CJ ;59 <EBoAH?< A<<9 H6G

A;?J ;9 ;I? ;59 ;IB?<I9CJ< = E<678 ;I? <AD ? D ?;I9J K �? HI99<? A <6�? 9o 8B6J A7J HIA78?
;I? {ACE?< 9o 79J?< = 97? Fl 97? = A; ?AHI 9:;6D 6�A;697 <;?: s 79J?< 9o ;I? rB<; <EBoAH? = ;I?7
79J?< 9o ;I? <?H97J 97? K 467H? ;I? :B?{69E< HIA78? 9o {AB6AFC?< 6< E<?C?<< = 5? :ABAD ?;?B6�?
;I? ;59 <EBoAH?< 5 6;I

ti
A7J

Qti

K

� �� �� � ,2QWU2

��X\� W, � 3 N. Y[� T/[U0XTU � �9B J6n?B?7; o9B5ABJ HEB{?< = ;I? <9CE;697 A7J ;I? 9:;6D AC
:ABAD ?;?B< H9D:E;?J 5 6;I ;I6< AC89B6;ID J9 79; J?: ?7J 97 ;I? 676;6AC <?; 9o :ABAD ?;?B< K
�EB;I?BD 9B? = 79 C9 HAC D Ab6DED :I?79D ?797 IA< F ??7 79;6H?J K vI? pEAC6;l 9o B?<EC;<
D A67Cl J?: ?7J< 97 ;I? o9B5ABJ HEB{?< K � 6;I A

4 × 4
8B6J 5? HA7 B?AHI = 67 ;I? F ?<; HA<?< =



������� �� �	��� �
 ����� 
 � � �������������� � � � �������� � � � ������ � � � �� �� � ! � "�#$�% � & � "%'�� � � � &� �%��(��#� )�

]�� 9o ;I? : ?Bo9BD A7H? 9F;A67?J Fl A Jl7AD 6H :B98BADD 678 A::B9AHI K vI? o9CC95 678
B?<EC;< AB? H9D:E;?J 5 6;I

ε = 0.1
=
l = 5

<;?:< wH9BB?<: 97J678 ;9 A D Ab6DED <?; 9o _)^
^^^ J6n ?B?7; <6DECA;697<y A7J ]�� H97rJ?7H? 67;?B{AC< K

�9B5ABJ HEB{? 46�? 9o 8B6J Ĵ �9B?<; 9o ;B??<
B?AC

4 × 4 4565 ± 25
x� ÊÊ

B?AC
10 × 10 4578 ± 25

x� ÊÊ
|A;

4 × 4 2696 ± 23 )�Ê�
|A;

10 × 10 2692 ± 23 )�Ê�
��X\� W, O 3 2U/0X�, T/[U0XTU � vI?<? B?<EC;< D A67Cl J?: ?7J 97 ;I? HI96H? 9o

ε
A7J ;I?

<6�? 9o 8B6J< K
ε

7??J< ;9 F ? <D ACC ?79E8I ;9 IA{? B?C6AFC? B?<EC;< FE; A ;99 <D ACC {ACE?
9o
ε

DAl AC<9 8?7?BA;? I?A{l H9D:E;A;697< K q7 9EB HA<? 8B6J< 5?B? ;9 9 H9AB<? ;9 E<? A
{?Bl <D ACC {ACE? 9o

ε
K zJA:;6{? 8B6J< = 5I6HI F ?H9D ? D9B? :B?H6<? A<

t
8B95 < = D Al F ?

D 9B? ?� H6?7; ;IA7 E76o9BD 97?< K q7 ;I? <;9BA8? H97;BAH; = A 8B6J ;IA; ?7<EB?< H97;67E6;l
9o ;I? ;IB?<I9CJ <EBoAH? A; ?J8?< 9o �97? Ê = 86{?< 899J B?<EC;< A< 5?CC K q; A:: ?AB< ;IA;
67 6;6AC6�A;697 A7J 9BJ?B 9o :ABAD ?;?B<

θj

67 ;I? 9:;6D 6�A;697 :B9H?JEB? AB? 79; HBEH6AC K

�9B5ABJ HEB{? 46�? 9o 8B6J Ĵ �9B?<; 9o ;B??<
B?AC

4 × 4 225.3 ± 1.2 )x) K�
B?AC

10 × 10 230 ± 1.2 )x) K�

� �gdj 	i
kgd

q7 ;I? :A: ?B = 5? IA{? :B?<?7;?J <?{?BAC 7ED ?B6HAC D ?;I9J< ;9 :B6H? 45 678 9:;697< K vI?
5?CCGm7957 o9B?<; 9o ;B??< D ?;I9J ACC95 < ;9 J?AC ?� H6?7;Cl 5 6;I 97? oAH;9B D 9J?C< K �?
IA{? ?b;?7J?J ;I? �978<;AnG4HI5AB;� D?;I9J w67 6;6ACCl E<?J o9B `?BDEJA 9:;697<y ;9 9EB
oBAD ?59Bm K vI6< AE;I9B6�?< DEC;6GoAH;9B D 9J?C< K vI?<? ;59 :B9H?JEB?< ;Am? AJ{A7;A8?
9o ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 A7J ;IE< = C?AJ ;9 AHHEBA;? {ACEA;697< 9o ;I? 45 678
H97;BAH; K }ED ?B6HAC ?b: ?B6D ?7;< H97rBD ;I6< o?A;EB? K �? J?{?C9: AC;?B7A;6{? AC89B6;ID <
FA<?J 97 B?C?{A7; :ABAD ?;?B6�A;697< 9o ;I? H97<ED:;697 K vI?<? 7?5 D ?;I9J< HA7 AC<9
IA7JC? DEC;6GoAH;9B D 9J?C< K > 9B?9{?B = E7C6m? ;I? :B?{69E< 97?< = ;I?l IA{? ;I? AJ{A7;A8?
;9 86{? 67;?BD ?J6A;? :B6H?< ;IB9E8I9E; ;I? 9:;6D 6�A;697 <;A8? K
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